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Abstract. This paper is concerned with the problem of nonlinear best simultaneous approximations in
Kothe Bochner function spaces with respect to Minkowski” norms in Euclidean spaces. Characterization
results of the generalized best simultaneous approximation are established. These results are considered a
generalization of the results concerning the Lebesgue Bochner spaces and the Orlicz Bochner spaces.

1. Introduction

The problem of non-linear best simultaneous approximation in Banach and metric spaces has received
considerable attention in the literature over the past 30 years. The main emphasis has been on providing
characterization and uniqueness results for particular classes of the problem. Some recent works in this
direction are given in [1]-[13], [17]-[21].

This paper is concerned with solutions of best simultaneous approximation of a class of problems. The
setting is as follows. Let (T, ), 1) be a measure space and X be a real Banach space. For x € R", and for

1 < p < oo, let ||x]|, denote the usual L, norm in R". Let G be a closed subspace of X, and consider d,, for
X1,X2, ..., X, € X to be defined as follows:

0 Up
dy({xi:1<i<n},G)= ing(z [lx; — zllp) .
zeY \i=1

Anelement gy € Gis called a generalized best simultaneous approximation (GBA) of the elements x1, x», ..., X
in X if

n 1/p
(§1||xi —!70||p) =d,(fi:1<i<n), G).

If for the vectors x1,xy,...,x, € X, there exists y € G which is the generalized best simultaneous approx-
imation from G, we say that y € G is GBA of elements x1,xy, ..., x, in X. Moreover, If for any vectors
X1,%2,..., X, € X, there is a generalized best simultaneous approximation from G, then G is said to be GBA

2020 Mathematics Subject Classification. 41A50, 41A28, 46E40

Keywords. Simultaneous; Approximation, Kothe Bochner function space

Received: 12 November 2021; Revised: 13 November 2022; Accepted: 18 November 2022
Communicated by Miodrag Spalevié

Email addresses: khandakjimona@gmail.com (Mona Khandagji), awawdeh@hu. edu. jo (Fadi Awawdeh)



M. Khandagji, F. Awawdeh / Filomat 36:17 (2022), 5935-5943 5936

in X. If this GBA approximation is unique for the finite set of vectors x1, xy, ..., x, € X, then G is said to be
Chebyshev GBA in X.

Solutions of simultaneous approximation problems for different spaces and even for different p were
investigated by many authors. In the case when G is a closed subspace of X, the problem whether L,(T, }., G),
the Banach space of all Bochner p-integrable functions defined on T with values in X, is proximinal in
L,(T, Y, X) has been studied widely, see for example [3], [7]-[8], and [17]-[20]. In particular, in the case
when (T, }, i) is a finite measure space, was proved in [7] that Li(T, },, G) is proximinal in L{(T, };, X) if G
is reflexive and in [8] that L,(T, }., G) is proximinal in L,(T, ¥, X) if and only if L(T, }, G) is proximinal in
Ly(T, Y., X). These results have been extended to the case that (T, }, u) is a o-finite measure space in [18],
where it was further proved for a closed separable subspace G that L,(T, )., G) is proximinal in L,(T, }., X)
if and only if G is proximinal in X.

The problem of the best simultaneous approximations in L1 (T, }_, X) from convex sets was studied in [21].
Saidi et al. proved in [20] that L,(T, }., G) is N-simultaneous proximinal in L,(T, }., X) for each 1 < p < oo,
in the case when G be a reflexive subspace of X. Mendoza and Pakhrou [19] proved that Li(T, } ¢, X) is
N-simultaneous proximinal in Li(T, ).y, X) if X is reflexive, where ), is a sub-o-algebra of }.. X.F Luo
et al. in [17], generalized the above result and proved that L,(T, }., G) is N-simultaneous proximinal in
Ly(T, }., X) with the additional assumptions that G be a nonempty locally weakly compact convex subset of

X such that span Y and its dual have the Radon-Nikodym property.

Kothe Bochner spaces generalize many important spaces like the L, spaces, the Orlicz spaces, the Lorentz
spaces, and the Marcinkiewiczv spaces. Their theory is developing very fast, being of great actuality. The
interested reader can find an up to date and very technical material concerning the Kéthe Bochner spaces
in [16].

In this paper, we will study the problem of the best simultaneous approximation under the formation
of Kothe Bochner spaces E(X), thereby generalizing some results in previous works like that in [9] and [17].
More precisely, for a given closed subspace G of X and n-tuple F = (f1, f, ..., fa) € (E(X))", we show the
existence of n-tuple I'y = (g0, g0, ..., §o) € (E(G))" such that

IF=Toll, = inf NF-@.g.-9,-

The n-tuple Iy is called a GBA of F = (fi, f2, ..., fu)-

2. Preliminaries

Throughout this paper (T,)., 1) will be a finite complete measure space. A function f : T — X is
called strongly pu—measurable, if there exists a sequence of simple functions {f,} which converges to f
p—almost every where on T (a.e. t € T). The space L° = L(T) denotes the space of all equivalence classes of
Y. —measurable real-valued functions, such that x(f) < y(t) almost everywhere (a.e. t € T), whenever x < y
with x, y € L°.

A Banach space (E; ||||g) is called a K6the space, if for every x, y € L, with |x| < |y| and y € E, then x is an

element of E and ||x||z < ”y E also if A is a measurable set with p1(A) is finite, then x4 € A. Here x4 denotes
the characteristic function, which is specified to be one on A and zero elsewhere.

If E is a Kothe space on the measure space (T, ), ), then the space E(X) consists of all equivalence classes
of strongly measurable functions x : T — X, where [|x(-)|| is an element in E with the norm:

Il = N OIDIE -

Then (E(X), [|IFlll) is a Banach spaces called the Kothe Bochner function space induced by E and X. For more
details about the Kéthe space we refer the reader to [16].

Recall that if (T, }, 1) be a measure space and a function f : T — X is called measurable in the classical
sense, if 71 (O) is measurable for every open set O C X.

The following results are needed to establish some results in the next section.
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Lemma 2.1. [15]. Let (T, Y, u) be a complete measure space and X a Banach space. Then for a function f : T — X,
we have the following

(i) If f is strongly measurable, then f is a measurable function in the classical sense.

(ii) If f is a measurable function in the classical sense and has essential separable range, then f is strongly
measurable.

Let © be the set valued map that takes each point of a measurable space T into a subset of a metric space
W. Then, @ is called weakly measurable if ®~! (O) is measurable in T whenever O is open in W, where the
set

OO ={teT:0@H)NO#}.
The following measurable selection theorem is due to Kuratowski and Ryll-Nardzeewskiin in [14].

Theorem 2.2. Let © be weakly measurable set valued map which carries each point of a measurable space T to a
closed non-empty subset of a complete separable metric space W. Then ® has a measurable selection f: i.e. there is a
function f: T — X such that f (t) € O (t) for each t € T and =1 (O) is measurable in T whenever O is open in W.

3. Main Results
Now we’ll state and prove the primary result in terms of distance function characterization.

Theorem 3.1. Let G be a closed subspace of the real Banach space X and let E (X) be a Kothe Bochner function
space with absolutely continuous norm. For fi, fo,..., f, in E(X), define the distance function ® : T — R by
o) =d,({fi(t):1<i<n},G). Then ® € E and

dy({fi:1<i<n},E(G) =Pl

Proof. Let fi, fa, ..., fn € E(X), thenforeachi = 1,2,...,n, there exist a sequence of simple functions { .},
in E (X) which converges to f; for a.e. t € T. That is:

||fm1 (H) - fi (t)”E — 0, foreach i=1,2,...,n,for ae. teT.

Suppose that foreach i=1,2...,n

k(m)

fm,i = Z xm,i,j XAW,// xm,i,j € X/
i=1
k(m)
where ), u(A,j)=1and u (Am,j) > 0. Thus
j=1

k(m)

dp(fui®:1<i<n),G) =Y dy({xmij:1<i<n},G) xa,,.
i=1

By the continuity of the distance function d,, we have

Lim dy ({fui (0:1<i<n},G) =dy({fi(H:1<i<n},G), aeteT.

Then @ is measurable function and since 0 € G, we have

D) < Zn: Hﬁ(t) —sz ]” , forallz € G.
i=1
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Asa consequence

[Z IO~ g(-)ll”)
i=1

IPllg < , forall g€ E(G).
E
Therefore ® € E and
ol <dp(1fi: 1 <i<n},EG)). o

For the reverse inequality. E (X) is a Kéthe Bochner function space with absolutely continuous norm,
then the simple functions are dense in E(X), see [16]. Let ¢ > 0 be given, there exist simple functions f; in
E (X) such that

s - £

Assume

e .
< 3 1=1,2,...,n.

k
% i .
f; _ij)mj, i=1,2,...,n,

=1

k ‘
where ), u(A;) =1,0< y(A]-) < o0 and x; €X, foreach j =1,2,..., k. We can assume that u (T) = f since
j=1
k k
the measure is finite and hence ||[x7ll| = ). p (A]-) =y (UA]-] = u(T) = B. Pick y; € G such that
j=1 =1

:
[;"x;_yj“p]p <dy({xi:1<i<n},G)+ %

foreachj=1,2,... k. Let

k
9= yixa;
=1

Then g € E(G), and

1

(Z £O-g0|f ]

i=1

E

E

= ;XA,(') [Z‘ (= %'Hp);

k _
< ZXA/@) dp({x;l 11<i<n},G)+ %}
j=1 L

IA

a({f O 1<i<n),G)| + 5
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= [l ({021 SiSn},G)|E +§.

For the following inequality

=

dy({fi:1<i<n},E(G)< [ Ifi () - g<>||”]

E
1

=

S [ (FO-£O+Fo- g()ll)]
= E
< [ Hﬁ(-)—ﬁ(-)H”] + [Z(Iﬁ(-)—gm)t”

[Z If ) - g(-)ll”]
i=1

1

37 [Z i <->—g<->||”]
2¢

<t ({ro:<izn)o), +5

n
<Y |lF-£l+
=1

E

E

The inequalities (2) and (3) give the following result,

dp({fizlﬁiﬁn}rE(G))<Hdp({ﬁ('):l SiSn},G)HE +23—‘g

2¢

<|d, (i) :1<i<n},G)+ [Z [ACESA <-)||”]p

i=1

E

<[l (i) 21 siSn},G)||E+;|||ﬁ—ﬁ|||+ -

<l (0 1 <i <, O+ Y- £+ o
i=1

<|dy(1fi():1<i<n}, G|+
=il +e.

Therefore
dy({fi:1<i<n},EG) <ol +e

Since ¢ arbitrary let ¢ — 0, then
dy({fi:1<i<n},E@G) <9,

Inequalities (1) and (4) give the result. [J

]p

1

E

5939

3)
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As a consequence of Theorem 3.1, we get the following result.

Corollary 3.2. Let f1, fo,..., fa€ E(X)and g: T — G be a strongly measurable function such that g(t) is GBA
for elements fi(t), f(t),..., fa(t) in G for ae. t € T. Then g € E(G) and the element g is GBA of the elements

f, fare-e, fain E(X).
Proof. By the assumption that g (t) is GBA for the n- elements f1 (t), f2(t),..., fa(t)in G forae. t € T. Then

[Z £ B - g(t)Hp]; < [Z; If: ) - Z||P]

i=1

1
P
7

forallz € G. Since 0 € G, then fora.e.t € T, we have

1 1
r

Sro-sor| <[Siror] 5
< S bl

Also
nllg@f =g I +[lg I +--+[lg ] ()

<Y (loo-so+[sol) -

Using inequalities (5) and (6), we get

1
n

g o) s[z <||g<t>—ﬁ<t>||+1|ﬁ<f>||>”]

< [:Z{, lg® - f (t)Hp]l« . [g . (t)”p];

<2 [If el

Therefore

bl < 52 (% sl

This shows that g € E (G). Also by Theorem 3.1

(Z 50 —g<->||”] [Z 128 —h«)l)”]

for all i € E (G). This means that g is GBA of the elements fi, f>,..., fy In E(X). O

<

7
E E

Theorem 3.3. If G is GBA in the real Banach space X. If the elements fi, fo, ..., fn are simple functions in E(X),
then there exist an element in E(G) which is GBA of these simple functions.
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Proof. Let { f,-}f':lbe a finite set of simple functions in E (X). Then for each i =1,2,...,n, we have

k
fi= Zu} Xa;r

=1

k
where ), u(Aj)=1and u (A]-) > 0. By the assumption we know that for each j = 1,2, ..., k, there exists y; in
j=1

G, such that y; is GBA of the elements u} seen U IN X respectively. Thus

gd,, (1= 1<n),6)= (2 - yjH”]

1
r

Set

k
g= Z Yj XA
=

then g € E(G). Also for any « > 0 and h € E (G), we obtain that

H [Z Hﬁ(-)—h(-)H”]p
k no ’ ) ;
2|2 0[ 3 - o |
j=1 i=1

1

= [Z IF O -g0| ]

Taking the infimum over all i € E (G), we have

E

E

" ’
d,({fi:1<i<n},E(G)= H (Z”ﬁ(-)—g(-)”p ] .
i=1 E
This means that g is GBA of the simple functions fi, f,..., fu in E(X). O
Theorem 3.4. Let E (X) be a Kothe Bochner function space with absolutely continuous and strictly monotone norm.
IfE(G) is GBA in E (X), then G is GBA in X.

Proof. Letxi,xs,...,x, € Xand set f; = x7(-)x;, foreachi=1,2,...,nfora.e. t € T. Since

I = L5 O, = e xr Ok = et e,

which is finite, then f; € E(X) foreachi =1,2,...,n. By the assumption, there exists gy € E (G) such that

H (Z}Hﬁ(-)—go Ol ]; {gllﬁc)—h«)il” ];

<

7
E E
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for all € E (G).
Since E (X) is a Kothe Bochner function space which is strictly monotone, then we have

Y lro-golf <Y |If
i=1 i=1

forae. teT.
Fix tp € T and yo = go (to), then yy € G and

Y i =woll” < Y i = k@I, forall h e E(G).
i=1 i=1

Since G is embedded isometrically into E (G), then

n n
ML EDMETETR
i=1 i=1

for all z € G. Thus y is GBA of the elements x3, x3, ..., X, in X, which completes the proof. [

Next, we give the characterization of the GBA of E(G) in E(X).

Theorem 3.5. Let G be a closed separable subspace of the real Banach space X and let E (X) be the Kothe Bochner
function space with absolutely continuous and strictly monotone norm. Then the following are equivalent:

(i) E(G) is GBA in E (X).

(i)) Gis GBA in X.

Proof. (i) = (ii) included in Theorem 3.4.
For (ii) = (i). Suppose fi, f2,..., fa € E(X). For each t € T, denote

e ={7eG: Zi(ﬁ(t)—gllp] =d,({fi():1<i<n}, G).

Then for each t € T, © (t) is a closed, bounded, and non-empty subset of G. Now, we shall prove that © is
weakly measurable. Let O be an open set in X, the set

1O ={teT: 01 N0+ ¢|

can be represented as
010 ={te T:inf ;”ﬁ(t)_gup = inf ;”f,. ) - o).

Since (T, )., 1) is a complete space, then by Lemma 2.1, part (i), fi are measurable functions in the classical
sense for eachi =1, 2,...,n. By the continuity of the norm, the map

t—inf Y lAo -l

is measurable for each set Q c T. It follows that ®! (O) is measurable. Thus by Theorem 2.2, ® has a
measurable selector g : T — G such that g(t) € ©(t), for each t € T, where g is measurable in the classical
sense. By Lemma 2.1, part(ii), g is strongly measurable. Thus by Corollary 3.2, g is GBA for fi, fo,..., fa in
E(X). Therefore, we conclude that E (G) is GBA in E (X). This completes the proof. [
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4. Conclusion

The generalized best simultaneous approximation GBA of a finite number of functions in Kéthe Bochner
function spaces were studied in this paper. The relationship between the GBA of G, the closed subspace of X
and the GBA of E (G) in E (X) was also investigated. These characterization can be viewed as a generalization
of a number of related theorems concerning the Lebesgue Bochner space and the Orlicz Bochner spaces.
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