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Abstract. We introduce Chen inequalities for slant Riemannian submersions from cosymplectic manifolds
onto Riemannian manifolds. We provide trivial and non-trivial examples for slant Riemannian submersions,
investigate some curvature relations between the total space, the base space and fibres. Moreover, we obtain

Chen-Ricci inequalities on the vertical and the horizontal distributions for slant Riemannian submersions
from cosymplectic space forms.

1. Introduction

In 1993, B.-Y. Chen found some relations between the extrinsic (mainly, the squared mean curvature)
and intrinsic invariants (mainly, the scalar curvature and the Ricci curvature) of a submanifold in a real
space form [12]. In 1999, B.-Y. Chen obtained a sharp relation between the Ricci curvature and the squared
mean curvature for a submanifold in [13]. Afterwards, many geometers inspired by that fact and have
obtained many results on the notion in the different ambient spaces. In 2011, B.-Y. Chen [14] published a
book which consisted of a collection of the results in this direction. Recenlty, Chen-like inequalities have
been studied in [5, 6, 13, 28-31, 34, 39, 41, 42].

As point out in [19, 38], a considerable interest in Riemannian geometry is to compare some geometric
properties of suitable types of maps between Riemannian manifolds. In this guidance, B. O’Neill [33] and
A. Gray [20] defined the concept of Riemannian submersions between Riemannian manifolds as follows:

A differentiable map F : (M, gp) — (N, gn) between Riemannian manifolds (M, gp) and (N, gy) is called a
Riemannian submersion (submanifold) if F. is onto and

gn (FX EY) = gu(X,Y)

for vector fields X, Y tangent to the horizontal space (kerF.)". The notion has some aplications in physics
and in mathematics. More precisely, Riemannian submersions have applications in supergravity and
superstring theories [25, 27], Kaluza-Klein theory [9, 24] and the Yang-Mills theory [8, 44]. In 1976, B.
Watson [43] considered submersions between almost Hermitian manifolds by taking account of almost

complex structure of total manifold and showed that, in most of the cases, the base space and each fiber
have the same kind of structure as the total space.
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Inspried by Watson’s article, B. Sahin [36] introduced anti-invariant Riemannian submersions and
studied deeply the geomerty of the submersions. In that paper, the author showed that the vertical
distribution is anti-invariant under the action of almost complex structure of the total manifold. As a
generalization of anti-invariant submersions and almost Hermitian submersions, the author [37] introduced
the notion of slant Riemannian submersions from almost Hermitian manifolds onto Riemannian manifolds.
For slant submersions see: [3, 18, 22, 23, 35, 40].

A simple optimal relationship between Riemannian submersions and minimal immersions were proved
by B.-Y. Chen in [15] and [16]. Afterwards, a sharp relationship between the 6—invariants and Riemannian
submersions with totally geodesic fibers was established by P. Alegre, B.-Y. Chen and M. I. Munteanu in
[4]. Recently, M. Giilbahar, $. E. Meri¢ and E. Kili¢ [21] obtained sharp inequalities involving the Ricci
curvature for invariant Riemannian submersions. H. Aytimur and C. Ozgiir obtained sharp inequalities
for anti-invariant Riemannian submersions from Sasakian space forms onto Riemannian manifolds [6]. In
the present paper, we are motivated to study Chen-Ricci inequalities on the vertical and the horizontal
distributions for slant Riemannian submersions from cosymplectic space forms.

The present paper is organized as follows. In Section 2, we mention some basic geometric properties of
Riemannian submersions and cosymplectic manifolds. In Section 3, we obtain some inequalities involving
the Ricci curvature and the scalar curvature on the vertical and horizontal distributions for slant Riemannian
submersions from cosymplectic space forms. The equality cases are also discussed.

2. Geometrical Notations and Preliminaries

In this section, we give necessary background for Riemannian submersions and cosymplectic manifolds.
A surjective C®-map F : (M1, 91) = (Ma, g2) where (M3, g1) and (M,, g2) be C*-Riemannian manifolds of
dimension m; and my, is a C*-Riemannian submersion if it has maximal rank at any point of M; and
preserve the lenght of horizontal vector fields. We also know that the implicit function theorem states that
the fibre over any p € My, F~1(p), is a closed r-dimensional submanifold of My, r = m; —my. A vector field on
M, is called vertical (resp. horizontal) if it is always tangent (resp. orthogonal) to fibers. A vector field X on
M; is called basic if X is horizontal and F-related to a vector field X. on M, i.e., F.X, = X.p() forallp € M. We
will denote by V and H the projections on the vertical distribution ker F,, and the horizontal distribution
(ker F.)*, respectively. Putting V), = ker rt,,, for any p € M;, we obtain an integrable distribution V which
corresponds to the foliation of M; determined by the fibres of F, since each V), coincides with the tangent
space of w~!(x) at p, (p) = x.

As usual, the manifold (M, g1) is called fotal manifold and the manifold (M, g») is called base manifold
of the submersion F : (M1, g1) = (M, g2). The geometry of Riemannian submersions is characterized by
O’Neill’s tensors 7 and A, defined as follows:

TuV = (VV(vuq’{V + WV(VU(VV, (1)
AyV = (VV(Huq“(V + (]’{Vq-{u(vv (2)

for any vector fields U and V on M, where V is the Levi-Civita connection of g;. It is easy to see that 7;
and Ay are skew-symmetric operators on the tangent bundle of M reversing the vertical and the horizontal
distributions. We now summarize the properties of the tensor fields 7 and A. Let V, W be vertical and X, Y
be horizontal vector fields on M, then we have

TvW =TwV, 3)

AxY = —AyX = %(V[X, Y]. 4)
On the other hand, from (1) and (2), we obtain

VoW =Ty W + VW, (5)

VyX =Ty X + HVvX, (6)
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VxV = AxV + VVxV, (7)
VxY = HVxY + AxY, 8)
where VyW = VYV, W. If X is basic HVy X = AxV.
Remark 2.1. In this paper, we will assume all horizontal vector fields as basic vector fields.

Denote by R, R’, R and R* the Riemannian curvature tensor of Riemannian manifolds M, N, the vertical
distribution V and the horizontal distribution H, respectively. Then the Gauss-Codazzi type equations are
given by

R(U,V,E W) = R, V,E W) + g(TuW, TvE) = g(Ty W, TuF), 9)

R(X,Y,Z H) = R'(X, Y, Z, H) - 29(AxY, AzH) + g(Ay Z, AxH) — g(AxZ, AyH), (10)

RX, VY, W) = g(VxT)(V, W), Y) + g(VvA)X, Y), W) = g(TvX, TwY) + g(AY W, AxV), (11)
where

m(R*(X, )Z) = R (n.X, n.Y).Z (12)

forall U V;EW e V(M) and X, Y, Z, H € H(M).
Moreover, the mean curvature vector field H of any fibre of Riemannian submersion 7 is given by

,
N=rH,N=Y Tyl (13)
j=1

where {Uj, ..., U,} is an orthonormal basis of the vertical distribution V. Furthermore, 7 has totally geodesic
fibers if 7~ vanishes on H (M) and V(M).
Now we recall the following lemmas:

Lemma 2.2. Let (M, gum) and (N, gn) be Riemannian manifolds admitting a Riemannian submersion 7t : M — N.
For E,F,G € x(M), we have

9(TeE, G) = —g(F TeG), (14)
9(AE, G) = —g(F, AcG). (15)

That is, Ag and T are anti-symmetric with respect to g.

Lemma 2.3. Let (M, gum) and (N, gn) be Riemannian manifolds admitting a Riemannian submersion 7t : M — B.

(i) For UV € x*(M), TuV = TvU,
(ii) For X,Y € y"(M), AxY = —-AyX.

Let M be (2m + 1)—dimensional smooth manifold with an endomorphism ¢, a vector field £ and a 1-form
1 which satisfy

PP =-1+1®& PpE=0,n0hp=0,1() =1. (16)
Then M is said to be an almost contact manifold. There always exist a compatible metric g such that
gm(@X, @Y) = gu(X, Y) = n(X)n(Y), n(X) = gm(X, ) (17)

for any X, Y € I'(TM). The condition for normality in terms of ¢, £ and non M is [¢, ¢] +2dn® & = 0, where
[¢, ¢] is the Nijenhuis tensor of ¢p. The fundamental 2-form © of M is defined as (X, Y) = gu(X, ¢Y).
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An almost contact metric structure (¢, &, 1, gum) is said to be cosymplectic if it is normal and both d® = 0
and dn = 0. Then considering the covariant derivative of ¢, the structure equation of a cosymplectic
manifold is characterized by the relation

(Vx¢)Y =0and Vx& =0 (18)

for any X, Y € I'(TM) [7, 26]. Recently, for some studies on cosymplectic manifolds, see: [2, 26, 32].

A plane section 7 in TpM of an almost contact metric manifold M is called a ¢—section if 7 L & and
¢(m) = m. M is of constant ¢—sectional curvature if sectional curvature K(7t) does not depend on the choice
of the ¢p—section © of TpM and the choice of a point p € M. A cosymplectic manifold M is said to be a
cosymplectic space form if the ¢p—sectional curvature is constant c along M. A cosymplectic space form will
be denoted by M(c). Then the Riemannian curvature tensor R on M(c) is given by [26]

R NZ = Zlom(Y2)X = gu(X, 2)Y + n(Xn2)Y

= NONZ)X +n(V)gm(X, 2)E = n(X)gm(Y, 2)¢

+ gm(QY, 2)PX — gm(PX, Z)QY = 2gm(pX, Y)PZ}. (19)
Definition 2.4. Let M(¢, &, 1, gum) be a cosymplectic manifold and (N, gn) be a Riemannian manifold. A Riemannian
submersiontt : M(¢p, &, 1, gm) — (N, gn) is said to be slant if for any nonzero vector X € I'(ker m.)—{&}, the angle O(X)
between ¢ X and the space ker . is a constant (which is independent of the choice of p € M and of X € I'(ker 1.)—{&}).
The angle O is called the slant angle of the slant submersion. Invariant and anti-invariant submersions are slant
submersions with 0 = 0 and 0 = 71/2, respectively. A slant submersion which is not invariant nor anti-invariant is
called proper submersion.

Remark 2.5. In the present paper, we suppose that the Reeb vector field & is vertical.
Now, we are going to mention some examples for slant Riemannian submersions in the following.

Example 2.6. Every anti-invariant Riemannian submersion from cosymplectic manifold onto Riemannian manifold
is a slant Riemannian submersion with 6 = {Z}.

Example 2.7. ([1], [11], [32]) We consider R***! with Cartesian coordinates (u;,v;,z)(i = 1,...,n) and its usual
contact form
n=dz.

The Reeb vector field & is given by % and its Riemannian metric g and tensor field ¢ are given by

" 0 & 0
g= Z ((dui)z + (dvi)z) +(dz)?, ¢ = ( _gij 8 8 ],i =1,...,n.
P

This gives a cosymplectic manifold on R*'*'. For simplicity, we assume that 9%,- = du;. In this case, the vector
fields e; = dvj, e,4i = Ju;, & form a ¢-basis for the cosymplectic structure. On the other hand, it can be shown that
R>"* (o, &, 1, 9) is a cosymplectic manifold.

Example 2.8. Let (]RS,qb, &, gIRs) be a cosymplectic manifold mentioned by Example 2.7. Let (]Rz,g]Rz) be a
Riemannian manifold endowed with metric ggro = Y-, dy?. Consider a map 1 (]RS, @, &1, gle) - (]R3,ng)
defined by
Y (U1, Uz, 01,0, 1) = (—U1 cOS Y + vasiny, uy) .
Then by direct calculations, we have
kery. = span{X; = (sinyduy + cos ydv,), X = dv1, X3 = & = 9z}
(ker )" = span {H; = (- cos ydu; + sinydv;), Hy = du}.
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Furthermore, ¢ (X1) = (— sin ydu, + cos ydvy) and ¢ (Xz) = dvq imply that |g1Rs (¥ (X1) ,X2)| = y. Hence, the map
Y is a slant Riemannian submersion with the slant angle 6 =y, which means that 0 <y < Z. Now, we are going to

show that the fibres of the submersion are totall geodesic. Consider the Koszul formula for Levi-Civita connection V
for RS

29 (Vx, X2, X3) = X19(X2, X3) + Y9(X3, X1) — X39(X1, X2)
= g9([X2, X3], X1) = g([X1, X3], X2) + g([X1, X2], X3)

forall X1,X5, X3 € [(TR®). By simple calculations, we obtain
Veej=0 foral i,j=1,...,3.

Thus Tx,X; = Tx;Xi = Tx,Xi =0 forall X;, (i=1,2,3) €T (ker ). Therefore fibres of Y are totally geodesic.

Example 2.9. R7 has a cosymplectic structure as in Example 2.7. Let (R4, gR4) be a Riemannian manifold endowed

with metric ggs = Z?Zl dy?. Let F: R” — R* be a map defined by F (u1,u, u3,v1,02,03,t) = (M1,M2,Usl vl\};& )

Then, by direct calculations, we obtain the Jacobian matrix of F as:

100 0 0 00

0100 0 00

E=lo00 0 0 10
1 1

000 % -1 00

The rank of F. is equal to 3. Thus, the map F is a submersion. After some computations, we obtain

- - - 1
kerF, = Span {X1 = 31/[3, Xo =& = 82, X3 = —$(av1 + 8‘02)}

and
(kerR)L = span {Zl = 8u1, Zz = 8u2, 23 = 903, Z4 = %(8’01 - 8’02)}.

A straight computation we obtain 6 = %. Hence the map F is a slant Riemannian submersions from R” to R*.

Let © : (M, gm,¢,&,m) — (N,gn) be a slant Riemannian submersion from a cosymplectic manifold
(M, gm, ¢, €, 1) to a Riemannian manifold (N, gn). Then for any U, V €T (ker 1t.), we put

U = YU + wl, (20)

where YU and wU are vertical and horizontal components of ¢U, respectively. Similarly, for any X €
I (ker 7z.)*", we have

$X = BX +CX, (21)

where BX (resp. CX) is vertical part (resp. horizontal part) of ¢pX.
The following theorem is a characterization for slant submersions of a cosymplectic manifold. The proof
of it exactly same with slant immersions see: [10, 17]. Therefore we omit its proof.

Theorem 2.10. Let 7t be a Riemannian submersion from a cosymplectic manifold M (qb, &, gM) onto a Riemannian
manifold (N, gn). Then, 1 is a slant Riemannian submersion if and only if there exists a constant A € [0, 1] such that

P =-AI-n®4&). (22)
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Furthermore, in such a case, if 6 is the slant angle of 7, it satisfies that A = cos? 6. By using (17), (20), (21)
and (22), we have the following lemma.

Lemma 2.11. Let 7 be a slant Riemannian submersion from a cosymplectic manifold M (<p, &n, gM) onto a Rieman-
nian manifold (N, gn) with slant angle 6. Then the following relations are valid

gu@U,PV) = cos’ 0 (gu(U, V) — n(t)n(V)), (23)
gu(@U, wV) = sin® 0 (gu(U, V) — n(U)n(V)), (24)

forany U,V €T (kerm.).

3. Chen-Ricci inequality and Chen inequalities

Let (M(c), gm), (N, gn) be a cosymplectic space form and a Riemannian manifold, respectively and
7t : M(c) — N a slant Riemannian submersion. Furthermore, let {Uj, ..., U,, X1, ..., X;;} be an orthonormal
basis of T,M(c) such that V = span{Uy, ..., U, = &}, H = span{X;, ..., X,,}. Then using (9), (10) and (19), we
have

R(UVEW) = 219 (V, (U, W) = gaa(U Flgaa(V, W)

+ nUUnE)gm(V, W) = n(V)n(F)gm(U, W)

+ n(VIn(W)gm(U, F) = n(t)n(W)gm(V, F)

+ gm(PV, F)gm(pU, W) — gm(pU, F)gm(pV, W)

= 2gm(pU, V)gm(PE, W)} — gm(TuW, TvF)

+ gm(TvW, TuF), (25)

R'(X,Y,Z,H) = Z{gm(Y, 2)g(X, H) = gu(X, Z)gua(Y, H)

+ n(Xn(Z2)gm(Y, H) = n(Y)n(Z)gm(X, H)

+ n(nH)gm(X, Z) — n(X)n(H)gm(Y, Z)

+gm(@Y, 2)gm(pX, H) — gm(¢pX, Z)gm(pY, H)

= 2gm($X, V)gm(PZ, H)} + 2gm(AxY, AzH)

— gm(AyZ, AxH) + gu(AxZ, AyH). (26)

Theorem 3.1. Let 7t : M(c) — N be a slant Riemannian submersion from a cosymplectic space form (M(c), gm) onto
a Riemannian manifold (N, gn). Then

Rie(Ul) > z(r — 2+ 3c0s? O)(1 — n(U)?) — rgm(Tul, H). 27)

The equality case of (27) holds for a unit vertical vector U € V,(M(c)) if and only if each fiber is totally geodesic.
Proof. Using (25) we derive
Ric(lD) = S((r — _ 2 -, W _ 112
ic(t) = 7((r=2)A - n(U)") + 3Z!JM(<PU, Up) = rgm(Tul, H) + |Tulill”, (28)
i=1

where

.
Ric(U) = Z R, Uy, U;, U).
i=1
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Since
Y 2oU ) = cos> 01 - (L)), (29)
i=1

using last equation in (28), we get (27). O

Theorem 3.2. Let 7w : M(c) — N be a slant Riemannian submersion from a cosymplectic space form (M(c), gm) onto
a Riemannian manifold (N, gn). Then

2% > 2(r—1)(r—2+3c052 6) — 7 |HII. (30)
The equality case of (30) holds if and only if each fiber is totally geodesic.

Proof. Using the symmetry of 7~ in (25), we have
2t = i(r —1)(r=2+3cos? 0) = AHIP + Y g (T Uj, TuUj), (31)
i,j=1

which implies (30), where T =}, R, u,u;u;. O

1<i<j<r

Since 7 is slant Riemannian submersion and ¢ is vertical, using the anti-symmetry of A and (26), we find

* C . -
20 = J(n(n-1)+3 Y, 9m(CXi, X)gu(CXi, X)) =3 Y, gu(Ax X, Ax X)), (32)
ij=1 ij=1
where
T = Z R(Xi,X]', X]‘,Xi). (33)
1<i<j<r

Now we define
n
ICIP = )" $(CX,, X)), (34)
i=1
then from (32) and (34) we obtain

c n
20 = Z(n(n = 1) +3ICIP) =3 ) gu(Ax X;, Ax X)) (35)
ij=1

From (35) we derive the following theorem :

Theorem 3.3. Let 7t : M(c) — N be a slant Riemannian submersion from a cosymplectic space form (M(c), gum) onto
a Riemannian manifold (N, gn). Then

27" < i(n(n ~ 1)+ 3|ICIP). (36)

The equality case of (36) holds if and only if H(M) is integrable.
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Let (M(c), gm) be a cosymplectic space form and (N, gy) a Riemannian manifold. Assume that 7t : M(c) —
N is a slant Riemannian submersion and {Uj, ..., U;, Xj, ..., X;;} is an orthonormal basis of TpM(c) such that
V,(M) = span{ly, ..., U}, H,(M) = span{Xy, ..., X,,}. Now we denote 7'; by

7:3 = gM(TU,‘ u]/ XS)/ (37)

where1 <i,j<rand 1 <s < n (see[21]).
Similarly, we denote ﬂf.;. by

ﬂf; = gM(ﬂXin, Ua), (38)
where1 <i,j<nand 1< a <r. From [21], we use
SN) = Y Y gu((Vx.T)u, Us, Xi). (39)
i=1 k=1

From the Binomial theorem there is such as the following equation between the tensor fields 7
- - S 1 1 S S S - - S - S S S
Zf Z;(Tfﬂz = SPIHIR + (T3 = T~ .~ T30 + zz; Z;‘(Tl -2 le Y i - @
s=1 i,j= s=1 j= s=1 2<i<j<r

Theorem 3.4. Let 7w : M(c) — N be a slant Riemannian submersion from a cosymplectic space form (M(c), gm) onto
a Riemannian manifold (N, gn). Then we have

Ric(Uy) > i(r —2+3cos? 0)(1 — n(U)?) - }er IH|I* . (41)

The equality case of (41) holds if and only if
T =T+ +T5,
Tls] = O, ] = 2,..., T.
Proof. Using (37) in (31), we can write
n r
2% = 2(1’ —1)(r — 2 + 3cos? 0) — 2 | HI* + Z Z(T;)Z. (42)
s=1 i,j=1

Thus using (40) in (42) can be written as

1 1 n T
2t = fI(r ~1)(r=2+3c0s’0) = 5 IHI + 5(T5 = T3y = . = T2 +2) | Y (T
s=1 j=2
n
—2) Y (TaT - (TP, (43)
s=1 2<i<j<r
Then from (43) we have
A c 2 1 2 2 - S 512
2t > 2(r=1)(r ~2 +3cos” 0) = > [HIF - 2 Y (TiT = (TP (44)

s=1 2<i<j<r

Moreover, taking U = W = U;, V = F = U; in (9) and using (37), we obtain

2 Y RWU UL U, Uy =2 Y RU U U Uy +2) . Y (T35 - (TP, (45)

2<i<j<r 2<i<j<r s=1 2<i<j<r
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Using (45) in (44), we get

. _C 1 5 o
21 > Z(r —1)(r =2 +3cos*0) — Erz [H]” +2 Z RU;, U;, U, U;) — 2 Z R(U;, Uj, U, U;). (46)

2<i<j<r 2<i<j<r
Furthermore, we have
.
2% =2 Z R, U, U, uy) + 22 R(L, U, U, Wy). (47)
2<i<j<r =1
Considering (47) in (46), we get
= Cc 2 1 2 2
2Ric(Uy) > Z(r —1)(r—2+3cos” 0) — 57 [|HI||" —2 Z R(u;, Uj, U;, U;). (48)
2<i<j<r

Since M(c) is a cosymplectic space form, its curvature tensor R satisfies the equality (19), we have

Y R, U U Uy = 2(% + n(U)(r - 2 + 3cos? 0). (49)

2<i<j<r
From (48) and (49), we obtain (41). O

Theorem 3.5. Let 7w : M(c) — N be a slant Riemannian submersion from a cosymplectic space form (M(c), gm) onto
a Riemannian manifold (N, gn). Then we have

Ric'(X1) < Z(n = 1+3]CXalP) (50)
The equality case of (50) holds if and only if
.?I‘f]- =0, j=2,.,n
Proof. Using (38) in (35), we have
27" = i(n(n -1 +3|IC|) - 32 i(ﬂg-)z. (51)
a=1i,j=
Using that A is anti-symmetric on H(M(c)), (51) can be written as

20 = L -1 +3ICID -6 ) Y (AP -6Y N (A (52)

a=1 j=2 a=1 2<i<j<n
Moreover, taking X = H = X;, Y = Z = X; in (10) and using (38), we derive
r
2 Z R(X;, X, X;, Xi) = 2 Z R(X;, Xj, X, X;) + 6 Z Z (AL (53)
2<i<j<n 2<i<j<n a=1 2<i<j<n
Using (53) in (52), we get

. c roon . )
2¢ = L =1 +3ICA) =6} Y (ALY +2 Y R(Xi,X;,X;;X) =2 ) RX;X;X;,X). (54)

a=1 j=2 2<i<j<n 2<i<j<n
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Besides, from (19) we obtain

2<;<n R(Xi, X, X, X;) = i W +3 2<;<n 7 (CXi, X)) (55)
Then from (54) and (55)
. x c ) ro.n ,
2Ric’(X1) = 5(n =1+ 3[ICXl )—6;;(3(%) ) 56

which gives (50). O

Now, we compute the Chen-Ricci inequality between the vertical and horizontal distributions for the
case of £ is vertical. For the scalar curvature 7 of M(c), we derive

n r
27 = 2 Ric(Xs, X,) + sz Ric(UL, Uy), (57)

s=1

27 = Zr: R(U;, Uy, Uy, Uj) + i Zr: R(Xi, Uy, Uk, X;)

k=1 i=1 k=1
+ Zn" R(X;, Xs, Xs, X) + i Zr‘ R(Uj, X, X5, Uj). (58)
Let denote
[ = le kr om(Tu X, Tu, X)), (59)
”(TAH”2 = kf gm(Tu; Uk, Tu; Us), (60)
&
I = 3w, A, 1
= Y, Yttt 10 .

Theorem 3.6. Let 7w : M(c) = N be a slant Riemannian submersion from a cosymplectic space form (M(c), gm) onto
a Riemannian manifold (N, gn). Then we have

i(nr +7+3(IBI + ICX1|P* - sin? 0) — (r — 2 + 3 cos® O)n(U)?)
_ 1 r n
< Ric(Uh) + Ric'(X1) + 77 [HIF +3 Z z(ﬂ;g)z — o) + |7 - [l (63)
a=1 s=2
The equality case of (63) holds if and only if

S S S
T =T+ +T,

rrr

Tfj =0, j=2,..,r1
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Proof. Since M(c) is a cosymplectic space form, using (58) we derive

20 = Z((n+ 1) +7=3)+2+3((r = cos?0+2) " Y FA(BX;, Uy) + ICIP)).

i=1 k=1
Now, we define

182 =Y Y REX, .

i=1 k=1

On the other hand, using the Gauss-Codazzi type equations (9), (10) and (11), we obtain

2t =22 +20 + 2 HIP = ) gm(Tu,Up, Tu U +3 ) gm(Ax, X, Ax, Xs)
k,j=1 i,s=1

- i i gm((Vx T )u Uy, Xi) + i i(gM(TukXi, Tu,Xi)

i=1 k=1 i=1 k=1

— gu(Ax Ui, A U) = ) Y am(Vae T U, Xo)

s=1 j=1

+ Zl z;(!]M(Tqus, Tu;Xs) — gu(Ax Uj, Ax Uj)).
S= =

Then using (40) and (66), we obtain

* 1 1 S S S - - S
20=2t 420 4 S HIF =3T3 = T3 = = T3~ 2) Y (T3
s=1 j=2
2Y, ¥ wim- ey Yp oY, T
s=1 2<i<j<r a=1 s=2 a=1 2<i<s<n

+ Z; kZl‘(gM(TukXi/ Tu, Xi) — gm(Ax, Uk, Ax,Uy)) — 26(N)

+ Z Z(gM(Tu,XS, Tu;Xs) — gu(Ax Uj, Ax, Uj)).

s=1 j=1

Using (45), (53), (64) and (65) in (67), we get

i((n +1)n+r=3)+2+3((r—1)cos’ 0 +2 IIZBII2 + ||C||2))

— 1 1
= 2Ric(U;) + 2Ric*(X1) + ErZ IHI? - E(7’;1 — TS == T35
n r r n n r
-2 Z Z(Tfj)z +6 Z Z(ﬂ‘fs)z + Z Z(QM(TUkXi/ Tu.Xi)
s=1 j=2 a=1 s=2 i=1 k=1

— gu(Ax Uy, Ax U)) — 26(N) + Z Z(gM(‘Tqus, T, Xs)

s=1 j=1

— gm(Ax U, Ax Uj)) +2 Z R(U;, U;, Uy, Uy) +2 Z R(X;, Xs, Xs, X;).

2<i<j<r 2<i<s<n

3625

(64)

(65)

(66)

(67)

(68)
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Using (49), (55), (59) and (62) in (68) we obtain
i(nr +7=3+3(1B|* + [ICX1|[* + cos® 0) — (r — 2 + 3 cos? O)n(U})?)

< Ric(Uy) + Ric'(X0) + 3P 1P +3 Y Y (A8 6 + |7 - |l (69)

a=1 s=2
which gives (63). O
From (59)-(62), (64), (65) and (66) we obtain
i((n )+ —3)+2+3((r = 1)cos? 8 + 2 |BI2 + ICIP) = 2% + 27°
112 2 2 112
+ 2 HIP = 7| + 3 [ AY|| - 25(N) + 2|7V - 2 || A" (70)
From (70) we obtain following theorem.

Theorem 3.7. Let 7w : M(c) — N be a slant Riemannian submersion from a cosymplectic space form (M(c), gm) onto
a Riemannian manifold (N, gn). Then we have

2% 420 < 2((;1 F P+ =3)+243((r = 1) cos? 6 + 2 |1BIP + |ICIP)

— PIHIP + |7 + 260N) - 2|7V +2||AH ], (71)
2% +27° > i((n +7)(n+7—3)+2+3((r— 1) cos® 0 + 2|IBI* + [ICII*))
— 2 IHIP + |77 - 3 AV + 2500 2|7 (72)

Equality cases of (71) and (72) hold for all p € M if and only if horizontal distribution H is integrable.
From Theorem 3.7, we have the following corollary.

Corollary 3.8. Let 7 : M(c) — N be a slant Riemannian submersion from a cosymplectic space form (M(c), gnm)
onto a Riemannian manifold (N, gn) such that each fibres be totally geodesic. Then we have

2
7

2% 427" < i((n +7)(n+1=3) +2+3((r — 1) cos® 0 + 2||BI* + [ICIP)) + 2 || AT (73)

28 +27" > S((n+ (1 +7=3) +2+3((r — )cos? 0+ 2|BIP + 1) = 3| A"|[" (74)

Equality cases of (73) and (74) hold for all p € M if and only if horizontal distribution H is integrable.
From (70) we obtain following theorem.
Theorem 3.9. Let 7t : M(c) — N be a slant Riemannian submersion from a cosymplectic space form (M(c), gum) onto

a Riemannian manifold (N, gn). Then we have

2% + 27" > i((n +7)(n+7r—3)+2+3((r—1)cos? 0+ 2|1B|* + ICII*))

— 2 IHIP +25(N) - 2|7V + 2 || - 3], (75)

2% + 27" < 2((11 +1)(n+7-3)+2+3((r—1)cos? 6+ 2||B|* + |ICI[))

—AIHIP + |7 + 26(N) + 2|7 - 3 A (76)

Equality cases of (75) and (76) hold for all p € M if and only if the fibre through p of 1 is a totally geodesic submanifold
of M.
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From Theorem 3.9, we have the following corollary.

3627

Corollary 3.10. Let i : M(c) — N be a slant Riemannian submersion from a cosymplectic space form (M(c), gm)

onto a Riemannian manifold (N, gn) such that H be integrable. Then we have

2T+ 21" > 2((11 +r)(n+r—=3)+2+3((r—1)cos’ 6 +2||1B|
+1ICIPY) - 2 IHIP +25(N) - 2|77,

2% 420" < 2((11 1)+ —3)+2+3((r—1)cos? 0 + 2| B

+1ICIPY) = 2 IHIR + 25(N) + 7|

(77)

(78)

Equality cases of (77) and (78) hold for all p € M if and only if the fibre through p of 1 is a totally geodesic submanifold

of M.
Lemma 3.11. Let a and b be non-negative real numbers, then
a+b
- > b
52 Va

with equality iffa = b.

Using Lemma 3.11 in (70), we obtain following theorems.

Theorem 3.12. Let i : M(c) — N be a slant Riemannian submersion from a cosymplectic space form (M(c), gm)

onto a Riemannian manifold (N, gn). Then we have
2((11 +1)(n+7-3)+2+3((r—1)cos? 0+ 2||B|* + |ICI*)) < 2% + 27"
+ 2 HIP + 2|7V + 3]l A - 250N) - 2v2 || A@| |77
Equality cases of (79) hold for all p € M if and only if ||A™|| = |[77]).

(79)

Theorem 3.13. Let i : M(c) — N be a slant Riemannian submersion from a cosymplectic space form (M(c), gm)

onto a Riemannian manifold (N, g). Then we have

2((11 + A +7—3)+2+3((r — 1) cos? 0 + 2|8 + [CIP)) =
2t + 21" + 2 [HIP| 7720 Ny2 || A" + 2 V6 | A& | |7

Equality cases of (80) hold for all p € M if and only if | AY|| = |77 ||-

Lemma 3.14. [41] Let a1, as,....,a, be n—real numbers (n > 1), then

1 n n
- (Zai)Z < Z;a?
i=1 i=

with equality iff ay = ap =...= a,.

(80)

Theorem 3.15. Let © : M(c) — N be a slant Riemannian submersion from a cosymplectic space form (M(c), gm)

onto a Riemannian manifold (N, gn). Then we have
fI((n +1)(n+7=3)+2+3((r—1)cos? 0+ 2||B|* + |ICI[*)) < 2% + 27"

+ (= D IHIP + 3| AV = 25N) + 2| 77| - 2|

Equality case of (81) holds for all p € M if and only if we have the following statements:
i) 7 is a Riemannian submersion that has a totally umbilical fibres.
ii) Tij=0,fori+je(l1,2,..,r}.

(81)
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Proof. From (70) we have
i((n + )+ 7 —3)+2+3((r — 1) cos? 0 + 28I + ICIP)
=2t + 27" + 2| HJ? - Z Zr"((r;j)z -2 Z Zr:(fr;kf +3]lAY| - 260wy + 2|7V -2l AH|F. (82)
i=1 j=1 i=1 j#k
Using Lemma 3.14 in (82), we obtain

2((11 )+ —3)+2+3((r—1)cos? 0+ 2| BI? + |ICI?)

n

<2t +20 + 2 HIP - YO T2 -2Y Y 52+ sl AV - 200 + 2|7V - 2|

, (83)
r s=1 j=1 s=1 j#k
which is equivalent to (81). Equality case of (81) holds for all p € M if and only if
Tu=Tn=..=Tyand } ) (T;7 =0 (84)

s=1 j#k
which completes proof of the theorem. [
Using by similar proof way of Theorem 3.15, we have the following theorem:

Theorem 3.16. Let i : M(c) — N be a slant Riemannian submersion from a cosymplectic space form (M(c), gm)
onto a Riemannian manifold (N, gn). Then we have

i((n + ) +7—=3)+2+3((r—1)cos? 6 + 2182 + ICIP)) = 2% + 27"
+ 2 IHIP - |7 + %tr(ycfv)2 —25(N) + 2|7V - 2| (85)
Equality case of (85) holds for all p € M if and only if A1y = Ay = ... = Ay and A;j =0, fori # j€{1,2,..,n}.

From Theorem 3.16, we have the following corollary.

Corollary 3.17. Let  : M(c) — N be a slant Riemannian submersion from a cosymplectic space form (M(c), gm)
onto a Riemannian manifold (N, gn) such that each fiber is totally geodesic. Then we have

i((n +7)(n+7r—-3)+2+3((r—1)cos® 0+ 2|IBI* + ICII*)

> 2% + 217" + %tr(ﬂ“v )2 -2l (86)
Equality case of (86) holds for all p € M if and only if Ay = Axpp = ... = Apy and A;; =0, fori # j€{1,2,...,n}.
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