Filomat 36:17 (2022), 6009-6020

Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2217009M

University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

d. \
%oy, >
Uty s

S
O
T1pipo®™
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Abstract. This article demonstrates some properties of the Riemann-Liouville (R-L) fractional integral
operator like acting, continuity, and boundedness in Orlicz spaces L,. We apply these results to examine
the solvability of the quadratic integral equation of fractional order in L,. Because of the distinctive
continuity and boundedness conditions of the operators in Orlicz spaces, we look for our concern in three
situations when the generating N-functions fulfill A’, A,, or Az-conditions. We utilize the analysis of the

measure of noncompactness with the fixed point hypothesis. Our hypothesis can be effectively applied to
various fractional problems.

1. Introduction.

The studies of fractional integrations and the convolution theorems in Orlicz spaces have been begun
by O’Neil [30] and afterward, this point has interesting premium of studies (cf. [3, 11, 29]). In the literature,
the fractional integral equations are mostly discussed in C(I) [19, 36], in Banach algebras [15, 20] and in
Lebesgue spaces with polynomial growth [2, 26, 28, 34]. The outcomes introduced in the former literature
are oftentimes difficult to apply for fractional problems in Orlicz spaces.

To fulfill this gap, we focus in this article on studying some properties of the Riemann-Liouville (R-L)
fractional integral operator like acting, continuity, and boundedness in Orlicz spaces and applying these
properties in inspecting the fractional integral equation

(t—s)!

T(a) f(s,x(s))ds, t€0,d], 0<a<l, (1)

¢
) = 90+ G0 - [
in Orlicz spaces L, where G is a general operator.

We discuss equation (1) in three situations when the generating N-function fulfills A’, A,, or As-
conditions, independently.

We weight on presumptions that grant us to examine integral operators with singular kernels or op-
erators with strong nonlinearity (for instance, of exponential growth), then discontinuous solutions are
demands. So, we look for the solutions of the considered problem not in Lebesgue spaces, but in certain
Orlicz spaces. These are important issues because they allow us to study the corresponding problems of
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equivalent differential equations in Orlicz spaces or Sobolev-Orlicz spaces (cf. [6, 7, 23]). Further, these are
induced by the mathematical phenomena in physics and statistical physics (cf. [10, 21, 22]). For example,
the integral equation with exponential nonlinearities

x(t) + f k(t,s)-e® ds = 0,
I

which has applications in thermodynamics (cf. [37]).

However, The integral equations have been examined in Orlicz spaces L, (cf. [31-33]) and in generalized
Orlicz spaces (cf. [5, 32]). Some extra properties of solutions in Orlicz spaces like constant-sign solutions
were also examined in [1]. Moreover, the quadratic integral equations were inspected in Orlicz spaces in
[13, 14, 16] by using the methods of fixed point theorems and a proper measure of noncompactness under
a different set of assumptions.

Our approach covers the cases of Lebesgue spaces L,, p > 1, as a particular cases of Orlicz spaces L,
with N-function ¢ = % satisfies Ap-condition (cf. [12, 25, 27]).

This article is propelled by demonstrating some properties of the Riemann-Liouville (R-L) fractional
integral operator and applying these outcomes in exhibiting the existence of the solution of the quadratic
integral equation of fractional order (1) in Orlicz spaces under a general set of assumptions. We use Darbo’s
fixed point hypothesis and the measure of noncompactness to get our outcomes.

2. Notation and auxiliary facts

Let R = (=00, 00), R* =[0,0) and I = [0,4] C R*. A function M : R* — IR* refers to a Young function if

U
M(u) =f a(s)ds, for u >0,
0

wherea : R* — R* is an increasing, left-continuous function which is neither identically zero nor identically
infinite on R*. The functions M and N are pointed to the complementary Young functions if N(x) =

sup yzo(xy — M(x)). In particular, if M is finite-valued, where lim,_,o 1@ =0, lim, e Mb(l”) = ocoand M(u) >0
ifu>0(M(u) =0 & u=0),then M is called a N-function.
Denote by Ly = Ly(I) the Orlicz space of all measurable functions x : I — R s.t.

Il = i&f{ f1 M(@) ds < 1}.

Let Ep(I) be the closure in Ly (I) of the set of all bounded functions and have absolutely continuous norms.
Moreover, we have Ey; = Ly, if M fulfills the A-condition, i.e.

(Ay) there exist w, ty > 0 s.t. M(2t) < wM(t), t > t.

The N-function M is said to fulfill A’-condition if A K, fy > 0 s.t. for t,s > ty, we have M(ts) < KM(£)M(s).

Moreover, the N-function M is said to fulfill As-condition if 3 K, {; > 0 s.t. for t > ty, we have
tM(t) < M(Kt).

Proposition 2.1. [17] Assume that, M be a Young function, then we have

(a) For fixed ay € (0,1) and that fot M(s™) ds is finite for any t > 0. If ap < aq, then the integral

t
f M(s™) ds
0

is finite as well.
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(b) Foranyt € R* and a € (0,1), the set
M(t) =k >0: M(s* 1) ds < ks
0

is increasing and continuous functions with M(0) = 0.

Definition 2.2. [26] The Riemann-Liouville (R-L) fractional integral of a well defined function x of order « is defined
as

I A ()
]x(i,‘)—~f0 Wx(s)ds, a>0, t>0,

where T'(a) = fom €551 ds.

Proposition 2.3. [26] For a € R*, the operator J* takes the nonnegative and a.e. nondecreasing functions into
functions of the same type.

Definition 2.4. [21] Suppose that a function f : I X R — R fulfills Carathéodory conditions i.e. it is continuous
in x for almost all t € I and measurable in t for any x € R. Then, we denote the superposition operator F¢ by

F()(t) = f(t,x(®), t el
for every measurable function x(t) on I.

Lemma 2.5. [21, Theorem 17.6] Assume that f : I X R — IR fulfills Carathéodory conditions. Then
If(s, %) < as) + bM;l[Ml(f)], teland x€R,

whereb,r > 0and a € Ly, (I). If the N-function M, fulfills Ao-condition, then the operator F¢ : B,(Epm,(I)) — Em,(I)
and is continuous.

Lemma 2.6. [24, Theorem 10.2] Let @1, @, and @ are arbitrary N-functions. The next conditions are equivalent:

1. For every functions u € Ly, (I) and w € Ly, u - w € Ly(I).
2. There exists a constant k > 0 s.t. for all measurable u,w on I we have |[uwl|l, < kllully, [lwllp,.
3. There exists numbers C > 0, ug 2 0s.t. forall s, t > uy, (p(%t) < @1(s) + @a(t).

o7 (Op5'()

o0 < 00.

4. limsup,_,

Let S = S(I) point to the set of Lebesgue measurable functions on I and let “meas” refer to the Lebesgue
measure in IR. The set S related with the metric

d(x,y) = i€r>1£[e + meas{s : [x(s) — y(s)| = €}]

be a complete space. The convergence in measure on I is equivalent to convergence with respect to d (cf.
Proposition 2.14 in [35]). The compactness in that space is said to be a “compactness in measure”.

Lemma 2.7. [14] Let X € Lp(I) be bounded set. Suppose that, there is a family (Qc)o<c<a C I s5.t. meas . = c for
every c € [0,a], and for every x € X,

x(t) 2 x(t2), (h € Q, f2 & ).

Then X is compact in measure in Ly(I).
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Next, assume that (E, || - |[g) be an arbitrary Banach space with zero element 6. Denote by B, = {x € E :
llx|[z < r} and the symbol B,(E) is to point out the space. If X c E, then X and convX point to the closure
and convex closure of X, respectively. The symbols Mg and N refer to the family of all nonempty and
bounded subsets and the subfamily of all relatively compact subsets of E, respectively.

Definition 2.8. [4] A mapping p: Mg — [0, o0) refers to a measure of noncompactness in E if it fulfills:

HuY) =0 = Y € N:

(MY cX = uY) < puX).

(@@)u(Y) = up(convY) = u(Y).

(iv) p(AY) = Al u(Y), forA € R.

@) uY + X) < u®Y) + uX).

(i) u(Y U X) = max{u(Y), w(X)}.

(vii) If Y, is a sequence of nonempty, bounded, closed subsets of E such that Y, C Yy, n=1,2,3,---, and
limy e t(Yn) = O, then the set Yoo = oy Yn is nonempty.

Definition 2.9. [4] Let X C E be a bounded and nonempty set. The Hausdorff measure of noncompactness pr(X) is
given by

Br(X) = inf{r > 0 : there exists a finite subset Y of E such thatx C Y + B, }.
For any € > 0, let ¢ be a measure of equiintegrability of the set X € Ly (I) (cf. Definition 3.9 in [35] or [18]):

c(X) = lim sup supllx- xpllL,a),

€0 yuesD<e xeX

where xp denotes the characteristic function of a measurable subset D C I.
Lemma 2.10. [14, 18] Let X C Ep(I) be a bounded, nonempty, and compact in measure set. Then
Bu(X) = c(X).

Theorem 2.11. [4] Let Q C E be a bounded, nonempty, convex, and closed set and let V : Q — Q be a continuous
transformation that is a contraction with respect to the measure of noncompactness y, i.e. there exists k € [0,1) s.t.

p(V(X)) = ku(X),

for any nonempty X C E. Then V has at least one fixed point in Q.

3. Main results.

Let I = [0, d] and rewrite equation (1) in operator form as following
x=Bx) =g+ Ux),

where
U(x) = G(x) - A(x), A(x)(t) = J*Fs(x),

such that Fy is the superposition operator and J* is as in Definition 2.2. We will describe three cases, which
allows us to use general growth conditions.
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3.1. The case of A’-condition.

Assume, that @, @1, ¢, are N-functions and that M and N are complementary N-functions.
Moreover, write the assumptions:

(G1) There exists a constant k; > 0 s.t. for every v € L, (I) and w € Ly, (I) we have |[owll, < kil[vlly, [lwllp,,

(G2) G :Ly(M) — Ly, (I), takes continuously E,(I) — E,, (I) and there exists a constant by > 0 s.t. |G(x)| <
bollxll, and that G takes the set of all a.e. nondecreasing functions into itself. Moreover, assume that
for any x € E,(I), we have G(x) € E, (I).

(C1) g€ E,(I) is nondecreasing a.e. on I,

(C2) f(t,x): IxR — R fulfills Carathéodory conditions. Further, f(t, x) is assumed to be nondecreasing
with respect to each variable t and x separately,

(C3) If(t,x)| < b(t) + R(lx]) for t € I and x € R, where b € Ex(I) and R is nonnegative, continuous,
nondecreasing function on R*.

(C4) Let N fulfills the A’-condition and suppose that there exist w, y, 1y > 0 for which
N(w(R(w))) < yo(u) < yM(u) for u > uy.

a1
te T-a

(K1) Assume that k(t) = L b

M(s* ') ds € Eg,(I) fora.e. s€l and € > 0.

Lemma 3.1. Assume, that @, is N-function and that M and N are complementary N-functions. Moreover, assume
that assumption (K1) is fulfilled, then the operator |* : Ln(I) — Ly, () and is continuous.

Proof. Suppose that

(t=s)*! .
K(t,s)={ T@ if s€[0,t], t>0,
0 otherwise.

Then, for x € Ly(I) and by Holder inequality, we have

Fx(t) = fo K(t, s)x(s) ds
< 20KCE lmallelln
< r( )||(t— ) il
(t—s)*"
< F(a) inf {IM( ) ds < 1} llxlln-

Put u = -5= and by using (K1), we have

1
€a-1

1
te 1-a

M@ du < 1| lxlin

P2

IA

(43
X inf
”] ”(PZ r(a) e>0 €ﬁ 0

< kg, [l

F( )
Then by using Proposition 2.1 and [21, Lemma 16.3], we have J* : Ly(I) — Ly, (Il) and is continuous. [J
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Remark 3.2. By using Lemma 3.1 and assumption (C3), then for arbitrary measurable subset T of 1 and x € E(Il),
we have

ATl < %nk tllgn - (Il + RGO

Then, by using assumptions (C4) (cf. [21, Theorem 19.1]), there exist w, y, uy > 0, s.t.

d d
IRGxCDI - < %(H | N(wRux(t)n)dt)s$(1+N<wR<uo>>+y | fp<|x<t>|>dt).

Theorem 3.3. Let the assumptions (G1), (G2), (C1) - (C4), and (K1) be fulfilled. If

2kq - by
lgily + ey Klls (ol + RED) <1,

then there exists a solution x € E,(I) of (1) which is a.e. nondecreasing on I = [0,a] C I

Proof. Step L. Firstly, Lemma 3.1 gives that the operator J* : Ly(I) — L,(Il) and is continuous and by (C2)
the operator Fy is continuous mappings from the unit ball B1(E,(I)) into £n(I). Then the operator A =
J*Fy : Bi(Ey(I)) — Eq,(I) is continuous. By assumptions (G2) and (N1) the operator U : Bi(Ey(Il)) — E,(Il)
is continuous. Finally, by (C1), we can deduce that the operator B : B1(E,(Il)) = E,(Il) is continuous.

Step II. We will construct the ball B1(E,(I)) = {x € Ly(I) : [|xll, < 1}.

Let x € B1(E,(I)) and by recalling Lemma 3.1, we have

1Bl < gy + Ul
< gy + IGG) - Ay
< gy + KIG@Ilp, - 1Ay,
< gy + ks - bo -l - 1 Fy @y,
2
< el + Kaboliely sl I 0
2k1b0
< el + S 10 + RGOl
2k1bg
< gl + TRl I + RO)) < 1,

whenever ||x||, < 1. Then B : B1(E,(I)) — E,(I) is continuous, where I = [0,a] C I

Step III. Let Q1 C Bi(Ey(I)) consisting of all functions that are a.e. nondecreasing on I. This set is
nonempty, convex, bounded and closed set in L(I) see [14]. Moreover, the set Q; is compact in measure
due to Lemma 2.7.

Step IV. Now, we will show that B preserves the monotonicity of functions. Take x € Q1, then xis a.e.
nondecreasing on [ and consequently A(x) is a.e. nondecreasing on I thanks for the assumption (C2) and
Proposition 2.3. By (G2), the operator U = G(x) - A(x) is a.e. nondecreasing on I. Finally, assumption (C1)
gives that B : Q; — Qs is continuous.

Step V. We will prove that B is a contraction concerning the measure of noncompactness. Assume that
X C Q is nonempty set and let € > 0 be arbitrary. Then for x € X and for a set D C I, measD < ¢, and
assumption (G2) implies

IG(x) - XDllp, < NGCx - xD)llg; < bollx - xplly,
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then we have

1B xolly < llg - xolly + 11U - xol,

< llg-xolly +11GE) - A) - xolly

< llg- xolly + 1 -1GE) - xollgs - IAG) - XDl

< llg- xoll + ki - IGG - x0)llp, - IAWlp,
2ky - by

< llg xollp + sl ol Kl IF Wy
2ky - by

< g xolly + b ol Wl 16l + ROD).

Hence, taking into account that g € E,,, we have

lim { sup [sup{llg - xplly}]} = 0.

€20 es D<e xeX

Thus from definition of c(x), we get

2k1 - by
c¢(B(X)) < T(@)

Kl (Bl + RD) - %)

Since X C Qg is a bounded, nonempty, and compact in measure subset of E,, we can apply Lemma 2.10
and have

2k; - by

Br(B(X)) < Wuku@(ubnN +R)) - fu(X).

2ky-by
()

Since ||k||(,,2(||b||N + R(l)) < 1, then by Theorem 2.11, we have wrapped up. [

3.2. The case of As-condition.

Next, we consider the case of N-functions fulfilling Az-condition with the growth essentially more rapid
than a polynomial. Let ¥ = sup{|lx|l; : x € Bi(L,(I))} be the norm of the identity operator from L(I) into
LY(D).

Write the next assumptions:

(C5) 1. N fulfills the As-condition.

2. There exist §, ug > 0s.t.

R(u) < ﬁ@, for u > up.

3. Assume that
2(2 +a(1 + @2(1)))ks - bollklly,

I'(a)

- an@(nbnN + R(ron) <1,

where

=L L ~ Il |
21no¥ 2(2 +a(l+ (p(l)))k1 -~ bollklly,)

Remark 3.4. (a) Assumption (C5) implies that the intervals I = L
(b) Let us note, that the assumption (C5) 2. implies that there exist constants w,uy > 0 and 19 > 1 s.t.
N(wR(u)) < nou for u > ug. Thus for x € Ly(I)

IR(xC)DIIN < %(1 + fI‘N(wR(Ix(s)I) ds) < é(l + 1otoa + 1o fllx(s)l ds).
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By [21, Lemma 15.1 and Theorem 19.2] and the assumption (K1):

22 +a(1 + ¢a(1)))
(@)

o 2 2+a(+ (1)

B ()

1
X (llblIN + 5 (1 + nouoa + 1o flx(s)l ds))
I

for arbitrary x € Ly(I) and arbitrary measurable subset T of 1.

IA@xTllp, < llk - xTxillg, (IPIIn + IR(x()DlIn)

||k‘XT><I||<pz

Theorem 3.5. Assume, that ¢, p1, @2 are N-functions and that M and N are complementary N-functions, and that
(G1),(G2), (C1) - (C3), (C5), and (K1) hold, then there exists a solution x € Ey(I) of (1) which is a.e. nondecreasing
onl.

Proof. Step I'. It is equivalent to Step I but on the whole E,(I), i.e. the operator B : E,(I) — E,(I) is
continuous.
Step II". We will study the operator B on the ball B,(E,(I)), where r > 0 is a number fulfilling
2Ck1 bollkll, 1
gl + =g - r(1eh + (1 + motoa + oo ) <, @

where C = (2 +a(1 + ¢(1))). There are two numbers 0 < r; < r, fulfilling (2) (see [14]).
The next assumption about the discriminant infers the presence of solution of (2)

27]08r(a)”g”(p ( 1 F(O() )2
_— blly + — (1 + noupa) — ————1| .
Chyboll, bl 2 (1 motto®) = S TRl
For x € B,(E,(I)), and by using Lemma 3.4, we have
B, < gl + Ml (161 + (1 + NwRGwo) + o [ 1ol ds))
e < iglly T(@) | 1bll + = wR(uy nOIxs s
2Ckybollkllp, 1
< gl + eyl + {1+ NwRGuo) + ol )
2Cky bl 1
< gl + gyl (IBlhy + (1 + N@RGuo) + oSl )
2Cksbyl[Kll, |
< gl + % -r(||b||N+5(1+nou0a+q08r))3r.

Then B : B,(Ey(I)) = B,(E(])) is continuous.

Step III" and Step IV’ are equivalent to Step III and Step IV for a subset Q, C B,(E,(I)).
Step V'. Assume that X C Q, is nonempty set and let € > 0 be arbitrary. Then forx € XandasetD C I,
measD < €, we obtain

B xoll, < llg-xolly + ki 116G - xolly - IAG) - x0llps
< Mg xolly + ki -bo- - xolly - HAG)lps
2C

< g olly + ki-bo- - olly - Zos Kl Al
2Ck; - bk,

< llg-xplly + T|x'XD||<p||b+R(|x(s)|))”N
2Ck; - bollkll

< g xolly + Tzlx-xD||¢(||b||N+R<ro)),
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where

7o

1 ( I'(a)

- —lIbllx ).
2m82&r%WM)””ﬂ

As in Theorem 3.3, we obtain

2Cky - bollklly,

Br(BOO) < ——p05

e ol 1l + R() ) - 0.

2Ck; -bollkllp,

Since Tllx . )(D||<p(||b||N + R(ro)) < 1, then by Theorem 2.11, we have wrapped up. [

3.3. The case of Ap-condition.
Now, we will discuss the case when the N-function fulfills the A,-condition. Write the next assumptions:
(C6) Assume that ¢ be N-functions and the function N fulfills the A,-condition:

1. There existy > 0s.t.
R(u) < yN7' (¢ (u)) for u > 0.

2. Assume that there exists r* > 0 on the interval I = [0,a] C [0, d] s.t.
2k bolk(t)| ( )) .
_— . < 7.
I(p(lg(tﬂ + T(@) bl + y-r))de<r

Remark 3.6. By using assumption (C6)1 and ([21, Theorem 10.5 with k = 1]), then for any x € E,,,y > 0, we have

t
IR(Ix - xpo,aDlIn < VHN‘l (@(Ix-mo,ql)))HN <y+y fo @ (Ix(s)l) ds 3)

and then by the Holder inequality and our assumptions we get

lAM)®)] < Ik(t)I(IIbIIN + [IR(Jx - X[O,t]|)”N)-

Theorem 3.7. Let the assumptions (G1), (G2), (C1)-(C3), (C6) and (K1) be fulfilled. If

2k bol Kllp, .
(S (i r-r)) <2

then there exists an a.e. nondecreasing solution x € E(I) of (1) on I =1[0,a] C I,

Proof. Step 1" is equivalent to Step I i.e. B: Bi(Ey(I)) — Ey(I) is continuous.

Step I1”. We will construct an invariant set V' C By(E,(I)) for the operator B is bounded in Ly(I).
Denote by Q the set of all numbers r* > 0 for which

I@(lg(f)l + % -r*(IIbIIN + y-r*))dt <r.

Let V refers to the closure of the set {x € E,(I) : foa @(lx(s)l) ds < r* —1}. Clearly V is not a ball in E(I), but
V C B-(Ep(I)) (cf. [21, p. 222]). Notice that V is a closed, bounded and convex subset of Ey(I).
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For arbitrary x € V and t € I, we have

IBx)(t)| < lg(t)] + k1G] - |AR) @)l

k
< 19()] + kabollxll, - %(llblm + IR xioal)

<lgb)+ W(H ]: () dt)(ubnN bty f: P () )

2k1bolk(t)]

o (ol + y+ 07 - 1)

< lg(®)l +

Therefor,

fI(P(B(x)(t)) dt < [¢(|g(t)|+ % .r*(“bHN + )/.r*))dt.

By the definition of * we get fl @(B(x)(t)) dt < r* and then B(V) c V. Consequently B(V)cB(V)cV =V.
Then B : V — V is continuous on V' C B;-(E(I)).

Step III” and Step IV” are equivalent to Step III and Step IV for Q- C B-(Ey(I)).

Step V”. Assume that X C Q, is nonempty set and let € > 0 be arbitrary. Then for x € Xand asetD C I,
meas D < ¢, we obtain

2k,
1BG) - xolly < 119 xolly + == xplyllb + RO
() N
2k1bollkllp, !
<llg- xolly + =2l xoll (bl +y +y [ 9 (o) ds)
(@) 0
2k1bollkll, .
<l xolly + =gy lke xolly (Il + 7).

As done in Theorem 3.3, we have

2k bollkllp, .
Bu(B0) = (= (I + )0,
Since (%(Hblm +y- r*)) < 1, then by Theorem 2.11, we have wrapped up. [

4. Remarks and Example

Allow us to introduce a few remarks and examples, that outline the significance and validity of our
outcomes.

Remark 4.1. The quadratic integral equations are frequently applicable in radiative transfer theory, neutron trans-
port, the kinetic theory of gases, and astrophysics [8, 9.

Remark 4.2. The functions M1 (1) = exp |[u|—|ul-1, Ma(u) = (1+[u|)-In (1 + [u|)—|u| are examples of complementary
N-functions, s.t M fulfills the As-condition and M, fulfills the A’-condition. The N-functions Ms(u) = ’%, p>1

and My(u) = [ul*(IInful + 1) for a > MT\@ fulfill the Aj-condition. Moreover, the complement functions to

Ms(u) = exp u?> — 1 and Me(u) = exp |u| = [u| — 1 fulfill the Ay-condition while the original functions Ms and
M do not.
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Example 4.3. Choose the N-functions M(u) = N(u) = u® and @y(u) = exp |u| — [u| — 1. We need to show that, the
operator |* : Ln(I) — Ly, (1) is continuous and Lemma 3.1 is fulfilled.
Indeed: For t € [0,d] and any o € (0, 1), we have

£ t tZa—l
_ a—1 _ 20-2 _
k(t)_fOM(s )ds—jo‘s dS_Za—l'

This implies that Proposition 2.1 is fulfilled. Moreover,

d 2a-1 Pa-1
fo Pa(k(t)) ds = fod (e -5 —1)dt

which is finite. Then for x € Ln(I), we have [* : LN(I) — Ly, (I) is continuous.

For more details and different examples of the N-functions M, N and ¢, fulfill Lemma 3.1 (see [21, Theorem
15.4]).

Remark 4.4. The acting and continuity conditions of the operator G(x) = by - x(t), by > 0 in Orlicz spaces are
discussed in [21, Theorem 18.2] (cf. assumption (G2)).

Example 4.5. Let G(x) = by - x(t), we have

(t _ S)a—l

t
x(t) = g(t) + by - x(P) fo W(b(s) +log(1+ x(s))) ds, t €[0,1], (4)

which represent a particular case of equation (1) with R(x) = log (1 + \/x(s)).
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