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Generalized Analytic Feynman Integrals via the Operators and its
Applications

Hyun Soo Chung?®

?Department of Mathematics, Dankook University, Cheonan 31116, South Korea

Abstract. In this paper, we introduce a new concept of a generalized analytic Feynman integral combining
the bounded linear operators on abstract Wiener space. We then obtain some Feynman integration formulas
involving the generalized first variation. These formulas are more generalized forms rather than the
formulas studied in previous papers. Finally, we establish a generalized Cameron-Storvick theorem, and
give some examples to illustrate the usefulness of our results and formulas.

1. Introduction

Let H be a real separable infinite-dimensional Hilbert space with the inner product (-, -)iy and norm
|-l# = V{, )u. Let]|-|lo be a measurable norm on H with respect to the Gaussian cylinder set measure vy on
H. Let B denote the completion of H with respect to || - ||o, and i denote the natural injection from H into B.
The adjoint operator i* of i is one to one and maps B* continuously onto a dense subset H*, where B* and H*
are topological duals of B and H, respectively. By identifying H* with H and B* with i*B*, we have a triple
B* Cc H* ~ H C B. By a well-known result of Gross [11], vo o i~! has a unique countably additive extension v
to the Borel o-algebra B(B) of B. The triple (B, H, v) is called an abstract Wiener space, for a more detailed
study of the abstract Wiener space see [4, 5, 9-13, 16, 17, 19].

Let M(H) be the space of all complex-valued Borel measures on H. Under the total variation norm
and with convolution as multiplication, M(H) is a commutative Banach algebra with identity. The Fourier
transform of f in M(H) is defined by

f() = fH expli(h, 0)}df(h), veH. 1)

The set of all functionals of the form (1) is denoted by # (H) and is called the Fresnel class of H. It is known
that each functional of the form (1) can be extended to B uniquely by

F(x) = fH expli(h,x)"}df(h), x€B, 2)

where (-,-)” is a stochastic inner product between H and B. Then the Fresnel class ¥ (B) of B is the space of
all functionals of the form (2). It is also known that two Fresnel classes ¥ (H) and ¥ (B) are isometric.
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Let 7 (B?) be the space of all s-equivalence classes of functionals which have the form

Fxy, %) = fH exp{izz"(h,xj)~}df(h), x1,% €B, 3)
j=1

for some f € M(H). This class is a Banach algebra [2, 16]. Let A; and A; be bounded, nonnegative self
adjoint operators on H. In [16] G. Kallianpur and C. Bromley introduced a larger class ¥4, 4, of functionals
of the form

F(x1,x2) = f expli(A)?h,x1)™ +i(A)?h,x2)"}df(h), x1,% € B, (4)
H

and proved the existence of the analytic Feynman integral for functionals in ¥4, 4,- The map f +— [F]
defined by (4) establishes an algebraic isomorphism between M(H) and ¥4, 4, if the range of A; + A; is
dense in H. In this case, ¥4, 4, becomes a Fresnel class under the norm ||F|| = ||f||. Moreover, the two
Fresnel classes ¥ (H) and ¥4 = Fa, 4, are also homeomorphic in this case that A = A; — A, where A; = A,
and A, = A_. In many papers, fundamental theories of the analytic Feynman integrals were studied and
developed for functionals in F(B) and ¥4, 4, involving the Cameron-Storvick theorem [2-5, 10, 16, 17].
These generalizations are very important subject to study the quantum mechanics.

In this paper, we define a more generalized analytic Feynman integral combined with the bounded linear
operators. Its existence is established for functionals in a Fresnel class. We then introduce the generalized
first variation combined with bounded linear operators, and establish some Feynman integration formulas.
Finally, we obtain a Cameron-Storvick theorem with respect to the generalized analytic Feynman integral
with some examples.

2. Definitions and preliminaries

In this section we list some definitions and preliminaries to understand this paper.

A subset E of an abstract Wiener product space B? is said to be scale-invariant measurable provided
{(p1x1, p2x2) : (x1,x2) € E} is abstract Wiener measurable for every p; > 0 and p, > 0, and a scale-invariant
measurable set N of B? is said to be scale-invariant null provided (v X v)({(p1x1, p2x2) : (x1,%2) € N}) = 0 for
any p1, p2 > 0. A property that holds except on a scale-invariant null set is said to hold scale-invariant almost
everywhere (s-a.e.). A functional F on B is said to be scale-invariant measurable provided F is defined on
a scale-invariant measurable set and F(p; -, p2 -) is measurable for any p1, p2 > 0. If two functionals F and
G on B? are equal s-a.e., i.e., for any p1,p2 > 0, (v X v)({(x1, x2) € B X B : F(p1x1, p2x2) # G(p1x1, p2x2)}) = 0,
then we say that two functionals F and G are coincided s-a.e. [16].

Let {ej}j":1 be a complete orthonormal set in H with ¢;’s are in B*. For each € H and x € B, we define a

stochastic inner product (i, x)~ by

7

lim Y. (h, ej)nlej, x), if the limit exists
(h,x)" = o

0, otherwise

where (-, -) is the natural dual paring on B* X B. Then it is well known [16] that for each h(# 0) in H, (h,-)~
exists for all x € B, is a Gaussian random variable on B with mean zero and variance Ihljzi and is essentially
independent of the choice of the complete orthonormal set. The following integration formula is used
several times in this paper. For # € H and x € B,

0
fexp{ip(h, x) " }dv(x) = exp{—ElhI%I}, p>0. (1)
B

Let X and Y be normed spaces and let L(X : Y) be the space of all bounded linear operators from X into
Y. Hence the space £L(B : B) is the set of all bounded linear operators from B to B.

We are ready to state the definition of generalized analytic Feynman integral combining the bounded
linear operator.
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Definition 2.1. Let C denote the complex numbers, let C, = {A € C : Re(A) > 0} and let C,={AeC: A%
0 and Re(A) > 0}. Give two operators Sy and S, in L(B : B), let F : B> — C be a functional such that for each
Ay > 0and Ay > 0, the Wiener integral

J(A1, A2) = fz F(A,2S1x1, A, Syxa)d(v X v)(x1, X2)
B

exists as a real number. If there exists a function J*(A1, Ap) analytic in Ci X Cy such that [*(A1, Az) = J(A1,A2)
forall Ay > 0and Ay > 0, then J*(A1, Ay) is defined to be the generalized analytic Wiener integral of F over B> with
parameters Ay and Ay, and for A1, A, € C, we write

51,52

(A1, Aa) = f " B, 1a)d(v X v)(x, 1),
B2

Let q1 and gy be nonzero real numbers and let F be a functional such that J*(A1, A2) exists for all A, A, € C... If the
following limit exists, we call it the generalized analytic Feynman integral of F with parameters q1,q» and we write

nf, '1511/;7522 HM A
f F(x1, x2)d(v X v)(x1,x2) = | lim F(x1, x2)d(v X v)(x1, x2)
BZ

1—=-iq1 J g2
/\ZH*I'I]Z

51,5

where Aj approaches —iq; through values in Cy, j=1,2.

Remark 2.2. When S1 = S, = I, where I is the identity operator, our generalized analytic Feynman integral is the
analytic Feynman integral, namely,

nf, fililﬂiz M farap
f F(x1, x2)d(v X v)(x1, x2) = ﬁ F(x1,x2)d(v X v)(x1, X2).
B2 B
For a more detailed study of the analytic Feynman integral, see [5, 8-10, 17].

For an operator T in £(H : H), the extension operator T of T on B always exists and is an element of

L(B : H) and so its adjoint operator T e L(H : B*). Since B* C H, we can consider that T e L(H : H). In
order to develop our theories, let [E be the set of all extension operator of an operator in £(H : H), namely,

E={T:TeL(H:H)).
Then following proposition which play key roles in this paper. For eachh € H,x € Band S € E
(h,Sx)” = (S’h, x)". ()

3. Generalized analytic Feynman integrals

In this section we establish some generalized analytic Feynman integration formulas of functionals in
F (B).

We first show that the generalized analytic Wiener integral of functionals in # (B?) exist.
Lemma 3.1. Let Sy and Sy in I, and let F be an element of F (B?). Then the generalized analytic Wiener integral

51,52

f; "i1p F(x1, x2)d(v X v)(x1, x2) exists and is given by the formula

B
2
1 *
| exp{—; IS a0 @
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Proof. For A1 > 0 and A, > 0, using the Fubini theorem and equations (1) and (2), we have

J(A Aa) = f FO S, A5 Spa)d(v x 1), 12)
BZ

. L exp { ]Zzl‘ i)\;% (h, S]'x]')~}df(h)d(v X V)(x1,%2)
2
= fH f'; exp { ; i)\]f% (Sih, xj)~}d(v X v)(x1,x2)d f ()
2

f exp{- Z Sh|§}df(h).

j=1

Note that forall A; > 0and A, > 0,

(A, Aa)l < fH

Now let for A4, A, € C,,

J(A1, Ao) = f exp{ izl Shﬁl}df(h).

=1

2

1 *
expl= ) 3157
j=t =

Then [*(A1, A2) = J(A1,Ap) for all Ay > 0 and A, > 0. We left to show that the function [*(A1, A5) is analytic
in C2. In order to do this, let I be any closed contour in C2. Then by using the Morera theorem and the
Fubini theorem, we have

f J (A1, A2)dArd A, = f f exp{ i%smH} df(h)dA1dA,

j=1

f f exp{— Zzl Shﬁl}d/\ld/\zdf(h)
j=1

=0,

[T

2
because the function exp{— ]gl %Mls;hl%i} is analytic in C2 as a function of (A1, A). Hence we complete the
proof of Lemma 3.1 as desired. [

In our next theorem, we establish a formula for the generalized analytic Feynman integral of functionals

in 7 (B?).

Theorem 3.2. Let q; and q, be nonzero real numbers and let S1,S; and F be as in Lemma 3.1 above. Then the

" 51,59
generalized analytic Feynman integral fBaz e F(x1, x2)d(v X v)(x1, x2) of F exists and is given by the formula

2 .
f exp{ y ZL S h|§{}d (). 4)
j=1
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Proof. In Lemma 3.1 above, the existence of generalized analytic Wiener integral was established. To
complete the proof, it suffices to show that

2,
i
lim J(Ay, Ag) = - —’fhz}dh.
Jim 7o = [ expl-Y 5o IS
Az—’—iqz ]_1

For given nonzero real numbers q;, j = 1, 2, there exist sequences {A,;}> |, j = 1,2,in C; suchthatA,; — —ig;
as n — oo. By Lemma 3.1, [[*(A;1, Ap)l < |Ifll forall [,r = 1,2,---. Hence using the dominated convergence
theorem, for all nonzero real numbers q; and g,

1 1
Em (LA = 1 {——S*h2 ——S*hz}d I
ﬁlﬂqll (h:72) i Sy 2t 1M g 152l A ()
2142 ==

f ex {—i s }df(h)
H P = 29,1 '

which establishes equation (4) as desired. Furthermore,

<|Ifll < oo.

1.5
" fora
ﬁ F(x1, x2)d(v X v)(x1, x2)
B

Hence we complete the proof of Theorem 3.2. [

From the results in Theorem 3.2 above together with some results in [16], we have the following
equations :

(I) Using equation (4), we have

51,52

f 7 F, w)dv x v, ) = f exp{-31STh, + 31S3HE, )
B2 H 2 2
i . i .
- f exp{—§<slslh,h>H + E<szszh,h>H}azf(h).
H

In particular, if S; and S, are unitary operators on H, then we have

51,57

[ R <z = [ expl=Zau + Snmalasen = s,
B2 H

D) 1f s = Al% and S; = AZ% , Where A;f is the nonnegative self-adjoint operator introduced by Kallianpur
and Bromley in [16, Proposition 3.3], then we have

51,52

"1, i 1 i 1
[ R <o = [ esp{-Zalg, + St Jason
B2 H

i i
= —=(A1h, h —(Aoh, W)y Y f(h (6)
Lexp{ 2( 1 >H+2< 2 )H} f(h)

L exp{—é(Ah,MH}df (h)

where A = A1 — Aj.

(III) The facts (I) and (II) tell us that our formulas and results are more generalized formulas than the
results in [16]. That is to say, many formulas and results of Kallianpur and Bromley are corollaries of
our formulas and results.
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4. Further generalized analytic Feynman integration formulas involving the generalized first variations

In this section we establish some generalized analytic Feynman integrals involving the generalized first
variation.

Definition 4.1. Let Sy and S, be elements of L(B : B) and let F be a measurable functional on B>. Then the generalized
first variation 5°v°2F(x1, Xa|u1, uz) of F is defined by the formula

J J
8512 F(xq, Xy, ) = &Tle(xl + a1 S1u1, X2) 0+8_a21:(x1’x2 + apSop) K ()
1= ap=!

for x1,x2,u1,Up € B if it exists.

In Theorem 4.2 below, we show that the generalized first variation of functionals in ¥ (B?) are elements

of F(B?).
Theorem 4.2. Let Sy and S, be elements of E and let F be an element of (B?). Let uy and uy be in H. Assume that

f |hleld f (R)] < co. 8)
H
Then the generalized first variation 55°2F(x1, xa|u1, up) of F exists, belongs to F (B?) and is given by the formula
2 2
f i(S1h, u1)y exp {i Z(h, xj)w}df(h) + f i(S5h, uz)y exp {i Z(h, xj)”}df(h). )
H P H -
j=1 j=1

Proof. Using the dominated convergence theorem, equations (4) and (7), equation (9) is obtained as follows:

6512 F(xy, x|uy, a)

= 3%& fHexp {i(h, x1)” + i (Sih, u)g +ih, xQ)~}df(h)

aq =0

(10)

P , . '
* fH exp {z(h, x1)" +i(h, x2)” +iax(S5h, u2)H}df(h)

ap =0

_ fH i<s;h,u1>Hexp{i;(h,xjr}df(h)+ fH i<s;h,u2>Hexp{i;(h,xj)~}df(h).

In fact, using equation (10), the Hélder inequality and the assumption (8), we have

< fH Sy )l F )] + fH (S3h, u)alld £ )
< fH ISt sl F ) + fH (S ol £ )
< fH 152l Vel £ )] + fH 133l Ul il £ ),

8512 F(xq, X |u1, a)

<20 [ il f ) < o
H

where [[T]|,, denotes the operator norm of an operator T and M = max{||S] |lop|t11H, IS} |lop|ti2|r}. Furthermore,
we note that
2

651'52F(x1,x2|u1,u2)=Lexp{iZ(h,xj)N}dfl(h)JrLexp{ii(hr"j)w}dﬁ(m
=1

1:1
_ fH exp {i;(h, ) by

]
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where fj,j = 1,2, are complex measures defined by

78 = [ S humpusn,

for E € B(H) and f is given as in the proof of Theorem 4.2. It means that the generalized first variation
8592 F(x1, xalu1, u) is an element of F(B?) and hence we complete the proof of Theorem 4.2. [

In Theorem 4.3, we give a formula for the generalized analytic Feynman integral involving the general-
ized first variation.

Theorem 4.3. Let S1,S,,S3 and Sy be elements of IE and let F be an element of F (B?) such that the condition (8) is

satisfied. Let uy, uy € H. Then the generalized analytic Feynman integral j; il 89354 F(xxq, xplu1, up)d(v X v)(x1, X2)
involving the generalized first variation exists and is given by the formula

2 .
fH i<sgh,u1>Hexp{ Z s th}df(h)+ fH i<s;h,u2>Hexp{ Z_;ZLsmf{}df(h). (1)

Proof. We proved that the generalized first variation 5%54F(xq, Xo|u1, 1) exists, belongs to ¥ (B?) and is given
by the formula

2
854 F(xy, Xalu1, ) = L exp {i;(h, Xj)w}df(h)

where f is in the proof of Theorem 4.2. By using equations (4) and (9), we have

51,52

f'hq
f 8%t F(x1, Xolu1, 112)d(v X v)(x1, x2)

BZ

2,
_ _ 2 £
- [ el quj|s,-h|H}df<h>
2 .
f i(S3h, ul)Hexp{ Z 15 h|H}df(h)+ fH i<5;h,u2>Hexp{ ;%Shlf{}df(h).

Hence we complete the proof of Theorem 4.3. [

5. Generalized Cameron-Storvick theorem

The Cameron-Storvick theorem says that the (analytic Feynman)Wiener integrals involving the first
variation can be expressed by the ordinary forms without the concept of the first variation. It looks like
the integration by parts formulas. Numerous constructions and theories regarding the Cameron-Storvick
theorem have been studied and applied in various papers [4, 5, 16, 17, 21].

In this section, we establish a more generalized Cameron-Storvick theorem with respect to the our
generalized analytic Feynman integral and the generalized first variation.

The following lemma is the basic translation theorem on abstract Wiener space.

Lemma 5.1. (Translation theorem) Let F be an integrable functional on B and let xo € H. Then

fB F(x + x0)dv(x) = exp{—%|x0|§l} fB F(x) expl(xo, 1) Jdv(x). (12)
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Using equation (12), we establish a translation theorem to obtain the generalized Cameron-Storvick
theorem.

Lemma 5.2. (Translation theorem with respect to the operators) Let Sy and S, be elements of E with 5,5} =1
on H. Let F be an integrable functional on B and let xo € H. Then

fF(Slx + Syxg)dv(x) = exp{—%lS}SszI%{} fF(Slx) exp{(5]S2xo, x)™ }dv(x). (13)
B B

Proof. We first note that for xp € H, we have Syxp € H and hence S]S>xo € H. Next, equation (13)
immediately follow from equation (12) by replacing Fg, instead of F, where Fg, (x) = F(S1x) with Fs, (x + 6p)
and 6y = S;SzXQ eH. O

Equation (14) is called the generalized Cameron-Storvick theorem.

Theorem 5.3. Let S1,S,, 53,54, F, f, u1, and uy be as in Theorem 4.3 above. Then

5152
" for2 55
07 4F(X1,XZ|U1, Mz)d(V X V)(xll xZ)
B2

5152

"f 51/ Z (14)

oo
- fB F(xr, xa)d(v X v)(x1,x2) = Z% f Fion, x2)d(v X 1), %2).
where
Fi(x1,x2) = (515551h, x1) " F(x1, x2)
and
Fa(x1,x2) = (525,521, x2) " F(x1, x2).

Proof. The existence of the right-hand side of equation (14) was established in Theorem 4.3 above. We only
left to show that the equality in equation (14) holds. For A; > 0 and A, > 0, we have

f 653'54F(/\I%51x1, /\;%Szleulf u2)d(v X v)(x1, x2)
B2

d 1
= f [ F(/\ 2 51x1 + a153u1, /\ SzXz) (/\ Slxl, /\ ;Sziq + a254u2)
B2

&0{1

Now we apply equation (13) with respect to the first and the second arguments of F, we have

| > v 2.
a1=0 (9 ap ar=0

f SO i, A5 Sl )y x V) (e, )
B

d hag B -1 -1 1 . ~
_ az[exp{—TwlsguﬂH} f (A2 811,45 Syxa) explA s (5381, ) }d(vxv)(xl,xz)]
B2 a1=0

0 Ar] ) 1 _1 T .
+ sz[exp{—TISZSwﬂH} f RO 81,15 S5) explA as(S;S2h, ) }d(vxv)(xl,xz)]
B

[2%) =0

= Zf F(AIESﬁCl, A;ESZXQ)d(V X V)(X1,XQ) + Af f (S;Slh, JCl)NF(/\;2 S1x1, A;ESZXQ)d(V X V)(Xl,Xz)
B2 B2
1 _1 _1
#3 [ (i) F; S, 15 Sy x e, 2)
B
=2 f FAT2 8121, A, S)d(v X v)(x1, %) + Ay f (3511, AT2 81S1x1) F(A, 2 S1x1, Ay 2 Saxa)d(v X v)(x1, x2)
B2 B2

+ Ay f (SZSzh, /\;E S;SQXQ)NF(AIE S1x1, /\;i Sox2)d(v X v)(x1, x2)
B2
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=2 f F(AT2 8121, A, S)d(v X v)(x1, %) + Ay f (153811, A7 2 Syx1) " F(A, 2 Spx1, Ay 2 Saxa)d(v X v)(x1, x2)
B2 B2
+ Ay f (SzSZSzh, A;E SQXQ)NF(AIE S1x1, /\;i SzXz)d(V X v)(xl, XQ).
BZ

It can be analytically continued in (11, A;) € C2 by similar methods in the proof of Theorem 3.2, and thus,
letting A; — —igq;,j = 1,2, we have

51,52

o182 S, 6
o7 41:‘(3(1/-7(:2'1’!1/ uZ)d(V X v)(xll x2)
B2

"ol e e
=2 f F(x1, x2)d(v X v)(x1, X2) — i1 f Fi(x1, x2)d(v X v)(x1, x2) — ig2 fz
B2 B2

Fa(x1, x2)d(v X v)(x1, X2).
Hence we have the desired results. [

From Theorem 5.3, we have the following corollary.

Corollary 5.4. (I) If S1 = S3 and Sy = Sy, then

l’lfy 51,52
fa 2 651’SZF(X1, x2|u1, uz)d(v X V)(xll xz)
B2

Sy, 52 sl 52

nfera
=2 f F(x1, 20)d(v X v)(x1, x2) — Z q; f Gj(x1, x2)d(v X v)(x1, x2)
BZ

where

G1(x1,x2) = (S1h, x1)" F(x1, x2)
and

Ga(x1,x2) = (S2h, x2) " F(x1, x2).

(IDIfS1=5,=S3=84=Sand q1 = g2 = q, then

nfyy
f 6% F(x1, Xalu, u2)d(v X v)(x1, x2)
BZ

5,5 2 5,5 (15)
" foq . " foq
=2 f F(x1, x2)d(v X v)(x1,x2) — iq 2 f Li(x1, x2)d(v X v)(x1, x2)
B2 - B2
=1

where

Ly(x1,x2) = (Sh, x1)"F(x1, x2)

and

La(x1,x2) = (Sh, x2)~ F(x1, x2).

(I If S; = Ion H forall i = 1,2,3,4, then our generalized analytic Feynman integral is the analytic Feynman
integral and hence we have
" fy1.a
f 653/541:(3(1/xZIul/ uZ)d(V X v)(xll x2)
B2

100 2 . 1109
=2 f F(x1, x2)d(v X v)(x1, x2) — Z iq; f Ki(x1, x2)d(v X v)(x1, x2)
B B2

=1
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where
Ki(x1,x2) = (b, x1)"F(x1, x2)
and

Ka(x1,x2) = (h, x2)"F(x1, x2).

6. Possible results

Though the Sections 3-5, we generalize various formulas for the Feynman integrals and the integration
by parts formulas combining bounded linear operators. We close this paper by giving some possible
examples for the operators through subsequent remarks.

o SolHlE

Remark 6.1. We note that H' "~ = Band B© "~ = H. For any h € H, there exists a sequence {e,} | in B* so that
llen — hllz — 0 as n — oo. This convergence is independent for the choice of {e,};", in B*. Now, let

H,(x) = exp{(en, x)}
and
H(x) = exp{(h,x)"}.
Then H,(x) converges to H(x) for v-a.e. x € B by the Kolmogorov theorem. From this observation, we see that

tim | exp{ii(en,xj)}df(v) - f

j=1 H

2
expli Y (%) b
j=1
for a.e. (x1,x2) € B Hence our results and formulas can be obtained for the functionals of the form

fB * exp{i]Z:‘(h, x]-)}d (o)

for a.e. (x1,x2) € B~

Remark 6.2. We give an example of abstract Wiener space, and introduce some operators.
(i) The Hilbert space

¢
Co=Cilo, T ={v:[0,T] » R:o(t) = f 2,(8)ds, z, € L,[0, T]}
0

with the norm || - ||2,[0 = fot z2(s)ds is being used to explain various theories in mathematics fields. Its
510,

completion with respect to the measurable norm ||vllc,jo0,1] = SUPe(o,7] [v(t)| is the classical Wiener space Co[0, T1.
That is to say, (C{[0, T1, Col0, T1, my) is an example of abstract Wiener space. Let Ay : Cy[0, T] — Ci[0, T] be
the linear operator defined by

t
(Ajw)(t) = fo w(s)ds. (16)

Then we see that the adjoint operator A} of Ay is given by

¢ ¢
AJw(t) = w(T)t - f w(s)ds = f [w(T) — w(s)]ds
0 0
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and the linear operator P = A} Ay is given by

T
Pw(t):f min(s, t}w(s)ds.
0

Furthermore, we see that P is a self-adjoint operator on Cy[0, T] and that

T
(w1, Awz)c, = (A1wr, Ajwz)c) = f wy (s)wa(s)ds
0

for all w1, w, € Ci[0, T]. Hence P is a positive definite operator, i.e., (w, Aw)qJ > 0 for all w € C([0, T]. One
can show that the orthonormal eigenfunction {e,,} of P are given by
em(t) = 1 T

¢
sin f ay(s)ds
(m— 7)Tt 0

with corresponding eigenvalues {B,,} given by

V2T . ((m—%)nt)

2
b= )

Furthermore, it can be shown that {e,,} is a basis of C([0, T] and so {a,} is a basis of L,[0, T], and that P is
a trace class operator and so Ay is a Hilbert-Schmidt operator on C([0, T]. In fact, the trace of P is given by

TrP = 172 = [ tat.
(ii) We next consider the multiplication operator A, which plays an important role in physics (quantum theories),
see [18]. We define a multiplication operator Ay with t € [0, T] on C[0, T] by

(A2(0))(1) = Az(x(t)) = tx(). (17)

Then we have Ax(xy) = tx(t)y(t) and xAz(y) = x(t)ty(t). Also, one can easily check that A5o(t) = tu(t) for all
v € C|. Note that, the expected value or corresponding mean value is

T T
E) = fo Hix() Pt = fo Ax(P)(B)dt,

where x is the state function of a particle in quantum mechanics and fOT [x(t)°dt is the probability that the
particle will be founded in [0, T].

Remark 6.3. We give another example of abstract Wiener space.

(i) Let H = I? be the space of all sequences of real numbers with Y, x2 < co. That is

n=1
H=P= {(xn) : ixi < oo}.

n=1

)

Its completion with respect to the measurable norm ||(x,)llo = Y. %xﬁ is

n=1
B= {(x,,) : Z ﬁx” < oo}.
n=1

Also, note that its dual space is

B = {(xn) : inzxﬁ < oo}.
n=1



H. S. Chung / Filomat 36:16 (2022), 5405-5416 5416

(ii) Let R : B — H be a linear operator defined by

1
R(Gs) = ()
Now, let A3 = R|y. Then Az € L(H : H), As is a self-adjoint operator and Hilbert-Schdmit operator on H.

Remark 6.4. Using the concept of v-lifting on abstract Wiener space, the operators A1, Ay and Az can be extended
on B, for more detailed study for the m-lifting see [5, 8, 11,12, 18, 19].
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