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Abstract. Some results regarding eigenvalues, companion matrices and fixed points in some algebras

obtained by the Cayley-Dickson process are presented in this paper. The paper contains several examples
which emphasize the obtained results.

1. Introduction

In this paper we present some results regarding eigenvalues and fixed points in some algebras obtained
by the Cayley-Dickson process.

The paper is organized as follows:

-In Introduction we present some general definitions and properties regarding these algebras.

-In Section 2 we present some aspects regarding eigenvalues of some division algebras obtained by the
Cayley-Dickson process.

-In Section 3 we present some properties of the companion matrices and fixed points for a polynomial
with coefficients in a real division quaternion algebra.

In the following, we suppose that K is a commutative field with charK # 2 and U is an algebra over
the field K. An algebra U is called alternative if x’y = x (xy) and xy* = (xy)y, for all x,y € A, flexible if
x(yx) = (xy)x = xyx, for all x, y € W and power associative if the subalgebra < x > of A generated by any
element x € A is associative. Each alternative algebra is a flexible algebra and a power associative algebra.
A unitary algebra A # K such that we have 2?2+ yxx + 0y = 0 for each x € A, with y,,0, € K, is called a
quadratic algebra. A finite-dimensional algebra U is a division algebra if and only if 2 does not contain zero
divisors.

The Cayley-Dickson process is an iterative process with which are obtained generalizations of octonion
and quaternion algebras over an arbitrary field K.

For a finite dimensional unitary algebra 2 over the field K, we consider the following linear map, named
scalar involution,

T A->Wa—a,
with the properties

ab=ba,a=a,

2020 Mathematics Subject Classification. 17A35, 17A45, 15A18.

Keywords. Cayley-Dickson process; Left and right eigenvalues; Companion matrices, fixed points.
Received: 29 May 2022; Accepted: 12 July 2022

Communicated by Erdal Karapinar

Email addresses: cflaut@univ-ovidius.ro; cristina_flaut@yahoo.com (Cristina Flaut), nechifor.ana96@gmail.com (Ana
Nechifor)



C. Flaut, A. Nechifor / Filomat 37:11 (2023), 3649-3658 3650
and
a+a,ai e K-1foralla,be .
The element 7 is called the conjugate of the element a. With this element, the linear form
t:A—>K,tl@=a+a
and the quadratic form
n:A—K n()=aa

can be defined. These forms are called the trace and the norm of the element a, respectively. From here,
it results that an algebra A with a scalar involution is quadratic, that means for each x € %, we have
X+t x+n(x)=0.

For g € K, a fixed non-zero element, we define the following algebra multiplication on the vector space
A A

(a1,a2) (b, b2) = (ﬂlbl + ﬁgzﬂzfﬂza + bzﬂl)- (1.3)
We obtain an algebra structure over A @ 2, denoted by (2, f). This algebra is called the algebra obtained from

the algebra N by the Cayley-Dickson process. It is clear that dim (2, ) = 2dim .
Letx € (U, ), x = (a1,a;). The map

WA - (WP, x> X =(a1,-a2),

is a scalar involution of the algebra (%, ), extending the involution ~ of the algebra 2. Let
t(x) = t(a1)

and
n (x) = n(a1) - pn(az)

be the trace and the norm of the element x € (2, B), respectively.
If we start from U = K and we apply this process t times, t > 1, we obtain an algebra over K,

A = (ﬁl’;("ﬁ*). (14.)
On this algebra, the set {1, f5, ..., fu}, n = 2t generates a basis with the properties:
fA=B1, BieKBi#0,i=2,.,n (1.5.)
and
fifi=—fifi=vifo vi €K vi#0,i#jij= 2,.n, (1.6.)

yijand f; being uniquely determined by f; and f;.
From the above, it results that x € U; can be written under the form

x=x"+x"fu, (1.8.)

where x’ and x” € A;_; = (ﬁ—l"'éﬁ = )
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For other details, the reader is referred to [SCH; 66] and [SCH; 54].
We remark that, from the above described process, for t = 2 we obtain the generalized quaternion
algebras and for t = 3 we obtain the generalized octonion algebras.

The generalized quaternion algebras

We consider two elements o, € K and we define a generalized quaternion algebra, denoted by
H(a, ) = (“—Kﬁ) , with basis {1, f1, fo, f3} and multiplication given in the following table:

1] Al Al £ ]
1 1 fi f f3
Al A fs | af

Ll Ll 6| B | -BA
Sl fs|-afa| BA | —aB

Ifa € H(o, B), a = ap + a1 f +ax f> +asf3, thend = ag —ay f1 —a f» —as f3 is called the conjugate of the element
a. For a € H(a, B), the trace, respectively, the norm of the element a € H(a, ) are:

t@=a+aek

and

n(a) = aa = ay — aa’ — Baj + apal € K.

It results that a>—t(a)a+n(a) = 0, Ya € H(a, ), therefore the generalized quaternion algebra is a quadratic
algebra.

The algebra H(q, ) is a division algebra if, for x € H(a, ), the relation n(x) = 0 implies x = 0. A
quaternion non-division algebra is called a split algebra.

With the above notations, we remark that H (-1, -1) = (%) is a division algebra. In whole the paper,
we denote this algebra with H.

The generalized octonion algebras

We consider three elements ¢, §, 7 € K and we define a generalized octonion algebra denoted O(, g, ),
with basis {1, fi, ..., f7} and multiplication given in the following table:

Il 11 Al A1 A1 A1 61 f | f ]
1 1 f f f3 fa f5 fe f7
a f3 af fs | afs - f7 —afs

L | -5 B —BA | fe fr Bfa Bfs
fs |l fs |-afp | Bfi —ap fr | afe —Bfs | —aBfa
fo |l fa | =fs | =fo | = F y -vh | —vh -vh
Sl fs|-afs| —f | -afe | vh | -ay vf ayfo
fo || fo f7 1 —Bfa| Bfs | vh | —vfs | By | —Brh
7 frlafe | =Bfs | aBfs | vfs | —ayfr | Brh apy

The algebra O(«, 8, ) is a non-commutative and a non-associative algebra, but it is alternative, flexible
and power-associative.

Ifa €O, B,y),a=ao+arfi +arfo+asfs +asfs +asfs +asfo + az f7, thena = ag —ar f1 —ar for —asfz —as fa —
as f5 — ae fo — az f7 is called the conjugate of the element a. For a € O(a, , ), we define the trace, respectively,
the norm of the element a € O(«, 8, 7):
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t@=a+aek
and
n(a) = aa = a3 — aa’ — Pas + apai — ya; + ayaz + pyaz — apya; € K.

It follows that a®> —t(a)a + n(a) = 0,Va € a € O(a, B, ), therefore the generalized octonion algebra is a
quadratic algebra.

If, for x € O(a, B, y), the relation n (x) = 0 implies x = 0, then the algebra O(«, 8, y) is a division algebra.
With the above notations, we remark that O (-1,-1,-1) = (%1’_1), denoted O, is a division algebra ( see

[SCH; 66] and [SCH; 54]).

Remark 1.1. ([La; 04]) As we remarked above, quaternion and octonion algebras can be with division
or split algebras.

i) A quaternion algebra over R is isomorphic to H (it is a division algebra) or with M, (R) ~ Hg(1, -1),
the ring of real quadratic matrices. An isomorphism between two quaternion algebras is a ring homomor-
phism which fixes the scalars. It is clear that Hg(«, f) is a division algebra if &« < 0, < 0. If {1,1, j, k} is the
canonical basis in H, we can find the following basis {1, Ny \/—_b] , \/%ij} in Hg(a, ), therefore we find
the isomorphism between H and Hg(«, f8).

ii) Similar with the above, on IR, the octonion algebras can be with division, isomorphic to O (-1, -1, -1)
or split, isomorphic to O (1,1, 1).

2. Remarks regarding the left and the right spectrum

First of all, we remark that algebras U; obtained by the Cayley-Dickson process, described above, in
general, are not division algebras for all t > 1. But there are fields on which, if we apply the Cayley-Dickson
process, the obtained algebras U; are division algebras for all t > 1. (see [BR; 67] and [FL: 13] )

With the above remark, let 2U; be a division algebra obtained by the Cayley-Dickson process, and
A € M, (%), be a matrix of order n. Since these algebras are not commutative, the notion of left and right
eigenvalues are distinct.

Definition 2.1. i) An element A € U, is called a left eigenvalue for the matrix A if there is a nonzero matrix
X € Myxa (W) such that

AX = AX.

The set of distinct left eigenvalues is called the left spectrum of the matrix A and is denoted oy, (A4).
ii) An element A € U, is called a right eigenvalue for the matrix A if there is a nonzero matrix X € Mg (Uy)
such that

AX = XA.

The set of distinct right eigenvalues is called the right spectrum of the matrix A and is denoted o (A).

We remark that if a right eigenvalue A is in K, therefore A is a left eigenvalue and viceversa.

The study of the solutions of quternionic equations are very important in the study of the spectrum(left
and right) for the quaternionic matrices (see [HS;02], [MS; 08], [Mi; 11], [PS; 04], [Sz; 09], etc.). The results
of the below proposition will be often used in this paper.
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Proposition 2.2. ([HS;02], Theorem 2.3) Solutions to the quadratic equation
¥ +bx+c=0,bceH

are:
Case 1. If b,c € R and b? < 4c, then

X = %(—b+rf1 +5f +tf3)

with 2 + s*> + t* = 4c — b*> where,s,t € R.
Case 2. If b,c € R and b* > 4c, then

. -b+ Vb2 —4c

Case 3. If be R, c ¢ R, then

-b 06 ¢ c c
vyt T ghTghToh

where ¢ = cg + c1f1 + szz + C3f3 and

J b? — 4co + \/(b2 —4¢)* + 16 (cf +05+ cg)
0= .
2

Case 4. If b ¢ R, then

- +T)(-N)

(=Re(D))
2
with b’ = b — Re(b) = Im(b), ¢’ =c — (Rez(b)) ®- (Rez(b))
i) T=0,N= T+ VI2-4W)/2,if A=0,I2 >4V,
i) T=+~2VW-T,N = VW if A=0,I2<4V;

iii) T = £z,N = (T® + I'T + A)/2T if A # 0 and z is the unique positive solution to the equation

22+ 2I22 + (2 - 4W)z - A’ = 0,

where T = |b')2 + 2Re(c’), W = |c'|> and A = 2Re(b'¢’).

), where (T, N) are chosen in the following way:

3653

For quaternionic matrices over real division quaternion algebra, it is known that the right spectrum are
always nonempty. In [BR; 51], Theorem 1, the author proved that every matrix with coefficients in IH has
at least a right eigenvalue. After more than 30 years, in [WO; 85], Wood has proved a similar result for the
left eigenvalues. These results explain the huge number of papers devoted to the study of the left or right

spectrum for quaternionic and octonionic matrices ( See [HU; 01], [TI; 00], etc).

If we consider Hgq (-1, —1), the quaternion division algebra over rational field Q, the above mentioned
results regarding the existence of left and right eigenvalues are not always true, as we can see in the

following example.

Example 2.3. We consider the matrix

A:(ﬁ (i)),AeMz(]H).
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We compute the left and the right spectrum. For the left spectrum, we have

o)le)=(3)

It results the following equations: ix, = Ax; and kx; = Ax,. We obtain that x, = —iAx; and kx; = —AiAx;.
Therefore, k = —AiA and ik = —(iA)* and j = (iA)*>. Denoting 12 = j, since y? — 2yoy + n(y) = 0, we get
2 = 2yoy—(y§ + y% + yﬁ + yg) =j,where y = yo+y1i+y2j+ysk. Itresults yg—y%—yé—yé =0,11 =0,2yoy2 =1
and y3 = 0. We get the solutions y € {% (T+7j), —%ﬁ (1 +j)}. Therefore, A € {—%E i+k), %E (1i+k)}.

For the right spectrum, we have

[o)le )= )

It results the following equations: ix, = x;A and kx; = x;A. We obtain that x, = —ixjA and kx; = —ix A2,
Therefore, —jx; = x1A%. We have —x;'jx; = A% and we obtain A* = (—xl‘ljxl)(—xl‘ljxl), thus A*+1 = 0.
Denoting y = A?, the solutions in H of the equation

Y¥+1=0

are of the form y = ai + j + yk, with g, 8,y € R, such that a+ ﬁz + yz =1.
From Proposition 2.2, the solution in IH of the equation

2> = ai + fj + 7k,

where 4,8,y € R, such that a® + % + 2 = 1 are of the form 012 45, gai + 62ﬁ,8j + 62gyk, or of the

2 2
form 62# + 6 gai + 0 gﬁ] + 0 gy/k, with 01,0, € {—1,1} and 610, = —1, therefore an infinite number of

solutions.
But, if we consider A € M; (Hg (-1, —1)) we have that o (A) = og (A) = 0.

As we remarked above, the right spectrum of a quaternionic matrix was studied more than the left
spectrum. Since the left spectrum is not always easy to found, the left eigenvalues were not so studied. It
is clear that these two notions, left and right spectrum, are different and a left eigenvalue is not always a
right eigenvalue and vice-versa, as we can see in the below examples.

Example 2.4. From Remark 1.1, the algebra A, = (ﬁ) is a division quaternion algebra. We consider

R
the matrix

a=(54)

and we compute the left and the right spectrum.
For the left spectrum, we obtain

(5 o)) ()

and the following equations jx, = Ax; , —jx1 = Axy, A, x1,x € Ay are obtained. From here, we have that
X, = —3jAx1 and —jx; = —3AjAx;, which implies 9j = AjA, therefore (jA)* = —81. We denote y = jA and we
obtain equation y* + 81 = 0. The solutions in 2, of the equation

y2+81=0
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are of the form y = ai + fj + yk, with a,,7 € R, such that 4a* + 96 + 36y = 81. Since A = —3jy, it results
that o (A) is infinite.
For the right spectrum, relation

(5 8)0)-(2 )

| 0 X2 X2

implies that jx, = x1A and —jx1 = x4, A, x1,x, € Wy. We have x, = —%jxl/\ and —jx; = —%jxl/\/\, therefore
A2 =9, with A € Uj. It results that A € {—3,3}. We obtain og (A) = {-3,3}. Itis clear that o (A) C o1 (A) .

For the quaternion real division algebra the following result was proved.

Proposition 2.5. (Theorem 4.5, [HU; 01]). If A € My (H) and o1 (A) and or (A) are both finite, then
oL (A) = or (A).

In the following, we will generalize this result. Let U; be a division algebra obtained by the Cayley-
Dickson process, and A € M,, ().

Proposition 2.6. Let A € M,, (K) such that o (A) # 0 and o1, (A) # 0, therefore the sets o1, (A) and or (A) have
the same cardinal.

Proof. Let A € M, (K) and A € o (A). It results that there is a nonzero matrix X € M, (;) such that
AX = AX. Taking the conjugate, we obtain

AX =X,
therefore  is a right eigenvalue for the matrix A and conversely.

Definition 2.7. Let %; be a division algebra obtained by the Cayley-Dickson process and A € U; be an
associative subalgebra of ;. An element A € A is called a local A-left eigenvalue for the matrix A if there is
a nonzero matrix X € M, (A) such that

AX = AX.

The set of distinct local A-left eigenvalues is called the local A-left spectrum of the matrix A in A, denoted
ol (A).
L
An element A € A is called a local A-right eigenvalue for the matrix A if there is a nonzero matrix
X € M,x1 (A) such that

AX = XA.

The set of distinct right eigenvalues is called the local A- right spectrum of the matrix A, denoted o3 (A).

Example 2.8. We consider the real division octonion algebra A3 = O = (_1’i{1'_1). In this algebra,

the elements f3, f5, fs associate and not commute, therefore generate an associative and noncommutative

subalgebra of A3, denoted by A. Let A = ( jz_

{)3 )Mn (A). We compute the local A-left and right

spectrum of the matrix A.

= ). We obtain the system %2 f Ax .
X2 X2 fsx1 = Axp
We have x, = —f3Ax; and fsx1 = Ax,. Itresults fsx; = —A f3Ax1, then f5 = —Af3A, therefore f3f5 = —f3Af3A.
We denote y = f3A and we get y* = f,. It results 2yoy — n(y) = fo, therefore 2y2 — n(y) = 0 and

2yoys =1,y3=0,y5 = 0, y5 — y2 = 0. We get yo = y6 = Y2 or yo = y6 = —%i. We obtain 31 = % + ¥f6 or

fad = —# - %f& therefore A € {%ifg, + %Efé,—%ifg, - %ﬁfg‘,}.

For the local A-left spectrum, we have ( J(35 {)3 ) (
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For the local A-right spectrum, we obtain the system{ ﬁii z z;j\\

—fax1A?, therefore fox; = —x1A%. From [Ti; 99], we have A* = 2AgA — n(A), therefore 245 — n(A) = 0
and 4(A2A2 + 1212 + A212) = LIt results A2 = A2 + A2 + A2 and 41 = 1. We obtain Ay € (-2, 32} and
AZ + A2 + A2 = 1, with infinite many solutions.

With the above notations we can generalize Proposition 2.5.

. It results, x, = —f3x14 and fsx; =

Proposition 2.9. Let A, be a division algebra obtained by the Cayley-Dickson process and A C W be an associative
and noncommutative subalgebra of %;. If A € M, (A) and o3 (A) is finite, then o (A) C 7 (A).

Proof. Supposing that A € o3 (A), therefore there is a nonzero matrix X € My (A) such that AX = XA.
Fory € A,y # 0, we obtain that AXy = Xyy ' Ay. Since A is associative, it results that A(Xy) = (Xy)(yAy).
From here, we get that y~'Ay € o7 (A). Therefore, < A >C 04 (A), where < A >={g e A/ q=w"'Aw,w €
A,w# 0} IfA ¢ K, then < A >Z Kand < A > contains infinitely many distinct elements. Therefore, < A >
is an infinite set. This is false, since a? (A) is supposed finite. Therefore A € K, < A >= {A}, a‘l? (A) c Kand,
in this situation, a right eigenvalue is also a right eigenvalue. From here, we get that o7 (A) C 07 (A).

3. Remarks regarding the companion matrix and fixed points for a polynomial with coefficients in
division quaternion algebra Hg («, 8)

Definition 3.1. [SP; 01]. If Hg («, B) is a division quaternion algebra and the polynomial p € Hp («, B) [x],
p(x) = x" +a,_1x"1 + ... + ay, the following matrix

0 1 .. 0
—ayp —dip ... —0y-

is called the companion matrix associated to the polynomial p (x).

Remark 3.2. ([SP; 01], Proposition 1 and Corollary 1) If A is a left eigenvalue associated to the companion
matrix C (p), then:
i) A is a root of the polynomial p (x) ;

t
i) w = (1, A A2, /\’”‘1) is a left eigenvector;
iii) A is also a right eigenvalue.

It is clear that, due to the Remark 1.1, these results are true for all generalized real division quaternion
algebras.

0

Example 3.3. We consider the polynomial p (x) = x* + ix + j,with C(p) = ( 5

—1i ) We compute the
left eigenvalues of the matrix C (p). We have
( Oj li )( 3;1 ) = /\( zl ) It results the following equations: x, = Ax; and —jx; —ix, = Ax,. We obtain
-] - 2 2
that b =i and c = j. From Proposition 2.1, since T = +1, N =1, A =0, I'? < 4¥, therefore, the solutions of
this equation are A; = — (+1)7 (-Dand Ap = - (-1 (j—1). We have Aq = % i-1DG-1 = % 1-i-i+k)
and A, = 1(i+1)(j-1) = 1 (-1-i+j+k). For Ay = $(1-i-j+k), the associated eigenvector is w; =

, ¢ o t
(1, EEES R 5) and for A, = 1 (-1 —i +j + k), the associated eigenvector is w, = (1,—% -i+14 15‘) )
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Proposition 3.4. If Hg(a,p) is a division quaternion algebra, the matrices A of the form ( 2 (1: ), with
b,c € Hr (o, B) =R, have o1, (A) C or (A). The set o1, (A) has two elements and o (A) is always infinite.

Proof. The matrix A is the companion matrix of the polynomial p (x) = x?> — cx — b.From Proposition 2.2,
Case 4, p (x) has two roots. For a companion matrix a left eigenvalue is also a right eigenvalue, therefore
o1 (A) C or (A) and or (A) is not included in the ground field. From here, we have that or (A) is infinite.

Definition 3.5. ([CV; 21], Corollary 4.8) If Hp («, B) is a division quaternion algebra and a polynomial
p € Hg (a, B) [x]. A fixed point for the polynomial p is an element xy € Hp (a, §) such that p (x) = xo.

Proposition 3.6. If Hg («, B) is a division quaternion algebra, we consider the polynomial p € Hg (o, B) [x],
p(x) =x%+bx+cb,ceHg(ap).

DIf b,c € Rand (b—1)* < 4c, then p has an infinity of fixed points;
2)Ifb,ceRand (b - 1)2 >4c, or b ¢ R, then p has maximum two distinct fixed points;
3)IfbeRR, c ¢ R then p has maximum 16 distinct fixed points.

Proof. It is clear from Proposition 2.2.

If Hg (o, B) is a division quaternion algebra, we consider the equation
X’ +xb+c=0, (3.1,

with b, ¢ € Hg (a, 8), which are not in the cases described in Proposition 2.2, but can be reduced to those

situations. Letp (x) = x> + xb+c. We remark thatp (x) = x2 + xb+ ¢ = ¥ +bX+C. Therefore, if xg is a solution
to the equation (3.1), then its conjugate X, is a solution to the equation

¥ +bx+c=0, (3.2.)

called the conjugate of the equation (3.1). Conversely, if x¢ is a solution to the equation (3.2), then X is

a solution to the equation (3.1). From here, we conclude that the polynomial p (x) and p (x) has the same
number of fixed points.
Under the above conditions, we consider the equation

¥ +Ax+xB+C=0, (3.3)

with A, B, C € Hg (a, B), which also are not in the cases described in Proposition 2.2, but can be reduced to
those situations. We consider the polynomial q(x) = x* + Ax + xB + C. We have that x* + Ax + xB+ C =

(x+B)*+(A-B)(x+B) - AB +C. Denoting y = x + B,u = A - B and n = —=AB + C, it results the following
equation

y2+uy +1=0. G4

Therefore, if z is a solution to the equation (3.3), then z + B is a solution to the equation (3.4) and if w is
a solution to the equation (3.4), therefore w — B is a solution to the equation (3.3). From here, we conclude
that the polynomials g (x) and p (y) = y* + uy + 1 have the same number of fixed points.

Example 3.7. In H the polynomial g (x) = x*> + ix + xi + 1 has the same number of fixed points as the
polynomial p (y) = y* + 2. The fixed points for the polynomial p are the solution of the equation y? +2 = y.
Therefore, we obtain the equation y* — y + 2 = 0. From Proposition 2.2, the solutions are

y= %(—b+ri+sj + tk),

with 2 + 5% + 12 = 7 where 7,5, € IR, that means an infinity number of fixed points. It results that the fixed
points for the polynomial g are of the form y — 1,

X = %(—b+(r—2)i+sj + tk),



C. Flaut, A. Nechifor / Filomat 37:11 (2023), 3649-3658 3658

with 72 + s%2 + 12 = 7 where 1,s,t € R.

Acknowledgments. The authors thank the referees for their suggestions and remarks which helped us
to improve this paper.
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