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Abstract. In this paper, we study Cotton solitons on three-dimensional paracontact metric manifolds.
We especially focus on three-dimensional paracontact metric manifolds with harmonic vector field & and

characterize them for all possible types of operator /. Finally, we constructed an example which satisfies
our results.

1. Introduction

The study of geometric evolution equations is one of the principal research subjects motivated by either
physical or mathematical questions. Several years ago, the notion of the Yamabe flow was introduced by
Richard Hamilton at the same time as the Ricci flow (see [5, 6]), as a tool for constructing metrics of constant
scalar curvature in a given conformal class of Riemannian metrics on (M", g) (n > 3). On a smooth semi-
Riemannian manifold, the Yamabe flow can be defined as the evolution of the semi-Riemannian metric go
in time ¢ to g = g(t) by the equation

J
59 = 19 9(0) = go,

where r denotes the scalar curvature which corresponds to g.

The significance of the Yamabe flow lies in the fact that it is a natural geometric deformation to metrics
of constant scalar curvature. One notes that Yamabe flow corresponds to the fast diffusion case of the
porous medium equation (the plasma equation) in mathematical physics. In dimension # = 2 the Yamabe
flow is equivalent to the Ricci flow (defined by % g = —25(t), where S stands for Ricci tensor). However
in dimension n > 2 the Yamabe and Ricci flows do not agree, since the first one preserves the conformal
class of the metric but the Ricci flow does not in general. Just as a Ricci soliton is a special soliton of the
Ricci flow, a Yamabe soliton is a special solution of the Yamabe flow that moves by one parameter family
of diffeomorphisms ¢; generated by a fixed (time-independent) vector field V on M, and homotheties, i.e.
9, t) = oObr “go-

Weyl tensor is a significant tool in the study of manifold geometry. However, geometers need to find
a distinct way in three-dimension. In general, Cotton tensor C, is a non-vanishing conformal invariant on
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a three-dimensional paracontact metric manifold contrary to Weyl tensor. The (0,2)- Cotton tensor C is
defined by

1 nml
Cij= ﬁcnmie qijs 1)

where €/ denotes the Levi-Civita permutation symbol (¢! = 1) and g = |det(g;j)|. It is trace-free and
divergence-free tensor.

In [7], anew geometric flow based on the conformally invariant Cotton tensor was introduced. A Cotton
flow is a one-parameter family g(t) of three-dimensional metrics satisfying

J
5190 = =AC00, @)

where Cy is the (0,2)-Cotton tensor corresponding to the metric g(t). A Cotton soliton is a metric defined
on a three-dimensional smooth manifold which satisfies

Lyg+C-0g=0, 3)

where V is a vector field, called potential vector field, o is constant and L denotes the Lie derivative [7].
Cotton soliton is trivial if C = 0 (i.e. conformally flat). Also, Cotton soliton is said to be shrinking, steady
and expanding according as ¢ is positive, zero and negative respectively. The potential vector field V is a
gradient vector field, i.e. V = Vf for some smooth function f, then the metric g is said to be gradient Cotton
soliton and the following equation holds for a smooth f on M:

2Hessf + C = og. (4)

As in Ricci and Yamabe soliton, Cotton soliton is a fixed point of (2) up to diffeomorphism and rescaling.

Calvino-Louzao et.al. [1] studied compact Riemannian Cotton solitons and proved that compact Rie-
mannian Cotton solitons are locally conformally flat in Riemannian structure. Moreover, they investigated
left-invariant Cotton solitons on homogeneous manifolds in [2]. Three-dimensional almost coKdhler such
that the characteristic vector field £ is an eigenvector field of the Ricci operator Q (i.e. Q& = p&, where p is
a smooth function on M) were studied by Chen in [3]. Furthermore, the same author investigated Cotton
solitons on three-dimensional contact metric manifolds [4].

In the light of previous works, the fact that there are only studies about Cotton solitons on contact
geometry motivate us to study Cotton solitons on 3-dimensional paracontact metric manifolds. The paper
is organized in the following way. In section 2, we recall some notations needed for this paper. Section 3
deals with the computations of the components of the (0, 2)—Cotton Tensor. In the last section, we consider
three-dimensional paracontact metric manifold M with f; and f3 types such that the characteristic vector
field is harmonic (i.e. Q& = p¢) and p is constant along the characteristic vector field . Then we proved that
if M admits a Cotton soliton with potential vector field being collinear with characteristic vector field &, then
M is either para-Sasakian, or locally conformally flat. The results for three-dimensional paracontact metric
manifolds with £, type are different from three-dimensional contact metric manifolds and three-dimensional
paracontact metric manifolds with #; and 3 types. We consider a three-dimensional paracontact metric
manifold with f, type such that the characteristic vector field is harmonic and p is constant along the
characteristic vector field £. Then we proved that if M admits a Cotton soliton with potential vector field
being collinear with characteristic vector field &, then M is locally conformally flat, has scalar curvature —6
and Cotton soliton is steady. Also, we studied the three-dimensional paracontact metric manifold with f;
type admiting a gradient Cotton soliton. Finally, an example which satisfies our results is constructed.

2. Preliminaries

A (2n + 1)— dimensional manifold M is called almost paracontact manifold if it admits triple (¢, &, 1)
satisfying the followings:
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e () =1,¢*=1-1®¢,
e ¢ induces on almost paracomplex structure on each fiber of D = ker(n),

where ¢, £ and 7 are (1, 1)—tensor field, vector field and 1-form, respectively. One can easily checked that
¢& = 0,n0¢ = 0and rank¢d = 2n, by the definition. Here, £ is a unique vector field (called Reeb or characteristic
vector field) dual to n and satisfying dn(, X) = 0 for all X. When the tensor field Ny := [¢, p] —2dn® &
vanishes identically, the almost paracontact manifold is said to be normal. If the structure (M, ¢, &, ) admits
a pseudo-Riemannian metric such that

9(PX, 9Y) = —g(X,Y) + n(X)n(Y),

then we say that (M, ¢, &, 1, g) is an almost paracontact metric manifold. Note that any pseudo-Riemannian
metric with a given almost paracontact metric manifold structure is necessarily of signature (n + 1,1). For
an almost paracontant metric manifold, one can always find an orthogonal basis {Xi, ..., X,, Y1,..., Yy, &},
namely ¢—basis, such that g(X;, X;) = —g(Y;, Y;) = 6;jand Y; = ¢X;, forany i,j € {1,...,n}.

Further, an almost paracontact metric manifold is said to be paracontact metric manifold if the following
holds for all vector fields X, Y on M:

dn(X, ) = g(X, o).

In paracontact metric manifold, one defines a symmetric operator / := 3L:¢. The operator / also satisfies
the followings:

{hg =0,  ¢h=—ho, -

traceh =0, Vx&=—-pX + phX,

where V is the Levi-Civita connection of the pseudo-Riemannian manifold. If £ is a Killing vector field, then
the paracontact metric manifold is called a K-paracontact manifold. A normal paracontact metric manifold is
said to be a para-Sasakian manifold. A para-Sasakian maniold is also K-paracontact and the converse holds
only in dimension 3. Kiipeli Erken and Murathan proved the following Theorem.

Theorem 2.1. [8] Let (M, ¢, &, 1, g) be a three-dimensional paracontact metric manifold. & is a harmonic vector field
if and only if the characteristic vector field £ is an eigenvector of the Ricci operator.

Theorem 2.2. [9] An almost paracontact metric structure (¢, &, 1, g) is para-Sasakian if and only if
(Vx@)Y = —g(X, )¢ + n(V)X.

Now, we give some information about the canonical forms of h.
The tensor /1 the canonical form (I). Let (M, ¢, &, 1, g) be a three-dimensional paracontact metric manifold
and let

Us = {p € Mlh(p) # 0} c M
U, = {p € Mlh(p) = 0, in a neighborhood of p} C M.

That & is a smooth function on M implies U; U U, is an open and dense subset of M, so any property satisfied
in U; U U, is also satisfied in M. For any point p € U; U Uy, there exists a local orthonormal ¢-basis {e, e, &}
of smooth eigenvectors of & in a neighborhood of p, where —g(e, e) =g(¢e, pe) = g(&, &) = 1. On Uy, we put
he = Ae, where A is a non-vanishing smooth function. Since trh = O we have he = —Age. In this case, we
will say the operator  is of f; type.
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Lemma 2.3. [8] Let (M, ¢, &, 1, g) be a three-dimensional paracontact metric manifold with h of ky type. Then for
the covariant derivative on Uy, the following equations are valid

)
)
)
)
(v) Voee = ce,
)
)
)
)

where w = S(&, Jkern, b = g(Vee, pe), A = w(e), B = w(¢pe) and

_ A= ¢e(V)

Y W @
_ B+e())
=224, ®

From (6), we have

[e,pe] = ae—cpe+2E,
le,c]  =(@A-1-D)pe, 9
[pe,&] =(=A—1-b)e.

The components of the Ricci operator Q for /4 type are given by

Qe =(1—-A*+1r—2bA)e— Zge + AL,
Qpe =Ze+(1— A%+ Lr+2bA)pe + BE, (10)
Q& = —Ae+Bge+2(A% - 1),

where Z = £(A).

The tensor / the canonical form (II). Let (M, ¢, &, 1, g) be a three-dimensional paracontact metric mani-
fold and p is a point of M. Then there exists a local pseudo-orthonormal basis {e;, €5, £} in a neighborhood
of p, where g(ey, e1) = g(ez, €2) = gle1, &) = glea, &) = 0 and g(ey, e2) = 1.

Lemma 2.4. [8] Let U be the open subset of M, where h # 0. For every p € U, there exists an open neighborhood of p
such that hey = ey, he, = 0,hE = 0 and ¢er = tey, Pper = Fey.

In this case, we say  is of #, type.

Lemma 2.5. [8] Let (M, ¢, &, 1, g) be a three-dimensional paracontact metric manifold with h of h, type. Then for
the covariant derivative on U, the following equations are valid
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(i) Veer = —ber +¢,
Ve =byey + &,

(i

(iii

)
i)
)
(iv) Ve,e1 = —byey — &, (11)
)
)
)V
)

=

Ve & =—e1—e,

(v) Ve,e2 = baey,
(Vl VEzE - 32/
(Vll €1 = azey,

(V111 VgEz = —ajeéy,
where ay = g(Vzer, €2), by = g(Ve,e2,€1), by = —3wl(er) and w(ey) = S(E, e1) = As.
From (11) we have

ler,ea] = baey + baey +2&,
[e1, &l =-(1+a)er —e, (12)
[e2,&] = (1+a)er.

The components of the Ricci operator Q for £, are given by

Qey =01+ %1’)61 —2me; + AjE,

Qey = (1+31)ey, (13)

Q¢ =Are - 28

The tensor /i the canonical form (III). Let (M, $, &, 1, g) be a three-dimensional paracontact metric

manifold and let p is a point of M. Then there exists a local orthonormal ¢-basis {e, ¢e, &} in a neighborhood
of p, where —g(e, e) = g(¢e, pe) = g(&, &) = 1. Now, let U; be the open subset of M where h # 0 and let U, be
the open subset of points p € M such that # = 0 in a neighborhood of p. U; U U, is an open subset of M. For
every p € U; there exists an open neighborhood of p such that he = Ade, hpe = —Ae and hE = 0 where A is a
non-vanishing smooth function. In this case, we say that & is of A3 type.

Lemma 2.6. [8] Let (M, ¢, &, 1, g) be a three-dimensional paracontact metric manifold with h of s type. Then for
the covariant derivative on Uy, the following equations are valid

(i) € =azpe+ A&,

(i) V.¢pe =aze+ ¢,
(iii) V& = —e + Ae,
(iv) Vgee = bape — &, (14)

(v) Vgetpe = bze + AE,
(Vi) Vel = —e— Adpe,
) Ve = byoe,

(viil) Vee = bae,

(vii

where as, by and by are defined by
1
az = —ﬁ[w(@) + pe(A)], Az = w(e) = S(e, &), (15)

by = 5 l() - e, Bs = w(¢e) = (e, £) (16)
by = g(Vee, de),
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respectively.

From (14) we have

[e,pe] = aze —bzcpe + 2¢,
le,&] = Ae—(1+Dbs)ge, (17)
[pe, &1 = —(1 + bs)e — Adbe.

The components of the Ricci operator Q for f3 are given by

Qe =1+ A%+ 1r+ Z)e— 20310 + Azé,
Qpe =2bsMe+ (1+ A%+ Lr+ Z)ge + B3é, (18)
Q& = —Aze+ Bsde —2(1 + A2)¢,

where Z = £(A).

3. Cotton Solitons

In this section, we give the components of the Cotton tensor and calculate the scalar curvature for each
three-dimensional paracontact metric manifolds according to their & types.

Using the relations S(X,Y) = lef{’ ! €ig(R(e;, X)Y,e;) and r = ):lsz ! €;S(e;, e;). We derive a useful formula
for the scalar curvature.

Lemma 3.1. Let (M, ¢,¢&,1,9) be a three-dimensional paracontact metric manifold with kb type. Then the scalar
curvature v is given as follows:

r = trace(Q) = 2[—e(a) + e(c) — a?+c*-2b+ A% -1]. (19)

Proposition 3.2. Let (M, ¢, &, 1, g) be a three-dimensional paracontact metric manifold with fy type. If the charac-
teristic vector field & is a harmonic vector field in the open subset Uy, then the following relations are valid for the
components of Cotton tensor C.

Ci1 =Cle,e) = (A + 1)[%r +3 =312 —20A] - &(Z) — 4b%A, (20)
C12 = Cle, e) = 2AE(b) +4bZ + Z(A + 1) — ié(r), 21)
Ci13 = Cle, &) = —e(Z) — 4abA — pe(A* + 2bA) — 2cZ + }Iqbe(r), (22)
Cx = C(¢e, pe) = —E(Z) — 4b*A + (A — 1)(% +2bA) +3(A = 1)(1 - A?), (23)
Cos = C(¢he, &) = e(=A% + 2bA) + 2aZ + pe(Z) + 4bcA + }Ie(r), (24)
Caz = C(&,&) = —4bA% + 6(1 — A%) + 1. (25)

Proof. Well-known Cotton tensor equation is defined as
1
CXYNZ = (VxS)(Y, 2) = (VyS)(X, 2) — 1 [X(Ng(Y, 2) - Y(r)g(X, 2)] (26)

for all vector fields X, Y, Z, where S is the Ricci curvature tensor and r is the scalar curvature. From (1) and using the
notation Cij = Cle;, ej)ex for all i, j = 1,2,3, we get

1 1 1
Cn = E[Cnmlenmlgll] = E[—Cnmﬁ”"ﬂ] = —E[sz1€2m1 + Came™™]

= —Co31.
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Using similar calculations we have
C2=Ca11, Ci3=Cro1, Cn=GCaz, Cp=Cin Cz3=Cooms.

From the assumption of & is a harmonic vector field, using Theorem 2.1 and (18), we have A = B = 0. By using (1)
and (18) after a long but straightforward calculations we compute the components Cij as follows:

Ci1 = —Ca31 = —[C(¢pe, E)e]
= =[(VgeS)(E, €) = (VeS)(e, e)]

=A+1D1-A%+ %r —2bA) = 2(A2 = 1)(A + 1)
—&Z)+b(1- A%+ %r—Zb)\) —b(1-A%+ %sz)\)

=(A+ 1)[%1’ +3—3A% = 2bA] - &(Z) — 4b%A,

Ci2 = Ga11 = [C(&, e)e]
= [(VeS)(e,6) = (VeS)(E, 0] + 70)
=-E£1-A%+ %r —2bA) +2bZ — (A - 1)Z + }lé(r)

= 2AE(D) + 4bZ + Z(A + 1) — ig(r),

Ci3 = Ci21 = [Cle, Pe)e]
= [(Ve5)(2,©) ~ (VoxS)(e, )] = 3000)
= —e(Z) — 4abA + de(1 — A* + %r —2bA) - 2cZ — }ch)e(r)

= —e(Z) — 4abA — de(A* + 2bA) — 2cZ + }I(Z)e(r),

Cxn = Cap = [C(&, e)e]
= [(VeS)(e, de) — (Ve S)(E, pe)l

=E2)-4PA+ (A -1 - A%+ %r +2bA) +2(A2 = 1)(1 - A)

= —&(Z) —4b*A + (A — 1)(%1’ +2bA) +3(A = 1)(1 = A?),

Cp3 = Ci22 = [Cle, Pe)pe]
= [(VeS)(e, 66) = (VoxS)e, $0)] = 30
=e(1-A%+ %r +2bA) + 2aZ + pe(Z) + 4bcA — }Ie(r)

= e(=A% + 2bA) + 2aZ + de(Z) + 4bcA + }Ie(r),
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Cs3 = Ci23 = [Cle, pe)é]
= [(VeS) (e, &) — (Ve S)(e, &)]
—(A-1D[BA2-3— % “2bA]+ A+ 1)[=3A% + 3 + %r —2bA]
= —4bA% +6(1 — A?) + 1.

O

To calculate r for f, type we construct a new pseudo-orthonormal frame {1, &, é3} such as & = '31‘7;2 ,6 =

e1—ey

and & = &. So, we get g(é1,61) = 1 = —g(é2,6),9(61,6:) = 0 and hé; = hé; = e;. Then we give the
following lemma.

Lemma 3.3. Let (M, ¢, ¢&,1,9) be a three-dimensional paracontact metric manifold with hy type. Then the scalar
curvature v is given as follows:

r = trace(Q) = 2[—e1(b) + ex(ba) + 2b2by — 24, — 1]. (27)

Since the proof of the following proposition is quite similar to Proposition 3.2, so we don’t give the proof of
it.

Proposition 3.4. Let (M, ¢, &, 1, 9) be a three-dimensional paracontact metric manifold with fy type. If the charac-
teristic vector field & is a harmonic vector field in the open subset U, then the following relations are valid for the
components of Cotton tensor C.

C11 = C(e, e1) = —2&(ap) + 2ax(1 + 2a,) — 3 — %r, (28)
Crz = Cley,e2) = =3 = 37 = 7£0), 9
C13 = Cle1, &) = 2ex(an) + 4azby + }Lel(r), (30)
Cxn = C(ez,e2) =0, (31)
Co = Cler, £) = ~3ea), )
C=C(, &) =6+r (33)

Lemma 3.5. Let (M, ¢, ¢&,1,9) be a three-dimensional paracontact metric manifold with hs type. Then the scalar
curvature v is given as follows:

r = trace(Q) = 2[—e(az) + e(bz) — ag + b§ —2b3 — A% —1]. (34)

Since the proof of the following proposition is quite similar to Proposition 3.2, so we don’t give the proof of
it.

Proposition 3.6. Let (M, ¢, &, 1, g) be a three-dimensional paracontact metric manifold with fi type. If the charac-
teristic vector field & is a harmonic vector field in the open subset Uy, then the following relations are valid for the
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components of Cotton tensor C.

Ci1 = Cle,e) = 3(A* + 1) + Z(1 — 2b3) + %r + 2A(Abs — £(D3)), (35)
C12 = Cle, Ppe) = —}Lg(r) ~ABZ+3A* +4+ %r) +2b3A(1 + 2b3), (36)
Ci3 = Cle, &) = —2e(b3A) + pe(A? + Z) — 4bsbs A + 31¢e(r), (37)
Co = C(¢pe, pe) = —2[E(b3)A + b3Z + b3A?] = 3(A* + 1) — %r -7, (38)
Cas = C(¢e, &) = e(A* + Z) + dazbz A + 2¢e(b3 ) + ie(r), (39)
Cas = C(&,&) =1+ 4A%Dh3 + 2Z + 6(1 + A?). (40)

4. 3-dimensional Paracontact metric manifolds with harmonic vector field &

Theorem 4.1. Let (M, $,&,n,9) be a three-dimensional paracontact metric manifold with fy type such that the
characteristic vector field is harmonic (i.e. Q& = p&) and p is constant along the characteristic vector field &. If M
admits a Cotton soliton with potential vector field being collinear with characteristic vector field £, then M is either
para-Sasakian, or locally conformally flat.

Proof. Firstly, we denote U; and U, as follows:
Uy ={peM: A =0inamneighborhood of p}

and
Uy ={p e M: A #0in aneighborhood of p}.

If we only study on U, then M is para-Sasakian from Theorem 2.2. Now, assume that U, is a non-empty
set and let {¢, e, &} is a ¢p-basis in U,.

From the characteristic vector field is harmonic and (18), we have p = 2(A% - 1),&(p) = &(A) = Z = 0 and
A=B=0.

If V =0 (3) returns to C = og. It could be shown obviously that the tensor C is trace-free. So, ¢ is equal
to zero. Hence, M is locally conformally flat.

Now, we assume that V = f&, where f is a non-vanishing smooth function. Substituting V by f¢& and
using (5), equation (3) becomes:

ag(X,Y) = 2fg(dhX,Y) + X(f)n(Y) + Y(fn(X) + C(X, Y) (41)
Putting X = Y = e in (41) and using (20) we obtain

o=-(A+ 1)(%1’ —2bA) +4b°A = 3(A + 1)(1 — A?). (42)
Similarly, letting X = Y = ¢e in (41) and using (23) we get

o=(A- 1)(%1’ +2bA) +3(A = 1)(1 = A?) — 4%A. (43)
On the other hand, if we put X = eand Y = ¢e in (41) and use (21) we have

2Af = —2A&(b) + 315(7). (44)

If we add (42) and (43) we have
20 = —r + 4bA% — 6(1 — A?). (45)
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Comparing (42) with (45) after some calculations, we get
o = 2b(A* — 1 - 2b).

Differentiating the above equation along the vector field £, and from the fact that o is constant and £(A) = 0
we find

Eb)4b+1-A% =0. (46)

Now there are two possibilities. The first one is £(b) = 0. Differentiating (45) along the vector field & we
have &(r) = 0. From the equation (44), f must be zero since A is non-vanishing smooth function. So, we
obtain that the Cotton soliton is trivial.

The second one is &(b) # 0. Then we get 4b + 1 — A? = 0 from (46). By differentiating this along the vector
field &, we obtain &(b) = 0, which leads to a contradiction with &(b) # 0.

This completes the proof of the theorem. [

Theorem 4.2. Let (M, $,&,1,9) be a three-dimensional paracontact metric manifold with hy type such that the
characteristic vector field is harmonic (i.e. Q& = p&) and p is constant along the characteristic vector field &. If M
admits a Cotton soliton with potential vector field being collinear with characteristic vector field &, then M is locally
conformally flat, has scalar curvature —6 and Cotton soliton is steady.

Proof. The proof of the first part is similar to the proof of the Theorem 4.1, namely, if V = 0, then M is locally
conformally flat. Now, assume that V = f&, where f is a non-vanishing constant function. The equation
(41) is also valid for A, type. Putting X = e; and Y = e, in (41) and using (29), we get

1 1
c=-3- ET’ - 15(7’) (47)
Letting X = Y = £ in (41) and using (33) we have

g=6+r (48)

Comparing (47) with (48), we have ¢ = 0. By (48), we obtain r = —6. This completes the proof of the
theorem. O

Theorem 4.3. Let (M, $,&,n,9) be a three-dimensional paracontact metric manifold with ks type such that the
characteristic vector field is harmonic (i.e. Q& = p&) and p is constant along the characteristic vector field &. If M
admits a Cotton soliton with potential vector field being collinear with characteristic vector field &, then M is either
para-Sasakian, or locally conformally flat.

Proof. The proof of the first part is similar to the proof of the Theorem 4.1. If V = 0, then M is locally
conformally flat. Now, assume that V = f&, where f is a non-vanishing constant function. The equation
(41) is also valid for f3 type.
Letting X = Y = e in (41) and using (35) we get
1 ~ -

0=2Af -3A*+1) - 5" 2A%h3 + 2A&(b3). (49)
Again, putting X = Y = ¢pe in (41) and by the help of (38), we obtain

0= —2fA = 2[E(B3)A + B3A%] = 3(A% + 1) — %r. (50)
On the other hand, if we put X = eand Y = ¢pe in (41) and use (36), we have

—}Ié(r) - ABGA% +4+ %r) +2b3A(2b3 +1) = 0. (51)
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By adding (49) with (50) we get
o=-3A2+1)- %r —2A%b;. (52)

Comparing (49) with (52), we conclude that f = —&(b3). By differentiating the equations (52) and (51)
along the vector field &, we obtain &(r) = 4A2f and f(A2 + 1 + 4b3) = 0, respectively. Since f # 0, we get
A% + 1 +4b3 = 0. Differentiating this along the vector field &, we have f = 0, which is a contradiction with
the fact that f # 0.

Hence, we complete the proof of the theorem. [

Remark 4.4. From Theorem 4.1, Theorem 4.2 and Theorem 4.3, we proved that there do not exist any non-conformally
flat three-dimensional paracontact metric manifold admitting a Cotton soliton with the characteristic vector field is
harmonic (i.e. Q& = pé&) and p is constant along the characteristic vector field & such that the potential vector field
being collinear with characteristic vector field &.

Theorem 4.5. Let (M, },¢&,1,9) be a three-dimentional paracontact metric manifold with I type such that the
characteristic vector field is harmonic. If M admits a gradient Cotton soliton, then M is either para-Sasakian or locally
conformally flat.

Proof. We denote U, and U, as follows:
Uy ={peM: A =0ina neighborhood of p}

and
U, ={peM: A #0in aneighborhood of p}.

If M = U;, then M is para-Sasakian. Consider ¢-basis {e, pe, £} on non-empty set U,. The potential vector
field V equals Vf = fie + fage + f3&, where fi, f>, f3 are smooth functions. Since C is divergence-free and
from [[1], Remark 3], we get QV f = 0. Then following three equation holds from (6)

Al =A%+ 3r-201)=0
f(l =A%+ 1r+201) =0 (53)
f(A2=1)=0.

Obviously, if V = 0 then Cotton soliton is trivial. Now, we assume that at least one of the functions is
different from zero and seperate the proof three parts.

Case I: (A = 1) In this case we have a = ¢ = 0 from (7) and (8). By (3.1), we derive r = —4b. Then from the
first term of (53) we have bf; = 0. Using the well-known formula 1Vr = divQ for every semi-Riemannian
manifolds, after some calculations we obtain b is constant. If b = 0, then the equations (20)-(25) are zero ,that

is, M is locally conformally flat. If b # 0 then f; = 0. Then the components of C return to the followings:

Cip = Ci3=Co3 =0, Ci1 = —8b — 4b?, Cyp = —4b%, Cs3 = —8b. (54)
The gradient Cotton soliton equation (4) can be written as
29(VxVEY)+C(X Y) = 09(XY), (55)

where X and Y are vector fields on M. By putting X = eand Y = ¢e in (55) and using (54) we have e(f,) = 0.
Similarly, if we write X = £ and Y = ¢e in (55) we get &(f2) = 0. If we act f, to the second term of (9) we
find ¢e(f>) = 0. In (55), after putting X = Y = e and X = ¢pe, Y = ¢pe we get 0 = 8b + 4b? and 0 = —4b?
respectively. Itimplies that b = —1. Using the similar calculations from (55), we find thate(f3) = 0, pe(f3) = 0
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and &(f3) = —6. After acting f; to the first term of (9) we obtain &(f3) = 0. Hence, we find that b must be
zero.

Case II: (A = —1) Applying the same method as in Case I, we get the same results.

Case III: (A # £1 in some O C U,) In this case, we observe that f; = 0 from the last term of (53). By the
help of (6) and (25), after putting X = Y = £ in (55) we get

—4bA%2 +6(1 =A%) +r=o0. (56)
Taking X = eand Y = £ in (55) and using (6), (7) and (22) we have

2f(1 = A) + 4aA? — 2A¢pe(b) + 31¢e(r) =0. (57)
Putting X = ¢pe and Y = £ and using (24) in (55), we conculude that
—2(A + 1) f1 +4cA? + 2e(b)A + }Ie(r) =0. (58)

Consider the following two open sets such as the union set is open and dense in the closure of O as
follows:

O1={pe0:1-A*+ %r—ZbA # 0 in a neighborhood of p}

and
O,={pe0:1-A%+ %r —2bA = 0 in a neighborhood of p}.

In the set O;, we get fi = 0 from the first term of (53). It implies that f, # 0 from the assumption. So,
from the second term of (53) we get 1 — A2 + 17+ 2bA = 0. Comparing the above equation with (56), we have

0 =4(1 - A% —4b(A + A?). (59)
By using d*f = 0, Poincare Lemma, we have the relation
g(VxVf,Y) = g(VyVf, X), (60)
where X and Y are vector fields. Taking X = £ and Y = ¢ in (60), and using (6) we get
b=A-1

We obtain that A and b are constants after substituting the above equation in (59). Hence, a = ¢ = 0 by (7)
and (8). (56) gives that r is constant. From (57), we observe f,(1 —A) = 0. Since A # 1, we get f, =0in O
which leads to a contradiction with f, # 0. So, it means that O; is empty.

In O,, we have

1—/\2+%r—2b)\20. (61)

Then we get bf, = 0 from the second term of (53), where A is a non-vanishing smooth function. Let define
two sets V; and V, as follows:
Vi={peO:b#0}

and
V2={p€OZIb:0}.

The union set is open and dense in the closure of O,. Hence, we have f, = 0 in V;. Putting X = £ and
Y = ¢pe in (60) and using (6), we get
b=1-4,
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since fi # 0 in V;. With the similar calculations as we did before, we get a = ¢ = 0 and b, A and r are
constants. By (58), we have f; = 0. It means that V; is empty.

From the fact that b = 0 in V5, we obtain from (61) that r = —2(1 — A?). Replacing the last equation into
(56) we obtain 0 = 4(1 — A?). It implies that A and r are constants. Then a = ¢ = 0 from (7) and (8). On the
other hand, we get fi = f, = 0 from (57) and (58) since A # +1. Hence, V; is empty. So, this completes the
proof of the theorem. [J

Now, we will give an example which satisfies Theorem 4.2.

Example 4.6. Let us choose a local pseudo-orthonormal frame {e1, ey, ez = &} for a three-dimensional paracontact
metric manifold where [e1, 2] = 2&, [e1, &] = —2e1—ep and [ep, E] = 2e; for gle1, e1) = glez, e2) = gle1, &) = glez, &) =
0 and g(eq,e2) = g(es, e3) = 1. Using the equation (3) and Propositon 3.4, we see that the manifold admits Cotton
soliton for V = 3¢, by = by = 0 and ay = 1. We conclude that the scalar curvature r = —6 and steady from Lemma
3.3.

References

[1] Calvifo-Louzao, E., Garcia-Rio, E. and Vazquez-Lorenzo, R., A note on compact Cotton solitons, Classical Quantum Gravity, 29,
2012, 205014 (5pp).

[2] Calvifio-Louzao, E., Hervella, L.M., Seoane-Bascoy, ]. and Vazquez-Lorenzo, R., Homogeneous Cotton solitons, J. Phys. A: Math.
Theor. 46 , 2013, 285204 (19pp).

[3] Chen, X., Cotton Solitons on Almost coK&hler 3-Manifolds, Quaest. Math., 44 (8), 2021, 1055-1075.

[4] Chen, X., Three dimensional contact metric manifolds with Cotton solitons, Hiroshima Math. J., 51, 2021, 275-299.

[5] Hamilton, R.S., The Ricci-flow on surfaces. Mathematics and General Relativity (Santa Cruz, CA, 1986), 237-262, Contemp. Math.,
71, Amer. Math. Soc., Providence, RI, 1988.

[6] Hamilton, R.S., Lectures on Geometric Flows, (Unpublished manuscript, 1989).

[7] Kisisel, A. U. O., Sarioglu, O. and Tekin, B, Cotton flow, Classical Quantum Gravity, 25 (16), 2008, 165019.

[8] Kiipeli Erken, 1., Murathan, C., A study of three-dimensional paracontact (%, fi, 7)-spaces, Int. ]. Geom. Methods Mod. Phys.,
Vol.14, No.7, 2017, 35pp.

[9] Zamkovoy, S., Canonical connections on paracontact manifolds, Ann. Glob. Anal. Geom., (36), 2009, 37-60.



