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Available at: http://www.pmf.ni.ac.rs/filomat

Composition Operators on Normal Weight Dirichlet Space

Pengcheng Tanga, Xuejun Zhanga

a College of Mathematics and Statistics, Hunan Normal University, Changsha, Hunan 410006, China

Abstract. By using Bergman ball and Carleson domain, the authors give several equivalent characteriza-
tions for which composition operator is bounded or compact on the normal weight Dirichlet type spaces in
this paper.

1. Introduction

Let C be the complex plane. Throughout this paper we fix a positive integer n and let Cn = C × · · · × C
denote the Euclidean space of complex dimension n. For w = (w1, · · · ,wn) and z = (z1, · · · , zn) in Cn, define
⟨w, z⟩ = w1z1 + · · · + wnzn. The unit ball in Cn is the set Bn = {w ∈ Cn : |w| =

√
⟨w,w⟩ < 1}. The space of

holomorphic functions in Bn is denoted by H(Bn). For h ∈ H(Bn) and w ∈ Bn, let

∇h(w) =
(
∂h
∂w1

(w), · · · ,
∂h
∂wn

(w)
)

and Rh(w) =
n∑

k=1

wk
∂h
∂wk

(w).

Let dv be the Lebesgue measure on Bn. Suppose Sn is the boundary of Bn. For a ∈ Bn and r > 0, let
φa be the involutive automorphism of Bn with φa(0) = a and φa(a) = 0. Let Bergman ball D(a, r) = {z : z ∈
Bn and β(z, a) < r}, where

β(z, a) =
1
2

log
1 + |φa(z)|
1 − |φa(z)|

.

For η ∈ Sn and t > 0, let Carleson domain S(η, t) = {z ∈ Bn : |1 − ⟨z, η⟩| < t}.

If there exists constant c > 0 such that A1 ≥ cA2 ( or A1 ≤ cA2), then we write “A1 ≳ A2” ( or “A1 ≲ A2”).
If “A1 ≳ A2” and “A1 ≲ A2”, then we call “A1 ≍ A2”.

A positive continuous function ν on [0, 1) is called a normal function if there exist constants 0 < a ≤ b < ∞

and 0 ≤ s0 < 1 such that
ν(s)

(1 − s2)a is decreasing, and
ν(s)

(1 − s2)b
is increasing on [s0, 1). For example

ν(s) = (1 − s2)p logβ
e

1 − s2

{
log log

e2

1 − s2

}α
(p > 0, β and α are real).
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In order to simplify the proof, let s0 = 0 in this paper.

Let ν be a normal function on [0, 1). For p > 0, the normal weight Dirichlet space Dp
ν(Bn) consists of all

holomorphic functions h on Bn such that

||h||p
Dp
ν
= |h(0)|p +

∫
Bn

|∇h(w)|p
νp(|w|)
1 − |w|2

dv(w) < ∞,

In particular, Dp
ν(Bn) is the Dirichlet type space Dp

α(Bn) when ν(s) = (1−s2)
α+1

p (α > −1). Moreover, Dp
α(Bn)

is the Dirichlet space when α = 0. By similar treatment of Theorem 3.2 in [27], we may obtain that

||h||p
Dp
ν
≍ |h(0)|p +

∫
Bn

|Rh(w)|p
νp(|w|)
1 − |w|2

dv(w) for h ∈ Dp
ν(Bn).

Let φ : Bn → Bn be a holomorphic mapping. The composition operator Cφ with the symbol φ on H(Bn)
is defined by

Cφ( f ) = f ◦ φ ( f ∈ H(Bn)).

Composition type operators have been studied for a long time, and a lot of results have been obtained
(such as, [1-18], [21-26]). For Dirichlet type spaces, there have been a lot of results involving composition
operators or weighted composition operators, such as [1-18]. However, most of the above results were given
on unit disc D and ν(s) = (1 − s2)

α+1
p (α > −1). As for using Carleson domain to characterize composition

operators on Dirichlet type spaces, there are the following results:
Theorem A ([1]) Let α > −1. Suppose φ is an analytic self-map of D and dµα = |φ′(w)|2(1 − |w|2)α dv(w)
(w ∈ D).

(1) Cφ is a bounded operator on D2
α(D) if and only if

µαφ
−1S(ξ, t) = O(tα+2) for all ξ ∈ ∂D and t > 0.

(2) Cφ is a compact operator on D2
α(D) if and only if

sup
ξ∈∂D

µαφ
−1S(ξ, t) = o(tα+2) (t→ 0+).

In this paper, we generalize Theorem A from the concrete measure (1−|z|2)α dv(z) to the abstract measure
νp(|z|) dv(z)

1 − |z|2
. At the same time, the dimension is extended from one dimension to n dimensions. Otherwise,

we combine Carleson domain with Bergman ball to discuss the conditions for which the composition
operator is bounded or compact, and we give four equivalent characterizations respectively.

2. Some Lemmas

Lemma 2.1. Let r > 0 and ν be a normal function on [0, 1). Suppose a and b are the parameters in the definition of
ν. Then

(1)
ν(|z|)
ν(|w|)

≤

(
1 − |z|2

1 − |w|2

)a

+

(
1 − |z|2

1 − |w|2

)b

for all z,w ∈ Bn.

(2) ν(|z|) ≍ ν(|w|) for any z ∈ Bn and w ∈ D(z, r).

These results come from Lemma 2.2 in [28].
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Lemma 2.2. Let p > 0 and ν be a normal function on [0, 1). Suppose φ = (φ1, · · · , φn) is a holomorphic self-map of
Bn and φl ∈ Dp

ν(Bn) for all l ∈ {1, 2, · · · ,n}. If 1 is nonnegative measurable on Bn, then∫
Bn

1(w) dmp,ν,φ(w) =
∫

Bn

1[φ(w)]
|Rφ(w)|pνp(|w|)

1 − |w|2
dv(w), where

mp,ν,φ(A) =
∫
φ−1(A)

|Rφ(w)|pνp(|w|)
1 − |w|2

dv(w), Rφ = (Rφ1,Rφ2, · · · ,Rφn),

and A is any Borel measurable set in Bn.

Proof. First, the condition φl ∈ Dp
ν(Bn) for all l ∈ {1, 2, · · · ,n} means that |Rφ(w)|pνp(|w|)(1 − |w|2)−1dv(w) is a

finite measure on Bn. The rest of proof is similar to that of Lemma 2.1 in [21].

Lemma 2.3. There is a positive integer N such that for any 0 < r ≤ 1 one can find a sequence {w j
} ⊂ Bn with

Bn =

∞⋃
j=1

D(w j, r), and for each point z ∈ Bn belongs to at most N of the sets D(w j, 4r).

This result comes from Lemma 2.23 in [20].

Lemma 2.4. Let c > 0 and δ > −1. Then the integral∫
Bn

(1 − |z|2)δ dv(z)
|1 − ⟨w, z⟩|n+1+δ+c ≍

1
(1 − |w|2)c for all w ∈ Bn.

This result comes from Proposition 1.4.10 in [19].

3. Main Results and Proofs

Theorem 3.1. Suppose ν is a normal function on [0, 1). For p > 0, let φ be a holomorphic self-map of Bn and φl ∈

Dp
ν(Bn) for all l ∈ {1, 2, · · · ,n}. Define a measure dµp,ν,φ(z) = dmp,ν,φφ−1(z), where dmp,ν,φ(z) =

νp(|z|)|Rφ(z)|p

1 − |z|2
dv(z)

(z ∈ Bn). Given 0 < r ≤ 1, then the following four conditions are equivalent:

(1) µp,ν,φ[S(η, t)] ≲ tnνp(1 − t) for all η ∈ Sn and 0 < t < 1/2.

(2) µp,ν,φ[D(w, r)] ≲ (1 − |w|2)nνp(|w|) for all w ∈ Bn.

(3) There exists a sufficiently large β such that

sup
w∈Bn

(1 − |w|2)β

νp(|w|)

∫
Bn

|Rφ(z)|p νp(|z|) dv(z)
|1 − ⟨φ(z),w⟩|n+β(1 − |z|2)

< ∞.

(4)
∫

Bn

|∇ f (z)|p dµp,ν,φ(z) ≲ || f ||p
Dp
ν

for all f ∈ Dp
ν(Bn).

Proof. (1) ⇒ (2).

For any w ∈ Bn and z ∈ D(w, r), if |w|2 > (3 + tanh r)/4, then it is easy to prove

|1 − ⟨z,
w
|w|
⟩| ≤ |1 − ⟨z,w⟩| + |⟨z,w⟩ − ⟨z,

w
|w|
⟩|

≤
1 + tanh r
1 − tanh r

(1 − |w|2) + (1 − |w|) <
2(1 − |w|2)
1 − tanh r

<
1
2
. (3.1)
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This means that D(w, r) ⊂ S[w/|w|, 2(1 − |w|2)/(1 − tanh r)]. Otherwise,

1 −
2(1 − |w|2)
1 − tanh r

< |w| ⇒ ν
[
1 −

2(1 − |w|2)
1 − tanh r

]
≤

( 4
1 − tanh r

)b

ν(|w|),

where b is the parameter in the definition of ν. Therefore, it is clear that

µp,ν,φ[D(w, r)] ≤ µp,ν,φ

[
S
(

w
|w|
,

2(1 − |w|2)
1 − tanh r

)]
≲

{
2(1 − |w|2)
1 − tanh r

}n

νp
[
1 −

2(1 − |w|2)
1 − tanh r

]
≤

2n+2pb

(1 − tanh r)n+pb
(1 − |w|2)nνp(|w|).

If |w|2 ≤ (3 + tanh r)/4, then

(1 − |w|2)nνp(|w|) ≥
(1 − tanh r

4

)n

νp


√

3 + tanh r
4

 .
This implies that µp,ν,φ[D(w, r)] ≤ µp,ν,φ(Bn) ≲ 1 ≲ (1 − |w|2)nνp(|w|).

(2) ⇒ (3).

Let a and b be the parameters in the definition of ν. For any w ∈ Bn and β > pb, by Lemmas 2.1-2.4,
Lemma 2.24 and Lemma 2.20 in [20], we have

(1 − |w|2)β

νp(|w|)

∫
Bn

|Rφ(z)|p νp(|z|) dv(z)
|1 − ⟨φ(z),w⟩|n+β(1 − |z|2)

=
(1 − |w|2)β

νp(|w|)

∫
Bn

dµp,ν,φ(z)

|1 − ⟨z,w⟩|n+β
≤

(1 − |w|2)β

νp(|w|)

∞∑
k=1

∫
D(wk ,r)

dµp,ν,φ(z)

|1 − ⟨z,w⟩|n+β

≤
(1 − |w|2)β

νp(|w|)

∞∑
k=1

µp,ν,φ[D(wk, r)] sup
z∈D(wk ,r)

1
|1 − ⟨z,w⟩|n+β

≲
(1 − |w|2)β

νp(|w|)

∞∑
k=1

νp(|wk
|)

1 − |wk|2
sup

z∈D(wk,r)

∫
D(z,r)

1
|1 − ⟨u,w⟩|n+β

dv(u)

≤
(1 − |w|2)β

νp(|w|)

∞∑
k=1

νp(|wk
|)

1 − |wk|2

∫
D(wk ,2r)

1
|1 − ⟨u,w⟩|n+β

dv(u)

≲
(1 − |w|2)β

νp(|w|)

∞∑
k=1

∫
D(wk ,4r)

νp(|u|) dv(u)
|1 − ⟨u,w⟩|n+β(1 − |u|2)

≤ N
(1 − |w|2)β

νp(|w|)

∫
Bn

νp(|u|) dv(u)
|1 − ⟨u,w⟩|n+β(1 − |u|2)

≲

∫
Bn

(1 − |w|2)β−pb(1 − |u|2)pb−1 dv(u)
|1 − ⟨u,w⟩|n+β

+

∫
Bn

(1 − |w|2)β−pa(1 − |u|2)pa−1 dv(u)
|1 − ⟨u,w⟩|n+β

≲ 1.

(2) ⇒ (4).
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For any f ∈ Dp
ν(Bn), analogous to the proof of “(2)⇒ (3)” we have∫

Bn

|∇ f (z)|p dµp,ν,φ(z) ≤
∞∑

k=1

∫
D(wk ,r)

|∇ f (z)|p dµp,ν,φ(z)

≲ N
∫

Bn

|∇ f (w)|pνp(|w|) dv(w)
1 − |w|2

= N|| f ||p
Dp
ν
.

(3) ⇒ (2).

For any w ∈ Bn, it follows from Lemma 2.20 in [20] that

1 ≳
(1 − |w|2)β

νp(|w|)

∫
Bn

|Rφ(z)|p νp(|z|) dv(z)
|1 − ⟨φ(z),w⟩|n+β(1 − |z|2)

≥
(1 − |w|2)β

νp(|w|)

∫
D(w,r)

dµp,ν,φ(z)

|1 − ⟨z,w⟩|n+β
≍
µp,ν,φ[D(w, r)]

(1 − |w|2)nνp(|w|)
.

(4) ⇒ (1).

For any η ∈ Sn and 0 < t < 1/2, we take

ft,η(z) =
t2b+1

ν(1 − t)[1 − (1 − t)⟨z, η⟩]
n
p+2b

(z ∈ Bn).

It follows from Lemma 2.1 and Lemma 2.4 that

(n + 2pb)nµp,ν,φ[S(η, t)]

pp2n+2pb+2ptnνp(1 − t)

≤

∫
S(η,t)
|∇ ft,η(z)|p dµp,ν,φ(z)

≲

∫
Bn

t2pb+p

νp(1 − t)|1 − ⟨z, (1 − t)η⟩|n+2pb+p

νp(|z|)
1 − |z|2

dv(z)

≲

∫
Bn

t2pb+p(1 − |z|2)pa−1[1 − (1 − t)2]−pa

|1 − ⟨z, (1 − t)η⟩|n+2pb+p
dv(z) +

∫
Bn

t2pb+p(1 − |z|2)pb−1[1 − (1 − t)2]−pb

|1 − ⟨z, (1 − t)η⟩|n+2pb+p
dv(z)

≲ 1.

This shows that µp,ν,φ[S(η, t)] ≲ tnνp(1 − t) for all η ∈ Sn and 0 < t < 1/2.

The proof is completed.

Remark 3.2. We know that

||Cφ f ||p
Dp
ν
≍ | f [φ(0)]|p +

∫
Bn

|R[Cφ f ](z)|p
νp(z)

1 − |z|2
dv(z)

= | f [φ(0)]|p +
∫

Bn

|⟨(∇ f )[φ(z)],Rφ(z)⟩|p
νp(z)

1 − |z|2
dv(z)

≤ | f [φ(0)]|p +
∫

Bn

|∇ f (z)|p dµp,ν,φ(z).

By Theorem 3.1, Cφ is a bounded operator on Dp
ν(Bn) when one of (1)-(3) holds.
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Theorem 3.3. Suppose ν is a normal function on [0, 1). For p > 0, let φ be a holomorphic self-map of Bn and φl ∈

Dp
ν(Bn) for all l ∈ {1, 2, · · · ,n}. Define a measure dµp,ν,φ(z) = dmφ,p,νφ−1(z), where dmφ,p,ν(z) =

νp(|z|)|Rφ(z)|p

1 − |z|2
dv(z)

(z ∈ Bn). Given 0 < r ≤ 1, then the following four conditions are equivalent:

(1) sup
η∈Sn

µp,ν,φ[S(η, t)] = o[tnνp(1 − t)] (t→ 0+).

(2) µp,ν,φ[D(w, r)] = o[(1 − |w|2)nνp(|w|)] (|w| → 1− for w ∈ Bn).

(3) There exists a sufficiently large β such that

lim
|w|→1−

(1 − |w|2)β

νp(|w|)

∫
Bn

|Rφ(z)|p νp(|z|) dv(z)
|1 − ⟨φ(z),w⟩|n+β(1 − |z|2)

= 0 for w ∈ Bn.

(4) lim
k→∞

∫
Bn

|∇ fk(z)|p dµp,ν,φ(z) = 0, where { fk} is any sequence such that { fk} converges to 0 uniformly on any

compact subset of Bn and sup
k≥1
|| fk||Dp

ν
≤ 1.

Proof. (1) ⇒ (2).

Let sup
η∈Sn

µp,ν,φ[S(η, t)] = o[tnνp(1−t)] (t→ 0+). For any w ∈ Bn and |w|2 > (3+ tanh r)/4, we write η = w/|w|.

It follows from (3.1) that

µp,ν,φ[D(w, r)]
(1 − |w|2)nνp(|w|)

≤ µp,ν,φ[S(η,
2(1 − |w|2)
1 − tanh r

)]/(1 − |w|2)nνp(|w|).

It follows from
2(1 − |w|2)
1 − tanh r

→ 0+ (|w| → 1−) that

lim
|w|→1−

µp,ν,φ[D(w, r)]
(1 − |w|2)nνp(|w|)

= 0.

(2) ⇒ (3).

Let µp,ν,φ[D(w, r)] = o[(1−|w|2)nνp(|w|)] (|w| → 1− for w ∈ Bn). Then for any ε > 0, there exists a 0 < δ0 < 1
such that

µp,ν,φ[D(w, r)]
(1 − |w|2)nνp(|w|)

< ε when |w| > δ0 and w ∈ Bn. (3.2)

Take the sequence {w j
} in Lemma 2.3 and let |w j

| → 1− when j → ∞. Therefore, there exists a positive

integer J0 such that |w j
| > δ0 when j > J0. Let A =

J0⋃
j=1

D(w j, r). Let b be the parameter in the definition of ν.

By Lemmas 2.1-2.4, Lemma 2.24 and Lemma 2.20 in [20], (3.2), we have

(1 − |w|2)β

νp(|w|)

∫
Bn

|Rφ(z)|p νp(|z|) dv(z)
|1 − ⟨φ(z),w⟩|n+β(1 − |z|2)

=
(1 − |w|2)β

νp(|w|)

∫
Bn

dµp,ν,φ(z)

|1 − ⟨z,w⟩|n+β

≤
(1 − |w|2)β

νp(|w|)

J0∑
j=1

µp,ν,φ(Bn) sup
z∈A

1
|1 − ⟨z,w⟩|n+β

+
(1 − |w|2)β

νp(|w|)

∞∑
j=J0+1

µp,ν,φ[D(w j, r)] sup
z∈D(w j,r)

1
|1 − ⟨z,w⟩|n+β

≲ (1 − |w|2)β−pb +Nε
(1 − |w|2)β

νp(|w|)

∫
Bn

νp(|u|) dv(u)
|1 − ⟨u,w⟩|n+β(1 − |u|2)

≲ (1 − |w|2)β−pb + ε→ ε (|w| → 1−).
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It follows from the arbitrariness of ε that

lim
|w|→1−

(1 − |w|2)β

νp(|w|)

∫
Bn

|Rφ(z)|p νp(|z|) dv(z)
|1 − ⟨φ(z),w⟩|n+β(1 − |z|2)

= 0.

(2) ⇒ (4).

Let { fk} be any sequence which converges to 0 uniformly on any compact set of Bn and sup
k≥1
|| fk||Dp

ν
≤ 1. It

is similar to the proof of “(2)⇒ (3)”. We have∫
Bn

|∇ fk(z)|p dµp,ν,φ(z) ≤
∞∑
j=1

∫
D(w j,r)

|∇ fk(z)|p dµp,ν,φ(z)

≲
J0∑

j=1

µp,ν,φ(Bn) sup
z∈A

| fk(z)|p +Nε
∫

Bn

|∇ fk(w)|pνp(|w|) dv(w)
1 − |w|2

≤

J0∑
j=1

µp,ν,φ(Bn) sup
z∈A

| fk(z)|p +Nε→ Nε (k→∞).

It follows from the arbitrariness of ε that lim
k→∞

∫
Bn

|∇ fk(z)|p dµp,ν,φ(z) = 0.

(3) ⇒ (2).

For any w ∈ Bn, if |w| → 1−, then it follows from Lemma 2.20 in [20] that

0←
(1 − |w|2)β

νp(|w|)

∫
Bn

|Rφ(z)|p νp(|z|) dv(z)
|1 − ⟨φ(z),w⟩|n+β(1 − |z|2)

≥
(1 − |w|2)β

νp(|w|)

∫
D(w,r)

dµp,ν,φ(z)

|1 − ⟨z,w⟩|n+β
≍
µp,ν,φ[D(w, r)]

(1 − |w|2)nνp(|w|)
.

(4) ⇒ (1).

Assume sup
η∈Sn

µp,ν,φ[S(η, t)] , o[tnνp(1 − t)] as t→ 0+. Then there exist {ηk
} ⊂ Sn, c > 0 and {tk} ⊂ (0, 1) with

tk → 0 such that µp,ν,φ[S(ηk, tk] ≥ ctn
kν

p(1 − tk).

Let a and b be the parameters in the definition of ν. For δ > b, we take

fk(z) =
tδ+1
k

ν(1 − tk)(1 − ⟨z, (1 − tk)ηk⟩)
n
p+δ

(z ∈ Bn).

It follows from Lemma 2.1 and Lemma 2.4 that || fk||Dp
ν
≲ 1, and { fk} converges to 0 uniformly on any

compact set of Bn. If k→∞, then we have

0←
∫

Bn

|∇ fk(z)|p dµp,ν,φ(z) =
∫

Bn

tpδ+p
k (1 − tk)p(n + pδ)p dµp,ν,φ(z)

ppνp(1 − tk)|1 − ⟨z, (1 − tk)ηk⟩|n+pδ+p

≥
(n + pδ)p µp,ν,φ[S(ηk, tk)]

pp2n+pδ+2ptn
kν

p(1 − tk)
≥

(n + pδ)p c
pp2n+pδ+2p .

This contradiction means that sup
η∈Sn

µp,ν,φ[S(η, t)] = o[tnνp(1 − t)] as t→ 0+.

The proof is completed.

Remark 3.4. Theorem 3.3 shows that Cφ is a compact operator on Dp
ν(Bn) when one of (1)-(3) in Theorem 3.3 holds.
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