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Abstract. In this paper, we introduce the notion of nonhomogeneous dual wavelet frames in Sobolev
spaces over local fields. We provide the complete characterization of nonhomogeneous dual wavelet
frames on local fields. Furthermore, we obtain a mixed oblique extension principle for such frames.

1. Introduction

The wavelet transform is a simple mathematical tool that cuts up data or functions into different
frequency components, and then studies each components with a resolution matched to its scale. The
main feature of the wavelet transform is to hierarchically decompose general functions, as a signal or a
process, into a set of approximation functions with different scales. One of the important factor behind
the stable decomposition of a signal for analysis or transmission is related to the type of representation
used for its spanning set (representation system). A careful choice of the spanning set enables us to solve a
variety of analysis tasks. During the last two decades, many researchers have contributed in the designing
and time-frequency analysis of these representation systems for the various spaces, namely, finite and
infinite abelian groups, Euclidean spaces, locally compact abelian groups. Nonhomogeneous dual wavelet
frames admit fast wavelet transform as compared to homogeneous ones and possesses more designing
freedom than homogeneous ones. Han [18–20] studied nonhomogeneous dual wavelet frames in L2(Rd).
Nonhomogeneous dual wavelet frames in

(
Hs(Rd),H−s(Rd)

)
were studied by various authors [13, 15–17].

During the last decade, there is a substantial body of work that has been concerned with the construc-
tion of wavelets and frames on local fields. For example, R. L. Benedetto and J. J. Benedetto [12] developed
a wavelet theory for local fields and related groups. They did not develop the multiresolution analysis
(MRA) approach, their method is based on the theory of wavelet sets and only allows the construction
of wavelet functions whose Fourier transforms are characteristic functions of some sets. Jiang et al. [22]
pointed out a method for constructing orthogonal wavelets on local field K with a constant generating
sequence and derived necessary and sufficient conditions for a solution of the refinement equation to gen-
erate a multiresolution analysis of L2(K). Later on, Li and Jiang [23] have obtained a necessary condition
and a set of sufficient conditions for the wavelet system

{
ψ j,k =: q j/2ψ

(
p− jx − u(k)

)
: j, k ∈N0

}
to be a tight

wavelet frame on local fields in the frequency domain. Ahmad and his collaborators in the series of papers
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Email address: siawoahmad@gmail.com (Owais Ahmad)



O. Ahmad / Filomat 37:14 (2023), 4549–4571 4550

investigated frame theory on local fields and obtained various interesting results [2–10, 24–27]. Continuing
our investigation of frames on local fields, our main goal in this paper is to develop the theory of nonhomo-
geneous dual wavelet frames in the settings of local fields and provide their complete characterization.We
also derive a mixed oblique extension principle (MOEP) for such frames.

The paper is structured as follows. In section 2, we discuss the preliminaries on local fields, definition
of Sobolov spaces and the notion of nonhomogeneous dual wavelet frames on these fields. In Section 3,
we provide the complete characterization of nonhomogeneous dual wavelet frames in Sobolev spaces over
local fields. Section 4 is devoted to the derivation of mixed oblique extension principle for nonhomogeneous
dual wavelet frames.

2. Preliminaries on Local Fields

2.1. Local Fields

In this paper, we use the symbols N,N0 and Z to denote the sets of natural, non-negative integers and
integers, respectively. A local field K is a locally compact, non-discrete and totally disconnected field. If
it is of characteristic zero, then it is a field of p-adic numbers Qp or its finite extension. If K is of positive
characteristic, thenK is a field of formal Laurent series over a finite field GF(pc). If c = 1, it is a p-series field,
while for c , 1, it is an algebraic extension of degree c of a p-series field. Let K be a fixed local field with
the ring of integers D = {x ∈ K : |x| ≤ 1}. Since K+ is a locally compact Abelian group, we choose a Haar
measure dx forK+. A local fieldK is endowed with non–Archimedean norm | · | : K→ R+ satisfying

(a) |x| = 0 if and only if x = 0;

(b) |x y| = |x||y| for all x, y ∈ K;

(c) |x + y| ≤ max
{
|x|, |y|

}
for all x, y ∈ K.

Property (c) is called the ultrametric inequality. Let B = {x ∈ K : |x| < 1} be the prime ideal of the ring of
integersD inK. Then, the residue spaceD/B is isomorphic to a finite field GF(q), where q = pc for some prime
p and c ∈N. SinceK is totally disconnected and B is both prime and principal ideal, so there exist a prime
element p ofK such thatB = ⟨p⟩ = pD. LetD∗ = D\B = {x ∈ K : |x| = 1}. Clearly,D∗ is a group of units inK∗

and if x , 0, then can write x = pny, y ∈ D∗. Moreover, ifU =
{
am : m = 0, 1, . . . , q − 1

}
denotes the fixed full

set of coset representatives of B in D, then every element x ∈ K can be expressed uniquely as x =
∑
∞

ℓ=k cℓ pℓ

with cℓ ∈ U. Recall thatB is compact and open, so each fractional idealBk = pkD =
{
x ∈ K : |x| < q−k

}
is also

compact and open and is a subgroup of K+. We use the notation in Taibleson’s book [28].

Let χ be a fixed character on K+ that is trivial on D but non-trivial on B−1. Therefore, χ is constant
on cosets of D so if y ∈ Bk, then χy(x) = χ(x, y), x ∈ K. Suppose that χu is any character on K+, then the
restriction χu|D is a character on D. Moreover, as characters on D, χu = χv if and only if u − v ∈ D. Hence,
if {u(n) : n ∈N0} is a complete list of distinct coset representative of D inK+, then, as it was proved in [28],
the set

{
χu(n) : n ∈N0

}
of distinct characters on D is a complete orthonormal system on D.

We now impose a natural order on the sequence {u(n)}∞n=0. We have D/B � GF(q) where GF(q) is a
c-dimensional vector space over the field GF(p). We choose a set {1 = ζ0, ζ1, ζ2, . . . , ζc−1} ⊂ D

∗ such that

span
{
ζ j

}c−1

j=0
� GF(q). For n ∈N0 satisfying

0 ≤ n < q, n = a0 + a1p + · · · + ac−1pc−1, 0 ≤ ak < p, and k = 0, 1, . . . , c − 1,

we define
u(n) = (a0 + a1ζ1 + · · · + ac−1ζc−1) p−1. (2.1)
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Also, for n = b0 + b1q + b2q2 + · · · + bsqs, n ∈N0, 0 ≤ bk < q, k = 0, 1, 2, . . . , s, we set

u(n) = u(b0) + u(b1)p−1 + · · · + u(bs)p−s. (2.2)

This defines u(n) for all n ∈N0. In general, it is not true that u(m+n) = u(m)+u(n). But, if r, k ∈N0 and 0 ≤
s < qk, then u(rqk + s) = u(r)p−k + u(s). Further, it is also easy to verify that u(n) = 0 if and only if n = 0 and
{u(ℓ) + u(k) : k ∈N0} = {u(k) : k ∈N0} for a fixed ℓ ∈N0.

Let a and b be any two fixed elements inK. Then, for any prime p and m,n ∈N0, we define the unitary
operators on L2(K) by:

Tu(n)a f (x) = f
(
x − u(n)a

)
, (Translation)

Dp f (x) =
√

q f
(
p−1x
)
, (Dilation).

2.2. Fourier Transforms on Local Fields

The Fourier transform of f ∈ L1(K) is denoted by f̂ (ξ) and defined by

F

{
f (x)
}
= f̂ (ξ) =

∫
K

f (x)χξ(x) dx. (2.3)

It is noted that

f̂ (ξ) =
∫
K

f (x)χξ(x)dx =
∫
K

f (x)χ(−ξx) dx. (2.4)

The properties of Fourier transforms on local field K are much similar to those of on the classical field R.
In fact, the Fourier transform on local fields of positive characteristic have the following properties:

• The map f → f̂ is a bounded linear transformation of L1(K) into L∞(K), and
∥∥∥ f̂
∥∥∥
∞
≤

∥∥∥ f
∥∥∥

1
.

• If f ∈ L1(K), then f̂ is uniformly continuous.

• If f ∈ L1(K) ∩ L2(K), then
∥∥∥ f̂
∥∥∥

2
=
∥∥∥ f
∥∥∥

2
.

The Fourier transform of a function f ∈ L2(K) is defined by

f̂ (ξ) = lim
k→∞

f̂k(ξ) = lim
k→∞

∫
|x|≤qk

f (x)χξ(x) dx, (2.5)

where fk = f Φ−k andΦk is the characteristic function of Bk. Furthermore, if f ∈ L2(D), then we define the
Fourier coefficients of f as

f̂
(
u(n)
)
=

∫
D

f (x)χu(n)(x) dx. (2.6)

The series
∑

n∈N0
f̂
(
u(n)
)
χu(n)(x) is called the Fourier series of f . From the standard L2-theory for compact

Abelian groups, we conclude that the Fourier series of f converges to f in L2(D) and Parseval’s identity
holds:∥∥∥ f

∥∥∥2
2
=

∫
D

∣∣∣ f (x)
∣∣∣2dx =

∑
n∈N0

∣∣∣∣ f̂ (u(n)
)∣∣∣∣2 . (2.7)
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For j ∈N0, letN j denote a full collection of coset representatives ofN0/q jN0, i.e.,

N j =
{
0, 1, 2, . . . , q j

− 1
}
, j ≥ 0.

Then,N0 =
⋃

n∈N j

(
n + q jN0

)
, and for any distinct n1,n2 ∈ N j, we have

(
n1 + q jN0

)
∩

(
n2 + q jN0

)
= ∅. Thus,

every non-negative integer k can uniquely be written as k = rq j + s, where r ∈N0, s ∈ N j.

We denote the test function space on K by Ω(K), i.e., each function f in Ω(K) is a finite linear
combination of functions of the formΦk(x − h), h ∈ K, k ∈ Z, whereΦk is the characteristic function of Bk.
Then, it is clear that Ω(K) is dense in Lp(K), 1 ≤ p < ∞, and each function in Ω(K) is of compact support
and so is its Fourier transform. The spaceΩ′(K) of continuous linear functional onΩ(K) is called the space
of distributions.

Definition 2.1. For s ∈ R, we denote by Hs(K) as the space of all f ∈ Ω′(K) such that

γ̂s/2 f̂ (ξ) ∈ L2(K), where γ̂(ξ) = max(1, |ξ|).

The space Hs(K) is a linear space equipped with the inner product

〈
f , 1
〉

Hs(K) =

∫
K

f̂ (ξ)1̂(ξ)γ̂s(ξ) dξ, f , 1 ∈ Hs(K),

which induces the norm ∥∥∥ f
∥∥∥2

Hs(K)
=

∫
K

∣∣∣∣ f̂ (ξ)
∣∣∣∣2 γ̂s(ξ) dξ.

The space Ω(K) is dense in Hs(K). For each 1 ∈ H−s(K),

〈
f , 1
〉
=

∫
K

f̂ (ξ)1̂(ξ) dξ,

is a linear continuous functional in Hs(K). The spaces Hs(K) and H−s(K) form pairs of dual spaces. For
functions f , 1 : K→ C, define[

f , 1
]

s (ξ) =
∑
k∈N0

f (ξ + u(k)) 1 (ξ + u(k))γ̂s(ξ + u(k)), s ∈ R.

The spectrum σs( f ) is given by

σs( f ) =
{
ξ ∈ B : [ f̂ , f̂ ]s(ξ) > 0

}
.

For a distribution f , j ∈ Z, k ∈N0, s ∈ R, we write

f j,k = q j/2 f
(
p− jξ − u(k)

)
and f s

j,k = q js f
(
p− jξ − u(k)

)
.

2.4. Nonhomogeneous Dual Wavelet Frames on Local Fields

For s ∈ R, let
{
φ,ψℓ

}L
ℓ=1 ⊆ Hs(K) and

{
φ̃, ψ̃ℓ

}L
ℓ=1
⊆ H−s(K),we define the following two nonhomogeneous

wavelet systems in Hs(K) and H−s(K), respectively:

W
s(φ;Ψ) =Ws (φ;ψ1, ψ2, . . . , ψL

)
=
{
φ0,k : k ∈N0

}
∪

{
ψs
ℓ, j,k : j ∈N0, k ∈N0, 1 ≤ ℓ ≤ L

}
(2.8)
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and

W
−s(φ̃; Ψ̃) =W−s

(
φ̃; ψ̃1, ψ̃2, · · · .ψ̃L

)
=
{
φ̃0,k : k ∈N0

}
∪

{
ψ̃−s
ℓ, j,k : j ∈N0, k ∈N0, 1 ≤ ℓ ≤ L

}
. (2.9)

We say thatWs(φ,Ψ) is a nonhomogeneous wavelet frame in Hs(K) if there exists two positive constants A,B
such that

A∥ f ∥2Hs(K) ≤

∑
k∈N0

∣∣∣⟨ f , φ0,k⟩Hs(K)

∣∣∣2 + L∑
ℓ=1

∞∑
j=0

∑
k∈N0

∣∣∣∣⟨ f , ψs
ℓ, j,k⟩Hs(K)

∣∣∣∣2 ≤ B∥ f ∥2Hs(K) (2.10)

where A,B are called frame bounds; it is called a nonhomogeneous wavelet Bessel sequence in Hs(K) if
the right hand inequality in (2.10) holds, where B is called a Bessel bound. Furthermore, we say that(
W

s(φ;Ψ),W−s(φ̃; Ψ̃)
)

is a pair of nonhomogeneous wavelet dual frames in (Hs(K),H−s(K)) ifWs(φ;Ψ) and

W
−s(φ̃; Ψ̃) are Bessel sequences in Hs(K) and H−s(K) respectively, and

⟨ f , 1⟩ =
∑
k∈N0

⟨ f , φ̃0,k⟩⟨φ0,k, 1⟩ +
L∑
ℓ=1

∞∑
j=0

∑
k∈N0

⟨ f , ψ̃−s
ℓ, j,k⟩⟨ψ

s
ℓ, j,k, 1⟩ (2.11)

holds for all f ∈ Hs(K) and 1 ∈ H−s(K).

If
(
W

s(φ;Ψ),W−s(φ̃; Ψ̃)
)

is a pair of dual frames in (Hs(K),H−s(K)) , then it follows from (2.11) that the
series

f =
∑
k∈k

⟨ f , φ̃0,k⟩φ0,k +

L∑
ℓ=1

∞∑
j=0

∑
k∈k

⟨ f , ψ̃−s
ℓ, j,k⟩ ψ

s
ℓ, j,k

and

1 =
∑
k∈k

⟨1, φ0,k⟩φ̃0,k +

L∑
ℓ=1

∞∑
j=0

∑
k∈k

⟨ f , ψs
ℓ, j,k⟩ ψ̃

−s
ℓ, j,k,

converging unconditionally in Hs(K) and H−s(K) respectively.

Definition 2.2. Define a function κ :N0 →N0 by

κ(k) = sup
{
j ∈ Z : p− ju(k) ∈N0

}
.

It immediately follows that κ(0) = +∞. By the definition, we have the following propositions:

Proposition 2.1.
{
p−κ(k)−1u(k) : k ∈N

}
=
⋃

k∈N j\{0} (N0 + u(k)) .

Proposition 2.2. For φ ∈ Hs(K) and φ̃ ∈ H−s(K), we have

σ(φ) ∩ τ
(
σ(φ̃) − u(ν)

)
=
{
ξ ∈ B : φ̂(ξ + u(k)) ˆ̃φ(ξ + u(ν) + u(n)) , 0 for some k,n ∈N0, ν ∈ N j

}
,

where τ is a mapping fromK to D defined as τ(x) = x − u(k) for x ∈ D + u(k) with k ∈N.

Proposition 2.3. Let {αk}k∈N0 and {βk}k∈N0 be two sequences and
∞∑
j=0

∑
k∈N

|αq jkβk| < ∞, then

∞∑
j=0

∑
k∈N

αq jkβk =
∑
k∈N

κ(k)∑
j=0

αkβq− jk.
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3. Characterization of Nonhomogeneous Dual Wavelet Frames

In this section, we establish the characterization of nonhomogeneous dual wavelet frames on Sobolev spaces
over local fields of positive characteristic. In order to establish these results we need various results which
we will state as lemmas. Define

F (Ψ) =
{
ψℓ, j,k : j ∈ Z, k ∈N0, 1 ≤ ℓ ≤ L

}
(3.1)

and
F (Ψ̃) =

{
ψ̃ℓ, j,k : j ∈ Z, k ∈N0, 1 ≤ ℓ ≤ L

}
. (3.2)

Bownik [11] obtained the following important characterization for dual wavelet frames.

Proposition 3.1. Let F (Ψ) and F (Ψ̃) be Bessel sequences in L2(K). Then
(
F (Ψ),F (Ψ̃)

)
is a pair of dual

frames in L2(K) if and only if, for every k ∈N0,

L∑
ℓ=1

κ(k)∑
j=−∞

ψℓ(p− jξ)̂̃ψℓ (p− j(ξ + u(k))
)
= δ0,k a.e. ξ ∈ K. (3.3)

By a standard argument, we have the following result.

Lemma 3.1. For s ∈ R. Define P by
P̂ f (ξ) = γ̂

s
2 (ξ) f̂ (ξ)

for f ∈ Hs(K). then we have

(i) P is a unitary operator both from Hs(K) onto L2(K) and from L2(K) onto H−s(K);

(ii)

̂(P f j,k)(ξ) = q− j/2γ̂
s
2 (ξ) χu(k)(p jξ) f̂ (p jξ)

=

{
γ̂(ξ)
γ̂(p jξ)

}s/2

[ ̂(P f ) j,k](ξ)

for f ∈ Hs(K).

Lemma 3.2. [See [11]] For ψ ∈ L2(K),
{
Tu(k)ψ : k ∈N0

}
is a Bessel sequence in L2(K) with Bessel bound B if

and only if
[ψ̂, ψ̂]0(ξ) ≤ B a.e. ξ ∈ B.

By Lemma 3.1 (i) and 3.2, we have

Lemma 3.3. Let s ∈ R and ψ ∈ Hs(K),
{
Tu(k)ψ : k ∈N0

}
is a Bessel sequence in Hs(K) with Bessel bound B if

and only if
[ψ̂, ψ̂]s(ξ) ≤ B a.e.ξ ∈ B.

The idea of the following lemma is borrowed from [29] and can be proved analogously.

Lemma 3.4. Let S be a bounded set inK. Then there exist finite sets F1 ⊂N0 and F2 ⊂N such that

S ∩ (S + p− ju(k)) = ∅ for ( j, k) ∈ (N0 ×N) \ F1 × F2. (3.4)

Lemma 3.5.For a given s ∈ R, j ∈ Z and ψ ∈ Hs(K), we have
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(i)
{
ψs

j,k : k ∈N0

}
is a Bessel sequence in Hs(K) with Bessel bound B j if{

Tu(k)ψ : k ∈N0

}
is a Bessel sequence in Hs(K) with Bessel bound B, where

B j = q−2 jsB sup
ξ∈K

{
γ̂(ξ)
γ̂(p− jξ)

}s

;

(ii)
{
Tu(k)ψ : k ∈N0

}
is a Bessel sequence in Hs(K) with Bessel bound

B j = q2 jsB sup
ξ∈K

{
γ̂(p− jξ)
γ̂(ξ)

}s

if
{
ψs

j,k : k ∈N0

}
is a Bessel sequence in Hs(K) with Bessel bound B j.

Proof. (i) Since
{
Tu(k)ψ : k ∈N0

}
is a Bessel sequence in Hs(K) with Bessel bound B, therefore by Lemma

3.1 (i), {PTu(k)ψ : k ∈ N0} is a Bessel sequence in L2(K) with Bessel bound B. It is easy to check that
PTu(k) = Tu(k)P for k ∈N0. So {Tu(k)Pψ : k ∈N0} is a Bessel sequence in L2(K) with Bessel bound B. It follows
that {(Pψ)s

j,k : k ∈N0} is a Bessel sequence in L2(K) with Bessel bound q−2 jsB. By Lemma 3.1(ii), we have

̂(Pψs
j,k)(ξ) =

{
γ̂(ξ)
γ̂(p− jξ)

}s/2

[ ̂(Pψ)s
j,k](ξ)

for each k ∈N0. Thus∑
k∈N0

∣∣∣∣〈 f ,Pψs
j,k

〉
L2(K)

∣∣∣∣2 = ∑
k∈N0

∣∣∣∣∣〈 f̂ , ̂(Pψs
j,k)
〉

L2(K)

∣∣∣∣∣2

=
∑
k∈N0

∣∣∣∣∣∣∣
〈

f̂ (ξ)
{
γ̂(ξ)
γ̂(p− jξ)

}s/2

, [ ̂(Pψ)s
j,k](ξ)

〉
L2(K

∣∣∣∣∣∣∣
2

≤ B j∥ f̂ ∥2L2(K)

= B j|| f ||2L2(K)

for f ∈ L2(K) by the Plancherel theorem. So {Pψs
j,k : k ∈N0} is a Bessel sequence in L2(K) with Bessel bound

B j, and the lemma therefore follows by Lemma 3.1 (i).

(ii) we have

̂(Dp jPTu(k)ψ)(ξ) = q js ̂(Pψs
j,k)(ξ)

{
γ̂(p− jξ)
γ̂(ξ)

}s/2

,

and thus ∑
k∈N0

∣∣∣∣∣〈 f̂ , ̂(Pψs
j,k)
〉

L2(K)

∣∣∣∣∣2 = q js
∑
k∈N0

∣∣∣∣∣∣∣
〈

f̂ (ξ)
{
γ̂(p− jξ)
γ̂(ξ)

}s/2

, ̂(Pψs
j,k)(ξ)

〉
L2(K)

∣∣∣∣∣∣∣
2

for f ∈ L2(K). Then, by the same procedure as in (i), we can prove that {Dp jPTu(k)ψ : k ∈ N0} is a Bessel

sequence in L2(K) with Bessel bound B = q2 jsB j supξ∈K

{
γ̂(p− jξ)
γ̂(ξ)

}s

. This implies that {PTu(k)ψ : k ∈ N0} is a

Bessel sequence in L2(K) with Bessel bound B due to Dp j being unitary, and thus {Tu(k)ψ : k ∈N0} is a Bessel
sequence in Hs(K) with Bessel bound B by Lemma 3.1 (i).
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Lemma 3.6. Let s ∈ R, and {ei}i∈I a sequence in Hs(K). Then {ei}i∈I is a Bessel sequence in Hs(K) with Bessel
bound B if and only if ∑

i∈I

|⟨ f , ei⟩|
2
≤ B∥ f ∥2H−s(K) for f ∈ H−s(K). (3.5)

Proof: By Lemma 3.1(i), {ei}i∈I is a Bessel sequence in Hs(K) with Bessel bound B if and only if∑
i∈I

|⟨ f ,Pei⟩|
2
≤ B|| f ||2L2(K) for f ∈ L2(K). (3.6)

Also observe that ∑
i∈I

|⟨ f ,Pei⟩|
2 =
∑
i∈I

|⟨P f , ei⟩|
2,

and
|| f ||2L2(K) = ||P f ||2H−s(K)

by Lemma 3.1 (i). It follows that(3.6) is equivalent to∑
i∈I

|⟨ f ,Pei⟩|
2
≤ B||P f ||2H−s(K) for f ∈ L2(K).

This leads to the lemma since P is a unitary operator from L2(K) onto H−s(K) by Lemma 3.1(i).

As an immediate consequence of Lemma 3.7, we have the following lemma:

Lemma 3.7. Let s1 ∈ R, and {ei}i∈I a Bessel sequence in Hs1 (K).Then {ei}i∈I is a Bessel sequence in Hs2 (K) for s2 <
s1.

Recently, Ahmad and Sheikh [10] studied dual wavelet frames on local fields of positive characteristic
and obtained various results similar to some of the results in this paper but the norm of the Sobolev space
which is used in [10] is not a non-Archimedean norm which is not consistent in the domain of local fields
where as in this paper we have used a non-Archimedean norm of the Sobolev spaces.

Lemma 3.8. Let s ∈ R, ψ ∈ H−s(K). Then for f ∈ Hs(K), k ∈ k, the k-th Fourier coefficient of
[
q j/2 f̂

(
p jξ
)
, ψ̂(ξ)

]
0

is
〈

f , ψ j,k

〉
. Furthermore, if

{
ψ j,k : k ∈N0

}
is a Bessel Sequence in H−s(K), then we have[

q j/2 f̂
(
p jξ
)
, ψ̂(ξ)

]
0
=
∑
k∈N0

〈
f , ψ j,k

〉
χu(k)(ξ) (3.7)

Proof. Since f ∈ Hs(K) and ψ ∈ H−s(K), we have f̂
(
p jξ
)
ψ̂(ξ) ∈ L1(K), and by Plancherel theorem we have∫

D

[
q j/2 f̂

(
p jξ
)
, ψ̂(ξ)

]
0
χu(k)(ξ)dξ

=q j/2
∫
D

∑
k∈N0

f̂
(
p j(ξ + u(k))

)
ψ̂
(
ξ + u(k)

)
χu(k)(ξ)dξ

=q j/2
∫
K

f̂
(
p jξ
)
ψ̂(ξ)χu(k)(ξ)dξ

=q− j/2
∫
K

f̂ (ξ)ψ̂
(
p jξ
)
χu(k)

(
p jξ
)

dξ

=

∫
K

f̂ (ξ)[ψ j,k (.)]∧(ξ)dξ

=⟨ f , ψ j,k⟩. (3.8)



O. Ahmad / Filomat 37:14 (2023), 4549–4571 4557

If
{
ψ j,k : k ∈N0

}
is a Bessel sequence in H−s(K), then {⟨ f , ψ j,k⟩}k∈N0 ∈ ℓ

2(N0), and hence (3.7) follows by (3.8).
This completes the proof of the lemma.

It is well known that the condition
∑
∞

ℓ=1
∑

j∈Z |ψ̂ℓ(p jξ)|2 ∈ L∞(K) is necessary for F (Ψ) to be a Bessel
sequence in L2(K). To establish a similar necessary condition forWs(φ;Ψ) to be a Bessel sequence in Hs(K),
we need the following lemma:

Lemma 3.9. Given s ∈ R, let {Tu(k)φ : k ∈ N0} ∪ {Tu(k)ψℓ : k ∈ N0, 1 ≤ ℓ ≤ L} be a Bessel sequence in Hs(K),
then

∑
k∈N0

|⟨1, φ0,k⟩|
2 +

L∑
ℓ=1

∞∑
j=0

∑
k∈N0

|⟨1, ψs
ℓ, j,k⟩|

2

=

∫
K

|1̂(ξ)|2

|φ̂(ξ)|2 +
L∑
ℓ=1

∞∑
j=0

q−2 js
|ψ̂ℓ(p− jξ)|2

 dξ

+

∫
K

1̂(ξ)
∑
k∈N

1̂(ξ + u(k))

φ̂(ξ)φ̂(ξ + u(k)) +
L∑
ℓ=1

κ(k)∑
j=0

q−2 jsψ̂ℓ(p− jξ)ψ̂ℓ(p− j(ξ + u(k)))

 dξ (3.8)

for 1 ∈ Ω(K).

Proof. By Lemma 3.8, we have

∑
k∈N0

|⟨1, φ0,k⟩|
2 +

L∑
ℓ=1

∞∑
j=0

∑
k∈N0

|⟨1, ψs
ℓ, j,k⟩|

2

=

∫
B

∣∣∣∣∣∣∣∑k∈N0

1̂(ξ + u(k))φ̂(ξ + u(k))

∣∣∣∣∣∣∣
2

dξ +
L∑
ℓ=1

∞∑
j=0

q j(1−2s)
∫
B

∣∣∣∣∣∣∣∑k∈N0

1̂(p j(ξ + u(k)))ψ̂ℓ(ξ + u(k))

∣∣∣∣∣∣∣
2

dξ

=

∫
B

∑
k∈N0

(φ̂(ξ + u(k))1̂(ξ + u(k))


∑

k∈N0

1̂(ξ + u(k))φ̂(ξ + u(k))

 dξ

+

L∑
ℓ=1

∞∑
j=0

q j(1−2s)
∫
B

∑
k∈N0

ψ̂ℓ(ξ + u(k))1̂(p j(ξ + u(k)))


∑

k∈N0

1̂(p j(ξ + u(k)))ψ̂ℓ(ξ + u(k))

 dξ (3.9)

Write
F0(ξ) =

∑
k∈N0

1̂(ξ + u(k))φ̂(ξ + u(k))

and

Fℓ, j(ξ) =
∑
k∈N0

1̂(p j(ξ + u(k)))ψ̂ℓ(ξ + u(k)).

Then
|F0(ξ)| ≤

[
1̂, 1̂
]1/2
−s (ξ)

[
φ̂, φ̂
]1/2

s (ξ),

|Fℓ, j(ξ)| ≤
[
1̂(p jξ), 1̂(p jξ)

]1/2
−s

(ξ)[ψ̂ℓ, ψ̂ℓ]
1/2
s (ξ),

and thus F0,Fℓ, j ∈ L∞(D) by Lemma 3.3 since {Tu(k)1 : k ∈ N0} and {Tu(k)11 : k ∈ N0} with 1̂l(ξ) = 1̂(p jξ) are



O. Ahmad / Filomat 37:14 (2023), 4549–4571 4558

Bassel sequences in H−s(K) if 1 ∈ Ω. It follows that∫
B

∑
k∈N0

|1̂(ξ + u(k))φ̂(ξ + u(k))F0(ξ)|dξ

≤ ||F0||L∞(B)

∫
B

[1̂, 1̂]1/2
−s (ξ)[φ̂, φ̂]1/2

s (ξ)dξ < ∞,

and thus∫
B

∑
k∈N0

(φ̂(ξ + u(k))1̂(ξ + u(k))


∑

k∈N0

1̂(ξ + u(k))φ̂(ξ + u(k))

 dξ

=

∫
K

φ̂(ξ)1̂(ξ)
∑
k∈N0

1̂(ξ + u(k))φ̂(ξ + u(k))dξ (3.10)

by the Fubini-Tonelli Theorem.

Similarly, we also have∫
B

∑
k∈N0

ψ̂ℓ(ξ + u(k))1̂(p j(ξ + u(k)))


∑

k∈N0

1̂(p j(ξ + u(k)))ψ̂ℓ(ξ + u(k))


=

∫
K

ψ̂ℓ(ξ)1̂(p jξ)
∑
k∈N0

1̂(p j(ξ + u(k)))ψ̂ℓ(ξ + u(k))dξ. (3.11)

By (3.9)-(3.11), we have

∑
k∈N0

|⟨1, φ0,k⟩|
2 +

L∑
ℓ=1

∞∑
j=0

∑
k∈N0

|⟨1, ψs
ℓ, j,k⟩|

2

=

∫
K

φ̂(ξ)1̂(ξ)
∑
k∈N0

1̂(ξ + u(k))φ̂(ξ + u(k))dξ

+

L∑
ℓ=1

∞∑
j=0

q j(1−2s)
∫
K

ψ̂l(ξ)1̂(p jξ)
∑
k∈N0

1̂(p j(ξ + u(k)))ψ̂ℓ(ξ + u(k))dξ. (3.12)

Let us check every part in (3.12). Observe that∫
K

|φ̂(ξ)1̂(ξ)|
∑
k∈N0

|1̂(ξ + u(k))φ̂(ξ + u(k))|dξ

≤

∫
supp(1̂)

∑
k∈N0

|1̂(ξ + u(k))φ̂(ξ + u(k))|


2

dξ

≤

∫
supp(1̂)

[1̂, 1̂]−s(ξ) [φ̂, φ̂]s(ξ) dξ

and that [1̂, 1̂]−s(ξ)[φ̂, φ̂]s(ξ) ∈ L∞(K) by Lemma (3.3). It follows that∫
K

|φ̂(ξ)1̂(ξ)|
∑
k∈N0

|1̂(ξ + u(k))φ̂(ξ + u(k))| dξ < ∞,
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and thus∫
K

φ̂(ξ)1̂(ξ)
∑
k∈N0

1̂(ξ + u(k))φ̂(ξ + u(k))dξ

=

∫
K

|φ̂(ξ)|2|1̂(ξ)|2dξ +
∫
K

φ̂(ξ)1̂(ξ)
∑

0,k∈N0

1̂(ξ + u(k))φ̂(ξ + u(k))dξ. (3.13)

Now, we turn to the second part. Take S in Lemma 3.4 as a compact set in K such that supp(1̂) ⊂ S. Then
there exist finite sets F1 ⊂N0 and F2 ⊂N such that

S ∩ (S + p ju(k)) = φ for ( j, k) ∈ (N0 ×N) \ F1 × F2. (3.14)

It follows that

L∑
ℓ=1

∞∑
j=0

q j(1−2s)
∫
K

ψ̂ℓ(ξ)1̂(p jξ)
∑
k∈N0

1̂(p jξ + p ju(k)))ψ̂ℓ(ξ + u(k))dξ

=

L∑
ℓ=1

∑
j∈F1

m j(1−2s)
∫
K

ψ̂ℓ(ξ)1̂(p jξ)
∑
k∈F2

1̂(p j(ξ + u(k)))ψ̂ℓ(ξ + u(k))dξ. (3.15)

Write G =
⋃

k∈F2∪{0}

(⋃
j∈F1
p− jS + u(k)

)
. Then we have∫

K

|ψ̂ℓ(ξ)1̂(p jξ)1̂(p j(ξ + u(k)))ψ̂ℓ(ξ + u(k))|dξ

≤ ||1̂||2L∞(K)

∫
p− jS
|ψ̂ℓ(ξ)ψ̂ℓ(ξ + u(k))|dξ

≤ ||1̂||2L∞(K)

{∫
p− jS
|ψ̂ℓ(ξ)|2dξ

} 1
2
{∫
p− jS
|ψ̂l(ξ + u(k))|2dξ

} 1
2

≤ ||1̂||2L∞(K)

∫
K
|ψ̂ℓ(ξ)|2dξ

For each ( j, k) ∈ F1 × F2. Also observe that 1 ≤
{
maxξ∈G γ̂−s(ξ)

}
γ̂s(ξ) for ξ ∈ G. It follows that∫

K

|ψ̂ℓ(ξ)1̂(p jξ)1̂(p j(ξ + u(k)))ψ̂ℓ(ξ + u(k))|dξ

≤
{
maxξ∈Gγ̂

−s(ξ)
}
||1̂||2L∞(K)

∫
G
|ψ̂ℓ(ξ)|2γ̂s(ξ)dξ

≤
{
maxξ∈Gγ̂

−s(ξ)
}
||1̂||2L∞(K)||ψ̂ℓ(ξ)||2Hs(K)

< ∞. (3.16)

So, collecting (3.14) - (3.16), we have

L∑
ℓ=1

∞∑
j=0

q j(1−2s)
∫
K

ψ̂ℓ(ξ)1̂(p jξ)
∑
k∈N0

1̂(p jξ + p jk))ψ̂ℓ(ξ + u(k))dξ

=

∫
K

L∑
ℓ=1

∞∑
j=0

q j(1−2s)
|ψ̂ℓ(ξ)|2|1̂(p jξ)|2dξ +

∫
K

L∑
ℓ=1

∞∑
j=0

q j(1−2s)1̂(p jξ)ψ̂ℓ(ξ)
∑
k∈N

1̂(p jξ + p ju(k)))ψ̂ℓ(ξ + u(k))dξ
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=

∫
K

L∑
ℓ=1

∞∑
j=0

q−2 js
|ψ̂ℓ(p− jξ)|2|1̂(ξ)|2dξ +

∫
K

L∑
l=1

∞∑
j=0

q−2 js1̂(ξ)ψ̂ℓ(p− jξ)
∑
k∈N

1̂(ξ + p ju(k)))ψ̂ℓ(p− jξ + u(k))dξ

=

∫
K

L∑
ℓ=1

∞∑
j=0

q−2 js
|ψ̂ℓ(p jξ)|2|1̂(ξ)|2dξ +

∫
K

1̂(ξ)
∑
k∈N

1̂(ξ + u(k))
L∑
ℓ=1

κ(k)∑
j=0

q−2 jsψ̂ℓ(p j(ξ + u(k)))dξ, (3.17)

where Proposition 1.3 is used in the last equality. Equation (3.8) therefore follows by (3.12), (3.13) and(3.17).

Lemma 3.10 Let s ∈ R,
{
φ,ψℓ

}L
ℓ=1 ⊆ Hs(K). Then the systemWs(φ;Ψ) given by (3.1) is a Bessel sequence in

Hs(K) with Bessel bound B, then

|φ̂(ξ)|2 +
L∑
ℓ=1

∞∑
j=0

q−2 js
∣∣∣∣ψ̂ℓ (p− jξ

)∣∣∣∣2 ≤ B γ̂−s(ξ), (3.18)

holds a.e onK.

Proof. SinceWs(φ;Ψ) be a Bessel sequence in Hs(K) with Bessel bound B, we have

∑
k∈N0

|⟨1, φ0,k⟩|
2 +

L∑
ℓ=1

∞∑
j=0

∑
k∈N0

|⟨1, ψs
ℓ, j,k⟩|

2
≤ B||1||2H−s(K) for 1 ∈ H−s(K) (3.19)

by Lemma 3.6. Next, we prove the lemma by contradiction. Suppose (3.18) does not hold, i.e. there exists
E ⊂ Kwith |E| > 0 such that

|φ̂(ξ)|2 +
L∑
ℓ=1

∞∑
j=0

q−2 js
|ψ̂ℓ(p jξ)|2 > Bγ̂−s(ξ) on E.

It follows that

|φ̂(ξ)|2 +
L∑
ℓ=1

∞∑
j=0

q−2 js
|ψ̂ℓ(p jξ)|2 > Bγ̂−s(ξ)

on some E′ = E ∩ (B + u(k0)) with |E′| > 0 and k0 ∈N0. Define g by 1̂(ξ) = γ̂s/2(ξ)φE′ (ξ). Then 1 ∈ Ω(K) and
thus 1 ∈ H−s(K), and

||1||2H−s(K) = |E
′
|. (3.20)

Applying Lemma 3.9 to such g, we have

∑
k∈N0

|⟨1, φ0,k⟩|
2 +

L∑
ℓ=1

∞∑
j=0

∑
k∈N0

|⟨1, ψs
ℓ, j,k⟩|

2

=

∫
K

|1̂(ξ)|2

|φ̂(ξ)|2
L∑
ℓ=1

∞∑
j=0

q−2 js
|ψ̂ℓ(p− jξ|2)

 dξ

> B|E′|,

and thus ∑
k∈N0

|⟨1, φ0,k⟩|
2 +

L∑
ℓ=1

∞∑
j=0

∑
k∈N0

|⟨1, ψs
ℓ, j,k⟩|

2 > B||1||2H−s(K)

by (3.20). It contradicts (3.19). The proof is completed.
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Lemma 3.11. Given s ∈ R, letWs(φ;Ψ) andW−s(φ̃; Ψ̃) be Bessel sequences in Hs(K) and H−s(K), respec-
tively. Then

∑
k∈N0

⟨ f , φ̃(ξ − u(k))⟩⟨φ(ξ − u(k)), 1⟩ +
L∑
ℓ=1

∞∑
j=0

∑
k∈N0

⟨ f , ψ̃−s
ℓ, j,k⟩⟨ψ

s
ℓ, j,k, 1⟩

=

∫
K

f̂ (ξ)1̂(ξ)

φ̂(ξ)̂̃φ(ξ) +
L∑
ℓ=1

∞∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− jξ)

 dξ

+

∫
K

1̂(ξ)
∑
k∈N

f̂ (ξ + u(k))
{
φ̂(ξ)̂̃φ(ξ + u(k))

+

L∑
ℓ=1

κ(k)∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(k)))

 dξ (3.21)

for f , 1 ∈ Ω(K).

Proof: SinceWs(φ;Ψ) andW−s(φ̃; Ψ̃) are Bessel sequences in Hs(K) and H−s(K), respectively, the left hand
side of (3.21) is well-defined. By the same procedure as in Lemma 3.9, we can prove that

∑
k∈N0

⟨ f , φ̃(ξ − u(k))⟩⟨φ(ξ − u(k)), 1⟩ +
L∑
ℓ=1

∞∑
j=0

∑
k∈N0

⟨ f , ψ̃−s
ℓ, j,k⟩⟨ψ

s
ℓ, j,k, 1⟩

=

∫
K

∑
k∈N0

f̂ (ξ + u(k))̂̃φ(ξ + u(k))φ̂(ξ)1̂(ξ)dξ

+

L∑
ℓ=1

∞∑
j=0

q j
∫
K

∑
k∈N0

f̂ (p j(ξ + u(k))) ̂̃ψℓ(ξ + u(k))ψ̂(ξ)1̂(p jξ)dξ. (3.22)

Observe that ∑
k∈N0

| f̂ (ξ + k)̂̃φ(ξ + u(k))||φ̂(ξ)1̂(ξ)| ≤ [ f̂ , f̂ ]
1
2
s (ξ)[̂̃φ, ̂̃φ]

1
2
−s(ξ)[1̂, 1̂]

1
2
−s(ξ)[φ̂, φ̂]

1
2
s (ξ),

which belongs to L∞(K) by Lemma 3.3. It follows that∫
K

∑
k∈N0

| f̂ (ξ + u(k))̂̃φ(ξ + u(k))φ̂(ξ)1̂(ξ)|dξ

=

∫
supp(1̂)

∑
k∈N0

| f̂ (ξ + u(k))̂̃φ(ξ + u(k))φ̂(ξ)1̂(ξ)|dξ < ∞,

and thus∫
K

∑
k∈N0

f̂ (ξ + u(k))̂̃φ(ξ + u(k))φ̂(ξ)1̂(ξ)dξ

=

∫
K

f̂ (ξ)1̂(ξ)φ̂(ξ)̂̃φ(ξ)dξ +
∫
K

1̂(ξ)
∑
k∈N

f̂ (ξ + u(k))φ̂(ξ)̂̃φ(ξ + u(k)). (3.23)
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By the Cauchy-Schwarz inequality and Lemma 3.10, we have

L∑
ℓ=1

∞∑
j=0

∣∣∣∣∣∣ψ̂ℓ(p− jξ) ̂̃ψℓ(p− jξ)

∣∣∣∣∣∣ ≤


L∑
ℓ=1

∞∑
j=0

q−2 js
|ψ̂ℓ(p− jξ)|2


1
2


L∑
ℓ=1

∞∑
j=0

q2 js
|
̂̃
ψℓ(p− jξ)|2


1
2

≤ B1B2,

where B1 and B2 are Bessel bounds ofWs(φ;Ψ) andW−s(φ̃; Ψ̃) respectively. It follows that∫
K

| f̂ (ξ)1̂(ξ)|
L∑
ℓ=1

∞∑
j=0

∣∣∣∣∣∣ψ̂ℓ(p− jξ) ̂̃ψℓ(p− jξ)

∣∣∣∣∣∣ dξ
≤ B1B2

∣∣∣∣supp( f̂ ) ∩ supp(1̂)
∣∣∣∣ || f̂ ||L∞(K)||1̂||L∞(K) < ∞. (3.24)

Take S as a compact set in K such that supp( f̂ ) ∪ supp(1̂) ⊂ S. By Lemma 3.4, there exist finite sets F1 ⊂ N0
and F2 ⊂N such that

S ∪ (S + p ju(k)) = φ for ( j, k) ∈ (N0 ×N) \ F1 × F2. (3.25)

Write G = ∪k∈F2∪{0}

(
∪ j∈F1p

− jS + u(k)
)
. By the same procedure as in Lemma 3.9, we have∫

K

∣∣∣∣∣∣1̂(p jξ) f̂ (p jξ + p ju(k))ψ̂ℓ(ξ) ̂̃ψℓ(ξ + u(k))

∣∣∣∣∣∣ dξ
≤ ||1̂||L∞(K)|| f̂ ||L∞(K)

{∫
p− jS
|ψ̂ℓ(ξ)|2dξ

} 1
2
{∫
p− jS
|
̂̃
ψℓ(ξ + u(k))|2dξ

} 1
2

≤ ||1̂||L∞(K)|| f̂ ||L∞(K)

{∫
G
|ψ̂ℓ(ξ)|2dξ

} 1
2
{∫

G
|
̂̃
ψℓ(ξ)|2dξ

} 1
2

≤ ||1̂||L∞(K)|| f̂ ||L∞(K)

{
max
ξ∈G

γ̂−s/2(ξ)
}{

max
ξ∈G

γ̂s/2(ξ)
}
||ψℓ||HS(K)||ψ̃ℓ||H−s(K)

< ∞. (3.26)

for ( j, k) ∈ F1 × F2. By (3.25) and (3.26) , we have

L∑
ℓ=1

∞∑
j=0

q j
∫
K

∑
k∈N

f̂ (p j(ξ + u(k))) ̂̃ψℓ(ξ + u(k))ψ̂ℓ(ξ)1̂(p jξ)dξ

=

L∑
ℓ=1

∞∑
j=0

∫
K

1̂(ξ)ψ̂ℓ(p− jξ)
∑
k∈N

f̂ (ξ + p ju(k)) ̂̃ψℓ(p− jξ + u(k))dξ

=

∫
K

L∑
ℓ=1

∞∑
j=0

1̂(ξ)ψ̂ℓ(p− jξ)
∑
k∈N

f̂ (ξ + p ju(k)) ̂̃ψℓ(p− jξ + u(k))dξ

=

∫
K

1̂(ξ)
∑
k∈N

f̂ (ξ + u(k))
L∑
ℓ=1

κ(k)∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(k)))dξ. (3.27)

Collecting (3.22)-(3.24) and (3.27), we obtain (3.21). The proof is completed.

Theorem 3.1. Suppose that the systemWs(φ;Ψ) given by (3.1) is a Bessel sequence in Hs(K) and the system
W
−s(φ̃; Ψ̃) given by (3.2) is a Bessel sequence in H−s(K). Then the necessary and sufficient condition for
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W

s(φ;Ψ),W−s(φ̃; Ψ̃)
)

to be a pair of dual frames in (Hs(K),H−s(K)) is

φ̂(ξ)̂̃φ(ξ + u(k))
L∑
ℓ=1

∞∑
j=0

ψ̂ℓ
(
p− jξ
) ̂̃
ψℓ
(
p− j(ξ + u(k))

)
= δ0,k a.e ξ ∈ K. (3.28)

Proof. Since by the definition,
(
W

s(φ;Ψ),W−s(φ̃; Ψ̃)
)

is a pair of dual frames in (Hs(K),H−s(K)) if and

only if

∑
k∈N0

〈
f , φ̃ 0,k

〉 〈
φ 0,k, 1

〉
+

L∑
ℓ=1

∞∑
j=0

∑
k∈N0

〈
f , ψ̃−s

ℓ, j,k

〉 〈
ψs
ℓ, j,k, 1

〉
=
〈

f , 1
〉
, for f , 1 ∈ Ω. (3.29)

By Lemma 3.11, (3.29) can be rewritten as∫
K

f̂ (ξ)1̂(ξ)
{
φ̂(ξ)̂̃φ(ξ)+

L∑
ℓ=1

∞∑
j=0

ψ̂ℓ
(
p− jξ
) ̂̃
ψ
(
p− jξ

)}
dξ

+

∫
K

1̂(ξ)
∑
k∈N

f̂ (ξ + u(k))
{
φ̂(ξ)̂̃φ(ξ + u(k))

+

L∑
ℓ=1

∞∑
j=0

ψ̂ℓ
(
p− jξ
) ̂̃
ψ
(
p− j(ξ + u(k))

)}
dξ

=

∫
K

f̂ (ξ)1̂(ξ)dξ. (3.30)

Clearly, (3.28) implies (3.30). Next, we prove the converse implication. Suppose (3.30) holds. By the
Cauchy-Schwarz inequality, we have

∣∣∣∣∣φ̂(ξ)̂̃φ(ξ + u(k))
∣∣∣∣∣ + L∑

ℓ=1

κ(k)∑
j=0

∣∣∣∣∣∣ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(k)))

∣∣∣∣∣∣
≤

|φ̂(ξ)|2 +
L∑
ℓ=1

∞∑
j=0

q−2 js
|ψ̂ℓ(p− jξ)|2


1/2

×


∣∣∣∣̂̃φ(ξ + u(k))

∣∣∣∣2 + L∑
ℓ=1

∞∑
j=0

q2 js
∣∣∣∣∣ ̂̃ψℓ(p− j(ξ + u(k)))

∣∣∣∣∣2


1/2

≤ B1B2γ̂
−s(ξ) γ̂s(ξ + u(k))

≤ B1B2 sup
ξ∈K

γ̂−s(ξ) γ̂s(ξ + u(k))

= Ck < ∞.

for each k ∈N0 by Lemma 3.10, where B1 and B2 are Bessel bounds ofWs(φ;Ψ) andW−s(φ̃; Ψ̃) respectively.
Thus the series

φ̂(ξ)̂̃φ(ξ + u(k)) +
L∑
ℓ=1

κ(k)∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(k)))
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converges absolutely to a function in L∞(K) a.e. onK for each k ∈N0. It follows that almost every point in
K is a Lebesgue point of all

φ̂(ξ)̂̃φ(ξ + u(k)) +
L∑
ℓ=1

κ(k)∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(k)))

with k ∈N0. Let ξ0 ∈ K be such a point. For 0 < ϵ < 1
2 , take f and g such that

f̂ (ξ) = 1̂(ξ) =
χB(ξ0,ϵ)(.)√
|B(ξ0, ϵ)|

in (3.30), where B(ξ0, ϵ) = {ξ ∈ K : ||ξ − ξ0||2 < ξ}. Then

1
|B(ξ0, ϵ)|

∫
B(ξ0,ϵ)

φ̂(ξ)̂̃φ(ξ) +
L∑
ℓ=1

∞∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− jξ)

 dξ = 1,

and letting ϵ→ 0 we obtain

φ̂(ξ0)̂̃φ(ξ0) +
L∑
ℓ=1

∞∑
j=0

ψ̂l(p− jξ0) ̂̃ψℓ(p− jξ0) = 1.

For k0 ∈N, take f and 1 such that

f̂ (ξ + u(k0)) = 1̂(ξ) =
χB(ξ0,ϵ)(ξ)√
|B(ξ0, ϵ)|

in (3.30), where 0 < ϵ < 1
2 . Then

1
|B(ξ0, ϵ)|

∫
B(ξ0,ϵ)

φ̂(ξ)̂̃φ(ξ + u(k0)) +
L∑
ℓ=1

κ(k0)∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(k0)))

 dξ = 0,

and letting ϵ→ 0 we obtain

φ̂(ξ)̂̃φ(ξ + u(k0)) +
L∑
ℓ=1

κ(k0)∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(k0))) = 0.

By the arbitrariness of ξ0 and k0 ∈N, we obtain (3.28). The proof is completed.

4. 4. Mixed Oblique Extension Principle for Nonhomogeneous Dual wavelet Frames

In this section, using Theorem 3.1 we derive an MOEP for nonhomogeneous dual wavelet frames in
(Hs(K),H−s(K)) under the following assumptions:

Assumption 4.1: φ ∈ Hs(K) and φ̃ ∈ H−s(K) are p-refinable with symbols in L∞(B), i.e there exist â,̂̃a ∈ L∞(B)
such that

φ̂(pξ) = â(ξ)φ̂(ξ) and ̂̃φ(pξ) = ̂̃a(ξ)̂̃φ(ξ) a.e. onK. (4.1)

Assumption 4.2: lim j→∞ φ̂(p− jξ)̂̃φ(p− jξ) = 1 a.e. onK.
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Given a positive integer L, let φ, φ̃ satisfy Assumption 4.1 and bℓ, b̃ℓ ∈ L∞(B) with 1 ≤ l ≤ L, and define ψℓ
and ψ̃ℓ by

ψ̂ℓ(pξ) = b̂ℓ(ξ)φ̂(ξ) and ̂̃ψℓ(pξ) =
̂̃bℓ(ξ)̂̃φ(ξ) (4.2)

We begin with some lemmas.

Lemma 4.1. For a given s ∈ R and φ ∈ Hs(K), let φ satisfy Assumption 4.1, and ψl with 1 ≤ ℓ ≤ L defined
as in (4.2). Assume that

(i) [φ̂, φ̂]t ∈ L∞(K) for some t > s;

(ii) there exist a nonnegative number α with α > −s and a positive constant C such that

L∑
ℓ=1

|b̂ℓ(ξ)|2 ≤ C min
(
1, |ξ|2α2

)
a.e. onK. (4.3)

ThenWs(φ;Ψ) is a Bessel sequence in Hs(K).

Proof: For the case s = 0, take 0 < s0 < min{t, α}. Then the conditions (i) and (ii) hold for s = s0. By Lemma
3.7, the lemma holds for s=0 if it holds for s = s0. So, to finish the proof, we only need to prove the lemma
for s = 0. By Lemma 3.6, it is enough to prove that there exists a positive constant C such that

∑
k∈N0

|⟨1, φ0,k⟩|
2 +

L∑
l=1

∞∑
j=0

∑
k∈N0

|⟨1, ψs
l, j,k⟩|

2
≤ C||1||2H−s(K). (4.4)

Using Lemma 3.8, we have

∑
k∈N0

∣∣∣⟨1, φ(ξ − u(k))⟩
∣∣∣2 + L∑

ℓ=1

∞∑
j=0

∑
k∈N0

|⟨1, ψs
ℓ, j,k⟩|

2

=

∫
B

∣∣∣[1̂, φ̂]0 (ξ)
∣∣∣2 dξ +

L∑
ℓ=1

∞∑
j=0

q j(1−2s)
∫
B

∣∣∣∣[1̂(p jξ), ψ̂ℓ]0 (ξ)
∣∣∣∣2 dξ.

Also observe that

|[1̂, φ̂]0(ξ)|2 ≤ [1̂, 1̂]−s(ξ)[φ̂, φ̂]s(ξ) ≤ [φ̂, φ̂]t(ξ)[1̂, 1̂]−s(ξ).

It follows that

∑
k∈N0

|⟨1, φ(ξ − u(k))⟩|2+
L∑
ℓ=1

∞∑
j=0

∑
k∈N0

|⟨1, ψs
ℓ, j,k⟩|

2

≤ ∥[φ̂, φ̂]t∥L∞(K)||1||
2
H−s(K) +

L∑
ℓ=1

∞∑
j=0

q j(1−2s)
∫
B

|[1̂(p jξ), ψ̂ℓ]0(ξ)∥2dξ. (4.5)

To finish the proof, next we prove that there exists a positive constant C such that

L∑
ℓ=1

∞∑
j=0

q j(1−2s)
∫
B

|[1̂(p jξ), ψ̂ℓ]0(ξ)|2dξ ≤ C||1||2H−s(K) f or 1 ∈ H−s(K). (4.6)
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Now, we have∫
B

∣∣∣∣[1̂(p j
·), ψ̂ℓ]0(ξ)

∣∣∣∣2 dξ =
∫
B

∣∣∣∣∣∣∣∑k∈N0

1̂(p j(ξ + u(k)))b̂ℓ(p−1(ξ + u(k)))φ̂(p−1(ξ + u(k)))

∣∣∣∣∣∣∣
2

dξ

=

∫
B

∣∣∣∣∣∣∣∣
∑
ν∈N j

b̂ℓ(p−1ξ + u(ν))[1̂(p j+1
·), φ̂]0(p−1ξ + u(ν))

∣∣∣∣∣∣∣∣
2

dξ

≤ q
∑
ν∈N j

∫
B

|b̂ℓ(p−1ξ + u(ν))
[
1̂(p j+1

·), φ̂(·)
]

0
(p−1ξ + u(ν))|2 dξ

= q2
∫
B

∣∣∣∣b̂ℓ(ξ)
[
1̂(p j+1ξ), φ̂(ξ)

]
0

∣∣∣∣2 dξ

≤ q2
∫
B

|b̂ℓ(ξ)|2
[
1̂(p j+1

·), 1̂(p j+1
·)
]
−t

(ξ)
[
φ̂, φ̂
]

t (ξ) dξ

≤ q2
∥∥∥[φ̂, φ̂]t∥∥∥L∞(K)

∫
B

|b̂ℓ(ξ)|2
[
1̂(p j+1

·), 1̂(p j+1
·)
]
−t

(ξ) dξ

= q2
∣∣∣[φ̂, φ̂]t

∣∣∣
L∞(K)

∫
K

|b̂ℓ(ξ)|2|1̂(p j+1ξ)|2γ̂−t(ξ) dξ

= q1− j
∥∥∥[φ̂, φ̂]t

∥∥∥
L∞(K)

∫
K

|b̂ℓ(p− j−1ξ)|2|1̂(ξ)|2γ̂−t(p− j−1ξ) dξ. (4.7)

This leads to

L∑
ℓ=1

∞∑
j=0

q j(1−2s)
∫
B

∣∣∣∣[1̂(p j
·), ψ̂ℓ]0(ξ)

∣∣∣∣2 dξ

≤ q
∥∥∥[φ̂, φ̂]t

∥∥∥
L∞(K)

∫
K

|1̂(ξ)|2γ̂−s(ξ)∆s,t(ξ)dξ,

where

∆s,t(ξ) =
∞∑
j=0

q−2 jsγ̂s(ξ)
L∑
ℓ=1

|b̂ℓ(p− j−1ξ)|2γ̂−t(p− j−1ξ) (4.8)

So (4.6) holds if ∆s,t ∈ L∞(K). Clearly, ∆s,t ∈ L∞(K) when s < 0. When s > 0, we have

∆s,t(ξ) ≤
∞∑
j=0

q−2 js(1 + ϱ2
1|ξ|

2)s
L∑
ℓ=1

|b̂l(p− j−1ξ)|2
(
1 + q−2 j−2ϱ2

2|ξ|
2
)−t
≤ CBs,t(ξ)

and thus ∆s,t ∈ L∞(K). The proof is completed.

Based on Theorem 3.1, the following theorem gives an MOEP for such dual frames.

Theorem 4.1. For a given s ∈ R, let φ ∈ Hs(K) and φ̃ ∈ H−s(K) satisfy Assumption 4.1 and 4.2, and ψℓ and
ψ̃ℓ with 1 ≤ ℓ ≤ L defined as in (4.2). Assume that

(i) [φ̂, φ̂]t ∈ L∞(K) for some t > s, [̂̃φ, ̂̃φ]t′ ∈ L∞(K) for some t′ > −s;

(ii) there exist two non-negative numbers α and α̃ with α > −s and α̃ > s, and positive constant C such that

L∑
ℓ=1

|b̂ℓ(ξ)|2 ≤ C min
(
1, |ξ|2α2

)
,

L∑
ℓ=1

|
̂̃bℓ(ξ)|2 ≤ C min

(
1, |ξ|2α̃2

)
a.e. onK. (4.9)
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And assume that θ ∈ L∞(B) and η is defined by η̂(ξ) = θ(ξ)φ̂(ξ) a.e. on K. Then
(
W

s(η;Ψ),W−s(φ̃; Ψ̃)
)

is
a pair of dual frames in (Hs(K),H−s(K)) if and only if

lim
j→∞

θ(p− jξ) = 1 a.e ξ ∈ K; (4.10)

θ(pξ)̂a(ξ)̂̃a(ξ + u(ν)) +
L∑
ℓ=1

b̂ℓ(ξ)
̂̃bℓ(ξ + u(ν))

= θ(ξ)δ0,ν a.e. on σ(φ) ∩ τ(σ(φ̃) − u(ν)) with ν ∈ N j. (4.11)

Proof. By Lemma 4.1,Ws(φ;Ψ) andW−s(φ̃; Ψ̃) are Bessel sequences in Hs(K) and H−s(K), respectively. In

particular,
{
ψℓ, j,k : j ∈ Z+, k ∈N0, 1 ≤ ℓ ≤ L

}
and
{
Tu(k)φ : k ∈N0

}
are Bessel sequences in Hs(K). By Lemma

3.3 and the definition of η, {Tu(k)η : k ∈N0} is a Bessel sequence in Hs(K). It follows thatWs(η;Ψ) is a Bessel
sequence in Hs(K). So

(
W

s(η;Ψ),W−s(φ̃; Ψ̃)
)

is a pair of dual frames in (Hs(K),H−s(K)) if and only if, for
every n ∈N0,

θ(ξ)φ̂(ξ)̂̃φ(ξ + u(η)) +
L∑
ℓ=1

κ(n)∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(n))) = δ0,n for a.e. ξ ∈ K. (4.12)

by Theorem 3.1. Next, we show that (4.12) is equivalent to (4.10) and (4.11).

First, we suppose that (4.10) and (4.11) hold. For n ∈N0, we calculate

θ(ξ)φ̂(ξ)̂̃φ(ξ + u(η)) +
L∑
ℓ=1

κ(n)∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(n)))

in this way: using Assumption 4.1 to φ̂(ξ)̂̃φ(ξ + u(n)), and (4.2) to the j = 0 term of

L∑
ℓ=1

κ(n)∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(n))),

we have

θ(ξ)φ̂(ξ)̂̃φ(ξ + u(n)) +
L∑
ℓ=1

κ(n)∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(n)))

= φ̂(p−1ξ)̂̃φ(p−1(ξ + n))

θ(ξ)̂a(p−1ξ)̂̃a(p−1ξ) +
L∑
ℓ=1

b̂ℓ(p−1ξ)
̂̃bℓ(p−1ξ)


+

L∑
ℓ=1

κ(n)∑
j=1

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(n))),

and thus

θ(ξ)φ̂(ξ)̂̃φ(ξ + u(n)) +
L∑
ℓ=1

κ(n)∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(n)))

= θ(p−1ξ)φ̂(p−1ξ)̂̃φ(p−1(ξ + u(n))) +
L∑
ℓ=1

κ(n)∑
j=1

ψ̂l(p− jξ) ̂̃ψℓ(p− j(ξ + u(n)))
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by (4.11). Then applying the same procedure to φ̂(p−1ξ)̂̃φ(p−1(ξ + u(n))) and j = 1 term of
L∑
ℓ=1

κ(n)∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(n))), we obtain that

θ(ξ)φ̂(ξ)̂̃φ(ξ + u(n)) +
L∑
ℓ=1

κ(n)∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(n)))

= θ(p−2ξ)φ̂(p−2ξ)̂̃φ(p−2(ξ + u(n))) +
L∑
ℓ=1

κ(n)∑
j=2

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(n))).

Applying the same procedure κ(n) + 1 times, we finally obtain that

θ(ξ)φ̂(ξ)̂̃φ(ξ + u(n)) +
L∑
ℓ=1

κ(n)∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(n)))

= φ̂(p−κ(n)−1ξ)̂̃φ(p−κ(n)−1(ξ + u(n)))
{
θ(p−κ(n)−1ξ)̂a(p−κ(n)−1ξ)̂̃a(p−κ(n)−1(ξ + u(n)))

+

L∑
ℓ=1

κ(n)−1∑
j=2

b̂ℓ(p−κ(n)−1ξ)
̂̃bℓ(p−κ(n)−1(ξ + u(n)))

 .
Also observe that p−κ(n)−1u(n) ∈N0 + u(ν) for some ν ∈ N j by Proposition 1.1. It follows that

θ(ξ)φ̂(ξ)̂̃φ(ξ + u(n)) +
L∑
ℓ=1

κ(n)∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ + u(n)))

= φ̂(p−κ(n)−1ξ)̂̃φ(p−κ(n)−1(ξ + n))
{
θ(p−κ(n)−1ξ)̂a(p−κ(n)−1ξ)̂̃a(p−κ(n)−1ξ + u(ν))

+

L∑
ℓ=1

κ(n)−1∑
j=2

b̂ℓ(p−κ(n)−1ξ)
̂̃bℓ(p−κ(n)−1ξ + u(ν))


= 0

Similarly, for n = 0, we have

θ(ξ)φ̂(ξ)̂̃φ(ξ) +
L∑
ℓ=1

∞∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− jξ)

= θ(p−Nξ)φ̂(p−Nξ)̂̃φ(p−Nξ) +
L∑
ℓ=1

∞∑
j=N

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ)) (4.13)

for all N ∈ N. By Lemma 3.10 and the Cauchy-Schwarz inequality, the series
∑L
ℓ=1
∑
∞

j=N

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ)) converges absolutely for a.e. ξ ∈ K. So we have

lim
N→∞

L∑
ℓ=1

∞∑
j=N

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− j(ξ)) = 0 for a.e. ξ ∈ K
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Letting N→∞ in (4.13), we have

θ(ξ)φ̂(ξ)̂̃φ(ξ) +
L∑
ℓ=1

∞∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− jξ) = 1 for a.e. ξ ∈ K

by (4.10) and Assumption 4.2.

Next, we turn to the converse implication, i.e. (4.12) implies (4.10) and (4.11). Suppose (4.12) holds. First
we fix ν ∈ N j \ {0} and ξ ∈ σ(φ) ∩ τ(σ(φ̃) − u(ν)). Then there exist r, s ∈N0 such that

φ̂(ξ + u(r))̂̃φ(ξ + u(ν) + u(s)) , 0 (4.15)

by Proposition 1.2. Taking n = p(s − r) + pν (this yields κ(n) = 0), replacing ξ by p(ξ + u(r)) in (4.12), and

using theN0 periodicity of θ, â,̂̃a, b̂ℓ and
̂̃bℓ, we have

0 = θ(pξ)φ̂(p(ξ + u(r)))̂̃φ(p(ξ + u(s)) + pν) +
L∑
ℓ=1

ψ̂ℓ(p(ξ + u(r))) ̂̃ψℓ(p(ξ + u(s)) + pu(ν))

= φ̂(ξ + u(r))̂̃φ(ξ + u(ν) + u(s))

θ(pξ)̂a(ξ)̂̃a(ξ + u(ν))
L∑
ℓ=1

b̂ℓ(ξ)
̂̃bℓ(ξ + u(ν))

 . (4.16)

It follows (4.15) that

θ(pξ)̂a(ξ)̂̃a(ξ + u(ν)) +
L∑
ℓ=1

b̂ℓ(ξ)
̂̃bℓ(ξ + u(ν)) = 0.

Let us check the case ν = 0. Fix ξ ∈ σ(φ) ∩ σ(φ̃). Then there exist r, s ∈N0 such that

φ̂(ξ + u(r))̂̃φ(ξ + u(s)) , 0. (4.17)

If r , s, then replacing ξ by ξ + u(r) and taking n = s − r in (4.12), we have

θ(ξ)φ̂(ξ + u(r))̂̃φ(ξ + u(s)) +
L∑
ℓ=1

κ(s−r)∑
j=0

ψ̂ℓ(p− j(ξ + u(r))) ̂̃ψℓ(p− j(ξ + u(s))) = 0. (4.18)

Replacing ξ by p(ξ + u(r)) and n by p(s − r) in (4.12), we have

0 = θ(pξ)φ̂(p(ξ + u(r)))̂̃φ(p(ξ + u(s))) +
L∑
ℓ=1

κ(p(s−r))∑
j=0

ψ̂ℓ(p− j+1(ξ + u(r))) ̂̃ψℓ(p− j+1(ξ + u(s)))

= φ̂(ξ + u(r))̂̃φ(ξ + u(s))

θ(pξ)̂a(ξ)̂̃a(ξ) +
L∑
ℓ=1

b̂ℓ(ξ)
̂̃bℓ(ξ)


+

L∑
ℓ=1

κ(s−r)∑
j=0

ψ̂ℓ(p− j(ξ + u(r))) ̂̃ψℓ(p− j(ξ + u(s))). (4.19)

Collecting (4.17) - (4.19), we obtain that

θ(ξ) = θ(pξ)̂a(ξ)̂̃a(ξ) +
L∑
ℓ=1

b̂ℓ(ξ)
̂̃bℓ(ξ).
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If s = r = k, taking n = 0 and replacing ξ by ξ + u(k) in (4.12), we have

θ(ξ)φ̂(ξ + u(k))̂̃φ(ξ + u(k)) +
L∑
ℓ=1

∞∑
j=0

ψ̂ℓ(p− j(ξ + u(k))) ̂̃ψℓ(p− j(ξ + u(k))) = 1. (4.20)

Replacing ξ by p(ξ + u(k)) and n by 0 in (4.12), we have

1 = θ(pξ)φ̂(p(ξ + u(k)))̂̃φ(p(ξ + u(k))) +
L∑
ℓ=1

∞∑
j=0

ψ̂ℓ(p− j+1(ξ + u(k))) ̂̃ψℓ(p− j+1(ξ + u(k)))

= φ̂(ξ + u(k))̂̃φ(ξ + u(k))

θ(pξ)̂a(ξ)̂̃a(ξ) +
L∑
ℓ=1

b̂ℓ(ξ)
̂̃bℓ(ξ)


+

L∑
ℓ=1

∞∑
j=0

ψ̂ℓ(p− j(ξ + u(k))) ̂̃ψℓ(p− j(ξ + u(k))). (4.21)

Collecting (4.17), (4.20) and (4.21), we obtain

θ(ξ) = θ(pξ)̂a(ξ)̂̃a(ξ) +
L∑
ℓ=1

b̂ℓ(ξ)
̂̃bℓ(ξ).

Now, we prove (4.10). Taking n = 0 in (4.12), we have

θ(ξ)φ̂(ξ)̂̃φ(ξ) +
L∑
ℓ=1

∞∑
j=0

ψ̂ℓ(p− jξ) ̂̃ψℓ(p− jξ) = 1. (4.22)

Observe that although (4.13) and (4.14) are in the part of the proof where (4.10) and (4.11) are assumed to
hold, that they don’t follow from (4.10). Combining (4.22) with (4.13) and (4.14), we conclude that

lim
N→∞

θ(p−Nξ)φ̂(p−Nξ)̂̃φ(p−Nξ) = 1 for a.e. ξ ∈ K,

and, by the Assumption 4.2, we obtain (4.10). The proof is completed.
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