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Abstract. We present a proof of the strong shape theorem for global attractors in compact metric spaces
using the intrinsic approach to strong shape from [18] which combines continuity over a covering and the
corresponding homotopies of second order.

1. Introduction

Although shape and strong shape classification of metric compacta is the same i.e. two compacta have
the same strong shape if and only if they have the same shape , for two compacta X and Y, in general, there
are more strong shape morphisms than shape morphisms.

Example 1.1. Let S be a solenoid of Vietoris-van Dantzig. Any two maps pt → S define the same shape
morphism, while there are uncountable different strong shape morphisms defined by the maps pt→ S.

One of the well known unsolved problems from open problems [11] is: Is every shape equivalence a
strong shape equivalence?

The following main theorem of the paper, can be considered as a partial answer, since it is an improve-
ment of the already known result: If M is a global attractor of a semi-dynamical system defined on a
compact metric space X, then the inclusion i : M→ X induces a shape equivalence.

Theorem 1.2. Suppose Φ : X × R+ → X is a semi-dynamical system on a compact metric space X with a global
attractor M. Then the inclusion i : M→ X induces a strong shape equivalence.

We shall present a proof of this theorem which is the main result of the paper using the intrinsic approach
to strong shape from [18]. Our conclusion is that the intrinsic strong shape theory from [18] is a convenient
framework to study the global properties which the attractor inherits from the phase space.

2. Introduction to intrinsic shape for compact metric spaces

The main references for theory of shape [3] and [9], use external spaces (polyhedra, ANR’s) to describe
the shape of a space with complicated local properties. The first intrinsic approach to shape theory (an
approach without external spaces) for compact metric spaces is based on the concept of continuity over
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coverings (ϵ-continuity) and is given in [4] and [16]. Both papers use nets of functions to describe a
shape morphism from X to Y. In [18] the author successfully defines the shape of metric compacta,
using sequences of functions instead. This enables to define strong shape of metric compacta using only
homotopies of second order. This is a significant simplification, since in the case of nets of functions one
must consider homotopies of all orders ([1, 10]).

Let us start with some of the basic definitions from [18]:
Let X and Y be compact metric spaces. For collectionsU andV of subsets of X, we denoteU refinesV

byU ≺ V, i.e. each U ∈ U is contained in some V ∈ V. By covering we understand a covering consisting
of open sets.

Definition 2.1. SupposeV is a finite covering of Y . A function f : X→ Y isV-continuous at a point x ∈ X
if there exists a neighborhood Ux of x and V ∈ V such that:

f (Ux) ⊆ V.

A function f : X→ Y isV-continuous if it isV-continuous at every point x ∈ X. In this case, the family of
all Ux form a covering of X.

According to this, f : X → Y is V-continuous if there exists a finite covering U of X such that for any
x ∈ X there exists a neighborhood U of x and V ∈ V such that f (U) ⊆ V. We denote shortly: there existsU
such that f (U) ≺ V.

If f : X→ Y isV-continuous, then f : X→ Y isW-continuous for anyW such thatV ≺W.
LetV be a finite covering of Y and V ∈ V. The open set st(V) (star of V) is the union of all W ∈ V such

that W ∩ V , ∅. We form a new covering of Y, st(V) = {st(V)|V ∈ V}.

Definition 2.2. The functions f , 1 : X → Y are V-homotopic if there exists a function F : X × I → Y such
that:

i) F : X × I→ Y is st(V)-continuous,

ii) F : X × I→ Y isV-continuous at all points of X × ∂I,

iii) F(x, 0) = f (x), F(x, 1) = 1(x).

The relation ofV-homotopy is an equivalence relation and is denoted by f
V

≃ 1.
In order to define intrinsic shape for compact metric spaces, we introduce the key notion of cofinal

sequence of finite coverings.
In a compact metric space there exists a sequence of finite coverings, V1 ≻ V2 ≻ ... with the property

that for any coveringV, there exists n ∈N, such thatV ≻ Vn. We call such a sequence-cofinal sequence of
finite coverings.

This fact allows to work with proximate sequences instead of with proximate nets.

Definition 2.3. The sequence ( fn) of functions fn : X→ Y is a proximate sequence from X to Y if there exists
a cofinal sequence of finite coverings of Y,V1 ≻ V2 ≻ ... and for all indices , fn and fn+1 areVn-homotopic.
In this case we say that ( fn) is a proximate sequence over (Vn).

If ( fn) and ( f ′n) are proximate sequences from X to Y, then there exists a cofinal sequence of finite coverings
of Y,V1 ≻ V2 ≻ ... such that ( fn) and ( f ′n) are proximate sequences over (Vn).

Two proximate sequences ( fn) and ( f ′n) : X → Y are homotopic if for some cofinal sequence of finite
coveringsV1 ≻ V2 ≻ ... ( fn) and ( f ′n) are proximate sequences over (Vn) and for all integers n, fn and f ′n are
Vn-homotopic. We say that ( fn) and ( f ′n) are homotopic over (Vn).

If ( fn) : X → Y is a proximate sequence over (Vn) and (1k) : Y → Z is a proximate sequence over (Wk),
then for a coveringWk of Z there exist a coveringVnk of Y such that 1k(Vnk ) ≺Wk. Now, the composition of
these two proximate sequences is the proximate sequence (hk) = (1k fnk ) : X → Z. This proximate sequence
is unique up to homotopy.

Compact metric spaces and homotopy classes of proximate sequences [( fn)] form a category whose
isomorphisms induce classifications which coincide with the standard shape classification, i.e., isomorphic
spaces in this category have the same shape (for proof see [12]).
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3. Basic notions and some examples about dynamical systems

The study of dynamical systems involves many areas of mathematics, most notably analysis and topol-
ogy. The pioneering work of Poincare, later continued by Morse, Smale and Conley can be considered as
landmarks in the study of dynamical systems through their phase portraits. This approach gave rise to a
whole new branch, where tools like homotopy theory, later shape theory, and various types of homology,
played a prominent role in the investigations of dynamical systems. The use of shape theory in the study
of dynamical systems was initiated by Hastings in [7]. Other authors have shown how to apply shape
theory to obtain global properties of attractors in the papers [2, 5, 6, 8, 15]. Shape theory was related with
differential equations in [15] and it is the main tool used in [13, 14] to define a Conley index for discrete
dynamical systems. Before proceeding further we will recall some elementary concepts and fix notations.

Definition 3.1. Let (X, d) be a given metric space. A flow in X is a continuous map Φ : X×R→ X such that
satisfies the following two conditions:

Φ(x, 0) = x, Φ(Φ(x, t), s) = Φ(x, t + s) for all x ∈ X and t, s ∈ R.

The triplet (X,R,Φ) forms a dynamical system (flow) with phase map Φ and phase space X. If we replace
the set R with R+ we get the corresponding notion of semi-dynamical system.

For every t ∈ Rwe will consider the transition map Φt : X→ X defined by Φt(x) = Φ(x, t). A dynamical
system (X,R,Φ) is also denoted by {Φt : X→ X | t ∈ R+} or shortly {Φt}.

Definition 3.2. We say that a given subset M ⊆ X is invariant under the flow Φ if Φ(M, t) ⊆M, for all t ∈ R.
If we replace the set R with R+ or R−, we obtain the corresponding notions of positively and negatively
invariant set.

Definition 3.3. A compact invariant set M is stable if every neighborhood U of M contains a positively
invariant neighborhood V of M.

The trajectory of a point x is the set γ(x) = {Φ(x, t)|t ∈ R}. By replacing the setRwithR+ ∪ {0} orR− ∪ {0}
we obtain the corresponding notions of positive and negative semi trajectory. We denote by γ+(x) and γ−(x)
correspondingly.

Many questions concerning flows involve their long term behavior. We introduce positive limit set of a
given subset M ⊆ X with the following:

ω(M) = {x ∈ X|∃ sequence (xn) in M and a sequence tn →∞, such that Φ(xn, tn)→ x}.

Analogous we define negative limit set α(M).

Definition 3.4. A set M ⊆ X attracts a set C ⊆ X if for every neighborhood U of M there exists T ∈ R such
that Φt(C) ⊆ U, for every t ≥ T.

Definition 3.5. Let (Φt) be a semi-dynamical system on a metric space X. A compact invariant set M ⊆ X
is said to be a global attractor if it attracts all compact sets.

In a metric space a global attractor is stable.
We consider the most natural notion of attraction from the topological viewpoint i.e. the notion of

compact attraction, which is more general than the notion of attraction of bounded sets considered very
often in the literature of dynamical systems. This notion of bounded attraction is not only more restrictive,
it is also non-topological, i.e., it depends on the metric considered in the phase space and it is not preserved
by a change in the metric.

For example, if one considers the equation y′ = −y in R , with the usual metric d , then the origin is a
global attractor in the sense of compact attraction but it is not a global attractor in the sense of bounded
attraction if we consider the equivalent metric d1 =

d
1+d .

The paper of Vaughan [20], shows that the difference between both definitions of attraction could be
significant in the absence of local compactness of the phase space.
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Example 3.6. Let us consider the following subset Y =
⋃

n∈N[ 1
22n+1 ,

1
22n ] ⊆ [0, 1] of the unit interval I = [0, 1]

and let X = [0, 1]× [0, 1]. We define the set A = (∂Y × [0, 1])∪ (Y × {0})∪ (([0, 1] \Y)× {1}) where ∂Y denotes
the boundary of Y in [0, 1]. Let us also consider the function f : [0, 1]→ R defined by:

f (x) = dist(x, ∂Y), for every x ∈ [0, 1]

Now let us define a semi flow on X by:

Φ((x, y), t) =
{

(x, e− f (x)ty), i f (x, y) ∈ Y × [0, 1],
(x, 1 − e− f (x)t(1 − y)), otherwise.

Let us note that A is a global attractor for {Φt}, connected, however with two path connected components
A1 = {0} × [0, 1] and A2 = A \ A1. Never the less according to our main theorem the strong shape of A is
trivial.

The following example shows that the main theorem does not hold for discrete dynamical systems:

Example 3.7. Let us consider the discrete semi-group {Φn} on a convex set C ⊆ R2 containing the unit circle
and generated by the function f (x, y) = (cos10x, sin10x), for all (x, y) ∈ C.

Let us set A = {(x, y) ∈ R2
| x2 + y2 = 1}. Since f (R2) = A and f (A) = A, it is clear that A is the global

attractor for {Φn}. Since C is contractible its strong shape clearly differs from the circle A.

4. Intrinsic strong shape for compact metric spaces

In this section we define strong shape of a compact metric space and prove several results needed for
the proof of the main theorem.

Definition 4.1. The sequence of pairs ( fn, fn,n+1) of functions fn : X → Y and fn,n+1 : X × I → Y is a strong
proximate sequence from X to Y if there exists a cofinal sequence of finite coverings, V1 ≻ V2 ≻ ... of Y
such that for each natural number n, fn : X → Y is a Vn- continuous function and fn,n+1 : X × I → Y is a
homotopy connectingVn-continuous functions fn: X→ Y and fn+1: X→ Y.

We say that ( fn, fn,n+1) is a strong proximate sequence over (Vn).
If ( fn, fn,n+1) and ( f ′n, f ′n,n+1) are strong proximate sequences from X to Y, then there exists a cofinal

sequence of finite coverings (Vn) such that ( fn, fn,n+1) and ( f ′n, f ′n,n+1) are strong proximate sequences over
(Vn).

Two strong proximate sequences ( fn, fn,n+1): X→ Y and ( f ′n, f ′n,n+1): X→ Y are homotopic if there exists
a strong proximate sequence (Fn,Fn,n+1): X × I→ Y over (Vn) such that:

i) Fn : X × I→ Y is aVn-homotopy betweenVn-continuous maps fn and f ′n

ii) Fn,n+1 : X × I × I → Y is a st2(Vn)-continuous function at all points from X × ∂I2 is st(Vn)-continuous
and

Fn,n+1(x, t, 0) = fn,n+1(x, t), Fn,n+1(x, t, 1) = f ′n,n+1(x, t).

Homotopy classes of strong proximate sequences are morphisms of strong shape category.

Theorem 4.2. Suppose X is a compact metric space and A a subset of X. If there exists a strong proximate sequence
(rn, rn,n+1) : X→ A and a strong proximate sequence (Hn,Hn,n+1) : X × I→ X such that:

Hn(A × I) ⊆ A

Hn,n+1(A × I × I) ⊆ A

Hn(x, 0) = x, Hn(x, 1) = rn(x) (1)

Hn,n+1(x, t, 0) = x, Hn,n+1(x, t, 1) = rn,n+1(x, t) (2)

Then the inclusion i : A→ X induces a strong shape equivalence.
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Proof. We consider the strong proximate sequence (in, in,n+1) : A→ X induced by the inclusion i : A→ X.
First note that inrn(x) = rn(x) and by (1), Hn connects inrn and the identity map 1X. Second, if we put

(in, in,n+1)(rn, rn,n+1) = (hn, hn,n+1), then

hn,n+1(x, t) =

rn,n+1(x, 2t), if 0 ≤ t ≤ 1
2

rn+1(x), if 1
2 ≤ t ≤ 1

If we define

H′n,n+1(x, t, s) =

Hn,n+1(x, 2t
2−s , s), if 0 ≤ t ≤ 2−s

2

Hn+1(x, s), if 2−s
2 ≤ t ≤ 1

the function is well defined and

H′n,n+1(x, 0, s) = Hn(x, s), H′n,n+1(x, 1, s) = Hn+1(x, s).

So, (Hn,H′n,n+1) : X × I→ X is a strong proximate sequence. Since

H′n,n+1(x, t, 0) = x, H′n,n+1(x, t, 1) = hn,n+1(x, t)

the strong proximate sequence (Hn,H′n,n+1) is a homotopy connecting the strong proximate sequence
(hn, hn,n+1) and the strong proximate sequence induced by the identity 1X.

On the other hand, rnin(x) = rn(x) and by (1), Hn|A connects rnin : A→ A and the identity map 1A.
Second, if we put (rn, rn,n+1)(in, in,n+1) = (hn, hn,n+1), then (hn, hn,n+1) : A→ A is defined by

hn,n+1(x, t) =

rn(x), if 0 ≤ t ≤ 1
2

rn,n+1(x, 2t − 1), if 1
2 ≤ t ≤ 1

If we define H′′n,n+1 : A × I × I→ A

H′′n,n+1(x, t, s) =

Hn(x, s), if 0 ≤ t ≤ s
2

Hn,n+1(x, 2t−s
2−s , s), if s

2 ≤ t ≤ 1

then the function is well defined and

H′′n,n+1(x, 0, s) = Hn(x, s), H′′n,n+1(x, 1, s) = Hn+1(x, s).

So, (Hn,H′′n,n+1) : A × I→ A is a strong proximate sequence. Since

H′′n,n+1(x, t, 0) = x, H′′n,n+1(x, t, 1) = hn,n+1(x, t)

the strong proximate sequence (Hn,H′′n,n+1) is a homotopy connecting the strong proximate sequence
(hn, hn,n+1) and the strong proximate sequence induced by the identity 1A.
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5. The proof of the main theorem

In this section we shall prove the main Theorem 5.1. This theorem is well known for shape (see[2]). Of
course the proof given here for strong shape is also a proof for shape.

Theorem 5.1. Suppose Φ : X × R+ → X is a semi-dynamical system on a compact metric space X with a global
attractor M. Then the inclusion i : M→ X induces a strong shape equivalence.

To prove the above theorem in Lemma 5.5 we construct a strong proximate sequence (rn, rn,n+1) : X→M
and in Lemma 5.6 we prove that it is a strong shape equivalence and that its strong shape inverse is the
inclusion i : M→ X.

To start we need several lemmas about continuity over coverings.
A coveringV of M in X is called regular if it satisfies the following conditions:

1) If V ∈ V then V ∩M , ∅

2) If U,V ∈ V and U ∩ V , ∅, then U ∩ V ∈ V.

For a coveringV of M we introduce the notation |V| =
⋃

V∈V V.
For a finite regular coveringV we define a function rV : |V| →M in the following way:
For points y ∈M we put rV(y) = y.
For points y ∈ |V|\M, by induction we can choose the smallest member V ∈ V such that y ∈ V, then

choose a fixed point yV ∈ V ∩M and put rV(y) = yV.
The function rV isV-continuous. IfV ≻ W, then rW : |W| → M and rV : |W| → M (the restriction of

rV : |V| →M to |W|) areV-near.

Lemma 5.2. IfV ≻W, then rW : |W| →M and rV : |W| →M areV-homotopic.

Proof. rW : |W| →M and rV : |W| →M areV-near and soV-homotopic by a homotopy rVW : |W|×I→M
([19]).

Lemma 5.3. i ◦ rV : |V| → |V| and 1V : |V| → |V| areV-homotopic by a homotopy RV : |V| × I→ |V| such that
RV(x, t) = x, for x ∈M.

Proof. The functions rV and 1V are V-near and so V-homotopic by a homotopy RV ([19]). From the
definition of RV in the proof, it is satisfied RV(x, t) = x, for x ∈M.

Lemma 5.4. IfV ≻W, then RW : |W| × I→ |W| and RV : |W| × I→ |V| (the restriction of RV : |V| × I→ |V|
to |W| × I) areV-homotopic by a homotopy RVW : |W| × I × I→ |V| such that RVW(x, z, 0) = x.

Proof. We define

RVW(x, z, t) =

x, if 0 ≤ t ≤ 1
2

rVW(x, z), if 1
2 ≤ t ≤ 1

Then

RVW(x, 0, t) =

x, if 0 ≤ t ≤ 1
2

rVW(x, 0), if 1
2 ≤ t ≤ 1

=

x, if 0 ≤ t ≤ 1
2

rV(x), if 1
2 ≤ t ≤ 1

= RV(x, t)

Similarly,
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RVW(x, 1, t) = RW(x, t).

Also

RVW(x, z, 1) = rVW(x, z), RVW(x, z, 0) = x.

Now we construct (rn, rn,n+1) : X → M, the induced strong shape morphism by a semi-flow. The
construction is natural and shows that the intrinsic strong shape theory from [18] provides a natural tool to
treat semi-dynamical systems in compact metric spaces.

First we choose a cofinal sequence of regular coverings (Vn) of the compact M. Since M is a global
attractor there exists a sequence tn → +∞ such that:

Φ(X × [tn,∞)) ⊆ |Vn|

and we can choose tn ≤ tn+1.
For t ∈ [tn,∞), Φ(x, t) ∈ |Vn| and the composition rVnΦ(x, t) is defined.
The functions f (x) = rVnΦ(x, tn+1) and 1(x) = rVn+1Φ(x, tn+1) areVn-homotopic by a homotopy given by

rVnVn+1 (Φ(x, tn+1), t) i.e.

rVnVn+1 (Φ(x, tn+1), 0) = rVnΦ(x, tn+1), rVnVn+1 (Φ(x, tn+1), 1) = rVn+1Φ(x, tn+1).

Lemma 5.5. If the functions rn : X → M are defined by rn(x) = rVnΦ(x, tn), then there exists a strong proximate
sequence (rn, rn,n+1) : X→M.

Proof. We define rn,n+1 : X × I→M as the juxtaposition of homotopies:

rn,n+1(x, t) = rVnΦ(x, (1 − t)tn + ttn+1) ∗ rVnVn+1 (Φ(x, tn+1), t)

Then

rn,n+1(x, 0) = rVnΦ(x, tn) = rn(x)

and

rn,n+1(x, 1) = rVn+1Φ(x, tn+1) = rn+1(x).

Let us note that rn,n+1 : X × I → M is well defined since the homotopy rVnΦ(x, (1 − t)tn + ttn+1) for t = 1
equals rVnΦ(x, tn+1) and also rVnVn+1 (Φ(x, tn+1), 0) = rVnΦ(x, tn+1).

Lemma 5.6. The strong proximate sequence (rn, rn,n+1) : X→M induces a strong shape equivalence.

Proof. We construct a strong proximate sequences (rn, rn,n+1) : X → M and a strong proximate sequence
(Hn,Hn,n+1) : X × I→ X such that:

Hn(M × I) ⊆M

Hn,n+1(M × I × I) ⊆M

Hn(x, 0) = x, Hn(x, 1) = rn(x) (3)

Hn,n+1(x, t, 0) = x, Hn,n+1(x, t, 1) = rn,n+1(x, t) (4)

Then by Theorem 4.2 it will follow that (rn, rn,n+1) : X→M is a strong shape equivalence and i : M→ X
is the strong shape inverse of (rn, rn,n+1) : X→M.

The construction of (Hn,Hn,n+1) : X × I→ X
We define a strong proximate sequence (Hn,Hn,n+1) : X × I→ X by: Hn(x, s) = RVn (Φ(x, stn), s).
Then
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Hn(x, 0) = RVn (Φ(x, 0), 0) = Φ(x, 0) = x
Hn(x, 1) = RVn (Φ(x, tn), 1) = rVnΦ(x, tn) = rn(x)

and Hn isVn-continuous. Hence (3) holds.
Now we define Hn,n+1 : X× I × I→ X by juxtaposition Hn,n+1 = Kn,n+1 ∗ Fn,n+1. The first half is defined by

Kn,n+1(x, t, s) = RVn (Φ(x, s((1 − t)tn + ttn+1)), s)

and the second half is defined by

Fn,n+1(x, t, s) = RVnVn+1 (Φ(x, stn+1), t, s).

Since

Kn,n+1(x, 1, s) = RVn (Φ(x, stn+1), s)
Fn,n+1(x, 0, s) = RVn (Φ(x, stn+1), s)

the juxtaposition is well defined. Moreover

Hn,n+1(x, 0, s) = Kn,n+1(x, 0, s) = RVn (Φ(x, stn), s) = Hn(x, s)
Hn,n+1(x, 1, s) = Fn,n+1(x, 1, s) = RVn+1 (Φ(x, stn+1), s) = Hn+1(x, s).

Since

Kn,n+1(x, t, 0) = RVn (Φ(x, 0), 0) = RVn (x, 0) = x
Fn,n+1(x, t, 0) = RVnVn+1 (Φ(x, 0), t, 0) = Φ(x, 0) = x

it follows

Hn,n+1(x, t, 0) = Kn,n+1(x, t, 0) ∗ Fn,n+1(x, t, 0) = x.

Since

Kn,n+1(x, t, 1) = RVn (Φ(x, (1 − t)tn + ttn+1), 1)
= rVnΦ(x, (1 − t)tn + ttn+1)

Fn,n+1(x, t, 1) = RVnVn+1 (Φ(x, tn+1), t, 1) = rVnVn+1 (Φ(x, tn+1), t)

from the definition of rn,n+1 in the proof of lemma 5.5 it follows

Hn,n+1(x, t, 1) = Kn,n+1(x, t, 1) ∗ Fn,n+1(x, t, 1)
= rVnΦ(x, (1 − t)tn + ttn+1) ∗ rVnVn+1 (Φ(x, tn+1), t)
= rn,n+1(x, t)

i.e. the required conditions from (4) Hn,n+1(x, t, 0) = x, Hn,n+1(x, t, 1) = rn,n+1(x, t) are satisfied.
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