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Abstract. The purposeiof thisiarticle is to construction Hermite–Hadamard itype inequalities viaiCaputo-
Fabrizio fractional integralifor s-convexifunction. The results are applied to fractionalivariations of Hermite–
Hadamarditype inequalities foridifferentiableimapping φ with s-convexiabsolute value derivatives. The
findings also provide a new lemma for φ′ and new limitsivia Caputo-Fabrizio fractionalioperator by using
the well-knowniHölder’s integral inequalities. Moreover some new boundsifor applications of matrix and
special means of different positive real numbers are also discussed.

1. Introduction and Preliminaries

Convexity is welliknown to play an importantiand vitalirole in manyiareas, including economics, fi-
nance,ioptimization, gameitheory and different sciences. This concept has been extendediand general-
izediin several directions due to its diverse applications. Forimore than aicentury, this theory has been
theifocus and motivation of outstanding mathematicaliresearch. Convexianalysis theory provides power-
ful principles anditechniques for studying a wide range of problems iniboth pureiand applied mathematics.
Numerous mathematiciansiand applied scientists are constantly attempting to apply and make available
novel ideas for the enjoyment and beautification of convexity theory. Because of their importance in
traditionalicalculus, fractionalicalculus, quantum calculus,iinterval-valued,istochastic, time-scaleicalculus,
fractal sets, andiother fields,iinequalities haveian intriguing mathematicalimodel.

Definition 1.1. [1] Considerian extendedireal valuedifunction φ : I → ℜ, where I ⊂ ℜn is any convexiset, then
the function φ isiconvex on I, if

φ
(
χη1 + (1 − χ) η2

)
≤ χφ

(
η1

)
+ (1 − χ)φ

(
η2

)
(1)

holds for all η1, η2 ∈ I and χ ∈ (0, 1).
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TheiHermite–Hadamard(H–H)iinequality assert that,iif a mappingiφ : I ⊆ ℜ → ℜ is convexi functionion
an interval I of a realinumbers and η1, η2 ∈ I and η2 > η1, then

φ
(η1 + η2

2

)
≤

1
η2 − η1

∫ η2

η1

φ(χ)dχ ≤
φ(η1) + φ(η2)

2
(2)

interestedireaders can refer to [2] and [3].
Both inequalitiesihold in the reversed directioniifφ is concave. Theiinequality (2) is knowniin theiliterature

as theiHermite–Hadamard’siinequality.
We noteithat the Hermite–Hadamard’siinequalityimay be regardedias a refinement of the conceptiof

convexityiand it followsieasily from Jensen’siinequality. The classicaliHermite–Hadamard’siinequality
providesiestimates of the meanivalue of a continuous convexifunction φ : [η1, η2]→ℜ.

The followingiconcept was introduced byiOrlicz in [4]:

Definition 1.2. A mapping φ : [0,+∞)→ℜ isisaid toibe s-convexiin the firstisense.

φ
(
αx + βy

)
≤ αsφ (x) + βsφ

(
y
)

holds foriall x, y ∈ [0,+∞) and α, β ≥ 0 withiαs + βs = 1, for someifixed s ∈ (0, 1]. Theiclass of s-conveximappings in
the senseiis usuallyidenoted this class of realifunctions byiK1

s .

In [5], Hudzik andiMaligranda consider the following classiof function:

Definition 1.3. A mapping φ : [0,+∞)→ℜ isisaid toibe s-convexiin the firstisense.

φ
(
αx + βy

)
≤ αsφ (x) + βsφ

(
y
)

holds foriall x, y ∈ [0,+∞) and α, β ≥ 0 withiα + β = 1, for some fixed s ∈ (0, 1]. The class of s-conveximappings in
the senseiis usuallyidenoted this class of realifunctions byiK2

s .

Definition 1.4. A mapping φ : ℜ+ → ℜ, where ℜ+ = [0,+∞), is called to be s-convexiin the secondisense for a
realinumber s ∈ (0, 1] or φ belongsito the class ofK2

s , if

φ
(
χη1 + (1 − χ) η2

)
≤ χsφ

(
η1

)
+ (1 − χ)s φ

(
η2

)
(3)

holds, ∀ η1, η2 ∈ [0,+∞) and χ ∈ [0, 1].

Dragomir and Fatzpatrick in [2], proved the followingiHadamard’s inequalityiwhich holdsifor the s-convex
in the secondisense as:

Theorem 1.5. iSuppose a mapping φ : [0,+∞)i→ [0,+∞) is an s-convexiin the secondisense, whereis ∈ (0, 1) and
letiη1, η2 ∈ [0,+∞),i η1 < η2. Ifiφ ∈ L[η1, η2], then the followingiinequalitiesihold

2s−1φ
(η1 + η2

2

)
≤

1
η2 − η1

∫ η2

η1

φ (x) dx ≤
φ

(
η1

)
+ φ

(
η2

)
s + 1

, (4)

theiconstant k = 1
s+1 is the bestipossible value in the secondisense in (4). The inequalities (4) areisharp. (see [6],[7],

[8], [9]).
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Here Γ(.), β(., .) areithe classical Gamma,iBeta functions as describediby

Γ
(
η
)
=

∫ 1

0
e−χχη−1dχ

and

β
(
η∗, η

∗
)
=

∫ 1

0
χη∗−1 (1 − χ)η

∗
−1 dχ.

In recentiyears, several scholarsihave been interestediin the definition of fractional derivative. Nonlo-
califractional derivativesiare classified into two types: those with singularikernels, such as theiRiemann-
Liouvilleiand Caputo derivatives, and thoseiwith nonsingularikernels, suchias the Caputo-Fabrizio andi
Atangana-Baleanu derivatives.

iHowever, fractionaliderivative operatorsiwithinon-singularikernels are particularly successfuliin solv-
inginon-localityiin realiworld issues in the desiredimanner. We’ll return to the Caputo-Fabrizioiintegral
operator later. We would like to refer the reader to (see [10]-[15]) and referencesitherein for more informa-
tion.

New studies on many modeling and real-worldiproblems have been conducted with the assistance
of the Caputo-Fabrizioioperator. This is because the Caputo-Fabrizio definition is veryieffective in bet-
ter describing heterogeneity and systems with differentiscales with memoryieffects.iThe Caputo-Fabrizio
definition’s main basic feature can be explained (see [16], [17] ).

Definition 1.6. [18] Let φ ∈ H1(µ, τ)(where H1 is class of first order differentiable function), τ > µ, κ ∈ (0, 1)
then, the definitioniof the new Caputo fractionaliderivative is:

CFDκφ(χ) =
M(κ)
1 − κ

∫ χ

µ
φ′(s)exp

[
−

κ
(1 − κ)

(τ − s)
]

ds, (5)

whereM(κ) is normalization function.

Moreover,ithe correspondingiCaputo-Fabrizio fractionaliintegral operatoriis given as:

Definition 1.7. [19] Letiφ ∈ H1(µ, τ), τ > µ, κ ∈ [0, 1].(
CF
µIκφ

)
(χ) =

1 − κ
M(κ)

φ(χ) +
κ

M(κ)

∫ χ

µ
φ(y)dy

and (
CF
I
κ
τφ

)
(χ) =

1 − κ
M(κ)

φ(χ) +
κ
M(κ)

∫ τ

χ
φ(y)dy,

whereM : [0, 1]→ (0,∞) is normalizationifunction that satisfyingiM(0) =M(1) = 1. (see [17], [20])

İ. İşcan found the following inequality foriintegrals in [21], which outperforms the classicaliHölder
inequality.

The integral of Hölderi İ. İşcan integral inequality is the followingitheoremi.

Theorem 1.8 (Hölder İ. İşcani integral inequality). Suppose pi > i1 and p−1i = i1−q−1. IfΦiandΨ are realifunctions
defined on [η1, η2] and if |Φ|p, and |Ψ|qiare integrable oni[η1, η2],ithen(∫ η2

η1

|Φ(χ)|p dχ
) 1

p
(∫ η2

η1

|Ψ(χ)|q dχ
) 1

q
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≥
1

η2 − η1

{ (∫ η2

η1

(η2 − χ) |Φ(χ)|p dχ
) 1

p
(∫ η2

η1

(η2 − χ)
∣∣∣ψ(χ)

∣∣∣q dχ
) 1

q

+

(∫ η2

η1

(χ − η1) |Φ(χ)|p dχ
) 1

p
(∫ η2

η1

(χ − η1) |Ψ(χ)|q dχ
) 1

q }
≥

∫ η2

η1

|Φ(χ)Ψ(χ)| dχ. (6)

The following isiImproved power–meaniintegral inequality:

Theorem 1.9. Suppose qi ≥ i1. IfΦ andΨiare real functions definedion [η1, η2] and if |Φ|, and |Φ||Ψ|q areiintegrableion [η1, η2],
then (∫ η2

η1

|Φ(χ)| dχ
)1− 1

q
(∫ η2

η1

|Φ(χ)| |Ψ(χ)|q dχ
) 1

q

≥
1

η2 − η1

{ (∫ η2

η1

(η2 − χ) |Φ(χ)| dχ
)1− 1

q
(∫ η2

η1

(η2 − χ) |Φ(χ)| |Ψ(χ)|q dχ
) 1

q

+

(∫ η2

η1

(χ − η1) |Φ(χ)| dχ
)1− 1

q
(∫ η2

η1

(χ − iη1) |Φ(χ)| |Ψ(χ)|q dχ
) 1

q }
≥

∫ η2

η1

|Φ(χ)Ψ(χ)| dχ. (7)

2. Main Results

In thisisection, we giveiHermite–Hadamard’s type inequalities for Caputo–Fabrizio fractionaliintegral
operator are obtained for a differentiableifunctions on (η1, η2). For this, we give a new Caputo–Fabrizio(CF)
fractional integraliidentity that williserve as an auxiliaryito produce subsequent results for improvements.

2.1. Hermite–Hadamard’s type inequalityivia theiCaputo–Fabrizio(CF) fractionalioperator
Theorem 2.1. iSuppose a positive mapping φ : I = [η1, η2] → ℜ, φ ∈ L[η1, η2] If φ isis-convex mapping in
theisecond sense on [η1, η2], s ∈ (0, 1], then the following double inequalityiholds

2s−1φ
(η1 + η2

2

)
≤

M (α)
α
(
η2 − η1

){ (
CF
η1

Iαφ
)

(k) +
(

CFIαη2
φ
)

(k) −
2 (1 − α)
M (α)

φ (k)
}

≤
φ

(
η1

)
+ φ

(
η2

)
s + 1

, (8)

whereik ∈ [η1, η2]iandM (α) > 0 isia normalization function.

Proof. Let [η1, η2], with η1 < η2. Given that the function φ is s-convex. We get from (4)

2sφ
(η1 + η2

2

)
≤

2
η2 − η1

∫ η2

η1

φ (z) dz ≤ 2.
φ

(
η1

)
+ φ

(
η2

)
s + 1

, (9)

2sφ
(η1 + η2

2

)
≤

2
η2 − η1

{∫ k

η1

φ (z) dz +
∫ η2

k
φ (z) dz

}
.

By multiplying on both sides above with
α(η2−η1)

2M(α) and adding 2(1−α)
M(α) φ (k) , we have

2s−1φ
(η1 + η2

2

)
.
α
(
η2 − η1

)
M (α)

+
2 (1 − α)
M (α)

φ (k) ≤
{ (

CF
η1

Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}
. (10)
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After suitable rearrangement of (10), we arrive at left inequality of (8)
Now we will prove the right side (8). The Hadamard inequality for s-convex function

2
η2 − η1

∫ η2

η1

φ (z) dz ≤ 2.
φ

(
η1

)
+ φ

(
η2

)
s + 1

2
η2 − η1

{∫ k

η1

φ (z) dz +
∫ η2

k
φ (z) dz

}
≤ 2.

φ
(
η1

)
+ φ

(
η2

)
s + 1

. (11)

By multiplying on both sides above with
α(η2−η1)

2M(α) and adding 2(1−α)
M(α) φ (k) , we have

{ (
CF
η1

Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}
≤

(
φ

(
η1

)
+ φ

(
η2

))
.
α
(
η2 − η1

)
(s + 1) M (α)

+
2 (1 − α)

M (α)
φ (k) . (12)

After rearrangement of (12), we get the required right side the inequality of (8), which completes the proof.

Remark 2.2. Ifiwe chooseithe s = 1 iniTheorem 2.1, then the inequalityi(8) becomesithe inequality (1) ofiTheorem 2
in [22].

Lemma 2.3. Supposeia mappingiφ : I = [η1, η2]→ ℜ isidifferentiable on (η1, η2) with η2 > η1. Ifiφ′ ∈ L[η1, η2],
then α ∈ [0, 1], the followingiCaputo–Fabrizio(CF) fractional identity holds

φ
(
η1

)
+ φ

(
η2

)
2

−
M (α)

α
(
η2 − η1

)
×

{ (
CF
η1

Iαφ
)

(k) +
(

CFIα( η1+η2
2 )φ

)
(k) +

(
CF
( η1+η2

2 )Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}

=
η2 − η1

4

{∫ 1

0
(−χ) φ′

(1 + χ
2

η1 +
1 − χ

2
η2

)
dχ +

∫ 1

0
χ φ′

(1 − χ
2

η1 +
1 + χ

2
η2

)
dχ

}
−

4 (1 − α)
α
(
η2 − η1

)φ (k) , (13)

where k ∈ [η1, η2] andM (α) > 0 is a normalization function.

Proof. It can be write that

η2 − η1

4

{∫ 1

0
(−χ) φ′

(1 + χ
2

η1 +
1 − χ

2
η2

)
dχ +

∫ 1

0
χ φ′

(1 − χ
2

η1 +
1 + χ

2
η2

)
dχ

}
−

4 (1 − α)
α
(
η2 − η1

)φ (k) . (14)

Integrating by parts, by taking

I1 =

∫ 1

0
(−χ) φ′

(1 + χ
2

x +
1 − χ

2
y
)

dχ

= −
{χ φ (

1+χ
2 η1 +

1−χ
2 η2

)
η1−η2

2

∣∣∣∣∣1
0
−

∫ 1

0

φ
(

1+χ
2 η1 +

1−χ
2 η2

)
η1−η2

2

.1 dχ
}

=
2

η2 − η1
φ

(
η1

)
−

4(
η2 − η1

)2

{∫ k

η1

φ (z) dz +
∫ η1+η2

2

k
φ (z) dz

}
.
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By multiplying on both sides above with
α(η2−η1)2

4M(α) and subtracting 2(1−α)
M(α) φ (k) , we have

=
φ

(
η1

)
2

−
M (α)

α
(
η2 − η1

){ (
CF
η1

Iαφ
)

(k) +
(

CFIα( η1+η2
2 )φ

)
(k)

}
. (15)

Similarly,iwe can write that

I2 =

∫ 1

0
χ φ′

(1 − χ
2

η1 +
1 + χ

2
η2

)
dχ

=
φ

(
η2

)
2

−
M (α)

α
(
η2 − η1

){ (
CF
( η1+η2

2 )Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}
. (16)

By using theivalues of I1 and I2 with equation (14), we can get the (13). Thus, the proof is completed.

Theorem 2.4. Supposeia mapping φ : I ⊂ [0,∞]→ℜ isidifferentiable on (η1, η2) with η2 > η1. If φ′ ∈ L[η1, η2],
and

∣∣∣φ′∣∣∣ is s-convexion [η1, η2] for someifixed s ∈ (0, 1], then the followingiinequality holds∣∣∣∣∣φ (
η1

)
+ φ

(
η2

)
2

−
M (α)

α
(
η2 − η1

)
×

{ (
CF
η1

Iαφ
)

(k) +
(

CFIα( η1+η2
2 )φ

)
(k) +

(
CF
( η1+η2

2 )Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}

+
4 (1 − α)
α
(
η2 − η1

)φ (k)
∣∣∣∣∣

≤
η2 − η1

4

{ (
2seln(2)s + 1

(s + 1) (s + 2) 2s +
β (2, s + 1)

2s

) ( ∣∣∣φ′ (η1
)∣∣∣ + ∣∣∣φ′ (η2

)∣∣∣ )}, (17)

whereik ∈ [η1, η2] andM (α) > 0 is a normalizationifunction.

Proof. Byiusing Lemmai2.3, the property of the absoluteivalue and the s-convexityiof
∣∣∣φ′∣∣∣ , we have

∣∣∣∣∣φ (
η1

)
+ φ

(
η2

)
2

−
M (α)

α
(
η2 − η1

)
×

{ (
CF
η1

Iαφ
)

(k) +
(

CFIα( η1+η2
2 )φ

)
(k) +

(
CF
( η1+η2

2 )Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}

+
4 (1 − α)
α
(
η2 − η1

)φ (k)
∣∣∣∣∣

≤
η2 − η1

4

{∫ 1

0
(−χ)

∣∣∣∣∣φ′ (1 + χ
2

η1 +
1 − χ

2
η2

) ∣∣∣∣∣dχ + ∫ 1

0
χ

∣∣∣∣∣φ′ (1 − χ
2

η1 +
1 + χ

2
η2

) ∣∣∣∣∣dχ}
≤
η2 − η1

4

[ ∫ 1

0
χ
{ (1 + χ

2

)s ∣∣∣φ′ (η1
)∣∣∣ + (1 − χ

2

)s ∣∣∣φ′ (η2
)∣∣∣ }dχ

+

∫ 1

0
χ

{ (1 − χ
2

)s ∣∣∣φ′ (η1
)∣∣∣ + (1 + χ

2

)s ∣∣∣φ′ (η2
)∣∣∣ }dχ

}]
By using the calculus tools, we get
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∣∣∣∣∣φ (
η1

)
+ φ

(
η2

)
2

−
M (α)

α
(
η2 − η1

)
×

{ (
CF
η1

Iαφ
)

(k) +
(

CFIα( η1+η2
2 )φ

)
(k) +

(
CF
( η1+η2

2 )Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}

+
4 (1 − α)
α
(
η2 − η1

)φ (k)
∣∣∣∣∣

≤
η2 − η1

4

{ (
2seln(2)s + 1

(s + 1) (s + 2) 2s +
β (2, s + 1)

2s

) ( ∣∣∣φ′ (η1
)∣∣∣ + ∣∣∣φ′ (η2

)∣∣∣ )}.
Thus, the proof is completed.

Theorem 2.5. Supposeia mapping φ : I ⊂ [0,∞]→ℜ isidifferentiable on (η1, η2) with η2 > η1. If φ′ ∈ L[η1, η2],
and

∣∣∣φ′∣∣∣q isis-convex on [η1, η2] for someifixed s ∈ (0, 1], q > 1,ithen the followingiinequality holds∣∣∣∣∣φ (
η1

)
+ φ

(
η2

)
2

−
M (α)

α
(
η2 − η1

)
×

{ (
CF
η1

Iαφ
)

(k) +
(

CFIα( η1+η2
2 )φ

)
(k) +

(
CF
( η1+η2

2 )Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}

+
4 (1 − α)
α
(
η2 − η1

)φ (k)
∣∣∣∣∣

≤
η2 − η1

4

(
1

p + 1

) 1
p [{ 2s+1

− 1
(s + 1) 2s

∣∣∣φ′ (η1
)∣∣∣q + 1

(s + 1) 2s

∣∣∣φ′ (η2
)∣∣∣q } 1

q

+
{ 1

(s + 1) 2s

∣∣∣φ′ (η1
)∣∣∣q + 2s+1

− 1
(s + 1) 2s

∣∣∣φ′ (η2
)∣∣∣q } 1

q
]
, (18)

where k ∈ [η1, η2] andM (α) > 0 is a normalization function, p−1 = 1 − q−1.

Proof. By usingiLemma 2.3, the well-knowniHölder’s integraliinequality and the s-convexityiof
∣∣∣φ′∣∣∣q , we

have

∣∣∣∣∣φ (
η1

)
+ φ

(
η2

)
2

−
M (α)

α
(
η2 − η1

)
×

{ (
CF
η1

Iαφ
)

(k) +
(

CFIα( η1+η2
2 )φ

)
(k) +

(
CF
( η1+η2

2 )Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}

+
4 (1 − α)
α
(
η2 − η1

)φ (k)
∣∣∣∣∣

≤
η2 − η1

4

{∫ 1

0
(−χ)

∣∣∣∣∣φ′ (1 + χ
2

η1 +
1 − χ

2
η2

) ∣∣∣∣∣dχ
+

∫ 1

0
χ

∣∣∣∣∣φ′ (1 − χ
2

η1 +
1 + χ

2
η2

) ∣∣∣∣∣dχ}
≤
η2 − η1

4

[ (∫ 1

0
χpdχ

) 1
p
(∫ 1

0

∣∣∣∣∣φ′ (1 + χ
2

η1 +
1 − χ

2
η2

)∣∣∣∣∣q dχ
) 1

q

+

(∫ 1

0
χpdχ

) 1
p
(∫ 1

0

∣∣∣∣∣φ′ (1 − χ
2

η1 +
1 + χ

2
η2

)∣∣∣∣∣q dχ
) 1

q ]
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≤
η2 − η1

4

[ (∫ 1

0
χpdχ

) 1
p
(∫ 1

0

{ (1 + χ
2

)s ∣∣∣φ′ (η1
)∣∣∣q + (1 − χ

2

)s ∣∣∣φ′ (η2
)∣∣∣q }dχ

) 1
q

+

(∫ 1

0
χpdχ

) 1
p
(∫ 1

0

{ (1 − χ
2

)s ∣∣∣φ′ (η1
)∣∣∣q + (1 + χ

2

)s ∣∣∣φ′ (η2
)∣∣∣q }dχ

) 1
q ]

≤
η2 − η1

4

(
1

p + 1

) 1
p [{ 2s+1

− 1
(s + 1) 2s

∣∣∣φ′ (η1
)∣∣∣q + 1

(s + 1) 2s

∣∣∣φ′ (η2
)∣∣∣q } 1

q

+
{ 1

(s + 1) 2s

∣∣∣φ′ (η1
)∣∣∣q + 2s+1

− 1
(s + 1) 2s

∣∣∣φ′ (η2
)∣∣∣q } 1

q
]
.

Thus, the proofiis completed.

Theorem 2.6. Supposeia mapping φ : I ⊂ [0,∞]→ℜ is differentiable on (η1, η2) with η2 > η1. If φ′ ∈ L[η1, η2],
and

∣∣∣φ′∣∣∣q isis-convex on [η1, η2] for someifixed s ∈ (0, 1], q ≥ 1,ithen the followingiinequality holds∣∣∣∣∣φ (
η1

)
+ φ

(
η2

)
2

−
M (α)

α
(
η2 − η1

)
×

{ (
CF
η1

Iαφ
)

(k) +
(

CFIα( η1+η2
2 )φ

)
(k) +

(
CF
( η1+η2

2 )Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}

+
4 (1 − α)
α
(
η2 − η1

)φ (k)
∣∣∣∣∣

≤
η2 − η1

4

(1
2

)1− 1
q
[{ 2seln(2)s + 1

(s + 1) (s + 2) 2s

∣∣∣φ′ (η1
)∣∣∣q + 1

(s + 1) (s + 2) 2s

∣∣∣φ′ (η2
)∣∣∣q } 1

q

+
{ 1

(s + 1) (s + 2) 2s

∣∣∣φ′ (η1
)∣∣∣q + 2seln(2)s + 1

(s + 1) (s + 2) 2s

∣∣∣φ′ (η2
)∣∣∣q } 1

q
]
, (19)

where k ∈ [η1, η2] and M (α) > 0 is a normalization function, p−1 = 1 − q−1.

Proof. Byiusing Lemma 2.3,ithe power-meaniintegral inequalityiand the s-convexityiof
∣∣∣φ′∣∣∣q , we have

∣∣∣∣∣φ (
η1

)
+ φ

(
η2

)
2

−
M (α)

α
(
η2 − η1

)
×

{ (
CF
η1

Iαφ
)

(k) +
(

CFIα( η1+η2
2 )φ

)
(k) +

(
CF
( η1+η2

2 )Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}

+
4 (1 − α)
α
(
η2 − η1

)φ (k)
∣∣∣∣∣

≤
η2 − η1

4

{∫ 1

0
(−χ)

∣∣∣∣∣φ′ (1 + χ
2

η1 +
1 − χ

2
η2

) ∣∣∣∣∣dχ
+

∫ 1

0
χ

∣∣∣∣∣φ′ (1 − χ
2

η1 +
1 + χ

2
η2

) ∣∣∣∣∣dχ}
≤
η2 − η1

4

[ (∫ 1

0
χdχ

)1− 1
q
(∫ 1

0
χ

∣∣∣∣∣φ′ (1 + χ
2

η1 +
1 − χ

2
η2

)∣∣∣∣∣q dχ
) 1

q

+

(∫ 1

0
χdχ

)1− 1
q
(∫ 1

0
χ

∣∣∣∣∣φ′ (1 − χ
2

η1 +
1 + χ

2
η2

)∣∣∣∣∣q dχ
) 1

q ]
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≤
η2 − η1

4

[ (∫ 1

0
χdχ

)1− 1
q
(∫ 1

0
χ
{ (1 + χ

2

)s ∣∣∣φ′ (η1
)∣∣∣q + (1 − χ

2

)s ∣∣∣φ′ (η2
)∣∣∣q }dχ

) 1
q

+

(∫ 1

0
χdχ

)1− 1
q
(∫ 1

0
χ
{ (1 − χ

2

)s ∣∣∣φ′ (η1
)∣∣∣q + (1 + χ

2

)s ∣∣∣φ′ (η2
)∣∣∣q }dχ

) 1
q ]

≤
η2 − η1

4

(1
2

)1− 1
q
[{ 2seln(2)s + 1

(s + 1) (s + 2) 2s

∣∣∣φ′ (η1
)∣∣∣q + 1

(s + 1) (s + 2) 2s

∣∣∣φ′ (η2
)∣∣∣q } 1

q

+
{ 1

(s + 1) (s + 2) 2s

∣∣∣φ′ (η1
)∣∣∣q + 2seln(2)s + 1

(s + 1) (s + 2) 2s

∣∣∣φ′ (η2
)∣∣∣q } 1

q
]
.

Thus, theiproof is completed.

Theorem 2.7. Supposeia mapping φ : I ⊂ [0,∞]→ℜ is differentiable on (η1, η2) with η2 > η1. If φ′ ∈ L[η1, η2],
and

∣∣∣φ′∣∣∣q isis-convex on [η1, η2] for someifixed s ∈ (0, 1], q > 1,ithen the followingiinequality holds∣∣∣∣∣φ (
η1

)
+ φ

(
η2

)
2

−
M (α)

α
(
η2 − η1

)
×

{ (
CF
η1

Iαφ
)

(k) +
(

CFIα( η1+η2
2 )φ

)
(k) +

(
CF
( η1+η2

2 )Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}

+
4 (1 − α)
α
(
η2 − η1

)φ (k)
∣∣∣∣∣

≤
η2 − η1

4

[{ (
1(

p + 1
) (

p + 2
) ) 1

p {{
−

(s + 2) 2s+1 + 2seln(2)s + s + 3
(s + 1) (s + 2) 2s

∣∣∣φ′ (a)
∣∣∣q

+
1

(s + 2) 2s

∣∣∣φ′ (b)
∣∣∣q } 1

q

+

(
1

p + 2

) 1
p { 2seln(2)s + 1

(s + 1) (s + 2) 2s

∣∣∣φ′ (η1
)∣∣∣q + 1

(s + 1) (s + 2) 2s

∣∣∣φ′ (η2
)∣∣∣q } 1

q
}

+
{ (

1(
p + 1

) (
p + 2

) ) 1
p

×

{ 1
(s + 2) 2s

∣∣∣φ′ (η1
)∣∣∣q − (s + 2) 2s+1 + 2seln(2)s + s + 3

(s + 1) (s + 2) 2s

∣∣∣φ′ (η2
)∣∣∣q } 1

q

+

(
1

p + 2

) 1
p { 1

(s + 1) (s + 2) 2s

∣∣∣φ′ (η1
)∣∣∣q + 2seln(2)s + 1

(s + 1) (s + 2) 2s

∣∣∣φ′ (η2
)∣∣∣q } 1

q
}]
, (20)

where k ∈ [η1, η2] andM (α) > 0 is a normalization function, p−1 = 1 − q−1.

Proof. By usingiLemma 2.3,ithe well-knowniHölder İşcan integraliinequality and the s-convexityiof
∣∣∣φ′∣∣∣q ,

we have∣∣∣∣∣φ (
η1

)
+ φ

(
η2

)
2

−
M (α)

α
(
η2 − η1

)
×

{ (
CF
η1

Iαφ
)

(k) +
(

CFIα( η1+η2
2 )φ

)
(k) +

(
CF
( η1+η2

2 )Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}

+
4 (1 − α)
α
(
η2 − η1

)φ (k)
∣∣∣∣∣

≤
η2 − η1

4

{∫ 1

0
(−χ)

∣∣∣∣∣φ′ (1 + χ
2

η1 +
1 − χ

2
η2

) ∣∣∣∣∣dχ
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+

∫ 1

0
χ

∣∣∣∣∣φ′ (1 − χ
2

η1 +
1 + χ

2
η2

) ∣∣∣∣∣dχ}

≤
η2 − η1

4

[{ (∫ 1

0
(1 − χ)χpdχ

) 1
p
(∫ 1

0
(1 − χ)

∣∣∣∣∣φ′ (1 + χ
2

η1 +
1 − χ

2
η2

)∣∣∣∣∣q dχ
) 1

q

+

(∫ 1

0
χ1+pdχ

) 1
p
(∫ 1

0
χ

∣∣∣∣∣φ′ (1 + χ
2

η1 +
1 − χ

2
η2

)∣∣∣∣∣q dχ
) 1

q }
+

{ (∫ 1

0
(1 − χ)χpdχ

) 1
p
(∫ 1

0
(1 − χ)

∣∣∣∣∣φ′ (1 − χ
2

η1 +
1 + χ

2
η2

)∣∣∣∣∣q dχ
) 1

q

+

(∫ 1

0
χ1+pdχ

) 1
p
(∫ 1

0
χ

∣∣∣∣∣φ′ (1 − χ
2

η1 +
1 + χ

2
η2

)∣∣∣∣∣q dχ
) 1

q }]
≤
η2 − η1

4

[{ (∫ 1

0
(1 − χ)χpdχ

) 1
p

×

(∫ 1

0
(1 − χ)

{ (1 + χ
2

)s ∣∣∣φ′ (η1
)∣∣∣q + (1 − χ

2

)s ∣∣∣φ′ (η2
)∣∣∣q }dχ

) 1
q

+

(∫ 1

0
χ1+pdχ

) 1
p
(∫ 1

0
χ
{ (1 + χ

2

)s ∣∣∣φ′ (η1
)∣∣∣q + (1 − χ

2

)s ∣∣∣φ′ (η2
)∣∣∣q }dχ

) 1
q }

+
{ (∫ 1

0
(1 − χ)χpdχ

) 1
p

×

(∫ 1

0
(1 − χ)

{ (1 − χ
2

)s ∣∣∣φ′ (η1
)∣∣∣q + (1 + χ

2

)s ∣∣∣φ′ (η2
)∣∣∣q }dχ

) 1
q

+

(∫ 1

0
χ1+pdχ

) 1
p
(∫ 1

0
χ
{ (1 − χ

2

)s ∣∣∣φ′ (η1
)∣∣∣q + (1 + χ

2

)s ∣∣∣φ′ (η2
)∣∣∣q }dχ

) 1
q }]

.

By using the calculus tools, we can get (20). Thus, the proofiis completed.

Theorem 2.8. Supposeia mapping φ : I ⊂ [0,∞]→ℜ isidifferentiable on (η1, η2) with η2 > η1. If φ′ ∈ L[η1, η2],
and

∣∣∣φ′∣∣∣qiis s-convex on [η1, η2] for someifixed s ∈ (0, 1], q ≥ 1,ithen the followingiinequality holds∣∣∣∣∣φ (
η1

)
+ φ

(
η2

)
2

−
M (α)

α
(
η2 − η1

)
×

{ (
CF
η1

Iαφ
)

(k) +
(

CFIα( η1+η2
2 )φ

)
(k) +

(
CF
( η1+η2

2 )Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}

+
4 (1 − α)
α
(
η2 − η1

)φ (k)
∣∣∣∣∣

≤
η2 − η1

4

×

[{ (1
6

)1− 1
q
{ 4 (s − 1) eln(2)s + s + 5

(s + 1) (s + 2) (s + 3) 2s

∣∣∣φ′ (η1
)∣∣∣q + 1

(s + 2) (s + 3) 2s

∣∣∣φ′ (η2
)∣∣∣q } 1

q

(21)

+
(1

3

)1− 1
q
{21−s

((
s2s + 2

)
eln(2)s

− 1
)

(s + 1) (s + 2) (s + 3)

∣∣∣φ′ (η1
)∣∣∣q + 21−s

(s + 1) (s + 2) (s + 3)

∣∣∣φ′ (η2
)∣∣∣q } 1

q
}
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+
{ (1

6

)1− 1
q
{ 1

(s + 2) (s + 3) 2s

∣∣∣φ′ (η1
)∣∣∣q + 4 (s − 1) eln(2)s + s + 5

(s + 1) (s + 2) (s + 3) 2s

∣∣∣φ′ (η2
)∣∣∣q } 1

q

+
(1

3

)1− 1
q
{ 21−s

(s + 1) (s + 2) (s + 3)

∣∣∣φ′ (η1
)∣∣∣q + 21−s

((
s2s + 2

)
eln(2)s

− 1
)

(s + 1) (s + 2) (s + 3)

∣∣∣φ′ (η2
)∣∣∣q } 1

q
}]
, (22)

where k ∈ [η1, η2] andM (α) > 0 is a normalization function, p−1i = 1 − q−1.

Proof. By usingiLemma 2.3, the Improved power-meaniintegraliinequality and the s-convexityiof
∣∣∣φ′∣∣∣q , we

have ∣∣∣∣∣φ (
η1

)
+ φ

(
η2

)
2

−
M (α)

α
(
η2 − η1

)
×

{ (
CF
η1

Iαφ
)

(k) +
(

CFIα( η1+η2
2 )φ

)
(k) +

(
CF
( η1+η2

2 )Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}

+
4 (1 − α)
α
(
η2 − η1

)φ (k)
∣∣∣∣∣

≤
η2 − η1

4

×

{∫ 1

0
(−χ)

∣∣∣∣∣φ′ (1 + χ
2

η1 +
1 − χ

2
η2

) ∣∣∣∣∣dχ + ∫ 1

0
χ

∣∣∣∣∣φ′ (1 − χ
2

η1 +
1 + χ

2
η2

) ∣∣∣∣∣dχ}
≤
η2 − η1

4

[{ (∫ 1

0
(1 − χ)χdχ

)1− 1
q
(∫ 1

0
(1 − χ)χ

∣∣∣∣∣φ′ (1 + χ
2

η1 +
1 − χ

2
η2

)∣∣∣∣∣q dχ
) 1

q

+

(∫ 1

0
χ2dχ

)1− 1
q
(∫ 1

0
χ2

∣∣∣∣∣φ′ (1 + χ
2

η1 +
1 − χ

2
η2

)∣∣∣∣∣q dχ
) 1

q }
+

{ (∫ 1

0
(1 − χ)χdχ

)1− 1
q
(∫ 1

0
(1 − χ)χ

∣∣∣∣∣φ′ (1 − χ
2

η1 +
1 + χ

2
η2

)∣∣∣∣∣q dχ
) 1

q

+

(∫ 1

0
χ2dχ

)1− 1
q
(∫ 1

0
χ2

∣∣∣∣∣φ′ (1 − χ
2

η1 +
1 + χ

2
η2

)∣∣∣∣∣q dχ
) 1

q }]

≤
η2 − η1

4

×

[{ (∫ 1

0
(1 − χ)χdχ

)1− 1
q

×

(∫ 1

0
(1 − χ)χ

{ (1 + χ
2

)s ∣∣∣φ′ (η1
)∣∣∣q + (1 − χ

2

)s ∣∣∣φ′ (η2
)∣∣∣q }dχ

) 1
q

+

(∫ 1

0
χ2dχ

)1− 1
q
(∫ 1

0
χ2

{ (1 + χ
2

)s ∣∣∣φ′ (η1
)∣∣∣q + (1 − χ

2

)s ∣∣∣φ′ (η2
)∣∣∣q }dχ

) 1
q }

+
{ (∫ 1

0
(1 − χ)χdχ

)1− 1
q

×

(∫ 1

0
(1 − χ)χ

{ (1 − χ
2

)s ∣∣∣φ′ (η1
)∣∣∣q + (1 + χ

2

)s ∣∣∣φ′ (η2
)∣∣∣q }dχ

) 1
q

+

(∫ 1

0
χ2dχ

)1− 1
q
(∫ 1

0
χ2

{ (1 − χ
2

)s ∣∣∣φ′ (η1
)∣∣∣q + (1 + χ

2

)s ∣∣∣φ′ (η2
)∣∣∣q }dχ

) 1
q }]
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≤
η2 − η1

4

×

[{ (1
6

)1− 1
q

×

{ 4 (s − 1) eln(2)s + s + 5
(s + 1) (s + 2) (s + 3) 2s

∣∣∣φ′ (η1
)∣∣∣q + 1

(s + 2) (s + 3) 2s

∣∣∣φ′ (η2
)∣∣∣q } 1

q

+
(1

3

)1− 1
q

×

{21−s
((

s2s + 2
)

eln(2)s
− 1

)
(s + 1) (s + 2) (s + 3)

∣∣∣φ′ (η1
)∣∣∣q + 21−s

(s + 1) (s + 2) (s + 3)

∣∣∣φ′ (η2
)∣∣∣q } 1

q
}

+
{ (1

6

)1− 1
q

×

{ 1
(s + 2) (s + 3) 2s

∣∣∣φ′ (η1
)∣∣∣q + 4 (s − 1) eln(2)s + s + 5

(s + 1) (s + 2) (s + 3) 2s

∣∣∣φ′ (η2
)∣∣∣q } 1

q

+
(1

3

)1− 1
q

×

{ 21−s

(s + 1) (s + 2) (s + 3)

∣∣∣φ′ (η1
)∣∣∣q + 21−s

((
s2s + 2

)
eln(2)s

− 1
)

(s + 1) (s + 2) (s + 3)

∣∣∣φ′ (η2
)∣∣∣q } 1

q
}]
.

Thus, the proof is completed.

Theorem 2.9. Supposeia mapping φ : I ⊂ [0,∞]→ℜ isidifferentiable on (η1, η2) with η2 > η1. If φ′ ∈ L[η1, η2],
and

∣∣∣φ′∣∣∣q isis-convex on [η1, η2] for someifixed s ∈ (0, 1], q > 1, then the followingiinequality holds∣∣∣∣∣φ (
η1

)
+ φ

(
η2

)
2

−
M (α)

α
(
η2 − η1

)
×

{ (
CF
η1

Iαφ
)

(k) +
(

CFIα( η1+η2
2 )φ

)
(k) +

(
CF
( η1+η2

2 )Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}

+
4 (1 − α)
α
(
η2 − η1

)φ (k)
∣∣∣∣∣

≤
η2 − η1

2

[ 1
p
(
p + 1

) + 1
q (s + 1)

(∣∣∣φ′ (η1
)∣∣∣q + ∣∣∣φ′ (η2

)∣∣∣q) ], (23)

where k ∈ [η1, η2] andM (α) > 0 is a normalizationifunction, p−1 = 1 − q−1.

Proof. By usingiLemma 2.3, the s-convexity of
∣∣∣φ′∣∣∣q , we have∣∣∣∣∣φ (

η1
)
+ φ

(
η2

)
2

−
M (α)

α
(
η2 − η1

)
×

{ (
CF
η1

Iαφ
)

(k) +
(

CFIα( η1+η2
2 )φ

)
(k) +

(
CF
( η1+η2

2 )Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}

+
4 (1 − α)
α
(
η2 − η1

)φ (k)
∣∣∣∣∣

≤
η2 − η1

4
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×

{∫ 1

0
(−χ)

∣∣∣∣∣φ′ (1 + χ
2

η1 +
1 − χ

2
η2

) ∣∣∣∣∣dχ + ∫ 1

0
χ

∣∣∣∣∣φ′ (1 − χ
2

η1 +
1 + χ

2
η2

) ∣∣∣∣∣dχ}.
By usingithe Young’s inequality as

uv ≤
1
p

up +
1
q

vq.

∣∣∣∣∣φ (
η1

)
+ φ

(
η2

)
2

−
M (α)

α
(
η2 − η1

)
×

{ (
CF
η1

Iαφ
)

(k) +
(

CFIα( η1+η2
2 )φ

)
(k) +

(
CF
( η1+η2

2 )Iαφ
)

(k) +
(

CFIαη2
φ
)

(k)
}

+
4 (1 − α)
α
(
η2 − η1

)φ (k)
∣∣∣∣∣

≤
η2 − η1

4

[{1
p

∫ 1

0
χpdχ +

1
q

∫ 1

0

∣∣∣∣∣φ′ (1 + χ
2

η1 +
1 − χ

2
η2

)∣∣∣∣∣q dχ
}

+
{1

p

∫ 1

0
χpdχ +

1
q

∫ 1

0

∣∣∣∣∣φ′ (1 − χ
2

η1 +
1 + χ

2
η2

)∣∣∣∣∣q dχ
}]

≤
η2 − η1

4

[{1
p

∫ 1

0
χpdχ +

1
q

∫ 1

0

{ (1 + χ
2

)s ∣∣∣φ′ (η1
)∣∣∣q + (1 − χ

2

)s ∣∣∣φ′ (η2
)∣∣∣q }dχ

}
+

{1
p

∫ 1

0
χpdχ +

1
q

∫ 1

0

{ (1 − χ
2

)s ∣∣∣φ′ (η1
)∣∣∣q + (1 + χ

2

)s ∣∣∣φ′ (η2
)∣∣∣q }dχ

}]
≤
η2 − η1

2

[ 1
p
(
p + 1

) + 1
q (s + 1)

(∣∣∣φ′ (η1
)∣∣∣q + ∣∣∣φ′ (η2

)∣∣∣q) ].
Thus, the proof is completed.

3. Applicationsito matrix and specialimeans

Consider that s ∈ (0, 1]iand u, v,w ∈ ℜ. Weidefine a mapping φ : [0,∞)i→ℜ as

φ (χ) =
{

u, χ = 0
vχs + w, χ > 0.

Ifiv ≥ 0 and 0 ≤ w ≤ u, then φ ∈ K2
s in [5]. Thus, for u = iw = i0, and v = 1, weihave φ : [a, b]→ℜ φ(χ) = χs

withiφ ∈ K2
s .

In [24], the following result is mentioned. Supposeφ : I1 →ℜ+ be a non-decreasingiand s-convexifunction
on I1 and ψ : J→ I2 ⊆ I1 is ainon-negative convexifunction on J, then φoψ isis-convex on I1.

Corollary 3.1. Supposeψ : I→ I1 ⊆ [0,∞) is ainon-negative convexifunction on I, thenψs(x) is s-convexion [0,∞),
0 < s < 1.

Example 3.2. We denote by Cn the set of n×n compleximatrices, Mn the algebraiof n×n complex matrices, and by M+
n

the strictlyipositive matrices in Mn. That is, A ∈M+
n if ⟨Ax, x⟩ > 0 for all nonzero x ∈ Cn. In [23], Sababhehiproved
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that the function ψ (θ) =
∣∣∣∣∣∣Aθ
XB

1−θ +A1−θ
XB

θ
∣∣∣∣∣∣ , A,B ∈ M+

n , X ∈ Mn, is convex for all θ ∈ [0, 1], s ∈ (0, 1).
Then by using Theorem 2.1, we have

2s−1
∣∣∣∣∣∣∣∣A x+y

2 XB
1− x+y

2 +A1− x+y
2 XB

x+y
2

∣∣∣∣∣∣∣∣
≤

M (α)
α
(
y − x

){ CF
x Iα

∣∣∣∣∣∣Ak
XB

1−k +A1−k
XB

k
∣∣∣∣∣∣ + CFIαy

∣∣∣∣∣∣Ak
XB

1−k +A1−k
XB

k
∣∣∣∣∣∣

−
2 (1 − α)

M (α)

∣∣∣∣∣∣Ak
XB

1−k +A1−k
XB

k
∣∣∣∣∣∣ }

≤
1

s + 1

{ ∣∣∣∣∣∣Ax
XB

1−x +A1−x
XB

x
∣∣∣∣∣∣ + ∣∣∣∣∣∣Ay

XB
1−y +A1−y

XB
y
∣∣∣∣∣∣ }.

Now for arbitraryireal numbers c, d(c , d), let us consider the followingimeans:

A(c, d) =
c + d

2
,

H(c, d) =
2cd

c + d
,

Lr(c, d) =
[ dr+1

− cr+1

(r + 1)(d − c)

] 1
r

.

Proposition 3.3. Suppose c, d ∈ ℜ+, 0 < c < d, s ∈ (0, 1). Then

∣∣∣A (cs, ds) − Ls
s (c, d)

∣∣∣ ≤ s (d − c)
{ 2seln 2(s) + 1

(s + 1) (s + 2) 2s +
β (2, s + 1)

2s

}
A

(
|c|s−1 , |d|s−1

)
.

Proof. In Theorem 2.4, if weiset φ(z) = zs, z ∈ ℜ andis ∈ (0, 1), α = 1, andM(0) =M(1) = 1, then we obtainithe
resultiimmediately.

Proposition 3.4. Suppose c, d ∈ ℜ+, 0 < c < d, s ∈ (0, 1). Then∣∣∣H−1 (cs, ds) − L−s
−s (c, d)

∣∣∣
≤

s (d − c)
2

{ 2seln 2(s) + 1
(s + 1) (s + 2) 2s +

β (2, s + 1)
2s

}
A

(
|c|−s−1 , |d|−s−1

)
.

Proof. In Theorem 2.4, if weiset φ(z) = z−s, z ∈ ℜ and s ∈ (0, 1), α = 1, andM(0) =M(1) = 1, then we obtainithe
resultiimmediately.

4. Conclusion

This article, we have generated and explored some newiHermite–Hadamard’s typeiinequalities viaiCapu-
to-Fabrizio(CF) fractional integral foris-convex function. New boundsiand novel connections are developed
ofiHermite–Hadamard’s type inequalities for differentiableimappings whose derivatives in absoluteivalue
at certain powers areis-convex. In the second last section, we have also developed some new Hölder
İşcan and Improvedipower mean integral inequalities(For detailed see [21]). We hope thatithe strategies of
thisipaper will motivate the researchers workingiin functionalianalysis, information theory and statistical
theory.
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