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Abstract. In this work, we study the weighted Kirchhoff problem

9( J(o@IVuP + V(x?) dx)[ — div(o(x)Vu) + V(x)u] = f(qu) in B
u > 0 in B
u = 0 on JdB,

where B is the unit ball in R?, o(x) = log%, the singular logarithm weight in the Trudinger-Moser

embedding, g is a continuous positive function on R* and the potential V is a continuous positve function.
The nonlinearities are critical or subcritical growth in view of Trudinger-Moser inequalities. We prove the
existence of non-trivial solutions via the critical point theory. In the critical case, the associated energy

function does not satisfy the condition of compactness. We provide a new condition for growth and we
stress its importance to check the min-max compactness level.

1. Introduction

In this paper, we consider the following elliptic problem:

9( [(e@)IVuP + V(xu?) dx)[ — div(o(x)Vu) + V(x)u]

= f(x,u) in B
u > 0 in B 1
u = 0 on JB

where B = B(0, 1) is the unit open ball in IR?, f(x,t) is a radial function with respect to x, the weight o(x) is
given by

o) = log 2)

The function g : R* — R* is a positive continuous function wich will be specified later. The potential
V : B — Ris a positive continuous function satisfying some conditions.
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In 1883 Kirchhoff studied the following parabolic problem

Pu Py E (Fou, \Pu
o5~ (o ) 15P 4)5 ®
The parameters in equation (3) have the following meanings: L is the length of the string, / is the area of
cross-section, E is the Young modulus of the material, p is the mass density and Py is the initial tension.
These kinds of problems have physical motivations. Indeed, the Kirchhoff operator G(( fB [Vul? dx))Au also
appears in the nonlinear vibration equation namely

a;_;: ¢ fB [Vul? dx)div(Vi) flx,u) in Bx(0,T)

u > 0 in Bx(0,T)
u = 0 on JB 4)
u(x,0) = up(x) in B
Ju B :
S (x,0) = wuyx) in B

which have focused the attention of several researchers, mainly following the pioneering work of Lions [27].
We mention that non-local problems also arise in other areas, e.g. biological systems where the function u
describes a process that depends on the average of itself ( for example, population density), see e.g. [3, 4]
and its references. Second order Kirchhoff’s classical equation has been extensively studied. We refer to
the work of Chipot [17, 18], Corréa et al [24] and their references.

In the non weighted case, ie, when o(x) = 1 and V(x) = 0, problem (1) can be seen as a stationary version
of the evolution problem (4). For instance, in (1) if we set 0(x) =1 and g(t) = 1, then we find the classical
Schrédinger equation —Au+V (x)u = f(x, u). Also, if we take o(x) = 1, V(x) = 0and g(t) = a+bt, with a,b >0,
we find Kirchhoff’s classical equation which has been extensively studied.

We point out that recently, in the case g(t) = 1 and V = 0 or V # 0, Baraket and Jaidane [6, 22] and
Calanchi et al. [12], have proved the existence of a nontrivial solution for the following boundary value
problem

—div(w ()| Vu(x)N2Vu(x)) + V(x)|[ulN"2u f(x,u) in B
u = 0 on JB,

N-1
where Bis the unitballin RY, N > 2, the weight ai](x) = ( log ﬁ) is of logarithmic type, the function f(x, u)
is continuous in B X R and behaves like exp(e*"") as t — +oo, for some a > 0. The authors proved that
there is a non-trivial solution to this problem using minimax techniques combined with Trudinger-Moser

inequality.

In order to motivate our study, we begin by giving a brief survey on Trudinger-Moser inequalities. In
the past few decades, Moser [30, 33] gives the famous result about the Trudinger-Moser inequality. So,
many applications take place as in conformal deformation theory on manifolds, the study of the prescribed
Gauss curvature and mean field equations. After that, a logarithmic Trudinger-Moser inequality was used
in crucial way in [29] to study the Liouville equation of the form

-Au = A

Jne (5)
u = 0 on JQ,

where Q an open domain of RN, N > 2 and A a positive parameter.
The equation (5) has a long history and has been derived in the study of multiple condensate solution in
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the Chern-Simons-Higgs theory [31, 32]. It also appeared in the study of Euler Flow [7, 8, 14, 25].

Later, The Trudinger-Moser inequality was improved to weighted inequalities [1, 9, 10, 13]. The influ-
ence of weight in the Sobolev norm was studied as the compact embedding [19, 26].
When the weight is of logarithmic type, Calanchi and Ruf [11] extend the Trudinger-Moser inequality and
give some applications when N = 2 and for prescribed nonlinearities. After that, Calanchi et al. [12]
consider a more general nonlinearities and prove the existence of radial solutions.

We mention that Figueiredo and Severo [21] studied the following problem

—m(fB [Vul? dx)Au = f(x,u) in Q
u > 0 in Q
u = 0 on dQ,

where Q is a smooth bounded domain in R?, the nonlinearity f behaves like exp(at?) as t — +co, for some
a>0.m:(0,+o00) = (0,+00) is a continuous function satisfying some conditions. The authors proved that
this problem has a positive ground state solution. The existence result was proved by combining minimax
techniques and Trudinger-Moser inequality.

Recently, Sitong Chen, Xianhua Tang and Jiuyang Wei [16], studied the last problem. They have
developed some new approaches to estimate precisely the minimax level of the energy functional and
prove the existence of Nehari-type ground-state solutions and nontrivial solutions for the above problem.
It should be noted that recently , the following nonhomogeneous Kirchhoff-Schrédinger equation

{ —M( [ IV + E(xu? dx)(—au + E(xDu) = Q)A(u) + eh(x),

u(x) » 0 as |x| = +oo,

has been studied in [2], where ¢ is a positive parameter, M : R* — R*, £, Q : (0. + o) — R, are continuous

functions that satisfy some mild conditions. The nonlinearity  : R — R is continuous and behaves like
exp(at?) as t — +oo, for some a > 0. The authors proved the existence of at least two weak solutions for
this equation by combining the Mountain Pass Theorem and Ekeland’s Variational Principle.

Inspired by the last work cited above, we investigate our problem in adapted weighted Sobolev space
setting, and use Trudinger-Moser inequality to study and prove the existence of solutions to (1).

Let Q C R?, be a bounded domain and ¢ € L!(Q) be a nonnegative function. We define the following
weighted Sobolev space as

H(l)(Q, 0) = closure {u € C;’(Q) | fa(x)qul2 dx < oo}.
B
We will limit our attention to radial functions and then consider the subspace,
0md(B o) = closure {u € Cg, 4(B) | fo(x) IVul dx < oo} (6)

equipped with the norm
1
i, = ( [ ota) VP )’

The choice of the weight and the space H, (B, ) are motivated by the following exponential inequali-
ties. ’
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Theorem 1.1. [9] Let ¢ given by (2), then

ll2
fee dx < +oo, Y ueH,, .(Bo),
5 )
and
711[2
sup feﬁ"z dx < +00 & B<2

1
uEHO,md(B’U) B
Fullp <1

HO,md

Due to (7) and (8), it will be said that f is sub-critical growth at +co if

If(x,5)l

—~ =0, forall a>0
soteo exp(2e%”)

and f fis critical growth at +oo, if there exists some @ > 0 such that

m L's)|2=0, Ya>ay and lim L'S)lz
5—+00 exp(Zeas ) s—+00 eXp(ZeaS )

=400, Ya<ap.

5376

(10)

Now we define the Kirchhoff function g and give the conditions on it. The function g is continuous on

R* and verifies the conditions:
(G1) There exists go > 0 sucht that g(t) > go for all ¢ > 0 and
G(t+s)=G(Et)+G(s) YV s,t=0;
where

Gt = fo §(e)ds,

(®)

(Gy) t—> gT is nonincreasing for ¢ > 0.

(t)

The assmption (G;) implies that gT < g(1) for all t > 1. As a consequence of (G;), a simple calculation

shows that

t %G(t) - 31 g(t)t is nondecreasing for t > 0.

Consequently, one has

%G(t) - ig(t)t >0, Vt>0.

A typical example of a function g fulfilling the conditions (G1), (G2) and (G3) is given by

g(t) =go+at ,g0,a>0.

Another example is given by g(t) = 1 + In(1 + ).

The potential V is continuous on B and verifies

(V1) V(x) 2 Vo >0 in B for some Vj > 0.

(11)
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1
The condition (V) implies that the function v belongs to L!(B).
In this paper, we consider the problem (1) with subcritical and critical growth nonlinearities f(x,t).
Furthermore, we suppose that f(x, t) satisfies the following hypothesis:

(H1) The non-linearity f : BXR — Ris positive, continuous, radial in x, and f(x,t) = 0 for t < 0-
(Hz) There exist ty > 0 and M > 0 such that for all t > ¢y and for all x € B we have

0 < F(x,t) < Mof(x,t),
where ,
F(x,t) = ,8)ds.
= [ s
f(x 1)

(H3) Foreachx € B, m

is increasing for t > 0.

2g(£

@g

(Hy) In the critical case, there exists a constant yy with yy> ————
a062(1 + e‘m)

flx bt

im —— > uniformly in x,
00 exp(zeaOtZ) 7/0 y

where m = max V(x).
xeB

The condition (H) implies that for any ¢ > 0, there exists a real t. > 0 such that
F(x,t) < etf(x,t), V|t| > t., uniformlyin x € B. (12)
Also, we have that the condition (H3) leads to
x,t
lim fxh)

t—0 t@

=0 forall 0<6 <3 uniformlyin x € B. (13)

The asymptotic condition (H,) will be crucial to identify the min-max level of the energy associated to

problem (1).
4

We give an example of f. Let f(t) = F'(t), with F(t) = tZ + exp(Ze"‘“tz). A simple calculation shows that f
verifies the conditions (H;), (Hz), (Hs3) and (Hy).

To study the solvability of problem (1), consider the space
&E={ueH, B | f V(x)u? dx < +00},
’ B

endowed with the norm

||u||:( f o(x) [Vul? dx + f V(x)u? dx)z. (14)
B B

We note that this norm is induced from the product scalar

(u,v) = f(Vu.VU log < + V(x)uv) dx.
B |x|

It will be said that u is a solution to problem (1), if # is a weak solution in the following sense.
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Definition 1.2. A function u is called a solution to (1) if u € & and

g(llullz)[ L(o(x) Vu V(p) dx + j;V(x)u(p dx] = Lf(x, u)pdx, forall €& (15)
The energy functional, also known as the Euler-Lagrange functional associated to (1) is defined by f : & —» R

T = 3600 - [ Femd, (16
where

t
F(x,t):fof(x,s)ds.

It is quite clear that finding weak solutions to problem (1) is equivalent to finding non-zero critical points
of the functional ¥ over &.

The major difficulty in this problem lie in the concurrence between the growths of g and f. To avoid
this difficulty, many authors usually assume that g is increasing or bounded.(see[3, 4, 15, 21]).

Our results are as follows :
In the subcritical exponential growth case, we have:

Theorem 1.3.  Let f(x,t) be a function that has a subcritical growth at +oo and satisfies (H1), (Hz) and (Hs). In
addition, suppose that (V1), (G1) and (Gy) hold, then problem (1) has a non trivial radial solution.

In the context of the critical double exponential growth, the study of problem (1) becomes more difficult
than in the subcritical case. Our Euler-Lagrange function is losing compactness at a certain level. To
overcame this lack of compactness we choose test functions, which are extremal for the Trudinger-Moser
inequality (8). In this case we have:

Theorem 1.4. Assumethat f(x, t) has a critical growth at +oco for some oy and satisfies the conditions (Hy), (Hz), (H3)
and (Hy). If in addition (V1), (G1) and (Gy) are satisfied, then the problem (1) has a nontrivial solution.

To the best of our knowledge, the present papers results have not been covered yet in the literature.
This paper is organized as follows. In Section 2, we present some necessary preliminary knowledge about
functional space. In Section 3, we give some useful lemmas for the compactness analysis. In Section 4,
we prove that the energy J satisfies the two geometric properties. Section 5 is devoted to estimate the
min-max level of the energy. Finally, we conclude with the proofs of the main results in Section 6.
Through this paper, the constant C may change from one line to another and we sometimes index the
constants in order to show how they change.

2. Weighted Lebesgue and Sobolev Spaces setting

Let Q c RN, N > 2, be a bounded domain in RN and let w € L'(QQ) be a nonnegative function. To deal
with weighted operator, we need to introduce some functional spaces L*(Q), w), W"*(Q), w), Wg1 P(Q, w). Let
S(Q) be the set of all measurable real-valued functions defined on Q) and two measurable functions are
considered as the same element if they are equal almost everywhere.

Following Drabek et al. and Kufner in [19, 26], the weighted Lebesgue space LP(Q, w) is defined as
follows:

LP(Q,w) = {u : Q —> R measurable; f w(x)|ulP dx < oo},
Q



S. Baraket, R. Jaidane / Filomat 37:16 (2023), 5373-5398 5379

for any real number 1 < p < oo.
This is a normed vector space equipped with the norm

”u”p,w = (fQZU(X)luVJ dx)%

For w(x) = 1, we find the standard Lebesgue space L¥(€)) and its norm

1
il = ([ 1o )’
= ([ ra
In [19], the corresponding weighted Sobolev space was defined as
WY (Q,w) = (u € LP(Q); Vu € LP(Q,w)}

and equipped with the norm defined on W'#(Q) by

1
lellyrray = (llf) + V2l ) (17)

The spaces LF(QQ, w) and WP(Q, w) are separable, reflexive Banach spaces provided that w(x)ﬂ%]l € L}DC(Q).
If we suppose also that w(x) € L}OC(Q), then C°(Q) is a subset of WLP(Q, w), then we can introduce the space

Wé’p (Q, w), as the closure of C3(€Q)) in W?(Q, w).
For the space W;’p(Q, w), we have the following norm,

1
iy = ( [ worvp as) 18)
Q

which is equivalent to the one given by (17).
Also, we will use the spaces H}(Q2, w), which is the closure of C7*(Q) in W*(Q, w), equipped with the norm

1
il = ( [ w0 dx)’
Q
witch is equivalent to the norm given by (17) when p = 2. We have then
lll (00 = IVHll20-

Let the subspace

H(l),md(B, w) = closure {u € ngmd(B) | va o(x)|Vul? dx < oo},

with o(x) = log ﬁ Then the space & = {u € Hé ad(B) | fV(x)uzdx < +oo} is a Banach and reflexive space

B
provided (V1) is satisfied. The space & is endowed with the norm

||u||=( fB o () VuPdx + fB V(x)uzdx)z

which is equivalent to the following norm (see lemma 3.1)

il ey = ( [ oGV )’
' B
We also have the continuous embedding
& — L1(B) forall g>1.

Moreover, & is compactly embedded in L/(B) for all 4 > 1 (see lemma 3.1).
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3. Preliminaries for the compactness analysis

In this section, we will derive several technical lemmas for our use later. First we begin by the radial
lemma.

Lemma 3.1. [22] Assume that V is continuous and verifies (V7).
(i) Let u in C)(B) a radially symmetric function then,

lu(x)] <

log! (log (%) f VaPro(d)} < ——log (log( )l

\/_

(ii) There exists a positive contant C such that for alueé&

\/_

f V(x)uldx < Cllul?
B

1
and then the norms ||.|| and ||. ||H1 (Baw) = (fQ a|V.|2 dx)2 are equivalents.

(iii) The following embedding is continuous
& — LI(B) forall q>1.
(iv) & is compactly embedded in L1(B) for all g > 1.

Proof
(i) The function u is radially symmetric; then u(x) = v(Jx]) and by using the Holder’s inequality,

||
| | v
J

[o' ()12 log 11172 log %17 dt

Y

()| = [o(lx]) — v(D)]

< f 14 (t)|2t|10g Idt] [ f tllog t]E

- \/_[271 i |v ()12t log - |dt] log? (log(| )
_ 2 3

< \,_log (oG [ 1VaProteyd

< Elogzﬂog(m))llull-

(i1) From (i) we have forall u € &,
f V(x)uldx <m f uldx < %llullz f log(log(—))dx < —||u||2 f log(—)dx < Cllulf?,
B B
where m = max V(x). Then (ii) is proved.

x€B
(iif) From (i) and (ii), we have that the following embedding are continuous

&< Hy,,,(B) = L1(B) Yq22.

We also have by the Holder inequality and (V7),

f|u|dx< f )5(fwzdx)5 s(fB%dx)%llull-
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For any 1 < 8 < 2, there holds

flulﬁdx<f(lul+lulz)dX<(f dx) ||M||+—IIu||2

Thus, we get the continous embedding & < Li(B) forall g > 1.
(iv) The above embedding is also compact. Indeed, let 1, C Ebe a sequence such that [ju]| < C for all k. Then
||uk||H1 .S C, for all k. On the other hand, we have the following compact embedding [19] H, d(B) — L9(B)

for all g such that 1 < g < 2s, with s > 1, then up to a subsequence, there exists some u € H0 L4 Such that

convergent to u strongly in L7(B) for all g such that 1 < g < 2s. Without loss of generality, we may assume
that

u, —u weaklyin &
uy —u stronglyin LY(B) (19)
ug(x) — u(x) almost everywherein B.

For q > 1, it follows from (19) and the continuous embedding & < L7(B) (p > 1) that

fluk —ulldx fluk - ullluk - ulq_%dx
B 1 1
fluk—uldx z fluk—ulz‘f 1dx :

oy — uldx) — 0.
B

IA

(St

IN

This concludes the lemma. O

In the next, we give the following useful lemma.

Lemma 3.2. [20] Let Q ¢ RN be a bounded domain and f : Q x R a continuous function. Let (u,), be a sequence
in LY(Q) converging to u in LY(Q). Assume that f(x,u,) and f(x,u) are also in LY(Q). If

f If(x/ un)un|dx S C/
Q

where C is a positive constant, then
fx,un) = fx,u) in LNQ).

In order to prove a compactness condition for the energy J, we need a Lions type result [28] about an
improved TM-inequality when we deal with weakly convergent sequences and double exponential case.

Lemma 3.3. [12] Let (uy), with ||lug|l = 1 be a sequence in & converging weakly to a non zero function u. Then

2
sup f exp (ezm’”k)dx < 400,
k JB

forall1 < p < P, where
p= =1 ifllull <1
' +oo iffull=1.

Proof By Young inequality, we have

exp(2e"*t) < % exp(2¢™) + % exp(2¢7?), Va,beR, > 1,
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1 1
where a + ; = 1. Also, we estimate u7,

1
u,%=(uk—u+u)2s(1+e)(uk—u)2+(1+g)uz, YV e>0.

Therefore, for any p > 1, using the above inequalities, we get

f exp (262"””13)de 5 f exp(2e2”‘7"(1+£)(”k‘”)2)dx+% f exp(2627 1+ gy
B B B

From (7) the last integral is finite and to complete the proof, we should prove that for every p such that
1 <p < P,wehave

sup f exp(2€2”‘7”(1+5)(“k_“)2)dx < +o0o ,forsome ¢>0 and g> 1.
Kk JB

We may assume that [[u|| < 1, the proof in the case ||u|| = 1 is similar. If [Ju|]| < 1, then for

1
P<—mmn
L= {full

there exists v > 0 such that
p(1 = [lul)(1 +v) < 1.

On the other hand, we have
im =l =1+l = lim (o0 = 1 [P,
Therefore, for every ¢ > 0, there exists k. > 1 such that
llug — ul* < (1 + &)1 = ul?) ¥ k> k.
Then, for g = 1 + ¢ with ¢ such that ¢ = V1 + v — 1, and for every k > k. we get
pa(L+ el — ull® < p(1 + e)> (1 = [[ull) = p(1 +v)(1 ~ [|ul?) < 1.

Using (8), we get
f exp(F Pt a=fygy - < f exp(2eX PGz il g
B
(=) o
< f exp(Zezn(““k*“”) )dx
B
<

2
sup f ¥ dx < +00
|l0ll<1,0€E VB

and Lemma 3.3 is proved.

4. The mountain pass geometry of the energy

Since the nonlinearity f(x, t) is critical or subcritical at +oo, there exist positive constants a2, C > 0 and
there exists t, > 1 such that

If(x,t)] < Cexp(e" ), VIt > t. (20)
So the functional J defined by (16), is well defined and of class C'.
In order to prove the existence of nontrivial solution to problem (1), we will prove the existence of

nonzero critical point of the functional J by using the theorem introduced by Ambrosetti and Rabinowitz
in [5] (Mountain Pass Theorem).
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Definition 4.1. Let (u,) be a sequence in a Banach space E and | € C}(E, R) and let ¢ € R. We say that the sequence
(un) is a Palais-Smale sequence at level c ( or (PS). sequence ) for the functional | if

Ju,) > cin R, as n — +co

and
J'(u,) > 0 in E’, as n — +oo.

We say that the functional | satisfies the Palais-Smale condition (PS). at the level c if every (PS). sequence (u,) is
relatively compact in E.

Theorem 4.2. [5] Let E be a Banach space and | : E — R a C* functional satisfying J(0) = 0. Suppose that

(i) There exist p, B> 0such that Yu € dB(0, p), J(u) = B;
(ii) There exists x1 € E such that ||x1|| > p and ]J(x1) <0;
(iii) | satisfies the Palais-Smale condition (PS), that is any Palais Smale sequence (u,) in E is relatively compact.

Then, | has a critical point u and the critical value ¢ = J(u) verifies

c:= ;Qgggﬁ](y(t))

where I := {y € C([0, 1], E) such that y(0) =0 and y(1) =xi}andc > p.

Before starting the proof of the geometric properties for the functional 7, it follows from the contin-
uous embedding & — L(B) for all g > 1, that there exists a constant C > 0 such that ||u|l2; < cllu||, forallu € &.

In the next Lemmas, we prove that the functional J has the mountain pass geometry of Theorem 4.2.

Lemma 4.3. Suppose that f has critical growth at +oco. In addition if (H,), (Hs), (V1) and (G1) hold, then, there exist
p, B> 0such that J (u) > B for all u € & with |lul| = p.

Proof. 1t follows from (13) that there exists 69 > 0
F(x,t) <elt?, for |t < . (21)
From (H3), (20) and for all g > 2, there exist a positive constant C > 0 such that
F(x, t) < Cltlfexp(e” ©), Y |t] > 61 (22)
So, using the continuity of F, we get
F(x,t) < eltP + Cltflexp(2e" '),  forall t € R. (23)

Since

1
T = 360uP) - [ Fe
B
we get from (G1)
Ty = L - f 12dx - C f julf exp(e **) dx.
2 B B

From the Holder inequality, we obtain

Tw) > %uunZ —¢ fB uldx — C( fB exp(2¢” ”z)dx)illullgq. (24)
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From Theorem 1.1, if we choose u € & such that
allull? < 2m, (25)

we get

f exp(2¢" “)dx = f exp(2¢” H””z(ﬁ)z)dx < C, with C not depending on u.
B B

On the other hand ||ull2; < Cillul|, so for fixed € such that % > €,
1

T = DR = eCollulP - Clllt = (2} = eCy - Cluat2),

for all u € & satisfying (25). Since 2 < g, we can choose p = ||ul| < /% and for € such that % > ¢, there
1

exists § = p ((— -&)Cy - Cpq_z) > 0 with J(u) > g > 0. m|

By the following lemma, we prove the second geometric property for the functional 7.

Lemma 4.4. Suppose that (H1) , (Hz), (V1) and (Gz) hold. Then there exists e € & withJ (e) < 0 and
llell > p.

Proof. From the condition (G,), for all t > 1, we have that

Gt) < @tz. (26)

It follows from the condition (H;) that
flx,t) = F(x f) > F(x, t),
forall t > ty. So
F(x,t) > Ceii, ¥ t > t. 27)
In particular, for p > 4 there exists C; and C, such that
F(x,t) = C1Jtff = C,, Vte R, x € B.
Next, one arbitrarily picks i € & such that [|i1]| = 1. Thus from (26) and (27), forall t > 1

J(ta) < M154 Cillally # - nC,.

Therefore,

lim J(ti1) =

t—+00

We take e = f1i, for some f > 0 large enough. So, Lemma 4.4 follows. |
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5. The minimax estimate of the energy

According to Lemmas 4.3 and 4.4, let

d. := infmax 7 (y(t)) > (28)

and
={y eC([0,1],8) suchthat y(0)=0, y(1)=e and J(y(1)) <O0}.

We are going to estimate the minimax value of the functional J. The idea is to construct a sequence of
functions (v,,) € &, and estimate max{J (tv,) : t > 0}. For this goal, let consider the following Moser function

1 w ife ™ < |x| <1
wy(x) = N log? (1 + 1) S

log?(1+m) if0<|x| <e™

Wy (X)

Let v,(x) = ” I
n

Then v, € Eand |jv,|| = 1.

5.1. Key lemmas
We need two lemmas that we shall use later. We begin by the first lemma.

Lemma 5.1. [22]Assume that for the continuous potential V(x), the condition (V1) is satisfied. Then

VO 2 m
- - < < - -
+iogirm D Sl < 1 s+ 0,(1)
1 m
>1- +0,(1),
o = ogem T
where m = max V(x) and 0,(1) = 0 as n — +oo.
x€B
Proof. We have
1 11
— —_— 2 = —-— —_—— -_—
flog( WWw,|“dx = Togl+7) J.. rlog(f)dr 1.
Also,
f log (log(—))dx < f logz(i)dx
e<|x|<1 |x| e-”slxlsl |x|
= 2n rlogz(—)dr
= 27—‘(451 — e (n? +n - 1))
Hence,

A

1 e 1
w,(X)Pdx < —f loz—dx+—f log(1 + n)dx
fB [u (0 2r10g(T+ 1) Jovcyica & (G on 0hiser g1 +m)

_ 1 2,€ 1 —2n

= —log(l ). rlog ( )dr + e log(1 + n)

_ 1 5 1 —211 _ = 1 —2n

= —log(l " n)<4 2 (n* +n )) —e “log(l +n)
1 o2 1

< 1 IOg(l—+7’l) log(l +n) = —g(l n Tl) +0,(1)
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and thus
o = f log(50) VP + f V) fon(9)Pdx
B

m m
< 1+ —e?log(l+n)+~———
= 2¢ gL+ + g
1+ — 0 1 o,(1)
log(1+n) "
In the same way, using the condition (V1) we obatin,
VO 2
1+ ———+0,(1) < .
togtt T+ onD < T
Now, we present the second elementary lemma.
Lemma 5.2. [22]
) 1 log? (1+s)
lim exp(2e¥™) dx = lim 27 f exp(2elst il —2g) ds > 27e?
n—-+oo en<lx|<1 n—+o0o 0
Proof. We have,
5 1 log(log($))
f exp(2¢*™) dx = 27 f 1 exp(2eknllosem )y
e "<x|<1 e

m
Let us pose b(m,n) =b:=1 - log(1 +n)

and using the result of lemma 5.1, we get

\%

5 2 7 blog2(1+5)
I= f exp(2e7n) dx = 27 f exp(2e s — 2s) ds
e <|x|<1 0

¢ (o)
2nf exp(2t T —2(t - 1) dt ,
e (Gl
= 27162[ exp(2t sk’ — 2t) dt-
1
We claim that

‘ (hl)
lim exp(2t' sk’ — 2h)dt =1,

k—+00 J1

and so lemma4.4 follows.
For any k > 4, let

We(h) = 260 2t with £ > 1.
and divide the interval [1, k] as
[1,k] = [1, VK] U [ Vk k= VK] U [k — Vk,kI.

First, we consider the interval [1, \/E]. Sinceb <1,and lim b =1, then

—+00
b 1
Xp, vy (He?® < @772 < 272 e LI([1, +00))

and
Xu m(t)ewk(t) — e forae t>1, as k — +oo.

5386

+ 0,(1). We bring change of variable [x| =¢™,t=1+5,k=n+1,

(29)
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So, by the Lebesgue’s convergence dominated theorem, we get

\/l? (l’;log;\[) k 1
lim A g = lim X[l/ﬁl(t)el’”k(t)dt: 5 (30)

k—+o0 Jq k—>+oo Jq
Now, we study the limit of the integral on [ Vk, k — Vk]. So, we calculate
(Vi) = -2 Vi(1 - k7)
and then
Ur(Vk) < = Vk, forall k>4 (31)

On the other hand, since b < 1, we get,

Uk — Vk) ;
- 2% blogk(1+ —TogF ))) 2k — ‘/];)
_ 2e(blogk{l 2 0 (“gk»} )+2\/E

2k[e(‘2W+°(W)) ~1]+2vk.

ze(ﬁ(logkﬂog(l— ) ) _ 2(k _ \/%)
(

IA

Therefore, for every € € (0, 1) there exists k. > 1 such that
ek — V) < —2Vk(-1 +2(1 —¢)) forevery k> k.- 32)

Let k fixed and large enough. A qualitative study carried out on ¢ in [1, +0), proves that there is a unique
tx € (1,k) such that ¢ (t) = 0 and so,

-k
f Ot < (k — 2 Vi)emX(Veyite= Vi),
vk

In addition, from (31) and (32) with e < i, we obtain

max[( Vk, Pk — Vi) < - Vk,

provided k sufficiently large. Hence, there exists k > 1 such that

_E _
f Ot < (k—2Vk)e V¥ for all k>k
vk

and so

hlogf

k— \/]; ( ;+ logk )
e

lim - )dt =0. (33)

k—+eo ) Vi

Finally, we will study the limit of the integral on the interval [k — Vk, k].

We mention that for a fixed k > 1 large enough, ¢ is a convex function on [k — \/l;,+oo), and Yy (k) =
2kt — 2k < 0, so, we can get this estimate

() — Pr(k) < k;\/;lpk(k— Vi), telk- Vk k]
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then, L
Pe(h) < %ktlpk(k— Vi), telk— VkK].

Hence, in view of (31) and (32), if € € (0,1) and k > k. we have
Ur(t) < =21 —e) = 1)(t — k), t e [k— Vk kI, (34)
furthermore, using the fact that i is convex on [k — vk, +oo) and ¢ (k) = 4bkP~1 -2, we get

V() = Yi(k) + (k) (t — k) = 2k" — 2k + (4bK*~ = 2)(t = k), t € [k— Vi k]- (35)

So,
k 2kP 2k
f Ot > e—(l —e ), (36)
k= vk 4kb-1 -2
Then by bringing together (34), (35) and (36), we deduce
o2k =2k Vi k 1
m - (1—e < 5 vOgt < lim —— (1 — e V&)
Jim g (lme ) < lim fk_\,,;e < lim srmar—pi )

Since € € (0, %) is arbitrary fixed, we can conclude that

blogt

k—Vk (Togk )
e(Zei * _Zt)dt = %

lim
k—+oco Vi

So our claim (29) is proved, and the lemma follows.

5.2. Estimate of the energy J
We are now going to the desired estimate.

Lemma 5.3. Assume that (G1), (Ga), (V1), (H1), (Hp) and (Hy) hold. Then the level given by (28) verifies
1 _2n
d. < =G(—)-
< 2G( o )
Proof. We have v, > 0 and |[v,]| = 1. Then from Lemma 4.4 J (tv,) = —o0 as t — +0c0. As a consequence,
d. < max 9 (tv,).
20
We argue by contradiction and we suppose that foralln > 1,
1_2n
> ZG(=).
r{lﬁ)xj(tvn) > ZG( ao)
Since J possesses the mountain pass geometry, for any n > 1, there exists t, > 0 such that
1 _2n
= > — _
max J (ton) = J (tavn) 2 5 G( ozo)
Using the fact that F(x,t) > 0 forall (x,t) € Bx R we get

G(t?) > G(i—:).
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On one hand, the condition (G1) implies that G : [0, +00) — [0, +0) is an increasing bijection. So

2m

2> o (37)
On the other hand,
d
=T (tvoa)| _, = g(E)ts — | fx, tyvn)oudx =0,
dt t=ty B
that is
g(t )tz ff(x tnvn)tnvndx (38)

Now, we claim that the sequence (f,) is bounded in (0, +0). Indeed, it follows from (Hy) that for all
e > 0, there exists t, > 0 such that

flx, Ht = (yo — €)exp (Ze"‘otz) V|t| > t,, uniformlyin x € B. (39)
By Lemma 5.1, if |x| < e7" we have

1 log(l + 1)
2

J— J— - — " 4
v, > 51 log(1+n o) =5 log(l +n) + on(1). (40)

Using the condition (G,), (39) and (40), we get

g = g(B)2 = (yo—e) exp (200 )dx

0<x|<e™

(yo—e) exp (26

0<x|<e™

\%

aofi( log(1+1) = o— + On(l))) (41)

(0 —€) exp( aot2(L log(1l +n) — + 0,(1)) _ Zn)-

Then, for n large enough, we obtain

aoti(L log(1l +n) — 2— + 0y,(1))

1> 7n(yo —¢)exp (2 —2n—log (g(l)tf,)).

As a direct result, (¢,) is a bounded sequence. We must note that, if

lim 2 > 2—” (42)

n—-+0o 050

then we get a contradiction with the boundedness of (t,). Indeed if (42) occurs , then there exists some 6 > 0

such that for n large enough,
2n
2>+ —
ap

Thus
a0 > % 1
o t, 2 - o+
and then the right hand of (41) tends to infinity which contradicts the boundedness of (¢,). Consequently

(42) cannot hold, and we get

lim 2 = I, (43)

n—-+oo ap
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We claim that (43) leads to a contradiction with (Hs). Indeed, let us introduce the sets:
A, ={xeB|tv, >t} and C, =B\ A,,

where ¢, is given in (32). We have

g2 = ff(x,tnvn)tnvndx:ff(x,t,,vn)tnvndx+ff(x,tnvn)tnvn
Cy

B AH

(yo—s)f(2e"‘°tﬁ”ﬁ)dx+f F(x, tyvn)t,vadx
A”

CH
(Yo - e)fexp(Ze“"t%”%) dx — (yo — e)f exp(2e“°t5”31) dx +f f(x, £yt vpdx.
B CII Cll

v

Sincev, — 0 a.ein Band xc, — 1 a.ein B, therefore using the dominated convergence theorem, we get

21 2 20
lim g(t3)f2 = g(—ﬁ)—n > (yo—¢) lim fexp(2e“°t"”") dx — (yo — €)me?.
n—+oco ap’ ap n—+oo Jp
Using the fact that
) 21
2>,
ap
we get

f exp (2677 dx > f exp (262" dx + f exp (262 d.
B 0<|x|<e™" e "<|x|<1

On the one hand, we have by (40)

f exp (262””5) dx
O<ll<e

\%

f exp (Zelog(1+n)—m+o,,(1))) dx
0<|x|<e™

T exp (2 +2n—-m+ on(l))e_z’1

T exp (2 -m+ on(l)) — e ™Mas n — +oo.

On the other hand, using the definition of v, and the result of Lemma 4.4, with the change of variable
t

x| =™, we get
) log? (log( 157))
f exp(Zean”) dx = f exp (26“”"”2 log(1+n) ) dx
e "<|x|<1 e‘”slxlsl
log? (log(£))
= 21 exp (26”“’1’“2 log(1+11)) rdr
—n
A log?(1+£)
= 2r f exp (Ze log(L+mlwonl? — 2t) dt
0
> 2meél.
Hence,

. 21t 27 m
Jim gD = 9(G) 5= = (00 = eyme(1+e™)-
Since ¢ > 0 is arbitrary, we have
2g(3%) N
aoe2(1 + e"“) =7

This contradicts (Hy) and the lemma is proved.
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6. Proof of main results
Now, we consider the Nehari manifold associated to the functional 7, namely,
N=A{ue&: (T (u),uy=0,u+0},
and the number ¢ = l}g\f{ J (1). We have the following lemmas.
Lemma 6.1. [21] Assume that the conditions (Hy) and (Hs) hold, then for each x € B,
tf(x,t) — 4F(x, t) is increasing for t > 0.
In particular, tf(x,t) — 4F(x,t) > 0 forall (x,t) € B X [0, +00).

Proof : Assume that 0 < f < s. For each x € B, we have

%t‘l —4F(x,s) +4fsf(x,v)dv

t
JD s gpr s+ L (:3’ 9 st~ 1)

= sf?x,s) —4F(x, s)-

tf(x,t) — 4F(x, t)

Lemma 6.2. Assume that (G,), (V1), (H1) and (Hs) are satisfied. Then the level d., given by (28) verifies
d. <c.

Proof : Let i1 € N and consider the function ¢ : (0, +o0) — IR defined by y(t) = J (ti1). The function 1 is
differentiable and we have

Y'(t) = (g (ta), i)y = g ||al)Hlall® - fB f(x, ta)a dx, for all t > 0.

Since i1 € N, we have (J”(i1), %) = 0 and therefore g(|il|?)||||* = ff(x, it)ii dx. Hence,
B

i’ (ti)3

o s EWE) QP fe)  fetn)y
W) = Pl )+ | )

£2]la||? llall>

We have that ¢’(1) = 0. We also have by the conditions (G;) and (H3) that ¢ () > Oforall0 <t < 1,9’'(t) <0
for all t > 1. It follows that

J (@) = max g (ti).
£0
We define the function A : [0,1] — & such that A(t) = tfii, with J (fii) < 0. We have A € A, and hence

d. < max J(A(t)) < max J (tia) = J(i1).
t€[0,1] 20
Since 71 € N is arbitrary then d. < c.

The main difficulty in the approach to the critical problem of growth is the loss of compactness. Precisely
the overall conditions of Palais-Smale are not verified except for a certain level of energy. In the following
proposition, we identify the first non compactness level.

Proposition 6.3. Let J be the energy associated to problem (1) defined by (16). Assume that the conditions (G),
(Ga), (H1), (H2), (Hs) and (Hy) are satisfied. Then

(i) In the subcritical case, the functional J satisfies the Palais-Smale condition (PS)q at all level d € R.
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(ii) In the critical case, the functionnal J satisfies the Palais-Smale condition (PS); only for level d such that
g< 1 G (Zn)
2 2%} '

Proof. We start with the second item.
(ii) Consider a (PS); sequence (u,) in &, for some d € R, that is

T = 5GlhnlP) - f F(x, 1) dx — d, 11— oo (44)
B
and

KT @), 93] = gl )] fB 0Vt Vop dx + fB Vxug dx] - fB feu)p da| < el (45)

for all p € & wheree, — 0, whenn — +oco.
From (44) for large enough 7, there exists a constant C > 0 such that

1
EG(IIunllz) <C+ fF(x, uy) dx-
B
From (12), for all € > 0, there exists t. > 0 such that
F(x,t) <etf(x,t), forall |f|>t. and uniformlyin x € B.

It follows that,
1
SGtmiR <c+ [

[un|<te

F(x,u,)dx +¢€ ff(x, Uy Uy, dx-
B
From (45) and (G,) , we get
1 1
29Ul < 5 G(al) < Co + eenliall + eglnnl Pl

for some constant C; > 0.
Using (11) and the condition (G;), for all e such that 0 < € < i, we get

1
g0(5 - llunll® < Cr + eenllunll
We deduce that the sequence (u,) is bounded in & Consequently, there exists u € & such that, up to

subsequence, 1, — u weakly in &, u, — u strongly in LY(B), for all 4 > 1 and u,,(x) — u(x) a.e. Furthermore,
we have from (44) and (45), that

0< f £ winl G, (46)
B
and
0< fF(x, u,) <C. 47)
B

By Lemma 3.2, we have
flx,u,) = f(x,u) in LY(B) as n — +co. (48)
It follows from (H,) and the generalized Lebesgue dominated convergence theorem that

F(x,u,) — F(x,u) in L}(B) as n — +co. (49)
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So,
nl—i>I-Poo G(llunlP?) = 2(d + j;F(x, u) dx). (50)
Next, we are going to make some claims.

Claim1. u > 0. Indeed, since (u,) is bounded, up to a subsequence, [u,|]| — p > 0. In addition,
9’ (u,) — 0leads to

g(pz)[ fBo(x)Vu.V(p + V(x)ugp dx] = fo(x, u)p dx, Yo € &.

By taking ¢ = u~, with w* = max(xw,0), we get |[u"||> = 0 and so u = u* > 0. Since the nonlinearity has
critical growth at +co and from Trudinger-Moser inequality (8), f(.,u) € LP(B), for all p > 1. So, by elliptic
regularity u € W>?(B, 0), for all p > 1. Therefore, by Sobolev imbedding u € C(B).

Let define By = {x € B : u(x) = 0}. The set By = 0. Indeed, suppose by contradiction that By # (. Since
f(x,u) > 0, by Harnack inequality see ([19], Theorem 1.9), we can deduce that By is an open and closed set
of B. In virtue of the connectedness of B, we reach a contradiction. Hence Claim 1 is proved.

Claim 2. g(||u||2)||u||2 > ff(x, u)u dx. The claim holds in the case ||u|| = 0. So we can assume that ||u|| # 0.
B

Then, we proceed by contradiction and we suppose that g(||u||2)||u||2 < f f(x,u)u dx. Hence, (J'(u), u) < 0.

The function ¢ : t — Y(t) = (J"(tu), u) is positive for t small enough. Indged, from (13) and the critical (resp
subcritical) growth of the non linearity f, for every € > 0, for every g > 2, there exist positive constants C
and c such that

If(x, )| < et + CHexp(e ¥), V,(t,x) € RxB.

Then using the condition (G1), the last inequality and the Holder inequality we obtain
1 1
() = g(PllulP) el - f Fx, tuyu dx > got||ull® — et f u? dx - C( f exp(2¢" ) dx)’ ( f u dx)’.
B B B B

In view of (8) the integral f exp(2¢° ) dx < f exp(2¢° tZH;‘WHuHZ) dx < C, provided t < ﬁ I Using the
B B

radial Lemma 3.1 we get IIuIIZq < C'||u]". Then,

P() 2 gotllull? ~ Cretllull? - Callull = ulPt[ (g0 — Cre) = Cottlullr=2].

We chose € > 0, such that gy — C1€ > 0 and since g > 2, for small {, we get ¢ : t — Y(t) = (J'(tu), u) > 0. So
there exists 1) € (0, 1) such that ¢(nu) = 0. Therefore nu € N. Using the condition (G,), the result of Lemma
5.2, the semicontinuity of norm and Fatou’s Lemma we get

d<d. <c<J(mu)

1
J () = 2{J" (), )
1 1 1
= 3Cl?) = GomlPiul? + 3 [ (7s s 45, )
< 3CnP) = ol + 5 | (e =47, )
tim inf 3 Gllunl) — 3901 PP

+ liminf[ji f(f(x, Uy Uy —4P(x,un)) dx]
B

IA

n—+0co

Jim [T) = (T o )] = d

IA
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which is absurd and the claim is well established.

On the other hand, by claim 2, (13) and Lemma 6.2 we obtain

) > 360 = Jo0uP + 3 [ 17650 = 4751 > 0

Now, using the semicontinuity of the norm and (50) we get,

Jw) < %liminfG(IIunllz) — f F(x,u) dx = d.
n——00

B

Therefore, d > 0.
We will finish the proof by considering three cases for the level d.

Case 1. d = 0. In this case
0<9Jw)< lierinfj(un) =0.

So,
Jw)=0
and then
.1 2y _ _1 2
Jim S GlulP) = fB F(x,u) dx = 5 G(lulP).
Consequently,

lletnll = |l

and therefore u, — u in &.

5394

(51)

Case 2. d > 0 and u = 0. We prove that this case cannot happen. Indeed, we argue by contradiction and

suppose that u = 0. Therefore, fB F(x,u,) dx — 0 and consequently we get

1 1 _2m
EG(HMHHZ) —d< EG(a_o)'

So, there exist g € N and 1 € (0, 1) such that agl|u,|l* = (1 — n)2mx, for all n > ny. By (45), we also have

P = [ ey ] < Ce,
B

First we claim that there exists g > 1 such that

flf(x, uy)|? dx < C.
B

So

(Ul )l < Cen + fB |F e, ua)l?)" dx( fB ")

where g’ is the conjugate of g. Since (u,,) converge to u = 0 in L7 (B)

i g(llugl ) llaal® = 0.
n—+oo

(52)
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From the condition (G;), we obtain
lim ||u|* = 0.
n—+co

Therefore, J (1) — 0 which is in contradiction with d > 0.

5395

Now, we will prove the claim (52). Since f has critical growth, for every € > 0 and g > 1 there exists f. > 0

and C > 0 such that for all |t| > f., we have
£ (x, )7 < Cexp(2e®EDF),

Consequently,

f |f Cx, un)l? dx + f If (e, un)l7 dx
{lunl<te [un]>te}

D+ C 2 ao(e+1) dx.
ERTRY

Since, there exist np € IN and 71 € (0, 1) such that aollual? = (1 - n)2m, for all n > ny, then

f |f Ce, u)l? dx
B

IA

ap(1 + e)(%)zﬂunllz <(1+e)(1-n2n

We choose € > 0 small enough to get
ao(1 +€)llull* < 27,

therefore the second integral is uniformly bounded in view of (8).

Case 3. d > 0and u # 0. In this case, we claim that J(u) = d and therefore we get

Jim Gl ) = 2(d + fB Fx,u) d) = G(lulP).

So,
(2]l — [luall.

Now, using the semicontinuity of the norm and (44) we get,
Jw) < %liﬂglfG(llunllz) - fBF(x, u)dx =d.

Since (u,,) is bounded, up to a subsequence, ||u,|| — p > 0. Suppose that

J () <d.
Then

lul? < p.
In addition,

36%) =3 lim GOl = (d+ [ Fex,ds),

B
which means that
p? =G (2 + fB F(x, u) dx)).

Set
Uy

llunll

(A

(53)

(54)

(55)

(56)
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and

v=—

P
We have ||[v,]| =1,v, = vin &, v # 0 and [|[v|| < 1. So, by Lemma 3.3, we get

sup f exp (262”7"””2) dx <
n B

forl<p<(1-|o|*)
On the other hand, by claim 1, (13) and Lemma 5.3, we obtain

1 1 1
J ) = EG(IIullz) - Z—Lg(llullz)llull2 +1 f[f(x, u) — 4F(x, u)] dx > 0.
B
From (57), Lemma 5.2 and the following equality
2d =29 (1) = G(p?) = G(llulP®),

we get
Glp?) < 24+ G(IulP) < GC=) + GllulP).
Now, using the condition (G1) one has
P <G (GCED) + GllulP) < 2= + .
Since
L PP llulP

S 1Rl

we deduce from (58) that

2y

2
< —
ST

2n
ao

1— ol

On one hand, we have this estimate | |f(x, u,)|” dx < C. Indeed, For e > 0,
B

Then there exists 6 € (0, %) such that p2 =(1-29)

flf(x, u )" dx = f LF(x, )| dx + f |f (e, un)l” dx
? lunl<te foal>te)
< @ max |f(x ) +Cfexp (zeao(He 1] )dx
Bx[—t, B
<

B

provided ay(1 + €)l|u|[> < 27tp, for p such that 1 < p < (1 — [|o||*)~".
On the other hand, since

: 2_ 2
Tim = p?,
then for n large enough, we get

ao(1+ €)lunll* < ao(1+ €)p* < (1 + €)1 = 02—

C.+C fexp (2eao(1+€)|\un|\zlvnlz) dx < C,

|I a

5396

(57)

(58)
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We choose € > 0 small enough such that (1 + €)(1 — 0) < 1 which means

ao(1 +e)llual® < 27

1 .
1 -l
So the sequence (f(x, u,)) is bounded in LI(B), g > 1. Using the Holder inequality, we deduce that

1
flf(x )| dx ( flun—ul")q dx

|1y, —ulq)v dx - 0 as n — +oo,
B

IA

| [ ) - s

IA

where 1 + ql = 1. Since (I (uy), u, — u) = 0,(1), it follows that

= I

g(llunllz)[ fBa(x)Vun(Vun —Vu) + fBV(x)un(u,, —u) dx] — 0.

On the other side,

ol [ o0Vt = V) + | V00t = 1) ] = gl PP 0Pt
B B
Passing to the limit in the last equality, we get

9(p*)p* = 9(p*)llul* =

therefore ||u|| = p and [[u,|| — |lu||l. This is in contradiction with (55). It follows that G(pz) = G(||ull) and
consequently J (1) = d. Also, from (45) and (48) we get

2 Vu.V dx| = , dx, ¥ E.
)] [ ovuvp + Vg ] = [ g i, vp e

So u is a solution of problem (1). We also have 1, — u stronglyin &.

(i) From the proof of (ii), up a subsequence (u,), there exists M > 0, such that ||u,|| < M. By the subcritical

. 21 ..
case of f at +oo, for some q > 1, there exist a < v and positive constants C;; and C,,, such that

2
flf(x, uy)|? dx
B

Ciy+Coy fexp (Ze"“”"lz) dx

Jun[?

CrgtCoy | exp (2e len

IA

AL ,,HZ) .

lin |2

2
Cig+Coq | exp (Ze " lunl? ) dx < +oo.
B

IA

We conclude as in (if).

O
Proof of Theorem 1.3
Since f(x, t) satisfies the condition (9) for all @y > 0, then by Proposition 6.3, the functional J satisfies the
(PS) condition (at each possible level d). So, by Lemma 4.3 and Lemma 4.4, we deduce that the functional

J has a nonzero critical point u in &. O
Proof of Theorem 1.4
In the critical case, again by proposition 6.3, Lemma 4.3 and Lemma 4.4 , the energy J satisfies the (PS)4

1.2
condition for all d < EG(a_n)' Therefore, J has a nonzero critical point u in &.
0
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