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Abstract. In this paper, we present new inequalities for log-convex functions, with some applications to
operator means. The significance of the obtained results is two folded; the results themselves and the way
they extend many known results in the literature.

1. Introduction and Preliminaries

Let B(H) denote the C∗−algebra of all bounded linear operators on a complex Hilbert space H . An
operator A ∈ B(H) is called positive, denoted by A ≥ 0 if ⟨Ax, x⟩ ≥ 0 for all x ∈ H . The set of all positive
operators is denoted by B(H)+. The set of all invertible operators in B(H)+ is denoted by B(H)++.WhenH
is finite dimensional, we identify B(H) with the algebra Mn of all n × n complex matrices.

A binary operation σ : (A,B) ∈ B(H)++×B(H)++ 7→ AσB ∈ B(H)++ is called a connection if the following
conditions hold:

1. Monotonicity: A ≤ C and B ≤ D imply AσB ≤ CσD, for all A,B,C,D ∈ B(H)++.
2. Upper continuity: Ak ↓ A and Bk ↓ B imply AkσBk ↓ AσB in the strong operator topology, for all

Ak,Bk,A,B ∈ B(H)++.
3. Transformer inequality: T∗(AσB)T ≤ (T∗AT)σ(T∗BT) for every invertible operator T ∈ B(H).

An operator mean is a normalized connection in the sense that

(4) Normalization: IHσIH = IH ,where IH is the identity operator onH .

Among the most important operator means there are the arithmetic, geometric, harmonic and power
means defined respectively for A,B ∈ B(H)++ and µ ∈ [0, 1], as follows:

A∇µB := (1 − µ)A + µB, A♯µB := A1/2
(
A−1/2BA−1/2

)µ
A1/2, A!µB := ((1 − µ)A−1 + µB−1)−1 and

A♯p,µB := A1/2
(
(1 − µ)I + µ(A−1/2BA−1/2)p

) 1
p A1/2; p ∈ R\{0},
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and
A♯0,µB := lim

p−→0
A♯p,µB = A1/2

(
A−1/2BA−1/2

)µ
A1/2.

Thus, the value p→ 0 gives the geometric mean, while the values p = 1,−1 give the arithmetic and harmonic
means, respectively.

For a, b > 0, µ ∈ [0, 1] and p ∈ R the power maen is defined by

a♯p,µb := (µap + (1 − µ)bp))
1
p if p , 0,

and
a♯µb := a♯0,µb := lim

p−→0
a♯p,µb = aµb1−µ.

Further, the values p = 1,−1 give the arithmetic and harmonic means.
The harmonic-geometric-arithmetic mean inequalities state

a!µb ≤ a♯µb ≤ a∇µb, (1)

for µ ∈ [0, 1], with equality if and only if a = b, where a!µb = (µa−1 + (1 − µ)b−1)−1 and a∇µb = µa + (1 − µ)b.
Here the second inequality in (1) is the classical Young’s inequality.
Though simple, (1) has numerous applications in mathematical and operator inequalities. In particular, a
considerable amount of research has been done trying to refine (1). In particular F. Kittaneh and Y. Manasrah
[13] obtained the following interesting refinement of Young’s inequality

aµb1−µ + r0(
√

a −
√

b)2
≤ µa + (1 − µ)b, (2)

where r0 = min{µ, 1 − µ}. We refer the reader to [13] to see how this inequality was used to obtain some
operator inequalities that are refinements of some known inequalities back then.

In [4], H. Alzer et al. proved an important refinement of Young’s inequality that happened to be better
than (2):

Theorem 1.1 (Alzer-Fonseca-Kovačec). Let a, b > 0 and letλ, µ, ν be real numbers withλ ≥ 1 and 0 ≤ µ < ν ≤ 1.
Then (µ

ν

)λ
≤

(a∇µb)λ − (a♯µb)λ

(a∇νb)λ − (a♯νb)λ
≤

(1 − µ
1 − ν

)λ
.

The significance of Theorem 1.1 is: when λ = 1 and µ = 1
2 or ν = 1

2 , then Theorem 1.1 retrieves (2). In fact,
Theorem 1.1 implies better estimates than the main result in [3], as one can see in [17, Subsection 2.4].

J. Liao and J. Wu [21] replicated Theorem 1.1 as follows.

Theorem 1.2 ([21]). Let a, b > 0 and let λ, µ, ν be real numbers with λ ≥ 1 and 0 ≤ µ < ν ≤ 1. Then(µ
ν

)λ
≤

(a∇µb)λ − (a!µb)λ

(a∇νb)λ − (a!νb)λ
≤

(1 − µ
1 − ν

)λ
.

M. Khosravi [12] presented the inequalities between the arithmetic and power means as follows.

Theorem 1.3 ([12]). Let a, b > 0, p ∈ (−1, 1) and let µ, ν be real numbers with 0 ≤ µ < ν ≤ 1. Then

µ

ν
≤

(a∇µb) − (a♯µ,pb)

(a∇νb) − (a♯ν,pb)
≤

1 − µ
1 − ν

.

Interestingly, Theorems 1.1, 1.2 and 1.3 happened to be special cases of a more general result obtained by
M. Sababheh via convexity:
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Theorem 1.4 ([15]). Let f : [0, 1] −→ [0,+∞) be convex and let λ, µ, ν be real numbers with λ ≥ 1 and 0 ≤ µ <
ν ≤ 1. Then(µ

ν

)λ
≤

(µ f (1) + (1 − µ) f (0))λ − f λ(µ)
(ν f (1) + (1 − ν) f (0))λ − f λ(ν)

≤

(1 − µ
1 − ν

)λ
.

The interested reader is referred to [1, 2, 5, 7–10, 13, 17, 18, 18–20] as a sample of recent progress related to
the above discussion.

The above inequalities have been used to obtain new bounds for operator means, trace, determinant,
singular values and norm inequalities of matrices. This summarizes part of their significance.

Our main goal in this paper is to find a new extended inequality for log-convex functions, that refine
the aforementioned results with applications to operator means and matrix inequalities.

2. Log-convex functions

In this section, we present our main new result for log-convex functions. First, we recall the arithmetic-
geometric mean inequality.

Lemma 2.1. Let n be a positive integer. For k = 1, 2, . . . ,n, let xk > 0 and let µk ≥ 0 satisfy
∑n

k=1 µk = 1. Then

n∏
k=1

xµk

k ≤

n∑
k=1

µkxk. (3)

We need also the following two lemmas.

Lemma 2.2 ([9]). Let m be a positive integer and let µ be a positive number, such that 0 ≤ µ ≤ 1. Then

m∑
k=1

(
m
k

)
kµk(1 − µ)m−k = mµ, (4)

and

m−1∑
k=0

(
m
k

)
(m − k)µk(1 − µ)m−k = m(1 − µ), (5)

where
(m

k
)

is the binomial coefficient.

Lemma 2.3 ([11]). Let µ and ν be two positive numbers such that 0 ≤ µ ≤ ν ≤ 1 and m be a positive integer.

1. For 0 ≤ k ≤ m, we have
µk(1 − µ)m−k

−

(µ
ν

)m
νk(1 − ν)m−k

≥ 0.

2. If 0 ≤ µ ≤ ν2 , then

(1 − µ)m
− (1 − ν)m

(µ
ν

)m
−

(µ
ν

)m
≥ 0.

3. If ν2 ≤ µ ≤ ν, then

(1 − µ)m
− (1 − ν)m

(µ
ν

)m
−

(
1 −
µ

ν

)m
≥ 0.

Now we are ready to prove our main result about log-convex functions. Due to the delicate calculations,
we will present the results in multiple theorems. Also, we will present the significance of these results in
Remark 2.7 below.
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Theorem 2.4. Let f : [0, 1] −→ [0,+∞) be log-convex, 0 ≤ µ ≤ ν ≤ 1 and m be a positive integer. If 0 ≤ µ ≤ ν
2 ,

then (µ
ν

)m(
( f (1)∇ν f (0))m

− f m(ν)
)
+

(µ
ν

)m(
f

m
2 (0) − f

m
2 (ν)

)2

+rm

(
f

m
2 (0) − f

m
4 (0) f

m
4 (ν)

)2
≤

(
f (1)∇µ f (0)

)m
− f m(µ), (6)

where rm = min
{
2
(
µ
ν

)m
, (1 − µ)m

−

(
µ
ν

)m(
(1 − ν)m + 1

)}
≥ 0.

Proof. Suppose that 0 ≤ µ ≤ ν2 .We show that(
f (1)∇µ f (0)

)m
−

(µ
ν

)m(
( f (1)∇ν f (0))m

− f m(ν)
)
−

(µ
ν

)m(
f

m
2 (0) − f

m
2 (ν)

)2

− rm

(
f

m
2 (0) − f

m
4 (0) f

m
4 (ν)

)2
≥ f m(µ).

We have the following identities(
f (1)∇µ f (0)

)m
−

(µ
ν

)m(
( f (1)∇ν f (0))m

− f m(ν)
)

−

(µ
ν

)m(
f

m
2 (0) − f

m
2 (ν)

)2
− rm

(
f

m
2 (0) − f

m
4 (0) f

m
4 (ν)

)2

=

m∑
k=0

(
m
k

)
µk(1 − µ)m−k f k(1) f m−k(0)

−

(µ
ν

)m( m∑
k=0

(
m
k

)
νk(1 − ν)m−k f k(1) f m−k(0) − f m(ν)

)
−

(µ
ν

)m(
f m(0) + f m(ν) − 2 f

m
2 (0) f

m
2 (ν)

)
− rm

(
f m(0) + f

m
2 (0) f

m
2 (ν) − 2 f

m
2 +

m
4 (0) f

m
4 (ν)

)
=

m∑
k=1

(
m
k

)(
µk(1 − µ)m−k

−

(µ
ν

)m
νk(1 − ν)m−k

)
f k(1) f m−k(0)

+
(
(1 − µ)m

− (1 − ν)m
(µ
ν

)m
−

(µ
ν

)m
− rm

)
f m(0)

+
(
2
(µ
ν

)m
− rm

)
f

m
2 (0) f

m
2 (ν) + 2rm f

m
2 +

m
4 (0) f

m
4 (ν)

=

m+2∑
k=0

µkxk,

where

xk =


f m(0), k = 0

f k(1) f m−k(0), 1 ≤ k ≤ m
f

m
2 (0) f

m
2 (ν), k = m + 1

f
m
2 +

m
4 (0) f

m
4 (ν), k = m + 2

and

µk =


(1 − µ)m

− (1 − ν)m
(
µ
ν

)m
−

(
µ
ν

)m
− rm, k = 0(m

k
)(
µk(1 − µ)m−k

−

(
µ
ν

)m
νk(1 − ν)m−k

)
, 1 ≤ k ≤ m

2
(
µ
ν

)m
− rm, k = m + 1

2rm, k = m + 2

.
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Lemma 2.3 implies that µk ≥ 0 for all k ∈ {0, 1, . . . ,m + 1,m + 2}. Further, direct calculations show that∑m+2
k=0 µk = 1.

Hence by Lemma 2.1, we get(
f (1)∇µ f (0)

)m
−

(µ
ν

)m(
( f (1)∇ν f (0))m

− f m(ν)
)
−

(µ
ν

)m(
f

m
2 (0) − f

m
2 (ν)

)2

− rm

(
f

m
2 (0) − f

m
4 (0) f

m
4 (ν)

)2

=

m+2∑
k=0

µkxk ≥

m+2∏
k=0

xµk

k = f (1)α(m) f (0)β(m) f γ(m)(ν),

where

α(m) =

m∑
k=1

(
m
k

)
k
(
µk(1 − µ)m−k

−

(µ
ν

)m
νk(1 − ν)m−k

)
= mµ −mν

(µ
ν

)m
(by Lemma 2.2),

β(m) =

m−1∑
k=1

(
m
k

)
(m − k)

(
µk(1 − µ)m−k

−

(µ
ν

)m
νk(1 − ν)m−k

)
+m

(
(1 − µ)m

− (1 − ν)m
(µ
ν

)m
−

(µ
ν

)m
− rm

)
+

m
2

(
2
(µ
ν

)m
− rm

)
+

(m
2
+

m
4

)
2rm

=

m−1∑
k=0

(
m
k

)
(m − k)

(
µk(1 − µ)m−k

−

(µ
ν

)m
νk(1 − ν)m−k

)
= m(1 − µ) −m(1 − ν)

(µ
ν

)m
(by Lemma 2.2),

and

γ(m) =
m
2

(
2
(µ
ν

)m
− rm

)
+

m
2

rm = m
(µ
ν

)m
.

Consequently,(
f (1)∇µ f (0)

)m
−

(µ
ν

)m(
( f (1)∇ν f (0))m

− f m(ν)
)
−

(µ
ν

)m(
f

m
2 (0) − f

m
2 (ν)

)2

− rm

(
f

m
2 (0) − f

m
4 (0) f

m
4 (ν)

)2
≥

(
f (1)α1(m) f (0)β1(m) f γ1(m)(ν)

)m
,

where α1(m) = µ− ν
(
µ
ν

)m
, β1(m) = (1−µ)− (1− ν)

(
µ
ν

)m
and γ1(m) =

(
µ
ν

)m
.Under the condition 0 ≤ µ ≤ ν2 ,we

have α1(m), β1(m), γ1(m) ≥ 0 and α1(m) + β1(m) + γ1(m) = 1. Applying the log-convexity of f ,we get(
f (1)α1(m) f (0)β1(m) f γ1(m)(ν)

)m
≥ f m

(
α1(m) + νγ1(m)

)
= f m(µ).

This completes the proof of the theorem.

Now we present the other version of Theorem 2.4 for the values ν2 ≤ µ ≤ ν.
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Theorem 2.5. Let f : [0, 1] −→ [0,+∞) be log-convex, 0 ≤ µ ≤ ν ≤ 1 and m be a positive number. If ν2 ≤ µ ≤ ν,
then (µ

ν

)m(
( f (1)∇ν f (0))m

− f m(ν)
)
+

(
1 −
µ

ν

)m(
f

m
2 (0) − f

m
2 (ν)

)2

+ rm

(
f

m
2 (ν) − f

m
4 (0) f

m
4 (ν)

)2

≤

(
f (1)∇µ f (0)

)m
− f m(µ), (7)

where rm = min
{
2
(
1 − µν

)m
,
(
µ
ν

)m
−

(
1 − µν

)m}
≥ 0.

Proof. Suppose that ν2 ≤ µ ≤ ν.We show that(
f (1)∇µ f (0)

)m
−

(µ
ν

)m(
( f (1)∇ν f (0))m

− f m(ν)
)
−

(
1 −
µ

ν

)m(
f

m
2 (0) − f

m
2 (ν)

)2

− rm

(
f

m
2 (ν) − f

m
4 (0) f

m
4 (ν)

)2
≥ f m(µ).

We have the following identities(
f (1)∇µ f (0)

)m
−

(µ
ν

)m(
( f (1)∇ν f (0))m

− f m(ν)
)
−

(
1 −
µ

ν

)m(
f

m
2 (0) − f

m
2 (ν)

)2

− rm

(
f

m
2 (ν) − f

m
4 (0) f

m
4 (ν)

)2

=

m∑
k=0

(
m
k

)
µk(1 − µ)m−k f k(1) f m−k(0)

−

(µ
ν

)m( m∑
k=0

(
m
k

)
νk(1 − ν)m−k f k(1) f m−k(0) − f m(ν)

)
−

(
1 −
µ

ν

)m(
f m(0) + f m(ν) − 2 f

m
2 (0) f

m
2 (ν)

)
− rm

(
f m(ν) + f

m
2 (0) f

m
2 (ν) − 2 f

m
2 +

m
4 (ν) f

m
4 (0)

)
=

m∑
k=1

(
m
k

)(
µk(1 − µ)m−k

−

(µ
ν

)m
νk(1 − ν)m−k

)
f k(1) f m−k(0)

+
(
(1 − µ)m

− (1 − ν)m
(µ
ν

)m
−

(
1 −
µ

ν

)m)
f m(0)

+
((µ
ν

)m
−

(
1 −
µ

ν

)m
− rm

)
f m(ν)

+
(
2
(
1 −
µ

ν

)m
− rm

)
f

m
2 (ν) f

m
2 (0) + 2rm f

m
2 +

m
4 (ν) f

m
4 (0)

=

m+3∑
k=0

µkxk,

where

xk =


f m(0), k = 0

f k(1) f m−k(0), 1 ≤ k ≤ m
f m(ν), k = m + 1

f
m
2 (0) f

m
2 (ν), k = m + 2

f
m
2 +

m
4 (ν) f

m
4 (0), k = m + 3

and
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µk =



(1 − µ)m
− (1 − ν)m

(
µ
ν

)m
−

(
1 − µν

)m
, k = 0(m

k
)(
µk(1 − µ)m−k

−

(
µ
ν

)m
νk(1 − ν)m−k

)
, 1 ≤ k ≤ m(

µ
ν

)m
−

(
1 − µν

)m
− rm, k = m + 1

2
(
1 − µν

)m
− rm, k = m + 2

2rm, k = m + 3

.

Lemma 2.3 implies that
µk ≥ 0 for all k ∈ {0, 1, . . . ,m + 2,m + 3}. Further

∑m+3
k=0 µk = 1.

Hence by Lemma 2.1, we get(
f (1)∇µ f (0)

)m
−

(µ
ν

)m(
( f (1)∇ν f (0))m

− f m(ν)
)
−

(
1 −
µ

ν

)m(
f

m
2 (0) − f

m
2 (ν)

)2

− rm

(
f

m
2 (ν) − f

m
4 (0) f

m
4 (ν)

)2

=

m+3∑
k=0

µkxk ≥

m+3∏
k=0

xµk

k = f (1)α(m) f (0)β(m) f γ(m)(ν),

where

α(m) =

m∑
k=1

(
m
k

)
k
(
µk(1 − µ)m−k

−

(µ
ν

)m
νk(1 − ν)m−k

)
= mµ −mν

(µ
ν

)m
(by Lemma 2.2),

β(m) =

m−1∑
k=0

(
m
k

)
(m − k)

(
µk(1 − µ)m−k

−

(µ
ν

)m
νk(1 − ν)m−k

)
−m

(
1 −
µ

ν

)m
+

m
2

(
2
(
1 −
µ

ν

)m
− rm

)
+

m
2

rm

=

m−1∑
k=0

(
m
k

)
(m − k)

(
µk(1 − µ)m−k

−

(µ
ν

)m
νk(1 − ν)m−k

)
= m(1 − µ) −m(1 − ν)

(µ
ν

)m
(by Lemma 2.2),

and

γ(m) = m
((µ
ν

)m
−

(
1 −
µ

ν

)m
− rm

)
+

m
2

(
2
(
1 −
µ

ν

)m
− rm

)
+

3m
2

rm = m
(µ
ν

)m
.

So, (
f (1)∇µ f (0)

)m
−

(µ
ν

)m(
( f (1)∇ν f (0))m

− f m(ν)
)
−

(
1 −
µ

ν

)m(
f

m
2 (0) − f

m
2 (ν)

)2

− rm

(
f

m
2 (ν) − f

m
4 (0) f

m
4 (ν)

)2
≥

m+3∏
k=0

xµk

k =
(

f (1)α1(m) f (0)β1(m) f γ1(m)(ν)
)m
,

where α1(m) = µ− ν
(
µ
ν

)m
, β1(m) = (1− µ)− (1− ν)

(
µ
ν

)m
and γ1(m) =

(
µ
ν

)m
. Under the condition ν2 ≤ µ ≤ ν,we

have α1(m), β1(m), γ1(m) ≥ 0 and α1(m) + β1(m) + γ1(m) = 1. Applying the log-convexity of the function f ,
we get (

f (1)α1(m) f (0)β1(m) f γ1(m)(ν)
)m
≥ f m

(
α1(m) + νγ1(m)

)
= f m(µ).

This completes the proof of the theorem.
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As a consequence of Theorems 2.4 and 2.5 we present the following result.

Theorem 2.6. Let f : [0, 1] −→ [0,+∞) be log-convex, 0 ≤ µ ≤ ν ≤ 1 and m be a positive number.

1. If µ ≤ ν ≤ 1+µ
2 , then( 1 − ν

1 − µ

)m(
( f (1)∇µ f (0))m

− f m(µ)
)
+

(
1 −

1 − ν
1 − µ

)m(
f

m
2 (1) − f

m
2 (µ)

)2

+ rm

(
f

m
2 (µ) − f

m
4 (1) f

m
4 (µ)

)2

≤

(
f (1)∇ν f (0)

)m
− f m(ν), (8)

where rm = min
{
2
(
1 − 1−ν

1−µ

)m
,
(

1−ν
1−µ

)m
−

(
1 − 1−ν

1−µ

)m}
≥ 0.

2. If 1+µ
2 ≤ ν ≤ 1, then( 1 − ν

1 − µ

)m(
( f (1)∇µ f (0))m

− f m(µ)
)
+

( 1 − ν
1 − µ

)m(
f

m
2 (1) − f

m
2 (µ)

)2

+ rm

(
f

m
2 (1) − f

m
4 (1) f

m
4 (µ)

)2

≤

(
f (1)∇ν f (0)

)m
− f m(ν), (9)

where rm = min
{
2
(

1−ν
1−µ

)m
, νm
−

(
1−ν
1−µ

)m(
µm + 1

)}
≥ 0.

Proof. 1. If 0 ≤ µ ≤ ν ≤ 1, then we have 0 ≤ 1 − ν ≤ 1 − µ ≤ 1. Suppose that µ ≤ ν ≤ 1+µ
2 , then

1−µ
2 ≤ 1 − ν ≤ 1 − µ. So by changing f (x), µ and ν by f (1 − x), 1 − ν and 1 − µ, respectively in the

inequality (7), the desired inequality (8) is obtained.

2. Suppose that 1+µ
2 ≤ ν ≤ 1, then 0 ≤ 1 − ν ≤ 1−µ

2 . So by changing f (x), µ and ν by f (1 − x), 1 − ν and
1 − µ, respectively in the inequality (6), the desired inequality (9) is obtained.

Remark 2.7. Before proceeding to further results, we explain a little about the relation between Theorems 2.4, 2.5,
2.6 and Theorem 1.4.

Notice that the first inequality in Theorem 1.4 can be written as(µ
ν

)m [ (
f (1)∇ν f (0)

)m
− f m(ν)

]
≤

(
f (1)∇µ f (0)

)m
− f m(µ); 0 ≤ µ < ν ≤ 1; m = 1, 2, · · · , (10)

while the second inequality in the same theorem can be stated as

(
f (1)∇µ f (0)

)m
− f m(µ) ≤

(
1 − µ
1 − ν

)m [ (
f (1)∇ν f (0)

)m
− f m(ν)

]
; 0 ≤ µ < ν ≤ 1; m = 1, 2, · · · . (11)

Consequently, Theorems 2.4 and 2.5 present two refining terms of (10), while Theorem 2.6 presents two refining
terms of (11).
Consequently the three Theorems 2.4, 2.5 and 2.6 give a considerable refinement of Theorem 1.4.

However, it should be noted that these refinements have been shown for integer powers m, and for log-convex
functions.
We also notice that the assumption f being log-convex was essential in the proof.

Since Theorem 1.4 was a generalization of the results in [3, 4, 12, 21], it follows that our results in this section
provide better new estimates than the results in these references. This is the main significance of our results. In the
next sections, we present explicit examples of refined inequalities for both scalars and operators.
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3. Scalar inequalities

When a, b > 0 and p ∈ (−∞, 0) the function f (x) = a♯p,xb := (xap + (1 − x)bp)
1
p is log-convex. Applying

Theorems 2.4, 2.5 and 2.6, we obtain the following new bounds for the difference between the arithmetic
and power means.

Corollary 3.1. Let a, b > 0, 0 ≤ µ ≤ ν ≤ 1, m be a positive integer and p ∈ (−∞, 0).

1. If 0 ≤ µ ≤ ν2 , then(µ
ν

)m(
(a∇νb)m

− (a♯p,νb)m
)
+

(µ
ν

)m(
b

m
2 − (a♯p,νb)

m
2

)2
+ rm

(
b

m
2 − b

m
4 (a♯p,νb)

m
4

)2

≤

(
a∇µb

)m
−

(
a♯p,µb

)m
, (12)

where rm = min
{
2
(
µ
ν

)m
, (1 − µ)m

−

(
µ
ν

)m(
(1 − ν)m + 1

)}
.

2. If ν2 ≤ µ ≤ ν, then(µ
ν

)m(
(a∇νb)m

− (a♯p,νb)m
)
+

(
1 −
µ

ν

)m(
b

m
2 − (a♯p,νb)

m
2

)2

+ rm

(
(a♯p,νb)

m
2 − b

m
4 (a♯p,νb)

m
4

)2

≤

(
a∇µb

)m
−

(
a♯p,µb

)m
, (13)

where rm = min
{
2
(
1 − µν

)m
,
(
µ
ν

)m
−

(
1 − µν

)m}
.

3. If µ ≤ ν ≤ 1+µ
2 , then

( 1 − ν
1 − µ

)m(
(a∇µb)m

− (a♯p,µb)m
)
+

(
1 −

1 − ν
1 − µ

)m(
a

m
2 − (a♯p,µb)

m
2

)2

+ rm

(
(a♯p,µb)

m
2 − a

m
4 (a♯p,µb)

m
4

)2

≤

(
a∇νb

)m
−

(
a♯p,νb

)m
, (14)

where rm = min
{
2
(
1 − 1−ν

1−µ

)m
,
(

1−ν
1−µ

)m
−

(
1 − 1−ν

1−µ

)m}
.

4. If 1+µ
2 ≤ ν ≤ 1, then

( 1 − ν
1 − µ

)m(
(a∇µb)m

− (a♯p,µb)m
)
+

( 1 − ν
1 − µ

)m(
a

m
2 − (a♯p,µb)

m
2

)2

+ rm

(
a

m
2 − a

m
4 (a♯p,µb)

m
4

)2

≤

(
a∇νb

)m
−

(
a♯p,νb

)m
, (15)

where rm = min
{
2
(

1−ν
1−µ

)m
, νm
−

(
1−ν
1−µ

)m(
µm + 1

)}
.

If we let p −→ 0 in Corollary 3.1, we get the following bounds for the difference between the arithmetic and
geometric means obtained in [11].

Corollary 3.2. Let a, b > 0, 0 ≤ µ ≤ ν ≤ 1 and m be a positive integer.
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1. If 0 ≤ µ ≤ ν2 , then(µ
ν

)m(
(a∇νb)m

− (a♯νb)m
)
+

(µ
ν

)m(
b

m
2 − (a♯νb)

m
2

)2
+ rm

(
b

m
2 − b

m
4 (a♯νb)

m
4

)2

≤

(
a∇µb

)m
−

(
a♯µb

)m
, (16)

where rm = min
{
2
(
µ
ν

)m
, (1 − µ)m

−

(
µ
ν

)m(
(1 − ν)m + 1

)}
.

2. If ν2 ≤ µ ≤ ν, then(µ
ν

)m(
(a∇νb)m

− (a♯νb)m
)
+

(
1 −
µ

ν

)m(
b

m
2 − (a♯νb)

m
2

)2

+ rm

(
(a♯νb)

m
2 − b

m
4 (a♯νb)

m
4

)2

≤

(
a∇µb

)m
−

(
a♯µb

)m
, (17)

where rm = min
{
2
(
1 − µν

)m
,
(
µ
ν

)m
−

(
1 − µν

)m}
.

3. If µ ≤ ν ≤ 1+µ
2 , then( 1 − ν

1 − µ

)m(
(a∇µb)m

− (a♯µb)m
)
+

(
1 −

1 − ν
1 − µ

)m(
a

m
2 − (a♯µb)

m
2

)2

+ rm

(
(a♯µb)

m
2 − a

m
4 (a♯µb)

m
4

)2

≤

(
a∇νb

)m
−

(
a♯νb

)m
, (18)

where rm = min
{
2
(
1 − 1−ν

1−µ

)m
,
(

1−ν
1−µ

)m
−

(
1 − 1−ν

1−µ

)m}
.

4. If 1+µ
2 ≤ ν ≤ 1, then( 1 − ν

1 − µ

)m(
(a∇µb)m

− (a♯µb)m
)
+

( 1 − ν
1 − µ

)m(
a

m
2 − (a♯µb)

m
2

)2

+ rm

(
a

m
2 − a

m
4 (a♯µb)

m
4

)2

≤

(
a∇νb

)m
−

(
a♯νb

)m
, (19)

where rm = min
{
2
(

1−ν
1−µ

)m
, νm
−

(
1−ν
1−µ

)m(
µm + 1

)}
.

On the other hand, letting p = −1 in Corollary 3.1, we have the following bounds for the difference between
the arithmetic and harmonic means. This provides new refinements and reverses for this difference.

Corollary 3.3. Let a, b > 0, 0 ≤ µ ≤ ν ≤ 1 and m be a positive integer.

1. If 0 ≤ µ ≤ ν2 , then(µ
ν

)m(
(a∇νb)m

− (a!νb)m
)
+

(µ
ν

)m(
b

m
2 − (a!νb)

m
2

)2
+ rm

(
b

m
2 − b

m
4 (a!νb)

m
4

)2

≤

(
a∇µb

)m
−

(
a!µb

)m
, (20)

where rm = min
{
2
(
µ
ν

)m
, (1 − µ)m

−

(
µ
ν

)m(
(1 − ν)m + 1

)}
.
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2. If ν2 ≤ µ ≤ ν, then(µ
ν

)m(
(a∇νb)m

− (a!νb)m
)
+

(
1 −
µ

ν

)m(
b

m
2 − (a!νb)

m
2

)2

+ rm

(
(a!νb)

m
2 − b

m
4 (a!νb)

m
4

)2

≤

(
a∇µb

)m
−

(
a!µb

)m
, (21)

where rm = min
{
2
(
1 − µν

)m
,
(
µ
ν

)m
−

(
1 − µν

)m}
.

3. If µ ≤ ν ≤ 1+µ
2 , then( 1 − ν

1 − µ

)m(
(a∇µb)m

− (a!µb)m
)
+

(
1 −

1 − ν
1 − µ

)m(
a

m
2 − (a!µb)

m
2

)2

+ rm

(
(a!µb)

m
2 − a

m
4 (a!µb)

m
4

)2

≤

(
a∇νb

)m
−

(
a!νb

)m
, (22)

where rm = min
{
2
(
1 − 1−ν

1−µ

)m
,
(

1−ν
1−µ

)m
−

(
1 − 1−ν

1−µ

)m}
.

4. If 1+µ
2 ≤ ν ≤ 1, then( 1 − ν

1 − µ

)m(
(a∇µb)m

− (a!µb)m
)
+

( 1 − ν
1 − µ

)m(
a

m
2 − (a!µb)

m
2

)2

+ rm

(
a

m
2 − a

m
4 (a!µb)

m
4

)2

≤

(
a∇νb

)m
−

(
a!νb

)m
, (23)

where rm = min
{
2
(

1−ν
1−µ

)m
, νm
−

(
1−ν
1−µ

)m(
µm + 1

)}
.

4. Inequalities for operators

In this section, we present operator versions of the above scalar inequalities. The following lemma is
essential in this regard.

Lemma 4.1 ([14, p. 3]). Let T ∈ B(H) be self-adjoint. If f and 1 are both continuous real valued functions with
f (t) ≥ 1(t) for t ∈ Sp(T) (where the sign Sp(T) denotes the spectrum of T), then f (T) ≥ 1(T).

The following theorem presents the operator version of Theorems 2.4, 2.5 and 2.6, providing new refinements
and reverses for the difference between operator arithmetic and power means.

Theorem 4.2. Let A,B ∈ B(H)++, 0 ≤ µ ≤ ν ≤ 1 and let m be a positive integer.

1. If 0 ≤ µ ≤ ν2 , then(µ
ν

)m(
A♯m(A∇νB) − A♯m(A♯p,νB)

)
+

(µ
ν

)m(
A + A♯m(A♯p,νB) − 2A♯ m

2
(A♯p,νB)

)
+ rm

(
A + A♯ m

2
(A♯p,νB) − 2A♯ m

4
(A♯p,νB)

)
≤ A♯m(A∇µB) − A♯m(A♯p,µB), (24)

where rm = min
{
2
(
µ
ν

)m
, (1 − µ)m

−

(
µ
ν

)m(
(1 − ν)m + 1

)}
.
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2. If ν2 ≤ µ ≤ ν, then(µ
ν

)m(
A♯m(A∇νB) − A♯m(A♯p,νB)

)
+

(
1 −
µ

ν

)m(
A + A♯m(A♯p,νB) − 2A♯ m

2
(A♯p,νB)

)
+ rm

(
A♯m(A♯p,νB) + A♯ m

2
(A♯p,νB) − 2A♯ 3m

4
(A♯p,νB)

)
≤ A♯m(A∇µB) − A♯m(A♯p,µB), (25)

where rm = min
{
2
(
1 − µν

)m
,
(
µ
ν

)m
−

(
1 − µν

)m}
.

3. If µ ≤ ν ≤ 1+µ
2 , then( 1 − ν

1 − µ

)m(
A♯m(A∇µB) − A♯m(A♯p,µB)

)
+

(
1 −

1 − ν
1 − µ

)m(
A♯mB + A♯m(A♯p,µB) − 2(A♯ m

2
B)A−1A♯ m

2
(A♯p,µB)

)
+ rm

(
A♯m(A♯p,µB) + (A♯ m

2
B)A−1(A♯ m

2
(A♯p,µB)) − 2(A♯ m

4
B)A−1(A♯ 3m

4
(A♯p,µB))

)
≤ A♯m(A∇νB) − A♯m(A♯p,νB), (26)

where rm = min
{
2
(
1 − 1−ν

1−µ

)m
,
(

1−ν
1−µ

)m
−

(
1 − 1−ν

1−µ

)m}
.

4. If 1+µ
2 ≤ ν ≤ 1, then( 1 − ν

1 − µ

)m(
A♯m(A∇µB) − A♯m(A♯p,µB)

)
+

(
A♯mB + A♯m(A♯p,µB) − 2(A♯ m

2
B)A−1A♯ m

2
(A♯p,µB)

)
+ rm

(
A♯mB + (A♯ m

2
B)A−1(A♯ m

2
(A♯p,µB)) − 2(A♯ 3m

4
B)A−1(A♯ m

4
(A♯p,µB))

)
≤ A♯m(A∇νB) − A♯m(A♯p,νB), (27)

where rm = min
{
2
(

1−ν
1−µ

)m
, νm
−

(
1−ν
1−µ

)m(
µm + 1

)}
.

Proof. We prove the first inequality. The other inequalities can be shown similarly. Let b = 1 in inequality
(12). Then

(µ
ν

)m(
(νa + (1 − ν))m

− (νap + (1 − ν))
m
p
)

+
(µ
ν

)m(
1 + (νap + (1 − ν))

m
p − 2(νap + (1 − ν))

m
2p
)

+ rm

(
1 + (νap + (1 − ν))

m
2p − 2(νap + (1 − ν))

m
4p
)

≤ (µa + (1 − µ))m
− (µap + (1 − µ))

m
p (28)

Since the operator C = A
−1
2 BA

−1
2 has a positive spectrum, Lemma 4.1 and inequality (28) imply(µ

ν

)m(
(νC + (1 − ν)I)m

− (νCp + (1 − ν)I)
m
p
)

+
(µ
ν

)m(
I + (νCp + (1 − ν)I)

m
p − 2(νCp + (1 − ν)I)

m
2p
)

+ rm

(
I + (νCp + (1 − ν)I)

m
2p − 2(νCp + (1 − ν)I)

m
4p
)

≤ (µC + (1 − µ)I)m
− (µCp + (1 − µ)I)

m
p . (29)
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Finally, multiplying inequality (29) by A
1
2 on the left and right sides, we get(µ

ν

)m(
A♯m(A∇νB) − A♯m(A♯p,νB)

)
+

(µ
ν

)m(
A + A♯m(A♯p,νB) − 2A♯ m

2
(A♯p,νB)

)
+ rm

(
A + A♯ m

2
(A♯p,νB) − 2A♯ m

4
(A♯p,νB)

)
≤ A♯m(A∇µB) − A♯m(A♯p,µB),

If we let p −→ 0 in Theorem 4.2, we get the following result obtained in [11].

Theorem 4.3. Let A,B ∈ B(H)++, 0 ≤ µ ≤ ν ≤ 1 and let m be a positive integer.

1. If 0 ≤ µ ≤ ν2 , then(µ
ν

)m(
A♯m(A∇νB) − A♯mνB

)
+

(µ
ν

)m(
A + A♯mνB − 2A♯ mν

2
B
)

+ rm

(
A + A♯ mν

2
B − 2A♯ mν

4
B
)

≤ A♯m(A∇µB) − A♯mµB, (30)

where rm = min
{
2
(
µ
ν

)m
, (1 − µ)m

−

(
µ
ν

)m(
(1 − ν)m + 1

)}
.

2. If ν2 ≤ µ ≤ ν, then(µ
ν

)m(
A♯m(A∇νB) − A♯mνB

)
+

(
1 −
µ

ν

)m(
A + A♯mνB − 2A♯ mν

2
B
)

+ rm

(
A♯mνB + A♯ mν

2
B − 2A♯ mν

2 +
mν
4

B
)

≤ A♯m(A∇µB) − A♯mµB, (31)

where rm = min
{
2
(
1 − µν

)m
,
(
µ
ν

)m
−

(
1 − µν

)m}
.

3. If µ ≤ ν ≤ 1+µ
2 , then( 1 − ν

1 − µ

)m(
A♯m(A∇µB) − A♯mµB

)
+

(
1 −

1 − ν
1 − µ

)m(
A♯mB + A♯mµB − 2A♯ m

2 +
mµ
2

B
)

+ rm

(
A♯mB + A♯ m

2 +
mν
2

B − 2A♯ 3m
4 +

mν
4

B
)

≤ A♯m(A∇νB) − A♯mνB, (32)

where rm = min
{
2
(
1 − 1−ν

1−µ

)m
,
(

1−ν
1−µ

)m
−

(
1 − 1−ν

1−µ

)m}
.

4. If 1+µ
2 ≤ ν ≤ 1, then( 1 − ν

1 − µ

)m(
A♯m(A∇µB) − A♯mµB

)
+

( 1 − ν
1 − µ

)m(
A♯mB + A♯mµB − 2A♯ m

2 +
mµ
2

B
)

+ rm

(
A + A♯ mν

2
B − 2A♯ mν

4
B
)

≤ A♯m(A∇νB) − A♯mνB, (33)

where rm = min
{
2
(

1−ν
1−µ

)m
, νm
−

(
1−ν
1−µ

)m(
µm + 1

)}
.
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If we take p = −1 in Theorem 4.2, we get the following theorem

Theorem 4.4. Let A,B ∈ B(H)++, 0 ≤ µ ≤ ν ≤ 1 and let m be a positive integer.

1. If 0 ≤ µ ≤ ν2 , then(µ
ν

)m(
A♯m(A∇νB) − A♯m(A!νB)

)
+

(µ
ν

)m(
A + A♯m(A!νB) − 2A♯ m

2
(A!νB)

)
+ rm

(
A + A♯ m

2
(A!νB) − 2A♯ m

4
(A!νB)

)
≤ A♯m(A∇µB) − A♯m(A!µB), (34)

where rm = min
{
2
(
µ
ν

)m
, (1 − µ)m

−

(
µ
ν

)m(
(1 − ν)m + 1

)}
.

2. If ν2 ≤ µ ≤ ν, then(µ
ν

)m(
A♯m(A∇νB) − A♯m(A!νB)

)
+

(
1 −
µ

ν

)m(
A + A♯m(A!νB) − 2A♯ m

2
(A!νB)

)
+ rm

(
A♯m(A!νB) + A♯ m

2
(A!νB) − 2A♯ 3m

4
(A!νB)

)
≤ A♯m(A∇µB) − A♯m(A!µB), (35)

where rm = min
{
2
(
1 − µν

)m
,
(
µ
ν

)m
−

(
1 − µν

)m}
.

3. If µ ≤ ν ≤ 1+µ
2 , then( 1 − ν

1 − µ

)m(
A♯m(A∇µB) − A♯m(A!µB)

)
+

(
1 −

1 − ν
1 − µ

)m(
A♯mB + A♯m(A!µB) − 2(A♯ m

2
B)A−1A♯ m

2
(A!µB)

)
+ rm

(
A♯m(A!µB) + (A♯ m

2
B)A−1(A♯ m

2
(A!µB)) − 2(A♯ m

4
B)A−1(A♯ 3m

4
(A!µB))

)
≤ A♯m(A∇νB) − A♯m(A!νB), (36)

where rm = min
{
2
(
1 − 1−ν

1−µ

)m
,
(

1−ν
1−µ

)m
−

(
1 − 1−ν

1−µ

)m}
.

4. If 1+µ
2 ≤ ν ≤ 1, then( 1 − ν

1 − µ

)m(
A♯m(A∇µB) − A♯m(A!µB)

)
+

(
A♯mB + A♯m(A!µB) − 2(A♯ m

2
B)A−1A♯ m

2
(A!µB)

)
+ rm

(
A♯mB + (A♯ m

2
B)A−1(A♯ m

2
(A!µB)) − 2(A♯ 3m

4
B)A−1(A♯ m

4
(A!µB))

)
≤ A♯m(A∇νB) − A♯m(A!νB), (37)

where rm = min
{
2
(

1−ν
1−µ

)m
, νm
−

(
1−ν
1−µ

)m(
µm + 1

)}
.

5. Some matrix inequalities

In this part of the paper, by selecting some appropriate log-convex functions, we obtain multiple term
refinements of some results in the literature, related to matrices.
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Let Mn be the algebra of all complex matrices of order n× n and let M++
n be the class of positive definite

matrices in Mn. On Mn, a unitarily invariant norm |||.||| is a matrix norm that satisfies the invariance property
|||UAV||| = |||A||| for every A ∈Mn and for all unitary matrices U,V ∈Mn.

The classical Young inequality a♯µb ≤ a∇µb has been extended to matrices as follows

|||AµXB1−µ
||| ≤ µ|||AX||| + (1 − µ)|||XB|||, 0 ≤ µ ≤ 1, (38)

for A,B ∈M+
n and X ∈Mn,where |||.||| is a unitarily invariant norm.

It is known that when A,B ∈ M++
n and X ∈ Mn, the function f (ν) = |||AνXB1−ν

||| is log-convex on [0, 1],
(see [16]) for any unitarily invariant norm |||.||| on Mn. Then by using Theorems 2.4, 2.5 and 2.6, we obtain
the following new result refining and reversing (38). This extends the corresponding results in [15].

Theorem 5.1. Let A,B ∈M++
n , X ∈Mn and 0 ≤ µ ≤ ν ≤ 1. Then for all positive integer m,

1. If 0 ≤ µ ≤ ν2 , then

(µ
ν

)m(
(|||AX|||∇ν|||XB|||)m

− (|||AνXB1−ν
|||)m

)
+
(µ
ν

)m(
|||XB|||

m
2 − |||AνXB1−ν

|||
m
2

)2

+rm

(
|||XB|||

m
2 − |||XB|||

m
4 |||AνXB1−ν

|||
m
4

)2

≤

(
µ|||AX||| + (1 − µ)|||XB|||

)m
−

(
|||AµXB1−µ

|||

)m
, (39)

where rm = min
{
2
(
µ
ν

)m
, (1 − µ)m

−

(
µ
ν

)m(
(1 − ν)m + 1

)}
.

2. If ν2 ≤ µ ≤ ν, then

(µ
ν

)m(
(|||AX|||∇ν|||XB|||)m

− (|||AνXB1−ν
|||)m

)
+
(
1 −
µ

ν

)m(
|||XB|||

m
2 − |||AνXB1−ν

|||
m
2

)2

+rm

(
|||AνXB1−ν

|||
m
2 − |||XB|||

m
4 |||AνXB1−ν

|||
m
4

)2

≤

(
µ|||AX||| + (1 − µ)|||XB|||

)m
−

(
|||AµXB1−µ

|||

)m
, (40)

where rm = min
{
2
(
1 − µν

)m
,
(
µ
ν

)m
−

(
1 − µν

)m}
.

3. If µ ≤ ν ≤ 1+µ
2 , then

( 1 − ν
1 − µ

)m(
(|||AX|||∇µ|||XB|||)m

− (|||AµXB1−µ
|||)m

)
+
(
1 −

1 − ν
1 − µ

)m(
|||AX|||

m
2 − |||AµXB1−µ

|||
m
2

)2

+rm

(
|||AµXB1−µ

|||
m
2 − |||AX|||

m
4 |||AµXB1−µ

|||
m
4

)2

≤

(
ν|||AX||| + (1 − ν)|||XB|||

)m
−

(
|||AνXB1−ν

|||

)m
, (41)

where rm = min
{
2
(
1 − 1−ν

1−µ

)m
,
(

1−ν
1−µ

)m
−

(
1 − 1−ν

1−µ

)m}
.
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4. If 1+µ
2 ≤ ν ≤ 1, then( 1 − ν

1 − µ

)m(
(|||AX|||∇µ|||XB|||)m

− (|||AµXB1−µ
|||)m

)
+
( 1 − ν
1 − µ

)m(
|||AX|||

m
2 − |||AµXB1−µ

|||
m
2

)2

+rm

(
|||AX|||

m
2 − |||AX|||

m
4 |||AµXB1−µ

|||
m
4

)2

≤

(
ν|||AX||| + (1 − ν)|||XB|||

)m
−

(
|||AνXB1−ν

|||

)m
, (42)

where rm = min
{
2
(

1−ν
1−µ

)m
, νm
−

(
1−ν
1−µ

)m(
µm + 1

)}
.

It is known that when A,B ∈M++
n the function f (ν) = tr(AνB1−ν) is log-convex on [0, 1], (see [16]). Then

by using Theorems 2.4, 2.5 and 2.6, we obtain the following new trace inequalities, refining and reversing
the corresponding results in the literature.

Theorem 5.2. Let A,B ∈M++
n and 0 ≤ µ ≤ ν ≤ 1. Then for all positive integer m,

1. If 0 ≤ µ ≤ ν2 , then(µ
ν

)m(
(tr(A)∇νtr(B))m

− (tr(AνB1−ν))m
)

+
(µ
ν

)m(
tr(B)

m
2 − tr(AνB1−ν)

m
2

)2

+rm

(
tr(B)

m
2 − tr(B)

m
4 tr(AνB1−ν)

m
4

)2

≤

(
tr(µA + (1 − µ)B)

)m
−

(
tr(AµB1−µ)

)m
, (43)

where rm = min
{
2
(
µ
ν

)m
, (1 − µ)m

−

(
µ
ν

)m(
(1 − ν)m + 1

)}
.

2. If ν2 ≤ µ ≤ ν, then(µ
ν

)m(
(tr(A)∇νtr(B))m

− (tr(AνB1−ν))m
)

+
(
1 −
µ

ν

)m(
tr(B)

m
2 − tr(AνB1−ν)

m
2

)2

+rm

(
tr(AνB1−ν)

m
2 − tr(B)

m
4 tr(AνB1−ν)

m
4

)2

≤

(
tr(µA + (1 − µ)B)

)m
−

(
tr(AµB1−µ)

)m
, (44)

where rm = min
{
2
(
1 − µν

)m
,
(
µ
ν

)m
−

(
1 − µν

)m}
.

3. If µ ≤ ν ≤ 1+µ
2 , then( 1 − ν

1 − µ

)m(
(tr(A)∇µtr(B))m

− (tr(AµB1−µ))m
)

+
(
1 −

1 − ν
1 − µ

)m(
tr(A)

m
2 − tr(AµB1−µ)

m
2

)2

+rm

(
tr(AµB1−µ)

m
2 − tr(A)

m
4 tr(AµB1−µ)

m
4

)2

≤

(
tr(νA + (1 − ν)B)

)m
−

(
tr(AνB1−ν)

)m
, (45)

where rm = min
{
2
(
1 − 1−ν

1−µ

)m
,
(

1−ν
1−µ

)m
−

(
1 − 1−ν

1−µ

)m}
.
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4. If 1+µ
2 ≤ ν ≤ 1, then( 1 − ν

1 − µ

)m(
(tr(A)∇µtr(B))m

− (tr(AµB1−µ))m
)

+
( 1 − ν
1 − µ

)m(
tr(A)

m
2 − tr(AµB1−µ)

m
2

)2

+rm

(
tr(A)

m
2 − tr(A)

m
4 tr(AµB1−µ)

m
4

)2

≤

(
tr(νA + (1 − ν)B)

)m
−

(
tr(AνB1−ν)

)m
, (46)

where rm = min
{
2
(

1−ν
1−µ

)m
, νm
−

(
1−ν
1−µ

)m(
µm + 1

)}
.
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