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Abstract. In this paper, the notion of multivalued interpolative Hardy-Rogers-contractions using gener-
alized simulation functions is introduced. We establish some related fixed point results and we provide
some examples. We also prove data dependence of the fixed point sets. Moreover, we present strict fixed
point set, well-posedness and homotopy results.

1. Introduction and basic definitions

From now on, all considered sets and subsets are assumed to be non-empty. For a set M, the symbol
P(M) indicates all subsets of M. Further, the symbol P.(M) (P;(M), respectively ) denotes the class of all
closed (all closed and bounded, respectively) subsets of M. The functiond : M X M — RRj forms a standard
metric. Throughout this paper, the pairs (M, d) and (M*,d) denote a metric space and a complete metric
space, respectively.

Let A and B be closed subsets of M. Consider the functional A, H : P.(M) x P.(M) — R{ that are defined
as

A(A,B) =sup{D(v,B); veAl,
H(A,B) = max{A(A, B), A(B, A)}

where D(v, B) = inf{d(v, 7); T € B}, A, B € P.(M). Here, H is known as the Pompeiu-Hausdorff distance, and
Ais called a gap distance. Here, (M, d) is complete if and only if (P4 (M), H) is complete, see e.g. [5], [6], [17]
and [19].

An auxiliary function, announced as a simulation function, defined by Khojasteh et al. [11] to merge
several results in fixed point theory. A function C : R} X R} — Riis called a simulation function if
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(G1) C(t,r)<r—tforallt,r>0;
(CZ) for {t”}’ {Tn} c ]R(J)r/ if im0 £y = limy—0 7, > 0 then

lim sup C(t,, r,) <O0.

We emphasize that in the original definition, there was a superfluous condition: (0, 0) = 0.
Definition 1.1. [11] A self-mapping T on (M, d) is named as a Z-contraction with respect to C if
Cd(Tv, Tt),d(v, 7)) 20 forallv,T € M.

Example 1.2. [11] Suppose that x € (0,1), and ¢ : R} — [0, 1) is a mapping such that limy,+ sup Y(t) < 1 for all
r>0;and ¢ : R} — Ry is a continuous function such that Y(r) =0 & r=0.Let ;; : Ry X Ry - R, i=1,2,3be
defined by

(i) G,y =xr—t,
(i) Co(t,r) =rp(r) —t,
(i) Go=r—p(r) —t.
Then C; (for each i = 1,2, 3) forms a simulation function.

By replacing (C3) by (C}), the definition of a simulation function was extended by Roldan-Lépez-de-
Hierro et al. [20]:

Q) =if {t.}, {ra} C IR(J)r so that 1}1_{?0 t, = 31_1)1010 r, >0andt, <r,, then
lim sup C(t,, 1) < 0.

We say that G : R} X Rj — Ris a C-class function [3] if:
1) g t)<r;
(2) G(r,t) = rimplies either r = 0, ort = 0, for all 7, € R}.
Definition 1.3. [12] A mapping G : Rj X R — R has the property Cg, if there is Cg > 0 so that
1) Grt)y>Cg=r>t
(2) G(t,t) < Cg, forall t.
Immediate examples of C-class functions with Cg-property are as follows:

@ G(r,t)y=r—t, Cg=r,r€[0,+00);

(b) G(r,t) = - T with Cg = 0;
(© G(r,t) = 53 fork > 1 with Cg = {3, forr > 2.

Definition 1.4. [4, 7, 12] A Cg simulation function is a mapping C : Rj X Ry — R satisfying the following
conditions:

@) C(t,r) <G, t) forallt,r > 0, where G : [0, +00)?> — R is a C-class function;

(2) if {tu}, {ra} are sequences in (0, +00) such that lim t, = lim r, > 0, and t,, < r,,, then lim sup C(t,, r,) < Cg;
n—o00 n—oo 1n—00

(3) C(0,0)=0.
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In [4, 11, 12, 16, 20, 23], one can find a number of examples of simulation functions.
Example 1.5. (1) C(t,r) = -5 —tforallt,r >0;

r+

(2) For alower semi-continuous function ¢ : R{ — Ry, the function C(t,r) = r— @(r) =t for all t,r > 0, forms a Cg
simulation function, whenever ¢p(r) =0 & r = 0.

Very recently, the concept of interpolative contraction mappings has been introduced in [9] to enrich
fixed point theory.

Theorem 1.6. [9] Suppose that T is a self- mapping on (M*,d). If
d(Tv, T1) < «[d(v, Tv)]*[d(t, TT)]*™® (1)
forall v,7 € Mwith v # Tv, where a € [0,1), x € [0, 1), then T possesses a unique fixed point.

Interpolation theory is very deep and has been used widely in several research fields, see e.g. [1, 2,10, 13, 14].
Karapmar, Agarwal and Aydi [8] indicated the gap on the proof of the uniqueness in Theorem 1.6.

Theorem 1.7. [8] Suppose that T is a self- mapping on (M*,d). If

d(Tv, Tt) < c1[d(v, 7)] + co[d(v, TV)] + c3ld(T, TT)] + c;;[%(d(v, T1) +d(t, Tv)],

for all v,T € M*, where c1, ¢y, c3,c4 are non-negative reals such that c; + ¢ + ¢c3 + c4 < 1, then T possesses a fixed
point in M".

In this study, we define the notion of multivalued interpolative H-R-contractions via a simulation function
Zg and prove some related fixed point results. Here, the notation H-R is the abbreviation of Hardy-Rogers.
Basically, we revisit the renowned interpolate H-R- contraction for multivalued mappings via a generalized
simulation function.

2. Main results

Definition 2.1. Let (M, d) be a metric space. We say that T : M — Py(M) is a multivalued interpolative H-
R-contraction via a simulation function Zg , if there exist x € [0,1) and a,f,y > O with « + B+ y < 1 such
that

C(H(Tv, Tt),R(v,7)) = Cg )

where
R(v,7) = « [d(v, T)]* - [D(v, Tv)}F - [D(z, T7)]" - [%(D(v, Tt) + D(7, Tv))]l_“_ﬁ_y,

forall v,T € M\ Fix(T).
The following example supports Definition 2.1.

Example 2.2. Let M ={0,1,2,3,4} and d(v, 7) = |v — t|. Define

{0,2) ifv=4

{2} ifv=0

=V0,4 ifo=3
{1,3} otherwise.

Take v, 7 € M\ Fix(T) such that v # t. Let {(t,7) = %r —tand G(r,t) =r—t forallr,t € RY, CG) = 0. Then at
v=4,7=0andx = 0.9, we have

C(H(Tv, T),R(v, 1)) = %R(v, 7)—H(Tv, Tt) = 1.5184 3)
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where « = 0.7,y = 0 and p = 0.2. Note that
GR(v,1),H(Tv, T1)) = R(v,7) — H(Tv, T1) = 1.728 . 4)
So, from (3) and (4), one writes
0 < C(H(Tv, TT),R(v, 1)) < G(R(v, 7), H(Tv, T1)). (5)

Hence, from (5), at v = 4 and © = 0 the operator T is a multivalued interpolative H-R-contraction via the simulation
function Zg .

Theorem 2.3. Let (M, d) be a complete metric space. If T is a multivalued interpolative H-R-contraction operator
via the simulation function Zg, then T possesses a fixed point in M.

Proof. We start by letting vg € M and taking{v,} as v, € T"v for each n € IN. In the case that there is a number ng
50 that vy, = Uy,+1, the point vy, is a fixed point of T. It terminates the proof trivially. Attendantly, we assume that

Uy # Upyq foralln > 0.
By taking v = v, and T = v,_y in (2), we will get
C(H(Tvy, Tvu-1), R(Vn, n-1)) = Cg.
By using Definition 1.4, we find
Cg < C(H(Tvy, Tvp-1), R(vy, vp-1)) < G(R(vn, Vy-1), H(Tvy, TOy-1)).

From Definition 1.3, we have

H(Tvy, Ton-1) < R(vn, Uy-1)- (6)
Recall that

D(Tv,, v,) < H(Tvy,, Tv,-1). (7)
Therefore,

Dy, Tvy) < R(Un, Un-1) = & [dWy, V3-1)]* - [Dy, Ton)IP - [D(Wp-1, TUu-1)]”
'[%(D(Un/ Tvp_1) + D(vy_1, Tv,))]' @B
< K [, va)1 - 1A, V)P - [d Vo, 02)]
Ly @0n,02) + a1, 00) + 0, 0 )}

Suppose that d(Vy-1,Vn) < d(Vp, Ups1) for some n > 1. Thus,

1
E(d(vnr Vy) +d(Vy—1, Vn) + A(Wn, Vr41))] < AV, Vpg1).

Consequently, from (8) we get

d(l)n, Un+1)a+y < Kd(vn—lr Un)-a+y

So, we get that d(vy,—1, V) > d(Vy, Vys1), which isa contradiction. Thus, we have d(vy, Vy41) < d(Vy-1,v,) forall n >
1. Hence, {d(vy-1,Vn)} is a non-increasing sequence with positive terms. Let lim d(v,-1,v,) = L. Since
n—oo

1
E(d(vn,vn) + d(vy-1,Vy) + A(Vy, Vp41))] < d(vy-1,vy) forall n>1,
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and by using (8), we find that
A(Vn, Vpe1) P < kd(p_1,v,)' P forall n>1.

This implies that
d(vnr vn+1) < Kd(vn—l/v‘rl) < K2d(vn—Zr vn—l) <..< Knd(v()r U1)

forall n = 1. Recall that x < 1,50 as n — 00,d(vy, vyt1) — 0. Thus, L = 0. Now, we assert that {v,} is a Cauchy
sequence. For this purpose, let n,m € IN with m > n. Employing the inequality
Ay, V) < dn, Vps1) + oo + AWn-1, V)
< &"d(vo, v1) ¥ ... + K" d(vo, 1)

Kﬂ
7= 4o, v1), )

<

thus, on account of (9), the sequence {v,} is Cauchy. Regarding the completeness, we guarantee the existing of v € M*
so that lim d(v,,v) = 0. Suppose v ¢ Tv. It means that v, & Tv, for each n > 0. By taking v = v, and T = v in

n—oo

inequality (2) and Definition 1.4, one writes
Cg < lim supl(H(Tv,, Tv), R(vs, v)) < Cg, (10)
n—oo
which is a contradiction. It terminates the proof, that is, v € Tv. O

Example 2.4. Let M = [0, 1] and d(v, ) = |v — 1|. Define

6+2v 7+2v

=l

] (11)

forallv, T € M. Let C(t,r) = %r —t,G(r,t) =r—tforallr,t € [0,00)and CG) = 0. Then, for v,T € M\ Fix(T) and
v # tand x € [0,1), we get

Rw,t) = «x[dw,7)]*-[D(v, Tv)]ﬁ - [D(t, TT)]”
-[%(D(v, T7) + D(t, To))]' %P7, (12)
Therefore,
C(H(Tv, T1)),R(v, 1)) = % R(v,t) = H(Tv, T7),

and
G[R(v, 1),H(Tv, T1)) = R(v, t) — H(Tv, T7).

The nonnegative values of a, §, y are such that a + p + y < 1, so we get that
0 < C(H(Tv,TT),R(v, 1)) < G(R(v, 7), H(Tv, T1)). (13)

Thus, from (13), it is clear that T is a multivalued interpolative H-R-contraction operator via the simulation function
Zg and all the axioms of Theorem 2.3 are satisfied. Here, Fix(T) = [0.6,0.7].

3. Strict fixed points and well-posedness

The set Fix(T) := {v € M|v € T(v)} is called the fixed point set of T. SFix(T) := {v € M : {v} = T(v)} is
called the strict fixed point set of T. Notice that SFix(T) C Fix(T). Before starting, let us state the definition
of the well-posedness of a fixed point problem (in short, FPP).
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Definition 3.1. [18, 22] Let (M, d) be a metric space, Y € P(M) and T : M — P.(M) be a multivalued operator.
Then FPP is well-posed for T with respect to d when:

(a2) SFix(T) = {v};

(by) If vy} € Y, n € N and H(vy,, Tv,) = 0as n — oo, then d(v,,v) = 0as n — oo.

Mot and Petrusel [15] proved the following theorem.

Theorem 3.2. [15] Let (M, d) be a complete metric space and T : M — P.(M) be a multivalued operator. Assume
that
(i) T is an a-KS multivalued operator, that is, if a € [0, 1) and

v,T€M with %D(v, Tv) <d(v,t) implies H(Tv,Tt) <ad(v, ),

(ii) SFix(T) # 0.

Then

(a) Fix(T) = SFix(T) = {v};

(b) FPP is well posed with respect to H.

Inspired by Theorem 3.2, we propose the following result.

Theorem 3.3. Let (M, d) be a complete metric space. Assume that

(i) T : M — P.(M) is a multivalued interpolative H-R-contraction via the simulation function Zg, with y = 0;
(ii) SFix(T) # 0,

then

(a) Fix(T) = SFix(T) = {v};

(b) FPP is well posed with respect to H.

Proof. (a) We will prove that Fix(T) = v. We suppose that u, v € Fix(T) with u # v. Since
C(H(Tu, Tv),R(u,v)) = Cg,
we find using Definition 1.4,
Cg < C(H(Tu, Tv), R(u, v)) < G(R(u, v), H(Tu, Tv)).
From Definition 1.3, we have
H(Tu, Tv) < R(u, v). (14)

Therefore,

D(Tv,u) =d(v,u) < H(Tu,Tv) < R(u,v)
« [d(u, v)]* - [D(u, Tu)]? - [D(v, Tv)]

-[%(D(u, Tv) + D(v, Tu))]"*F~7 = 0.

This implies that 0 < d(v, u) < 0, which is a contradiction. Hence, u = v and so Fix(T) = {v}.
(b) Let v € SFix(T) and {v,}nen be such that D(v,, Tv,) — 0, as n — oo. Since T is a multivalued interpolative
H-R-contraction via the simulation function Zg withy = 0, by taking v = v, and t© = v in (2), one writes

C(H(Tvy, Tv), R(vy, v)) = Cg.
By using Definition 1.4, we find

Cg < U(H(Tvy,, Tv), R(vy, v)) < G(R(vy, v), H(Tvy, TV)).
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Using Definition 1.3, we have
H(Tv,, Tv) < R(vy, v). (15)
Also,
d(vy,v) = D(vy, Tv) < R(vy,v) = & [d(vy, V)]* - [D(Vn, Tvy)IP
15Dy, T) + D(v, T )=

K [dn, )1* - [D(, ToW)]P
(D, To)]' ™ F
d(w,,v) < «[D(vy,, Tv,)]. (16)

Letting n — oo in (16), we find that d(v,,v) = 0. O

IA

4. Data dependence of the fixed point set

This section is devoted to the work on the data dependence of fixed point sets for the multivalued
interpolative H-R-contraction operator via the simulation function Zg .

Theorem 4.1. (cf[15]) Let (M, d) be a metric space and T4, T, be two operators. Assume that
(a1) T; is an a;-KS multivalued operator for i € {1,2};

(b1) There exists a real number ¥’ > 0 such that H(T1v, Tov) < «’ forall v € M.

Then

(a2) Fix(T;) € Pc(M), fori € {1,2};

(by) T1 and T, are weakly multivalued operators and

K/

H(Fix(T), Fix(T2)) < g — ===

Inspired by the above result, we propose the following theorem.

Theorem 4.2. Let (M, d) be a metric space and T4, T, be two operators so that

1. T is a multivalued interpolative H-R-contraction via the simulation function Zg fori € {1,2};
2. There exists a real number «’ > 0 such that H(T1v, Tov) < «’ forall v € M.

Then

1. Fix(T;) € P(M), fori € {1,2};
2. Ty and T, are multivalued interpolative H-R-contractions via the simulation function Zg and

KI

H(ER(Ty), Fix(T2)) < 3=

Proof. From Theorem 2.3, Fix(T;) is nonempty for i € {1,2}. First of all, we will show that set of fixed points of the
multivalued interpolative H-R-contraction operator T via the simulation function Zg is closed. Let {v,} be a sequence
in Fix(T) such that v, — u as n — oo, and

C(H(Tvy, Tvg-1), R(vn, v4-1)) 2 Cg. (17)
By using Definition 1.4, we find that

CQ < C(H(Tvn/ TUn—l)r R(Un/ Un—l)) < G(R(Um Un—l)/ H(Tvn/ TUn—l))-
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From (1)) of Definition 1.3, we have

H(Tvy,, Tv,—1) < R(vy, vy-1). (18)
Since

D(Tv,, v,) < H(Tvy, Tv,-1), (19)
we have

D(l)n, Tvn) < R(Un/ vn—l) =K [d(vm vn—l)]a : [D(vm Tvn)]ﬁ : [D(vn—l/ Tvn—l)]y
1 —a—f—y
'[E(D(vnr Tvy-1) + D(vn-1, Tvn))]1 “Fy
< K [d(vn/ vn—l)]a : [d(vnz Un+1)]/3 : [d(vn—lz vn)]y
1 —a—fe
'[E(d(vn/ Up) + d(Vp-1, V) + d(Vy, vn+1))]1 P, (20)
As n — oo, we get that 0 < D(u, Tu) < 0. Thus, D(u, Tu) = 0. Since Tu € Py(M), we get that u € Tu. Hence
u € Fix(T). Secondly, from Theorem 2.3, the multivalued interpolative H-R-contraction operator via the simulation
function Zg possesses a fixed point. Let q > 1 be a real number and vy € Fix(T1) be arbitrary. Then, there

exists v1 € Tovg such that d(vy,v1) < qH(T1vo, Tovg). Next, for v € Thvg there exists vy € Trvy such that
d(v1, v2) < gH(T2v0, Tov1). Since v1 € Tovo, D(v1, Tovg) = 0 < d(vo, v1), we have

d(v1, v2) < gH (TR0, Tov1) < grad(vo, v1).

Similarly, we find a sequence of successive approximations for T, starting from vy and satisfying the following
assertions:

Ups1 € Tv, and d(vy, vp41) < (qrz)zd(vo, v1) forall n>1.

Hence, for alln > N and p > 1, we have

d(vn+p/ vp) < AUy, Upa1) + d(Unt1, Vns2) + o d(vn+p—1/ Un+p)
< (gr2)"d(vo, v1) + (qr2)"d(vo, v1) + ..+ (qr2)"*P " d(vo, 1)
(gr2)"
T, ). e

Choosing 1 < g < min{ %, %} and letting n — oo, we find that the sequence {v,} is Cauchy in (M",d). Then there

exists u € M such that v, — u as n — oo. We will prove that u is a fixed point for T,. Suppose, on the contrary,
that u ¢ Tou and v,y & Tovaw. By taking v = vy, T = u in inequality (2) and using Definition 1.4,

Cg < lim Sup[C(H(Tou, Tavu), R, vaw))] < Cg- (22)

From this contradiction, we easily find that u € Tou. Hence, u € Fix(T).

By Taking p — oo in (21), we have d(u, v,) < %d(vg, v1) foreachn € N. Then d(vo, u) < 1_1% d(vg,v1) < %

In a similar way, we get that for each uy € Fix(T5), there exists v € Fix(Ty) such that d(ug, v) < de(uo, ug) < 12’;;2.
Hence,
. . qx’
H(Fix(T1), Fix(Ty)) < m

Letting g — 1, we find the conclusion. Moreover, we get that T; is %r‘ operator (fori € {1,2}). O
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5. Homotopy result

The main result of this section is the following.

Theorem 5.1. Let vy € (M*,d)and a > 0. If T : B(vg,a) — P,(M) is a multivalued interpolative H-R-contraction
via the simulation function Zg so that d(vo, Tvo) < a(l — «), then T possesses a fixed point in B(vy, a).

Proof. Set 0 < a; < ain a way that E(vo,al) C B(vg,a) and d(vy, Tvg) < (1 — x)a; < (1 — x)a. Let vy € Tvy be

such that d(vg, v1) < (1 — x)ay. Then, for h = \/%? > 1 and vy € Tvg there exists v, € Tv; such that

d(v1,v2) £ h H(Tvg, Tvy).
Since for v = v; and T = v, in (2), we will get
C(H(Tvq, Tvz), R(v1,v2)) 2 Cg.
By using Definition 1.4, we find
Cg < U(H(Tvy, Tva), R(v1, v2)) < G(R(v1, v2), H(Tvy, Tv)).

From Definition 1.3, we have

H(Tv1, Tvy) < R(vy, v2). (23)
Therefore,
1
d(vi,v2) < —= H(Tvg, Tvy)
K

< % R(vo, v7) = %  [d(vo, v)1* - [D(wo, Tvo)P - [D(wr, Tor)T”

L5, Ton) + Dloy, Tug)
Vie [d(vo, v1)]* - [d(vo, v1) P - [d(v1, v2)]”
L5(@(wo, v0) + d(op, v1) + d(vr, L)L ()

IA

Suppose that d(vo, v1) < d(v1,v2). Thus,

%(d(l)(), Ul) + d(vl, 1)2))] < d(vl, 1)2).

Consequently, from (24) we get
d(vl, Uz)a+ﬁ < \/E d(vo, Ul).a+ﬁ
So, we conclude that d(vg, v1) > d(v1, v2). It is a contradiction. As a result, we find d(v1, v2) < d(vg, v1). So,

(@00, 1) + d(vr, v2)] < d(wo, ).

Hence, from inequality (24),
d(v1,v2) < Vi d(vo, v1) < Vi (1 -x) a1.
Also, we have v, € B(vg, a) because

d(vo, v2) < d(vg, v1) + d(v1,v2) < (1 = K)ar + V(1 —x) a1 = (1 = €)1 + V) a1.

In this way, we find inductively a sequence {v,}.en satisfying:

() vy € B(vg, a) for each nn € IN;

(i) vy41 € Ty, for each n € IN;

(iii) AV, Vu1) < (V)" (1 = K)ay.

From (iii), the sequence {v,}sen is Cauchy, and so it is convergent to some v € B(vg,a). By following the
same steps as in Theorem 2.3, we find v € Tv. O
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