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Abstract. Let R be a commutative ring with identity 1 , 0. The ring R is called weakly nil clean if every
element x of R can be written as x = n + e or x = n − e, where n is a nilpotent element of R and e is an
idempotent element of R. The ring R is called weakly nil neat if every proper homomorphic image of R
is weakly nil clean. Among other results, this paper gives some new characterizations of weakly nil clean
(resp. weakly nil neat) rings. An element x ∈ R is said to be von Neumann regular if x = x2 y for some y ∈ R,
and x is said to be π-regular if xn = x2n y for some y ∈ R and some integer n ≥ 1. It is proved that an element
x ∈ R is π-regular if and only if it can be written as x = n + r, where n is a nilpotent element and r is a von
Neumann regular element. In this paper, we study the uniqueness of this expression.

1. Introduction

Throughout, all rings considered are commutative with identity, 0. For a ring R, U(R), nil(R), Jac(R), and
Idem(R) denote, respectively, the group of all units of R, the nil-radical of R, the Jacobson radical of R, and
the set of all idempotents of R.
In [14], Nicholson defined a ring R to be clean if every element can be written as the sum of an idempotent
and a unit. A list of several characterizations of clean rings is given in [12]. In the last years, clean rings
have been widely studied and many variants of this notion have been proposed and studied. One of these
variants is the concept of nil clean rings introduced by Diesl in [11] (over associative rings). A ring is called
nil clean if every element can be written as the sum of an idempotent and a nilpotent. It is proved that a
ring R is nil clean if and only if R/nil(R) is boolean ([11, Corollary 3.20]). It is clear that nil clean rings are
clean. However, the two concepts are different. Ahn and Anderson in [1] generalized the notion of clean
ring by introducing the notion of weakly clean rings. A ring R is called weakly clean if every element x of
R can be written as x = u + e or x = u − e, where u ∈ U(R) and e ∈ Idem(R). Inspired by this idea, Danchev
and McGovern, in [8], consider the class of weakly clean rings which lies strictly between the class of clean
rings and the class of nil clean rings. A ring R is called weakly nil clean if every element x of R can be
written as x = n + e or x = n − e, where n ∈ nil(R) and e ∈ Idem(R).
Recall that a ring R is von Neumann regular if for every x ∈ R there is y ∈ R such that x = x2y, and that
R is π-regular if for every x ∈ R there are y ∈ R and an integer n ≥ 1 such that xn = x2ny. It is proved
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that R is π-regular (resp. von Neumann regular) if and only if R is zero-dimensional (resp. reduced and
zero-dimensional). Let R be a ring and x ∈ R. Following Anderson and Badawi in [2], x is said to be von
Neumann regular if x = x2y for some y ∈ R, and x is said to beπ-regular if xn = x2ny for some y ∈ R and some
integer n ≥ 1. Let vnr(R) := {x ∈ R | x is von Neumann regular} and π−r(R) := {x ∈ R | x is π − regular}. It is
clear that R is a von Neumann regular (resp. π-regular) ring if and only if vnr(R) = R (resp. π−r(R) = R).
Section 2 of this paper begins with a new characterization of weakly nil clean rings. Namely, Theorem 2.1
states that a ring R is weakly nil clean if and only if R is zero-dimensional and U(R) = nil(R)±1. This result is
using to characterize when some ring extensions (namely, direct product of rings, amalgamated duplication
of a ring along an ideal, and trivial ring extension of a ring by a module) are weakly nil clean. Recall that
a ring R is weakly nil neat if every proper homomorphic image of R is weakly nil clean. This class of rings
was introduced and studied in [9]. Theorem 2.8 and Corollary 2.9 propose some new characterizations of
weakly nil neat rings.
Following [2, Theorem 4.2], an element x of a ring R is π-regular if and only if it can be written as x = n + r,
where n is a nilpotent element and r is a von Neumann regular element. Section 3 deals the uniqueness of
this expression.

2. Note on weakly nil clean rings

Following [2, Theorem 4.2], π−r(R) = vnr(R)+ nil(R). In other words, a ring R is π-regular if and only if
every element can be written as a sum of a nilpotent element and a von Neumann regular element. Hence,
since Idem(R)∪−Idem(R) ⊆ vnr(R), the notion of π-regular rings generalizes this of weakly nil clean rings.
This fact was mentioned and proved in [8]. Note also that a π-regular ring needs not to be weakly nil clean
as witnessed by the ring Z3 ×Z3. So, which sub-class of zero-dimensional rings (or equivalently π-rings)
is the class of weakly nil clean rings. The answer is given by [8, Theorem 1.17] which states that a ring R
is weakly nil clean if and only if R is zero-dimensional and there is at most one maximal ideal of R, say M,
which satisfies R/M = Z3 while for all other maximal ideals N of R we have R/N = Z2.
Our first result gives a new characterization of weakly nil clean rings and disclose, in another way, the
relation between weakly nil clean rings and zero-dimensional rings. It looks like the way that Diesl in [11]
characterize nil clean rings. Namely, [11, Corollary 3.11] states that a ring R is nil clean if and only if R is
zero dimensional and U(R) = nil(R) + 1.

Theorem 2.1. Let R be a ring. Then, the following are equivalent:

1. R is weakly nil clean.

2. For each x ∈ R, x2 + x ∈ nil(R) or x2
− x ∈ nil(R).

3. R is zero-dimensional and U(R) = nil(R) ± 1.

Proof. (1) ⇒ (2) Let x ∈ R. Then, x = n − e or x = n + e, where n ∈ nil(R) and e ∈ Idem(R). If x = n − e then
x2 + x = n2

− 2ne + n ∈ nil(R) and if x = n + e then x2
− x = n2 + 2ne − n ∈ nil(R).

(2) ⇒ (3) Let x ∈ R. Over R/nil(R), we have x2
= ±x. Thus, R/nil(R) is von Neumann regular, and so R

is zero-dimensional. Let u be a unit of R. We have u + u2
∈ nil(R) or u − u2

∈ nil(R). Then, over R/nil(R),
−u is an idempotent or u is an idempotent. Since idempotents lift modulo any nil ideal, either −u = e + n
or u = e + n for some idempotent element e of R and some nilpotent element n of R. In the both cases,
e ∈ nil(R) + U(R) = U(R). So, e = 1. Hence, u = −1 − n or u = 1 + n. Thus, u ∈ nil(R) ± 1. Consequently,
U(R) ⊆ nil(R) ± 1. The other inclusion is trivial.
(3) ⇒ (1) Let x ∈ R. Since R is π-regular, by [2, Theorem 4.2], x = n + ue for some n ∈ nil(R), u ∈ U(R), and
e ∈ Idem(R). By hypothesis, u = m ± 1 for some m ∈ nil(R). Thus, x = n + me ± e. Thus, x is weakly nil
clean.

Corollary 2.2. Let R be a ring. Then, the following are equivalent:

1. R is a reduced weakly nil clean ring.
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2. For each x ∈ R, x2 + x = 0 or x2
− x = 0.

3. R is von Neumann regular and U(R) = {±1}.

Remark 2.3. Using [1, Theorem 1.12], the equivalence (1)⇔ (2) in the previous Corollary coincides with [8, Theorem
1.13].

The class of weakly nil clean rings is not closed under finite products. For example, Z3 ×Z3 is not weakly
nil clean even ifZ3 is weakly nil clean. Observing Theorem 2.1, one can easily understand that the problem
comes from the fact that the condition U(R) = nil(R)± 1 is not compatible with direct product of rings. The
next result gives necessary and sufficient conditions for a direct product of rings to be weakly nil clean.

Theorem 2.4. Let {Ri}
k
i=1 be a family of rings with k ≥ 2. Then, R =

∏k
i=1 Ri is weakly nil clean if and only if each

Ri is weakly nil clean and at most one Ri is not nil clean.

Proof. (⇒) The class of weakly nil clean rings is closed under homomorphic images (by [8, Proposition
1.9]). Hence, each Ri is weakly nil clean. Suppose that R1 is not nil clean. Hence, by [8, Proposition 1.10],
2 < nil(R1). Using Theorem 2.1, U(R) = nil(R) ± 1. Hence,

k∏
i=1

U(Ri) =

 k∏
i=1

nil(Ri)

 ± 1R.

Thus, (−1, 1, · · · , 1) = (n1,n2, · · · ,nk) + (1, 1, · · · , 1) or (−1, 1, · · · , 1) = (n1,n2, · · · ,nk) − (1, 1, · · · , 1), where
ni ∈ nil(Ri) for each i = 1, · · · , k. In the first case, we obtain that 2 = −n1 ∈ nil(R1), a contradiction. Thus,
(−1, 1, · · · , 1) = (n1,n2, · · · ,nk)−(1, 1, · · · , 1), and so 2 = ni ∈ nil(Ri) for each i = 2, · · · , k. Using [8, Proposition
1.10], we conclude that Ri is nil clean for each i = 2, · · · , k.
(⇐) We have dim(R) = sup{dim(Ri) | i = 1, · · · , k} = 0. Hence, R is zero-dimensional. If all Ri are nil
clean then so is R (by [11, Proposition 3.13]), and then R is weakly nil clean. Now, suppose that R1 is not
nil clean. Hence, for each i = 2, · · · , k, Ri is nil clean, and so 2Ri ∈ nil(Ri) (by [8, Proposition 1.10]). Let
u = (u1,u2, · · · ,uk) be a unit of R. Then, ui is a unit of Ri for each i = 1, · · · , k. By [11, Corollary 3.10], for each
i = 2, · · · , k, we have ui = ni + 1 for some ni ∈ nil(Ri). By Theorem 2.1, u1 = n1 + 1 or u1 = n1 − 1 for some
n1 ∈ nil(R1). If u1 = n1 + 1 then, u = (n1,n2, · · · ,nk)+ (1, 1, · · · , 1) ∈ nil(R)+ 1R. Suppose now that u1 = n1 − 1.
Then, u = (n1 − 1,n2 + 1, · · · ,nk + 1) = (n1,n2 + 2, · · · ,nk + 2) − (1, 1, · · · , 1) ∈ nil(R) − 1R. Consequently, ,
U(R) ⊆ nil(R) ± 1R, and so U(R) = nil(R) ± 1. Hence, by Theorem 2.1, R is weakly nil clean.

Corollary 2.5. Let R be a ring. Then, R × R is weakly nil clean if and only if R is nil clean.

Let R be a ring, I an ideal of R, and π : R→ R/I the canonical surjection. The amalgamated duplication of
R along I, denoted by R ▷◁ I, is the special pullback of π and π; i.e., the subring of R × R given by

R ▷◁ I =
{
(r, r + i) | x ∈ R, i ∈ I

}
.

In particular, R ▷◁ R = R×R and R ▷◁ (0) � R. The construction R ▷◁ I was introduced and its basic properties
were studied by D’Anna and Fontana in [5, 6].
The next result extends Corollary 2.5 to the context of an amalgamated duplication of a ring along an ideal.

Theorem 2.6. Let R be a ring and I be an ideal of R. Then, R ▷◁ I is weakly nil clean if and only if R is weakly nil
clean and 2I ⊆ nil(R).

Proof. (⇒) Since R � R ▷◁ I/0×I, it is clear that R is weakly nil clean. If 2 ∈ nil(R) then, 2I ⊆ nil(R). Hence, we
may assume that 2 < nil(R) and let i ∈ I. Note that nil(R ▷◁ I) = {(r, r+ i) | r ∈ nil(R) and i ∈ nil(R)∩ I}. Clearly,
(1, 1−i)2+(1, 1−i) = (2, 2−2i+i2−i) < nil(R ▷◁ I).Thus, by Theorem 2.1, (0, i2−i) = (1, 1−i)2

−(1, 1−i) ∈ nil(R ▷◁ I).
Hence, i2 − i ∈ nil(R) for each i ∈ I. In particular, 4i2 − 2i = (2i)2

− 2i ∈ nil(R). But, 4i2 − 4i ∈ nil(R). Thus,
2i ∈ nil(R). So, 2I ⊆ nil(R).
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(⇐) Let i ∈ I. By Theorem 2.1, we have i2 − i ∈ nil(R) or i2 + i ∈ nil(R). Since 2i ∈ nil(R), we have both
i2 − i ∈ nil(R) and i2 + i ∈ nil(R).
Let x ∈ R. Then, x2

− x ∈ nil(R) or x2 + x ∈ nil(R). Suppose that x2
− x ∈ nil(R). Then, (x, x + i)2

− (x, x + i) =
(x2
− x, x2

− x+ 2xi+ i2 − i). Since 2xi+ i2 − i ∈ I∩nil(R), we get that (x, x+ i)2
− (x, x+ i) ∈ nil(R ▷◁ I). Similarly,

if x2 + x ∈ nil(R), we have (x, x + i)2 + (x, x + i) = (x2 + x, x2 + x + 2xi + i2 + i). Since 2xi + i2 + i ∈ I ∩ nil(R), we
get that (x, x + i)2 + (x, x + i) ∈ nil(R ▷◁ I). Consequently, R ▷◁ I is weakly nil clean.

Let R be a ring and M an R-module. The trivial ring extension of R by M is the ring R := R ∝M, where the
underlying group is R×M and the multiplication is defined by (a,m)(b,m′) = (ab, am′ + bm). It is also called
the (Nagata) idealization of M over R and is denoted by R(+)M. This construction was first introduced, in
1962, by Nagata [13] with the objective to emphasize the interaction between rings and their modules and,
more importantly, to provide numerous families of examples of rings with zero-divisors.
Next, we characterize weakly nil clean trivial rings extension.

Theorem 2.7. Let R be a ring and M an R-module. Then, R ∝ M is weakly nil clean if and only if R is weakly nil
clean.

Proof. (⇒) Note that R � R ∝M/0 ∝M is a homomorphic image of R ∝M. Hence R is weakly nil clean.
(⇐) The ring R ∝ M is zero-dimensional since R is so. A unit element of R ∝ M has the form (u,m) with u
is a unit of R and m ∈ M. By Theorem 2.1, u = n ± 1 for some n ∈ nil(R). Thus, (u,m) = (n,m) ± (1, 0). Note
that (n,m) ∈ nil(R ∝ M) and 1R∝M = (1, 0). Thus, U(R ∝ M) = nil(R ∝ M) ± 1. So, by Theorem 2.1, R ∝ M is
weakly nil clean.

In [8], Danchev and McGovern asked about the class of rings for which every proper homomorphic image is
weakly nil clean and they left the question as an open problem. This class of rings was considered recently
in [9] under the name of weakly nil neat rings. The main result of this last paper ([9, Theorem 2.8]) gives
a complete characterization of weakly nil neat rings. Our next two results propose some new descriptions
for such rings.

Theorem 2.8. Let R be a ring. Then, R is weakly nil neat if and only if either

(a) R � Z3 ×Z3, or

(b) there is at most one nonzero prime ideal of R, say P, which satisfies R/P � Z3 while for all other nonzero prime
ideals P′ of R we have R/P′ � Z2

Proof. (⇒) Let P be a nonzero prime ideal of R. Then, R/P is a weakly nil clean domain, and so R/P � Z2
or R/P � Z3 (by [8, Proposition 1.9]). Suppose that there are two different nonzero prime ideals of R, say
P1 and P2, such that R/P1 � R/P2 � Z3. Clearly, P1 and P2 are maximal and so, by the Chinese Reminder
Theorem, we get R/P1 ∩P2 � R/P1 ×R/P2 � Z3 ×Z3. SinceZ3 ×Z3 is not weakly nil clean, we should have
P1 ∩ P2 = (0). Hence, R � Z3 ×Z3.
(⇐) If R � Z3 ×Z3 then proper homomorphic image of R are isomorphic to Z3 which is weakly nil clean.
Hence, R is weakly nil neat.
Suppose that (b) holds. Let I be a proper ideal of R. Every prime ideal P ⊇ I of R is maximal since I , (0).
Thus, R/I is zero-dimensional. Let M/I be a maximal ideal of R/I. Then, R/I

M/I � R/M. Comparing [8,
Proposition 1.17] with the condition (b), we conclude that R/I is weakly nil clean. Hence, R is weakly nil
neat.

Corollary 2.9. Let R be a ring. Then, R is weakly nil neat if and only if either

(a) R is a field, or

(b) R � Z3 ×Z3, or

(c) R is weakly nil clean, or
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(d) R is a 1-dimensional domain and R/Jac(R) is weakly nil clean.

Proof. (⇒) If R is not a domain then following Theorem 2.8 together with [8, Theorem 1.17], R � Z3 ×Z3 or
R is weakly nil clean since (0) is not prime.
Next suppose that R is a domain but not a field. Following Theorem 2.8, dim(R) = 1 since (0) is prime and
every nonzero prime ideal is maximal. Suppose that Jac(R) = (0). By Theorem 2.8, there is at most one
nonzero prime ideal of R, say P, which satisfies R/P � Z3. Let x ∈ R. We have x2 + x ∈ P or x2

− x ∈ P.
While for all other nonzero prime ideals P′ of R we have R/P′ � Z2. Hence, x2 + x ∈ P′ and x2

− x ∈ P′. If
x2 + x ∈ P (resp. x2

− x ∈ P) then x2 + x ∈ Jac(R) = (0) (resp. x2
− x ∈ Jac(R) = (0)). Since R is a domain, we get

that x = 0 or x = 1 or x = −1. Thus, R � Z2 or R � Z3, a contradiction since dim(R) = 1. Thus, Jac(R) , (0).
Hence, R/Jac(R) is weakly nil clean.
(⇐) If R is a field or R � Z3 × Z3 or R is weakly nil clean then R is weakly nil neat. Next, suppose that
R is a 1-dimensional domain and R/Jac(R) is weakly nil clean. Let I be a nonzero ideal of R. The radical
ideal

√
I is the intersection of all prime (and so maximal) ideals containing I. Hence, Jac(R) ⊆

√
I. Hence,

R/
√

I � R/Jac(R)
√

I/Jac(R)
is weakly nil clean. Since R/

√
I � R/I

√
I/I

and
√

I/I = nil(R/I), we conclude by [8, Proposition
1.9] that R/I is weakly nil clean. Hence, R is weakly nil neat.

The following example gives a 1-dimensional weakly nil neat ring.

Example 2.10. Let Z(2) be the ring of integers localized at the prime ideal (2). That is

Z(2) =
{a

b
| a ∈ Z and b ∈ 2Z + 1

}
.

It is clear thatZ(2) is a 1-dimensional local domain with maximal ideal M = Jac(R) = 2Z(2). Moreover,Z(2)/2Z(2) �
Z/2Z is (weakly) nil clean. Hence, following Corollary 2.9, Z(2) is weakly nil neat.

Corollary 2.11. Let {Ri}
k
i=1 be a family of rings with k ≥ 2. Then, R =

∏k
i=1 Ri is weakly nil neat if and only if either

(a) k = 2 and R1 � R2 � Z3 or

(b) each Ri is weakly nil clean and at most one Ri is not nil clean.

Proof. Since R cannot be a domain, by Corollary 2.9, R is weakly nil neat if and only if either R � Z3 ×Z3
or R is weakly nil clean. Moreover, it is easy to see that R � Z3 ×Z3 if and only if k = 2 and R1 � R2 � Z3.
Hence, our result follows from Theorem 2.4.

Corollary 2.12. Let R be a ring and I , (0) an ideal of R. Then, R ▷◁ I is weakly nil neat if and only if R � Z3 or R
is weakly nil clean with 2I ⊆ nil(R).

Proof. (⇒) Since I , (0), R ▷◁ I cannot be a domain since (0, i)(i, 0) = (0, 0) for each i ∈ I. Thus, by Corollary
2.9, R ▷◁ I � Z3×Z3 or R ▷◁ I is weakly nil clean. Suppose that R ▷◁ I � Z3×Z3. Proper homomorphic image
of Z3 ×Z3 are isomorphic to Z3. Since R � R ▷◁ I/(0) × I is a proper homomorphic image of R ▷◁ I, we get
that R � Z3. Next, if R ▷◁ I is weakly nil clean then, by Theorem 2.6, R is weakly nil clean with 2I ⊆ nil(R).
(⇐) If R � Z3 then I = R, and so R ▷◁ I = R × R � Z3 × Z3. Thus, R ▷◁ I is weakly nil neat. Now, if R is
weakly nil clean with 2I ⊆ nil(R) then, by Theorem 2.6, R ▷◁ I is weakly nil clean, and so weakly nil neat.

Corollary 2.13. Let R be a ring and M , 0 an R-module. Then, R ∝ M is weakly nil neat clean if and only if R is
weakly nil clean.

Proof. Follows from Theorem 2.8 and Corollary 2.9 since R ∝M cannot be reduced.

If R is a reduced weakly nil clean ring, then U(R) is a group of at most two elements. However, a
weakly nil clean ring with U(R) = {±1} needs not to be reduced. Take for example the ring Z4. Next, we
characterize weakly nil clean rings R with U(R) = {±1}.
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Theorem 2.14. Let R be a ring. The following are equivalent:

1. R is weakly nil clean and U(R) = {±1}.

2. R is zero-dimensional and vnr(R) = Idem(R) ∪ −Idem(R).

Proof. (1) ⇒ (2) We have only to prove that vnr(R) = Idem(R) ∪ −Idem(R) since weakly nil clean rings are
zero-dimensional. Using [2, Theorem 2.2], we get vnr(R) = {ue | u ∈ U(R) and e ∈ Idem(R)} = Idem(R) ∪
−Idem(R) since U(R) = {±1}.
(2) ⇒ (1) Let u be a unit of R. Then, since U(R) ⊆ vnr(R), we have u = e or u = −e for some e ∈ Idem(R).
Thus, u = 1 or u = −1. Hence, U(R) = {±1} ⊆ nil(R) ± 1 ⊆ U(R). Thus, U(R) = {±1} = nil(R) ± 1. Using
Theorem 2.1, we conclude that R is weakly nil clean.

Corollary 2.15. Let R be a non reduced ring.The following are equivalent:

1. R is weakly nil clean and U(R) = {±1}.

2. R is nil clean and U(R) = {±1}.

3. For each x ∈ R, x2 = x or x2 = x + 2.

Proof. (1) ⇒ (2) Let n ∈ nil(R). Then, 1 − n ∈ U(R) = {±1}. Hence, nil(R) = {0, 2} since R is not reduced.
Thus, by [8, Proposition 1.10], R is nil clean.
(2)⇒ (1) Clear.
(1)⇒ (3) As above, we get that nil(R) = {0, 2}. By Theorem 2.1, we get x2

− x ∈ {0, 2} or x2 + x ∈ {0, 2} for each
x ∈ R. But 2x ∈ nil(R). Hence, x2

− x ∈ {0, 2} if and only if x2 + x ∈ {0, 2}. Hence, for each x ∈ R, x2
− x ∈ {0, 2},

as desired.
(3)⇒ (1) Let n ∈ nil(R). If n2 = n then n = 0. If n2 = n+2 then (n+1)(n−1) = n2

−1 = n+1. Hence, n−1 = 1
since n + 1 is a unit. Thus, n = 2. So, nil(R) = {0, 2}. Consequently, for each x ∈ R, x2

− x ∈ nil(R). Thus, by
Theorem 2.1, R is weakly nil clean. Let u ∈ U(R). If u2 = u then u = 1. Suppose now that u2 = u + 2. Then,
u − 1 = 2u−1

∈ nil(R) = {0, 2}. Thus, u = 1 or u = 3 = −1 (since 4=0). Consequently, U(R) = {±1}.

Corollary 2.16. Let R be a ring such that U(R) = {±1}. Then, R is weakly nil clean if and only if R is von Neumann
regular or R is nil clean.

Proof. (⇒) Since weakly nil clean rings are zero-dimensional, if R is reduced then R is von Neumann regular.
Assume now that R is not reduced. Then, by Corollary 2.15, R is nil clean.
(⇐) Follows from Corollary 2.2 and the fact that nil clean rings are weakly nil clean.

Recall from [4], that a ring R is said to be an UN-ring if every nonunit element a of R is a product of a unit
and a nilpotent elements. Following [16, Proposition 2.25], a ring R is UN if and only if every element of R
is either nilpotent or unit if and only if nil(R) is a maximal ideal of R. A simple example of UN-rings isZ/9Z.

Corollary 2.17. Let R be a ring. Then, R is zero-dimensional and vnr(R) = U(R) ∪ Idem(R) ∪ −Idem(R) if and
only if either

(a) R is a UN-ring, or

(b) R � A × B with A,B ∈ {Z3,Z4}, or

(c) R is weakly nil clean and U(R) = {±1}.
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Proof. (⇒) If R is indecomposable, then Idem(R) = {0, 1}. Thus, vnr(R) = U(R) ∪ {0}. Since R is zero-
dimensional, by [2, Theorem 4.2], R = π−r(R) = vnr(R) + nil(R) = U(R) ∪ {0} + nil(R) = U(R) ∪ nil(R).
Consequently, R is a UN-ring.
Next, suppose that R is decomposable and write, without loss of generality, R = S × T. Let s ∈ vnr(S).
Then, (s, 0) ∈ vnr(R)\U(R). Hence, (s, 0) ∈ Idem(R) ∪ −Idem(R). Then, s ∈ Idem(S) ∪ −Idem(S). Therefore,
vnr(S) = Idem(S) ∪ −Idem(S). Moreover, 0 = dim(R) = sup{dim(S),dim(T)}. Hence, dim(S) = 0. By
Theorem 2.14, S is weakly nil clean and U(S) = {±1}. Similarly, T is weakly nil clean and U(T) = {±1}.
Case 1. Suppose that 2S = 0. In this case S becomes nil clean and so, by Theorem 2.4, R is weakly nil clean.
Moreover, U(R) = U(S) ×U(T) = {1} × {−1, 1} = {(−1,−1), (1, 1)} = {−1R, 1R}.
Case 2. Suppose that 2T = 0. Similarly to Case 1, we obtain that R is weakly nil clean and U(R) = {±1}.
Case 3. Suppose that 2S , 0 and 2T , 0. Assume that S is decomposable and let e be a non trivial idempotent
of S. Then, (e,−1) is a non unit von Neumann regular element of R, and so (e,−1) ∈ Idem(R) ∪ −Idem(R).
Thus, (e,−1)2 = (e,−1) or (e,−1)2 = −(e,−1). That is (e, 1) = (e,−1) or (e, 1) = −(e,−1). The first case implies
that 2T = 0 which is impossible. Thus, 2e = 0. Similarly, 2(1− e) = 0, and so 2S = 0 which is also impossible.
Consequently, S is indecomposable. Let n ∈ nil(S). Then, 1 − n ∈ U(S) = {−1, 1}. Hence, nil(S) ⊆ {0, 2}. If S
is reduced then, by [8, Proposition 1.9], S = Z3. Next, suppose that S is not reduced. Then, S is nil clean
since 2S ∈ nil(S). Let x ∈ S. Then, x = n + e where n is a nilpotent element of S and e is an idempotent
element of S. Thus, S = {0, 1, 2, 3} since nil(S) = {0, 2} and Idem(S) = {0, 1}. Moreover, 2S , 0 and then 4S = 0.
Hence, S contains exactly four elements. Since 2S , 0, S � Z4. Consequently, S ∈ {Z3,Z4}. Similarly, we
get T ∈ {Z3,Z4}.
(⇐) If R is a UN-ring then R is an indecomposable zero-dimensional ring. Hence, vnr(R) = {ue | u ∈
U(R) and e ∈ Idem(R)} = U(R) ∪ {0} = U(R) ∪ Idem(R) ∪ −Idem(R).
Next, if R � A × B with A,B ∈ {Z3,Z4} then clearly R is zero-dimensional. Also, it is easily checked that
vnr(A × B) = vnr(A) × vnr(B) = {0, 1A,−1A} × {0, 1B,−1B} = U(A × B) ∪ Idem(A × B) ∪ −Idem(A × B).
Finally, if R is weakly nil clean and U(R) = {±1} then, by Theorem 2.14, R is zero-dimensional and vnr(R) =
Idem(R) ∪ −Idem(R). Hence, vnr(R) = U(R) ∪ Idem(R) ∪ −Idem(R).

Corollary 2.18 ([1, Corollary 1.13]). Let R be a ring. Then, R = U(R)∪ Idem(R)∪−Idem(R) if and only if either

(a) R is a field, or

(b) R � Z3 ×Z3, or

(c) R is Boolean, or

(d) R is isomorphic to B ×Z3 for some Boolean ring B.

Proof. (⇒) Since U(R) ∪ Idem(R) ∪ −Idem(R) ⊆ vnr(R). We obtain that R = vnr(R) = U(R) ∪ Idem(R) ∪
−Idem(R). Hence, R is von Neumann regular. By Corollary 2.17, R is a UN-ring, or R � A × B with
A,B ∈ {Z3,Z4}, or R is weakly nil clean with U(R) = {±1}.
If R is a UN-ring, then R is a field since it is reduced. For the same reason, the second case implies that
R � Z3 ×Z3. Now, if R is weakly nil clean then R is either Boolean, or isomorphic to Z3 (and so a field) or
R is isomorphic to B ×Z3 for some Boolean ring B (by [8, Proposition 1.13]).
(⇐) Clear.

3. Uniquely π-regular elements

Recall that, following [2, Theorems 2.2 and 4.2],

vnr(R) = {ue | u ∈ U(R) and e ∈ Idem(R)}, and
π−r(R) = {n + ue | u ∈ U(R), e ∈ Idem(R), and n ∈ nil(R)}.

For a π-regular element x ∈ R, the expression x = n + r where n is a nilpotent element and r is a von
Neumann regular element will be called a π-regular decomposition of x.
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Definition 3.1. An element x ∈ R is called uniquely π-regular if there exist a unique von Neumann regular element
r such that x − r is nilpotent.

Proposition 3.2. Let R be a ring, u ∈ U(R), e ∈ Idem(R) and n ∈ nil(R). Then,

1. n + ue is uniquely π-regular if and only if enil(R) = {0}.

2. ue is uniquely π-regular if and only if enil(R) = {0}.

3. u is uniquely π-regular if and only if R is reduced.

4. Every nilpotent element is uniquely π-regular. In particular, 0 is uniquely π-regular.

Proof. (1) As mentioned above, n+ ue is a π-regular element and ue is a von Neumann regular element. Let
m ∈ nil(R). We have n + ue = n + uem + ue(1 − m). It is clear that ue(1 − m) is von Neumann regular since
1 −m is unit. Thus, ue = ue(1 −m). Then, 0 = em and so enil(R) = {0}.
Conversely, suppose that enil(R) = {0}. Let n + ue = m + v f where m ∈ nil(R), v ∈ U(R), and f ∈ Idem(R) be
a π-regular decomposition of n+ ue. Then, v f (1− e) = (n−m+ ue)(1− e) = (n−m)(1− e) ∈ nil(R). Therefore,
f (1 − e) ∈ nil(R) since v is unit. On the other hand, f (1 − e) is an idempotent. Thus, f (1 − e) = 0. So, f = e f .
Similarly, e = e f . Hence, e = f . Since enil(R) = {0}, we get, ue = (n + ue)e = (m + ve)e = ve. Accordingly,
n + ue is uniquely π-regular.
(2) Follows from (1) by letting n = 0.
(3) Follows from (2) by letting e = 1.
(4) Follows from (1) by letting e = 0.

Example 3.3. Set R = Z × Z/4Z. We have Idem(R) = {(0, 0), (0, 1), (1, 0), (1, 1)}, nil(R) = {0} × (2), and
ann(nil(R)) = Z × (2) (ann(nil(R)) is the annihilator of nil(R)). Thus Idem(R) ∩ ann(nil(R)) = {(0, 0), (1, 0)}.

1. Using Proposition 3.2(1), the set of uniquely π-regular elements is:

{n + ue | u ∈ U(R), n ∈ nil(R), e ∈ {(0, 0), (1, 0)}} = {(0, 0), (1, 0), (−1, 0), (0, 2), (1, 2), (−1, 2)}.

2. The element (0,−1) = (0, 2) + (1, 1)(0, 1) = (0, 0) + (1,−1)(0, 1) is π-regular but not uniquely π-regular.

Corollary 3.4. Let R be a ring. The following are equivalent:

1. Every π-regular element of R is uniquely π-regular.

2. Every von Neumann regular element of R is uniquely π-regular.

3. Every idempotent element of R is uniquely π-regular.

4. R is reduced.

Proof. (1)⇒ (2)⇒ (3) Clear.
(3)⇒ (4) Follows from Proposition 3.2 since 1 is an idempotent element.
(4) ⇒ (1) Since R is reduced, we have π−r(R) = vnr(R) = {ue | u ∈ U(R) and e ∈ Idem(R)} (by [2, Theorems
2.2 and 4.2]). Hence, the desired implication follows from Proposition 3.2.

Corollary 3.5. Let R be a ring. The following are equivalent:

1. Every element of R is uniquely π-regular.

2. R is a von Neumann regular ring.

Proof. (1)⇒ (2) The ring R is clearly π-regular, and therefore it is zero-dimensional. Moreover, by Corollary
3.4, R is reduced. Hence, R is a von Neumann regular ring.
(2)⇒ (1) Follows easily from the fact that a von Neumann regular ring is a reduced π-regular ring.
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It is proved in [2, Theorem 4.4] that, for a ring R, π−r(R) = vnr(R) ∪ nil(R) if and only if R is reduced
or indecomposable. Next, we give a new characterization of such rings by using the notion of uniquely
π-regularity.

Theorem 3.6. Let R be a ring. The following are equivalent:

1. Every non unit π-regular element of R is uniquely π-regular.

2. Every non unit von Neumann regular ring element of R is uniquely π-regular.

3. Every non trivial idempotent element of R is uniquely π-regular.

4. R is reduced or indecomposable.

5. π−r(R) = vnr(R) ∪ nil(R).

Proof. (1)⇒ (2)⇒ (3) Clear.
(3) ⇒ (4) Suppose that R is decomposable and let e be a non trivial idempotent of R. Since e is uniquely
π-regular, by Proposition 3.2, we get enil(R) = {0}. Similarly, (1 − e)nil(R) = {0}. Thus, nil(R) = {0}.
(4)⇔ (5) is [2, Theorem 4.4].
(4)⇒ (1) If R is a reduced, then every (non unit) π-regular element of R is uniquely π-regular (by Corollary
3.4). Next, suppose that R is indecomposable. Using [2, Theorems 2.2 and 4.2], we get that π−r(R) =
vnr(R) + nil(R) = U(R) ∪ {0} + nil(R) = U(R) ∪ nil(R). Let x ∈ R be a non unit π-regular element. Then, x is
nilpotent, and so is uniquely π-regular (by Proposition 3.2).

It is proved in [2, Theorem 2.4] that, for a ring R, R = vnr(R) ∪ nil(R) if and only if R is a von Neumann
regular ring or R is a UN-ring. Next, we give a new characterization of such rings by using the notion of
uniquely π-regularity.

Theorem 3.7. Let R be a ring. The following are equivalent:

1. Every non unit element of R is uniquely π-regular.

2. R is a von Neumann regular ring or R is a UN-ring.

3. R = vnr(R) ∪ nil(R).

Proof. (1) ⇒ (3) It is clear that every element of R is π-regular (including unit elements of course). So, R
is π-regular. Thus, R = π−r(R). Using Theorem 3.6, we get also that π−r(R) = vnr(R) ∪ nil(R). Hence,
R = vnr(R) ∪ nil(R).
(2)⇔ (3) [2, Theorem 2.4].
(2)⇒ (1) If R is a von Neumann regular ring, then every (non unit) element of R is uniquely π-regular (by
Corollary 3.5). Next, suppose that R is a UN-ring. Let x ∈ R be a non unit element. Then, x is nilpotent, and
so is uniquely π-regular (by Proposition 3.2).

Corollary 3.8. Let R1 and R2 be two rings and set R = R1 × R2. Then,

1. π−r(R) = vnr(R) ∪ nil(R) if and only if R is reduced.

2. R = vnr(R) ∪ nil(R) if and only if R is a von Neumann regular ring.

Proof. Follows from Theorems 3.6 and 3.7 since R is decomposable.
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4. Discussion and open question

Section 2 gives a connection between weakly nil-clean and π-regular rings in the commutative aspect.
However, the class of weakly nil-clean rings is defined over associative (not necessarily commutative) rings
(see [3]), and a complete description of this notion has been given in [7], and independently in [15]. Let
us also recall that the notion of π-regular rings is also defined in associative (not necessarily commutative)
rings . A ring R is π-regular if for all a ∈ R there exists a positive integer n such that an

∈ anRan. It is therefore
logical to ask the following question:

Question: What is the relation between the notion of weakly nil-clean rings and the π-regularity in the case
of an arbitrary associative ring?

A work analogous to that done in Section 2 may encounter several problems. Indeed, by passing to the
non-commutative case, the notions in question lose many of their properties.
Note that this question was the subject of part of the paper [10]. But do not confuse the notion of weakly
nil clean defines in [3] and that defines in [10].
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