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Abstract. LetD = {z ∈ C : |z| < 1} be the open unit disk in the complex plane C. By H(D), denote the space
of all holomorphic functions on D. For an analytic self map φ on D and u, v ∈ H(D), we have a product
type operator Tu,v,φ defined by

Tu,v,φ f (z) = u(z) f (φ(z)) + v(z) f ′(φ(z)), f ∈ H(D), z ∈ D,

This operator is basically a combination of three other operators namely composition operator, multipli-
cation operator and differentiation operator. We study the boundedness and compactness of this operator
from Dirichlet-type spaces to Zygmund-type spaces.

1. Introduction and Preliminaries

LetD = {z ∈ C : |z| < 1} be the open unit disk in the complex plane C. By H(D) and S(D), respectively, we
denote the class of all analytic functions on D and the space of all analytic self-maps of D. Let H∞ be the
space of all bounded holomorphic functions onD. For β > 0, the weighted Zygmund spaceZβ consists of all
f ∈ H(D) such that

∥ f ∥β = sup
z∈D

(1 − |z|2)β| f ′′(z)| < ∞.

If β = 1, we get the Zygmund space which is denoted byZ. A continuous function ω : D→ (0,∞) is termed
as a weight. Weight ω is called to be a standard weight, if for z ∈ D, we have lim|z|→1− ω(z) = 0. Further, for
z ∈ D, we call a weight ω to be radial, if ω(z) = ω(|z|). For a weight ω the Zygmund-type spacesZω is the class
of all f ∈ H(D) for which

sup
z∈D

ω(z)| f ′′(z)| < ∞.
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The spaceZω forms a Banach space with the following norm

∥ f ∥Zω = | f (0)| + | f ′(0)| + ∥ f ∥ω.

To know more about these spaces and operators acting on them one may refer [7, 11, 13–15, 17–21, 23, 30–32]
and the related references therein.

The Dirichlet space is the class of all those analytic functions onD such that∫
D

| f ′(z)|2dA(z) < ∞,

where dA(z) is the normalized Lebesgue area measure defined onD. The space forms a Hilbert space under
the following norm

∥ f ∥2
D
= | f (0)|2 +

∫
D

| f ′(z)|2dA(z).

Let K : [0,∞) → [0,∞) be a function with the property that it is right continuous and increasing. These
functions have been studied in various papers, see, for example [5, 28, 29]. By treating function K as a
weight, we can obtain the space DK termed as the Dirichlet-type space which consists of all those analytic
functions onD such that∫

D

| f ′(z)|2K
(
1 − |z|2

)
dA(z) < ∞.

Further, we can check that the space DK forms a Banach space under the norm ∥ · ∥DK given as follows

∥ f ∥2
DK
= | f (0)|2 +

∫
D

| f ′(z)|2K
(
1 − |z|2

)
dA(z).

For K(t) = tp, where 0 ≤ p < ∞, the space DK gives the usual Dirichlet type space Dp. Further, by taking
p = 0, we obtain the classical Dirichlet spaceD and for p = 1, we gain the Hardy space H2. These spaces have
been studied widely in various papers. For details one can see [1–3, 5, 7, 16, 22, 25, 27] and the references
therein.

Let φ be an analytic self-map of D and ψ ∈ H(D). Then, the composition, multiplication, and weighted
composition operator on H(D) are respectively defined as

Cφ f (z) = ( f ◦ φ)(z) = f (φ(z)),
Mψ f (z) = ψ(z) f (z)

and Wψ,φ f (z) = (MψCφ) f (z) = ψ(z) f (φ(z)), z ∈ D, f ∈ H(D).

Wψ,φ is a product-type operator as Wψ,φ = MψCφ. More results on weighted composition operators on
class of holomorphic functions can be found in [6, 8, 9, 11] and the references therein. Further, for f ∈ H(D),
the differentiation operator denoted by D is defined as D f = f ′. The product-type operatorsWψ,φD and
DWψ,φ were respectively, considered in [12] and [13]. For u, v ∈ H(D), the composition operator together
with multiplication operator and differentiation operator give rise to a new product-type operator denoted
by Tu,v,φ and defined by

Tu,v,φ f (z) = u(z) f (φ(z)) + v(z) f ′(φ(z)), f ∈ H(D), z ∈ D.

This operator is basically a product of composition, multiplication and differentiation operators. Clearly,
by fixing u, v in Tu,v,φ, all possible products of above defined operators can be obtained. In particular, by
setting v(z) ≡ 0 and u ≡ ψ, the operator Tu,v,φ get reduced to weighted composition operatorWψ,φ = ψ · f (φ).
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Similarly, for u(z) ≡ 0 and v ≡ ψ, the operator Tu,v,φ get reduced to weighted differentiation composition
operatorWψ,φD = ψ · f ′(φ). For more information about these operators (see [4, 10, 14, 19–21, 24, 26, 30])
and references therein. We call a linear operator to be bounded if the bounded sets map to bounded sets.
Further, a linear operator is called to be compact if the images of bounded sets are such sets whose closure
is compact. In [8], we studied the boundedness as well as compactness of operatorWψ,φ acting fromDK to
Bloch and Bers-type spaces, and compute their essential norm in [9]. Continuing our study, here we have
considered the operator Tu,v,φ acting between DK and Zygmund-type spaces. This paper is represented in
a systematic manner. Introduction and literature part is kept in Section 1 and some auxiliary results which
are used to derive the main results are considered in Section 2. In Section 3, we investigate the boundedness
of operator Tu,v,φ from DK to Zω and in Section 4, the compactness of operators Tu,v,φ from DK to Zω is
given. Throughout the paper, for any two positive quantities a and b, the notation a ≲ b means that a ≤ Cb,
for some constant C > 0 . The constant C may differ at each occurrence. Further, if both a ≳ b and b ≳ a
hold, then we simply write a ≍ b.

2. Auxiliary Results

To arrive at the main results we use certain lemmas. The first lemma can be easily obtained from [5].

Lemma 2.1. Let K be a weight function. Then for any w, z ∈ D and ρ > 0, we have

fw(z) =
(1 − |w|2)ρ/2√

K(1 − |w|2)(1 − zw)1+ρ/2

is in DK. Moreover,

sup
w∈D
∥ fw∥DK ≲ 1,

and fw converges to zero uniformly on compact subsets ofD as |w| → 1−.

Lemma 2.2. Let K be a weight function. Then for every f ∈ DK we have

| f (z)| ≲
∥ f ∥DK√

K(1 − |z|2)(1 − |z|2)
, z ∈ D.

and for a positive integer n, we have

| f (n)(z)| ≲
∥ f ∥DK√

K(1 − |z|2)(1 − |z|2)n+1
, z ∈ D.

The following criterion characterize the compactness. Its proof can be easily follows from Proposition 3.11
in [7].

Lemma 2.3. Letω be the standard weight and the operator Tu,v,φ : DK →Zω is bounded. Then Tu,v,φ : DK →Zω is
compact if and only if for any bounded sequence ( fn)n∈N inDK which converges to zero uniformly on compact subsets
ofD, we have

lim
n→∞
∥Tu,v,φ fn∥Zω = 0.
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3. Boundedness of the operator Tu,v,φ from DK spaces to Zygmund type spaces

Theorem 3.1. Letω and K be two weight functions, u, v ∈ H(D) andφ be an analytic self-map onD. Then, operator
Tu,v,φ : DK →Zω is bounded if and only if the functions u, v and φ satisfy the following conditions :

(i) P1 = sup
z∈D

ω(z)|u′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)

< ∞,

(ii) P2 = sup
z∈D

ω(z)|2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)2

< ∞,

(iii) P3 = sup
z∈D

ω(z)|u(z)(φ′(z))2 + 2v′(z)φ′(z) + v(z)φ′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)3

< ∞ and

(iv) P4 = sup
z∈D

ω(z)|v(z)||φ′(z)|2√
K(1 − |φ(z)|2)(1 − |φ(z)|2)4

< ∞.

Further,

P1 + P2 + P3 + P4 ≲ ∥Tu,v,φ∥DK→Zω ≲ P + P1 + P2 + P3 + P4, (3.1)

where P =
|u(0)| + |u′(0)|√

K(1 − |φ(0)|2)(1 − |φ(0)|2)
+
|v(0)| + |u(0)φ′(0) + v′(0)|√
K(1 − |φ(0)|2)(1 − |φ(0)|2)2

+
|v(0)||φ′(0)|√

K(1 − |φ(0)|2)(1 − |φ(0)|2)3
.

Proof. First suppose that conditions (i), (ii), (iii) and (iv) hold. Since(
Tu,v,φ f

)
(z) = u(z) f (φ(z)) + v(z) f ′(φ(z)),

this implies(
Tu,v,φ f

)′
(z) = u′(z) f (φ(z)) +

(
u(z)φ′(z) + v′(z)

)
f ′(φ(z)) + v(z)φ′(z) f ′′(φ(z))

and (
Tu,v,φ f

)′′
(z) = u′′(z) f (φ(z)) +

(
u(z)φ′′(z) + 2u′(z)φ′(z) + v′′(z)

)
f ′(φ(z))

+
(
u(z)(φ′(z))2 + 2v′(z)φ′(z) + v(z)φ′′(z)

)
f ′′(φ(z))

+ v(z)(φ′(z))2 f ′′′(φ(z)).

Thus, for z = 0, we have(
Tu,v,φ f

)
(0) = u(0) f (φ(0)) + v(0) f ′(φ(0))

and (
Tu,v,φ f

)′
(0) = u′(0) f (φ(0)) +

(
u(0)φ′(0) + v′(0)

)
f ′(φ(0)) + v(0)φ′(0) f ′′(φ(0)).
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Now for f ∈ DK, an arbitrary z ∈ D and by Lemma 2.1, we get

∥Tu,v,φ f ∥DK→Zω

= |(Tu,v,φ f )(0)| + |(Tu,v,φ f )′(0)| + sup
z∈D

ω(z)|(Tu,v,φ f )′′(z)|

≤

((
|u(0)| + |u′(0)|

)
| f (φ(0))| +

(
|v(0)| + |u(0)φ′(0) + v′(0)|

)
| f ′(φ(0))|

+
(
|v(0)||φ′(0)|

)
| f ′′(φ(0))|

)
+ sup

z∈D
ω(z)|u′′(z)|| f (φ(z))|

+ sup
z∈D

ω(z)
∣∣∣2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)

∣∣∣| f ′(φ(z))|

+ sup
z∈D

ω(z)
∣∣∣u(z)(φ′(z))2 + 2v′(z)φ′(z) + v(z)φ′′(z)

∣∣∣| f ′′(φ(z))|

+ sup
z∈D

ω(z)|v(z)||φ′(z)|2| f ′′′(φ(z))|

≲

(
|u(0)| + |u′(0)|√

K(1 − |φ(0)|2)(1 − |φ(0)|2)
+
|v(0)| + |u(0)φ′(0) + v′(0)|√
K(1 − |φ(0)|2)(1 − |φ(0)|2)2

+
|v(0)||φ′(0)|√

K(1 − |φ(0)|2)(1 − |φ(0)|2)3
+ sup

z∈D

ω(z)|u′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)

+ sup
z∈D

ω(z)|2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)2

+ sup
z∈D

ω(z)|u(z)(φ′(z))2 + 2v′(z)φ′(z) + v(z)φ′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)3

+ sup
z∈D

ω(z)|v(z)||φ′(z)|2√
K(1 − |φ(z)|2)(1 − |φ(z)|2)4

)
∥ f ∥DK

≲
(
P + P1 + P2 + P3 + P4

)
∥ f ∥DK . (3.2)

From (3.2), we conclude that the operator Tu,v,φ : DK →Zω is bounded and

∥Tu,v,φ∥DK→Zω ≲ P + P1 + P2 + P3 + P4. (3.3)

Conversely, assume that Tu,v,φ : DK → Zω is bounded. At first we shall prove that P1 < ∞. For this take a
function p0(z) ≡ 1 ∈ DK. Since the operator Tu,v,φ : DK →Zω is bounded, we get

sup
z∈D

ω(z)|u′′(z)| ≲
∥∥∥Tu,v,φ

∥∥∥
DK→Zω

. (3.4)

For w ∈ D, set

fw(z) = a1
(1 − |φ(w)|2)

ρ
2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+1
+ b1

(1 − |φ(w)|2)
ρ
2+1√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+2

+ c1
(1 − |φ(w)|2)

ρ
2+2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+3
+ d1

(1 − |φ(w)|2)
ρ
2+3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+4
,

where

a1 =
(ρ

2
+ 2

)(ρ
2
+ 3

)(ρ
2
+ 4

)
, b1 = −3

(ρ
2
+ 1

)(ρ
2
+ 3

)(ρ
2
+ 4

)
,

c1 = 3
(ρ

2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 4

)
, and d1 = −

(ρ
2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

)
.
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Using Lemma 2.1, it can be seen that for every w ∈ D, fw ∈ DK and supw∈D ∥ fw∥DK ≲ 1. Further, we can
check that

f ′w(z) = a1

(ρ
2
+ 1

) (1 − |φ(w)|2)
ρ
2 (φ(w))√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+2

+ b1

(ρ
2
+ 2

) (1 − |φ(w)|2)
ρ
2+1(φ(w))√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+3

+ c1

(ρ
2
+ 3

) (1 − |φ(w)|2)
ρ
2+2(φ(w))√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+4

+ d1

(ρ
2
+ 4

) (1 − |φ(w)|2)
ρ
2+3(φ(w))√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+5
,

f ′′w (z) = a1

(ρ
2
+ 1

)(ρ
2
+ 2

) (1 − |φ(w)|2)
ρ
2 (φ(w))2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+3

+ b1

(ρ
2
+ 2

)(ρ
2
+ 3

) (1 − |φ(w)|2)
ρ
2+1(φ(w))2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+4

+ c1

(ρ
2
+ 3

)(ρ
2
+ 4

) (1 − |φ(w)|2)
ρ
2+2(φ(w))2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+5

+ d1

(ρ
2
+ 4

)(ρ
2
+ 5

) (1 − |φ(w)|2)
ρ
2+3(φ(w))2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+6
,

and

f ′′′w (z) = a1

(ρ
2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

) (1 − |φ(w)|2)
ρ
2 (φ(w))3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+4

+ b1

(ρ
2
+ 2

)(ρ
2
+ 3

)(ρ
2
+ 4

) (1 − |φ(w)|2)
ρ
2+1(φ(w))3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+5

+ c1

(ρ
2
+ 3

)(ρ
2
+ 4

)(ρ
2
+ 5

) (1 − |φ(w)|2)
ρ
2+2(φ(w))3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+6

+ d1

(ρ
2
+ 4

)(ρ
2
+ 5

)(ρ
2
+ 6

) (1 − |φ(w)|2)
ρ
2+3(φ(w))3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+7
.

Hence,

f ′w(φ(w)) = f ′′w (φ(w)) = f ′′′w (φ(w)) = 0 and (3.5)

fw(φ(w)) = 6
1√

K(1 − |φ(w)|2)(1 − |φ(w)|2)
. (3.6)
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Since the operator Tu,v,φ : DK →Zω is bounded, thus we get

∥Tu,v,φ∥DK→Zω ≳ ∥Tu,v,φ fw∥Zω

≳ ω(w)
∣∣∣∣u′′(w) fw(φ(w))

+
(
u(w)φ′′(w) + 2u′(w)φ′(w) + v′′(w)

)
f ′w(φ(w))

+
(
u(w)(φ′(w))2 + 2v′(w)φ′(w) + v(w)φ′′(w)

)
f ′′w (φ(w))

+ v(w)(φ′(w))2 f ′′′w (φ(w))
∣∣∣∣

= 6
ω(w)

∣∣∣u′′(w)
∣∣∣√

K(1 − |φ(w)|2)(1 − |φ(w)|2)
. (3.7)

Thus, inequalities (3.4) and (3.7) implies that

sup
w∈D

ω(w)|u′′(w)|√
K(1 − |φ(w)|2)(1 − |φ(w)|2)

≲ ∥Tu,v,φ∥DK→Zω .

This implies that (i) holds and

P1 ≲ ∥Tu,v,φ∥DK→Zω . (3.8)

Next, for p1(z) = z ∈ DK, we obtain

sup
z∈D

ω(z)|u′′(z)φ(z) + 2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)| ≲
∥∥∥Tu,v,φ

∥∥∥
DK→Zω

. (3.9)

Using (3.4) with the fact that |φ(z)| < 1, from (3.9) we get

sup
z∈D

ω(z)|2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)| ≲
∥∥∥Tu,v,φ

∥∥∥
DK→Zω

. (3.10)

For w ∈ D, define a family of functions

1w(z) = a2
(1 − |φ(w)|2)

ρ
2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+1
+ b2

(1 − |φ(w)|2)
ρ
2+1√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+2

+ c2
(1 − |φ(w)|2)

ρ
2+2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+3
+ d2

(1 − |φ(w)|2)
ρ
2+3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+4
,

where

a2 =
(ρ

2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

)(ρ
2
+ 3

)(ρ
2
+ 4

)
,

b2 = −
(
3
(ρ

2

)
+ 7

)(ρ
2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

)(ρ
2
+ 4

)
,

c2 =
(
3
(ρ

2

)
+ 11

)(ρ
2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 2

)(ρ
2
+ 3

)
,

and d2 = −
(ρ

2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 2

)(ρ
2
+ 3

)(ρ
2
+ 3

)
.
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Using Lemma 2.1, it can be seen that for every w ∈ D, 1w ∈ DK and supw∈D ∥1w∥DK ≲ 1. Further, we can
check that

1′w(z) = a2

(ρ
2
+ 1

) (1 − |φ(w)|2)
ρ
2 (φ(w))√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+2

+ b2

(ρ
2
+ 2

) (1 − |φ(w)|2)
ρ
2+1(φ(w))√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+3

+ c2

(ρ
2
+ 3

) (1 − |φ(w)|2)
ρ
2+2(φ(w))√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+4

+ d2

(ρ
2
+ 4

) (1 − |φ(w)|2)
ρ
2+3(φ(w))√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+5
,

1′′w(z) = a2

(ρ
2
+ 1

)(ρ
2
+ 2

) (1 − |φ(w)|2)
ρ
2 (φ(w))2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+3

+ b2

(ρ
2
+ 2

)(ρ
2
+ 3

) (1 − |φ(w)|2)
ρ
2+1(φ(w))2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+4

+ c2

(ρ
2
+ 3

)(ρ
2
+ 4

) (1 − |φ(w)|2)
ρ
2+2(φ(w))2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+5

+ d2

(ρ
2
+ 4

)(ρ
2
+ 5

) (1 − |φ(w)|2)
ρ
2+3(φ(w))2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+6
,

and

1′′′w (z) = a2

(ρ
2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

) (1 − |φ(w)|2)
ρ
2 (φ(w))3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+4

+ b2

(ρ
2
+ 2

)(ρ
2
+ 3

)(ρ
2
+ 4

) (1 − |φ(w)|2)
ρ
2+1(φ(w))3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+5

+ c2

(ρ
2
+ 3

)(ρ
2
+ 4

)(ρ
2
+ 5

) (1 − |φ(w)|2)
ρ
2+2(φ(w))3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+6

+ d2

(ρ
2
+ 4

)(ρ
2
+ 5

)(ρ
2
+ 6

) (1 − |φ(w)|2)
ρ
2+3(φ(w))3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+7
.

Hence,

1w(φ(w)) = 1′′w(φ(w)) = 1′′′w (φ(w)) = 0

and 1′w(φ(w)) = −2
(ρ

2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

) (φ(w))√
K(1 − |φ(w)|2)(1 − |φ(w)|2)2

.
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Since the operator Tu,v,φ : DK →Zω is bounded, thus we get

∥Tu,v,φ∥DK→Zω

≳ ∥Tu,v,φ1w∥Zω

≳ ω(w)
∣∣∣∣u′′(w)1w(φ(w))

+
(
u(w)φ′′(w) + 2u′(w)φ′(w) + v′′(w)

)
1′w(φ(w))

+
(
u(w)(φ′(w))2 + 2v′(w)φ′(w) + v(w)φ′′(w)

)
1′′w(φ(w))

+ v(w)(φ′(w))21′′′w (φ(w))
∣∣∣∣

= 2
(ρ

2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

)ω(w)
∣∣∣u(w)φ′′(w) + 2u′(w)φ′(w) + v′′(w)

∣∣∣|φ(w)|√
K(1 − |φ(w)|2)(1 − |φ(w)|2)2

. (3.11)

For fixed η ∈ (0, 1), inequalities (3.10) and (3.11) implies that

sup
w∈D

ω(w)|u(w)φ′′(w) + 2u′(w)φ′(w) + v′′(w)|√
K(1 − |φ(w)|2)(1 − |φ(w)|2)2

≤ sup
|φ(w)|≤η

ω(w)|u(w)φ′′(w) + 2u′(w)φ′(w) + v′′(w)|√
K(1 − |φ(w)|2)(1 − |φ(w)|2)2

+ sup
|φ(w)|>η

ω(w)|u(w)φ′′(w) + 2u′(w)φ′(w) + v′′(w)|√
K(1 − |φ(w)|2)(1 − |φ(w)|2)2

≤
1

(1 − η2)2 sup
|φ(w)|≤η

ω(w)|u(w)φ′′(w) + 2u′(w)φ′(w) + v′′(w)|√
K(1 − η2)

+
1
η

sup
|φ(w)|>η

ω(w)|u(w)φ′′(w) + 2u′(w)φ′(w) + v′′(w)||φ(w)|√
K(1 − |φ(w)|2)(1 − |φ(w)|2)2

≲
( 1

(1 − η2)2 +
1
η

)
∥Tu,v,φ∥DK→Zω .

This implies that (ii) holds and

P2 ≲ ∥Tu,v,φ∥DK→Zω . (3.12)

Taking p2(z) = z2

2! ∈ DK, we get

sup
z∈D

ω(z)
∣∣∣1
2

u′′(z)(φ(z))2 + 2u′(z)φ(z)φ′(z) + u(z)(φ′(z))2

+ u(z)φ(z)φ′′(z) + v′′(z)φ(z) + 2v′(z)φ′(z) + v(z)φ′′(z)
∣∣∣

≲
∥∥∥Tu,v,φ

∥∥∥
DK→Zω

, (3.13)

which together with (3.4), (3.10) and the fact that |φ(z)| < 1 implies that

sup
z∈D

ω(z)|u(w)(φ′(w))2 + 2v′(w)φ′(z) + v(w)φ′′(w)| ≲
∥∥∥Tu,v,φ

∥∥∥
DK→Zω

. (3.14)

For w ∈ D, set

hw(z) = a3
(1 − |φ(w)|2)

ρ
2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+1
+ b3

(1 − |φ(w)|2)
ρ
2+1√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+2

+ c3
(1 − |φ(w)|2)

ρ
2+2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+3
+ d3

(1 − |φ(w)|2)
ρ
2+3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+4
,
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where

a3 =
(ρ

2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

)(ρ
2
+ 4

)
,

b3 = −
(
3
(ρ

2

)
+ 11

)(ρ
2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

)
,

c3 =
(
3
(ρ

2

)
+ 10

)(ρ
2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

)
,

and d3 = −
(ρ

2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

)(ρ
2
+ 3

)
.

Using Lemma 2.1, it can be seen that for every w ∈ D, hw ∈ DK and supw∈D ∥hw∥DK ≲ 1. Further, we can
check that

h′w(z) = a3

(ρ
2
+ 1

) (1 − |φ(w)|2)
ρ
2 (φ(w))√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+2

+ b3

(ρ
2
+ 2

) (1 − |φ(w)|2)
ρ
2+1(φ(w))√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+3

+ c3

(ρ
2
+ 3

) (1 − |φ(w)|2)
ρ
2+2(φ(w))√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+4

+ d3

(ρ
2
+ 4

) (1 − |φ(w)|2)
ρ
2+3(φ(w))√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+5
,

h′′w(z) = a3

(ρ
2
+ 1

)(ρ
2
+ 2

) (1 − |φ(w)|2)
ρ
2 (φ(w))2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+3

+ b3

(ρ
2
+ 2

)(ρ
2
+ 3

) (1 − |φ(w)|2)
ρ
2+1(φ(w))2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+4

+ c3

(ρ
2
+ 3

)(ρ
2
+ 4

) (1 − |φ(w)|2)
ρ
2+2(φ(w))2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+5

+ d3

(ρ
2
+ 4

)(ρ
2
+ 5

) (1 − |φ(w)|2)
ρ
2+3(φ(w))2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+6
,

and

h′′′w (z) = a3

(ρ
2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

) (1 − |φ(w)|2)
ρ
2 (φ(w))3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+4

+ b3

(ρ
2
+ 2

)(ρ
2
+ 3

)(ρ
2
+ 4

) (1 − |φ(w)|2)
ρ
2+1(φ(w))3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+5

+ c3

(ρ
2
+ 3

)(ρ
2
+ 4

)(ρ
2
+ 5

) (1 − |φ(w)|2)
ρ
2+2(φ(w))3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+6

+ d3

(ρ
2
+ 4

)(ρ
2
+ 5

)(ρ
2
+ 6

) (1 − |φ(w)|2)
ρ
2+3(φ(w))3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+7
.
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Hence,

hw(φ(w)) = h′w(φ(w)) = h′′′w (φ(w)) = 0

and h′′w(φ(w)) = 2
(ρ

2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

) (φ(w))2√
K(1 − |φ(w)|2)(1 − |φ(w)|2)3

.

Since the operator Tu,v,φ : DK →Zω is bounded. Thus, we get

∥Tu,v,φ∥DK→Zω

≳ ∥Tu,v,φhw∥Zω

≳ ω(w)
∣∣∣∣u′′(w)hw(φ(w))

+
(
u(w)φ′′(w) + 2u′(w)φ′(w) + v′′(w)

)
h′w(φ(w))

+
(
u(w)(φ′(w))2 + 2v′(w)φ′(w) + v(w)φ′′(w)

)
h′′w(φ(w))

+ v(w)(φ′(w))2h′′′w (φ(w))
∣∣∣∣

= 2
(ρ

2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

)ω(w)
∣∣∣u(w)(φ′(w))2 + 2v′(w)φ′(w) + v(w)φ′′(w)

∣∣∣∣∣∣(φ(w))2
∣∣∣√

K(1 − |φ(w)|2)(1 − |φ(w)|2)3
. (3.15)

For fixed η ∈ (0, 1), inequalities (3.14) and (3.15) implies that

sup
w∈D

ω(w)|u(w)(φ′(w))2 + 2v′(w)φ′(w) + v(w)φ′′(w)|√
K(1 − |φ(w)|2)(1 − |φ(w)|2)3

≤ sup
|φ(w)|≤η

ω(w)|u(w)(φ′(w))2 + 2v′(w)φ′(w) + v(w)φ′′(w)|√
K(1 − |φ(w)|2)(1 − |φ(w)|2)3

+ sup
|φ(w)|>η

ω(w)|u(w)(φ′(w))2 + 2v′(w)φ′(w) + v(w)φ′′(w)|√
K(1 − |φ(w)|2)(1 − |φ(w)|2)3

≤
1

(1 − η2)3 sup
|φ(w)|≤η

ω(w)|u(w)(φ′(w))2 + 2v′(w)φ′(w) + v(w)φ′′(w)|√
K(1 − η2)

+
1
η2 sup
|φ(w)|>η

ω(w)|u(w)(φ′(w))2 + 2v′(w)φ′(w) + v(w)φ′′(w)||(φ(w))2
|

(1 − |φ(w)|2)3

≲
( 1

(1 − η2)3 +
1
η2

)
∥Tu,v,φ∥DK→Zω .

This implies that (iii) holds and

P3 ≲ ∥Tu,v,φ∥DK→Zω . (3.16)

Taking p3(z) = z3

3! ∈ DK, we get

sup
z∈D

ω(z)
∣∣∣∣∣16u′′(z)(φ(z))3 + u′(z)(φ(z))2φ′(z) + u(z)φ(z)(φ′(z))2

+
1
2

u(z)(φ(z))2φ′′(z) +
1
2

v′′(z)(φ(z))2 + 2v′(z)φ(z)φ′(z)

+ v(z)(φ′(z))2 + v(z)φ(z)φ′′(z)
∣∣∣∣∣

≲∥Tu,v,φ∥DK→Zω , (3.17)
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which along with (3.4), (3.10), (3.14) and the fact that |φ(z)| < 1 implies that

sup
z∈D

ω(z)|v(z)||φ′(z)|2 ≲
∥∥∥Tu,v,φ

∥∥∥
DK→Zω

. (3.18)

For w ∈ D, set

kw(z) = a4
(1 − |φ(w)|2)

ρ
2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+1
+ b4

(1 − |φ(w)|2)
ρ
2+1√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+2

+ c4
(1 − |φ(w)|2)

ρ
2+2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+3
+ d4

(1 − |φ(w)|2)
ρ
2+3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+4
,

where

a4 =
(ρ

2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

)
, b4 = −3

(ρ
2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

)
,

c4 = 3
(ρ

2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

)
, and d4 = −

(ρ
2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

)
.

Using Lemma 2.1, it can be seen that for every w ∈ D, kw ∈ DK and supw∈D ∥kw∥DK ≲ 1. Further, we can
check that

k′w(z) = a4

(ρ
2
+ 1

) (1 − |φ(w)|2)
ρ
2 (φ(w))√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+2

+ b4

(ρ
2
+ 2

) (1 − |φ(w)|2)
ρ
2+1(φ(w))√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+3

+ c4

(ρ
2
+ 3

) (1 − |φ(w)|2)
ρ
2+2(φ(w))√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+4

+ d4

(ρ
2
+ 4

) (1 − |φ(w)|2)
ρ
2+3(φ(w))√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+5
,

k′′w(z) = a4

(ρ
2
+ 1

)(ρ
2
+ 2

) (1 − |φ(w)|2)
ρ
2 (φ(w))2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+3

+ b4

(ρ
2
+ 2

)(ρ
2
+ 3

) (1 − |φ(w)|2)
ρ
2+1(φ(w))2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+4

+ c4

(ρ
2
+ 3

)(ρ
2
+ 4

) (1 − |φ(w)|2)
ρ
2+2(φ(w))2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+5

+ d4

(ρ
2
+ 4

)(ρ
2
+ 5

) (1 − |φ(w)|2)
ρ
2+3(φ(w))2√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+6
,
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and

k′′′w (z) = a4

(ρ
2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

) (1 − |φ(w)|2)
ρ
2 (φ(w))3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+4

+ b4

(ρ
2
+ 2

)(ρ
2
+ 3

)(ρ
2
+ 4

) (1 − |φ(w)|2)
ρ
2+1(φ(w))3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+5

+ c4

(ρ
2
+ 3

)(ρ
2
+ 4

)(ρ
2
+ 5

) (1 − |φ(w)|2)
ρ
2+2(φ(w))3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+6

+ d4

(ρ
2
+ 4

)(ρ
2
+ 5

)(ρ
2
+ 6

) (1 − |φ(w)|2)
ρ
2+3(φ(w))3√

K(1 − |φ(w)|2)(1 − zφ(w))
ρ
2+7
.

Hence,

kw(φ(w)) = k′w(φ(w)) = k′′w(φ(w)) = 0

and k′′′w (φ(w)) = −6
(ρ

2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

) (φ(w))3√
K(1 − |φ(w)|2)(1 − |φ(w)|2)4

.

Since the operator Tu,v,φ : DK →Zω is bounded. Thus, we get

∥Tu,v,φ∥DK→Zω

≳ ∥Tu,v,φkw∥Zω

≳ ω(w)
∣∣∣∣u′′(w)kw(φ(w))

+
(
u(w)φ′′(w) + 2u′(w)φ′(w) + v′′(w)

)
k′w(φ(w))

+
(
u(w)(φ′(w))2 + 2v′(w)φ′(w) + v(w)φ′′(w)

)
k′′w(φ(w))

+ v(w)(φ′(w))2k′′′w (φ(w))
∣∣∣∣

= 6
(ρ

2
+ 1

)(ρ
2
+ 2

)(ρ
2
+ 3

) ω(w)
∣∣∣v(w)(φ′(w))2(φ(w))3

∣∣∣√
K(1 − |φ(w)|2)(1 − |φ(w)|2)4

. (3.19)

For fixed η ∈ (0, 1), inequalities (3.18) and (3.19) implies that

sup
w∈D

ω(w)|v(w)(φ′(w))2
|√

K(1 − |φ(w)|2)(1 − |φ(w)|2)4

≤ sup
|φ(w)|≤η

ω(w)|v(w)(φ′(w))2
|√

K(1 − |φ(w)|2)(1 − |φ(w)|2)4
+ sup
|φ(w)|>η

ω(w)|v(w)(φ′(w))2
|√

K(1 − |φ(w)|2)(1 − |φ(w)|2)4

≤
1

(1 − η2)4 sup
|φ(w)|≤η

ω(w)|v(w)(φ′(w))2
|√

K(1 − η2)
+

1
η3 sup
|φ(w)|>η

ω(w)|v(w)(φ′(w))2
||(φ(w))3

|√
K(1 − |φ(w)|2)(1 − |φ(w)|2)4

≲
( 1

(1 − η2)4 +
1
η3

)
∥Tu,v,φ∥DK→Zω ,

which implies that (iv) holds and

P4 ≲ ∥Tu,v,φ∥DK→Zω . (3.20)

Combining (3.8), (3.12), (3.16) and (3.20), we get that

P1 + P2 + P3 + P4 ≲ ∥Tu,v,φ∥DK→Zω . (3.21)
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Thus, from (3.3) and (3.21), it follows that

P1 + P2 + P3 + P4 ≲ ∥Tu,v,φ∥DK→Zω ≲ P + P1 + P2 + P3 + P4. (3.22)

Hence the theorem.

In Theorem 3.1, if we take u(z) = ψ(z) and v(z) ≡ 0, then the operator get reduced to the weighted
composition operator Wψ,φ : DK → Zω. Thus, we get the following corollary for the boundedness of
Wψ,φ : DK →Zω as:

Corollary 3.2. Let ω and K be two weight functions, ψ ∈ H(D) and φ be an analytic self-map onD. Then, operator
Wψ,φ : DK →Zω is bounded if and only if the functions ψ and φ satisfy the following conditions :

(i) Q1 = sup
z∈D

ω(z)|ψ′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)

< ∞,

(ii) Q2 = sup
z∈D

ω(z)|2ψ′(z)φ′(z) + ψ(z)φ′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)2

< ∞,

(iii) Q3 = sup
z∈D

ω(z)|ψ(z)(φ′(z))2
|√

K(1 − |φ(z)|2)(1 − |φ(z)|2)3
< ∞.

Further,

Q1 +Q2 +Q3 ≲ ∥Wψ,φ∥DK→Zω ≲ Q +Q1 +Q2 +Q3,

where Q =
|ψ(0)| + |ψ′(0)|√

K(1 − |φ(0)|2)(1 − |φ(0)|2)
+

|ψ(0)φ′(0)|√
K(1 − |φ(0)|2)(1 − |φ(0)|2)2

.

Again by taking v(z) = ψ(z) and u(z) ≡ 0 in Theorem 3.1, we can obtain the boundedness of the weighted
differentiation composition operatorWψ,φD : DK →Zω which can be given by the following corollary:

Corollary 3.3. Let ω and K be two weight functions, ψ ∈ H(D) and φ be an analytic self-map onD. Then, operator
Wψ,φD : DK →Zω is bounded if and only if the functions ψ and φ satisfy the following conditions :

(i) R1 = sup
z∈D

ω(z)|ψ′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)2

< ∞,

(ii) R2 = sup
z∈D

ω(z)|2ψ′(z)φ′(z) + ψ(z)φ′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)3

< ∞,

(iii) R3 = sup
z∈D

ω(z)|ψ(z)(φ′(z))2
|√

K(1 − |φ(z)|2)(1 − |φ(z)|2)4
< ∞.

Further,

R1 + R2 + R3 ≲ ∥Wψ,φD∥DK→Zω ≲ R + R1 + R2 + R3,

where R =
|ψ(0)| + |ψ′(0)|√

K(1 − |φ(0)|2)(1 − |φ(0)|2)2
+

|ψ(0)φ′(0)|√
K(1 − |φ(0)|2)(1 − |φ(0)|2)3

.
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4. Compactness of the operator Tu,v,φ from DK spaces to Zygmund type spaces

Theorem 4.1. Let ω and K be two weight functions, u, v ∈ H(D) and φ be a self analytic map on D. Then, the
following conditions are equivalent:

(i) The operator Tu,v,φ : DK →Zω is compact.

(ii) Functions u, v and φ are such that

p1 = sup
z∈D

ω(z)|u′′(z)| < ∞,

p2 = sup
z∈D

ω(z)|2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)| < ∞,

p3 = sup
z∈D

ω(z)|u(z)(φ′(z))2 + 2v′(z)φ′(z) + v(z)φ′′(z)| < ∞,

p4 = sup
z∈D

ω(z)|v(z)(φ′(z))2
| < ∞,

lim
|φ(z)|→1

ω(z)|u′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)

= 0,

lim
|φ(z)|→1

ω(z)|2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)2

= 0,

lim
|φ(z)|→1

ω(z)|u(z)(φ′(z))2 + 2v′(z)φ′(z) + v(z)φ′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)3

= 0,

lim
|φ(z)|→1

ω(z)|v(z)||φ′(z)|2√
K(1 − |φ(z)|2)(1 − |φ(z)|2)4

= 0.

Proof. First, suppose that the condition (i) holds, that is, operator Tu,v,φ : DK →Zω is compact. This implies
that Tu,v,φ : DK → Zω is bounded. Thus, from Theorem 3.1, we obtain that p1, p2, p3 and p4 are finite.
Consider a sequence (um)m∈N ∈ D such that |φ(um)| → 1 as m→∞. Conditions (ii) hold obviously if such a
sequence does not exists. By making use of (um)m∈N, define

fm(z) = a1
(1 − |φ(um)|2)

ρ
2√

K(1 − |φ(um)|2)(1 − zφ(um))
ρ
2+1
+ b1

(1 − |φ(um)|2)
ρ
2+1√

K(1 − |φ(um)|2)(1 − zφ(um))
ρ
2+2

+ c1
(1 − |φ(um)|2)

ρ
2+2√

K(1 − |φ(um)|2)(1 − zφ(um))
ρ
2+3
+ d1

(1 − |φ(um)|2)
ρ
2+3√

K(1 − |φ(um)|2)(1 − zφ(um))
ρ
2+4
,

1m(z) = a2
(1 − |φ(um)|2)

ρ
2√

K(1 − |φ(um)|2)(1 − zφ(um))
ρ
2+1
+ b2

(1 − |φ(um)|2)
ρ
2+1√

K(1 − |φ(um)|2)(1 − zφ(um))
ρ
2+2

+ c2
(1 − |φ(um)|2)

ρ
2+2√

K(1 − |φ(um)|2)(1 − zφ(um))
ρ
2+3
+ d2

(1 − |φ(um)|2)
ρ
2+3√

K(1 − |φ(um)|2)(1 − zφ(um))
ρ
2+4
,

hm(z) = a3
(1 − |φ(um)|2)

ρ
2√

K(1 − |φ(um)|2)(1 − zφ(um))
ρ
2+1
+ b3

(1 − |φ(um)|2)
ρ
2+1√

K(1 − |φ(um)|2)(1 − zφ(um))
ρ
2+2

+ c3
(1 − |φ(um)|2)

ρ
2+2√

K(1 − |φ(um)|2)(1 − zφ(um))
ρ
2+3
+ d3

(1 − |φ(um)|2)
ρ
2+3√

K(1 − |φ(um)|2)(1 − zφ(um))
ρ
2+4
,
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km(z) = a4
(1 − |φ(um)|2)

ρ
2√

K(1 − |φ(um)|2)(1 − zφ(um))
ρ
2+1
+ b4

(1 − |φ(um)|2)
ρ
2+1√

K(1 − |φ(um)|2)(1 − zφ(um))
ρ
2+2

+ c4
(1 − |φ(um)|2)

ρ
2+2√

K(1 − |φ(um)|2)(1 − zφ(um))
ρ
2+3
+ d4

(1 − |φ(um)|2)
ρ
2+3√

K(1 − |φ(um)|2)(1 − zφ(um))
ρ
2+4
,

where a1, a2, a3, a4, b1, b2, b3, b4, c1, c2, c3, c4, d1, d2, d3 and d4 are defined in Theorem 3.1. From Theorem 3.1,
it can be seen that the sequences ( fm), (1m), (hm) and (km) are norm bounded in DK and on compact subsets
ofD uniformly converge to zero as m→∞. Thus, by Lemma 2.3, we get

lim
m→∞

∥Tu,v,φ fm∥Zω = 0, lim
m→∞

∥Tu,v,φ1m∥Zω = 0,

lim
m→∞

∥Tu,v,φhm∥Zω = 0 and lim
m→∞

∥Tu,v,φkm∥Zω = 0. (4.1)

From (3.7), (3.11), (3.15) and (3.19), it follows that

ω(um)
∣∣∣u′′(um)

∣∣∣√
K(1 − |φ(um)|2)(1 − |φ(um)|2)

≲ ∥Tu,v,φ fm∥Zω , (4.2)

ω(um)
∣∣∣u(um)φ′′(um) + 2u′(um)φ′(um) + v′′(um)

∣∣∣∣∣∣φ(um)
∣∣∣√

K(1 − |φ(um)|2)(1 − |φ(um)|2)2
≲ ∥Tu,v,φ1m∥Zω , (4.3)

ω(um)
∣∣∣u(um)(φ′(um))2 + 2v′(um)φ′(um) + v(um)φ′′(um)

∣∣∣∣∣∣(φ(um))2
∣∣∣√

K(1 − |φ(um)|2)(1 − |φ(um)|2)3

≲ ∥Tu,v,φhm∥Zω (4.4)

and

ω(um)
∣∣∣v(um)(φ′(um))2(φ(um))3

∣∣∣√
K(1 − |φ(um)|2)(1 − |φ(um)|2)4

≲ ∥Tu,v,φkm∥Zω . (4.5)

By taking m→∞ in (4.2), (4.3), (4.4), (4.5) and using (4.1), we obtain that conditions (ii) hold.

Conversely, suppose that condition (ii) holds. To prove the compactness of Tu,v,φ we first show that Tu,v,φ is
bounded. Using condition (ii), we see that for every ε > 0, there is an η ∈ (0, 1) such that

L1 =
ω(z)

∣∣∣u′′(z)
∣∣∣√

K(1 − |φ(z)|2)(1 − |φ(z)|2)
< ε, (4.6)

L2 =
ω(z)

∣∣∣u(z)φ′′(z) + 2u′(z)φ′(z) + v′′(z)
∣∣∣√

K(1 − |φ(z)|2)(1 − |φ(z)|2)2
< ε, (4.7)

L3 =
ω(z)

∣∣∣u(z)(φ′(z))2 + 2v′(z)φ′(z) + v(z)φ′′(z)
∣∣∣√

K(1 − |φ(z)|2)(1 − |φ(z)|2)3
< ε (4.8)

and

L4 =
ω(z)

∣∣∣v(z)(φ′(z))2
∣∣∣√

K(1 − |φ(z)|2)(1 − |φ(z)|2)4
< ε, (4.9)
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for any z ∈ A = {z ∈ D : |φ(z)| > η}. Now, by (4.6) and condition p1 < ∞, we get

P1 = sup
z∈D

L1(z) ≤ sup
z∈D\A

L1(z) + sup
z∈A

L1(z) ≤
p1√

K(1 − η2)(1 − η2)
+ ε.

This implies that P1 < ∞. Now by (4.7) and p2 < ∞, we get

P2 = sup
z∈D

L2(z) ≤ sup
z∈D\A

L2(z) + sup
z∈A

L2(z) ≤
p2√

K(1 − η2)(1 − η2)2
+ ε,

which implies that P2 < ∞. Again, from (4.8) and p3 < ∞, we get

P3 = sup
z∈D

L3(z) ≤ sup
z∈D\A

L3(z) + sup
z∈A

L3(z) ≤
p3√

K(1 − η2)(1 − η2)3
+ ε.

Thus, P3 < ∞. Again, from (4.9) and p4 < ∞, we get

P4 = sup
z∈D

L4(z) ≤ sup
z∈D\A

L4(z) + sup
z∈A

L4(z) ≤
p4√

K(1 − η2)(1 − η2)4
+ ε,

which implies that P4 < ∞. From the above we obtain that P1, P2, P3 and P4 are finite. Therefore, by
Theorem 3.1, we have that the operator Tu,v,φ : DK →Zω is bounded.
Now, we prove that Tu,v,φ : DK →Zω is compact. Consider a sequence (1m)m∈N ∈ DK such that 1m → 0
uniformly on compact subsets of D and ∥1m∥DK ≲ 1. Then, 1′m, 1′′m and 1′′′m uniformly converges to zero on
compact subsets ofD as m→∞.
Thus, using Lemma 2.2, (3.1), condition (ii), for every ε > 0 and η, we obtain

∥Tu,v,φ1m∥Zω

= |(Tu,v,φ1m)(0)| + |(Tu,v,φ1m)′(0)| + sup
z∈D

ω(z)|(Tu,v,φ1m)′′(z)|

≲ P + sup
z∈D

ω(z)|u′′(z)1m(φ(z))|

+ sup
z∈D

ω(z)
∣∣∣(2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)

)
1′m(φ(z))

∣∣∣
+ sup

z∈D
ω(z)

∣∣∣(u(z)(φ′(z))2 + 2v′(z)φ′(z) + v(z)φ′′(z)
)
1′′m(φ(z))

∣∣∣
+ sup

z∈D
ω(z)|v(z)(φ′(z))21′′′m (φ(z))|

≤ P + sup
z∈A

ω(z)|u′′(z)||1m(φ(z))| + sup
z∈D\A

ω(z)|u′′(z)||1m(φ(z))|

+ sup
z∈A

ω(z)
∣∣∣2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)

∣∣∣|1′m(φ(z))|

+ sup
z∈D\A

ω(z)
∣∣∣2u′(z)φ′(z) + u(z)φ′′(z) + v′′(z)

∣∣∣|1′m(φ(z))|

+ sup
z∈A

ω(z)
∣∣∣u(z)(φ′(z))2 + 2v′(z)φ′(z) + v(z)φ′′(z)

∣∣∣|1′′m(φ(z))|

+ sup
z∈D\A

ω(z)
∣∣∣u(z)(φ′(z))2 + 2v′(z)φ′(z) + v(z)φ′′(z)

∣∣∣|1′′m(φ(z))|

+ sup
z∈A

ω(z)|v(z)||φ′(z)|2|1′′′m (φ(z))| + sup
z∈D\A

ω(z)|v(z)||φ′(z)|2|1′′′m (φ(z))|

≤ P + An + C sup
z∈A

L1(z) + C sup
z∈A

L2(z) + C sup
z∈A

L3(z) + C sup
z∈A

L4(z)

≲ P + An + 4ε, (4.10)
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where

An = p1 sup
{z:|z|≤η}

|1m(z)| + p2 sup
{z:|z|≤η}

|1′m(z)| + p3 sup
{z:|z|≤η}

|1′′m(z)| + p4 sup
{z:|z|≤η}

|1′′′m (z)|.

We know that if (1m)m∈N converges to zero uniformly on any compact subset of D then (1′m)m∈N, (1′′m)m∈N
and (1′′′m )m∈N do the same as m → ∞. Thus, An → 0 as m → ∞. Also, {φ(0)} and {z : |z| ≤ η} are compact
subsets ofD, so by taking m→∞ in (4.10), we obtain

lim
m→∞

∥Tu,v,φ1m∥DK→Zω = 0.

Hence the operator Tu,v,φ : DK →Zω is compact.

Taking u(z) = ψ(z) and v(z) ≡ 0 in Theorem 4.1, we can obtain the compactness of the Wψ,φ : DK → Zω

given by the following corollary:

Corollary 4.2. Letω and K be two weight functions, ψ ∈ H(D) and φ be an analytic self-map onD. Then, following
conditions are equivalent:

(i) The operatorWψ,φ : DK →Zω is compact.

(ii) Functions ψ and φ are such that

q1 = sup
z∈D

ω(z)|ψ′′(z)| < ∞,

q2 = sup
z∈D

ω(z)|2ψ′(z)φ′(z) + ψ(z)φ′′(z)| < ∞,

q3 = sup
z∈D

ω(z)|ψ(z)(φ′(z))2
| < ∞,

lim
|φ(z)|→1

ω(z)|ψ′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)

= 0,

lim
|φ(z)|→1

ω(z)|2ψ′(z)φ′(z) + ψ(z)φ′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)2

= 0,

lim
|φ(z)|→1

ω(z)|ψ(z)(φ′(z))2
|√

K(1 − |φ(z)|2)(1 − |φ(z)|2)3
= 0.

Again by taking v(z) = ψ(z) and u(z) ≡ 0 in Theorem 4.1, we can obtain the compactness of the operator
Wψ,φD : DK →Zω which can be given by the following corollary:

Corollary 4.3. Letω and K be two weight functions, ψ ∈ H(D) and φ be an analytic self-map onD. Then, following
conditions are equivalent:

(i) The operatorWψ,φD : DK →Zω is compact.

(ii) Functions ψ and φ are such that

r1 = sup
z∈D

ω(z)|ψ′′(z)| < ∞,

r2 = sup
z∈D

ω(z)|2ψ′(z)φ′(z) + ψ(z)φ′′(z)| < ∞,

r3 = sup
z∈D

ω(z)|ψ(z)(φ′(z))2
| < ∞,



K. Raj et al. / Filomat 36:18 (2022), 6051–6070 6069

lim
|φ(z)|→1

ω(z)|ψ′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)2

= 0,

lim
|φ(z)|→1

ω(z)|2ψ′(z)φ′(z) + ψ(z)φ′′(z)|√
K(1 − |φ(z)|2)(1 − |φ(z)|2)3

= 0,

lim
|φ(z)|→1

ω(z)|ψ(z)(φ′(z))2
|√

K(1 − |φ(z)|2)(1 − |φ(z)|2)4
= 0.
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