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On some inequalities for metallic Riemannian space forms
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Abstract. The metallic Riemannian space forms are the subject of this article, specifically their slant sub-
manifolds. Several basic inequalities have been derived for these submanifolds and particular conclusions
are examined.

1. Introduction

After being first described in [10], the golden structure on a Riemannian manifold has since worked out
by several scholars using various theories. The discovery that on a Riemannian manifold, the structure of
metallic type may be extended from golden type was initially made in [16]. Recent publications include a
thorough analysis of Norden manifolds in [3] and several findings on the curvature of generalised metallic
pseudo-Riemannian structures in [4]. Mention that substantial research has been done for various slant
cases in ([2], [18], [17] and [19]). Metallic warped product manifolds were explored in 2018 with some
noteworthy findings. The same authors ([20] and [19]) also looked at warped product submanifolds in
Riemannian manifolds equipped with metallic structure.

The theory of slant submanifolds was proposed in [5]. Later, Vilcu [24] and Shukla and Rao [23] explored
this theory. Recently, slant cases have also been explored in different space forms [1], [9].

As an alternative, Chen examined real space form submanifolds in his 1993 article [6], where he also
developed the notion of sharp relations involving intrinsic and extrinsic invariants. Following that, many
other ambient spaces were reviewed for Chen-like inequalities, including [7],[21],[22],[11],[12] and their
references.

As a result of all these advancements in the area, we are able to prove sharp inequality for metallic
Riemannian space forms.

2. Preliminaries

Let M" isometrically immerses in (A_/Im, g), where M and M are Riemannian manifolds. Identification of
covariant differentiation can be made with V on M and normal connection can be made with V+ on TM*.
It can also be noted that following link also holds when n describes the second fundamental form

Va, U = Vo, U + (U, U,),
V(ufv = =SqoU, + Vfl‘h(V, YU, U, € T(TM), YV € T(TM).
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It is also worth noting that
9(Sv U, Ua) = g(n(Th, Ua), V).
As a reminder, the equations of Gauss can be formulated like this

R(ﬂlr 7/121 rLl3r (L(4) = R((Lll/ ﬂZ/ (L[3, (LI4) - 9(77((”1/ (L[4), 77((”2/ (L(3)) + g(n(ﬂlr q/[3)/ r[((LIZI 7/14)) (1)

Consider any local orthonormal frame field {e, ..., €4, €411, ...,€,} on M. Compute

n

1 ..
Gp) = Z ;ﬂ(ei,ez'), 1<ij<mn

i=1
also
qu = g(n(ei,ej),es), n+1<s<m.

Additionally, take note
2_ 1y b

6=z 3, { 2 my
also

e =YY" ginese), ntei ).

s=nt1i,j=1
One recalls.

Lemma 2.1. [6] In case of (t + 1) real numbers uy, ..., us, v obeying

t

(Zuk)2 = (t—l)(Zui+v),t22

t
k=1 k=1
one obtains 2uyuy > v. Equivalence is true if and only if uy + up = uz = -+ = uy.
In order to describe the relative null space of M, we have
L, ={U, € T,M|n(U,U) =0, YV U € T,M},p € M.

We now have K(7), which serves the sectional curvature of the manifold M, and 7= C T,M reflects plane
section. Write

t(p) = Z K(e; A e)).

i<j
One can notice

(inf K)(p) = inf{K(m)|t € T,M,dim 7 = 2},

om(p) = (p) — (inf K)(p),

wherein dp(p) specifies first invariant of Chen.



M.A. Choudhary, S. Uddin / Filomat 37:16 (2023), 5443-5454 5445

Recognize the g-dimension subspace of T,M by L’ (g > 2) and write

(L)) = Z K(ea A ep).

a<f
We visualize y-tuples of integers > 2 (C] ... C}) like a set S5(C’, u) satisfying
<0, g+-+g, <0,

u > 0,u € Z. Additionally, adjust a ' and take unordered pu-tuples into account, like a set S(C’). This
provides

8T, . C)(P) = T(p) = ST . CP), V(... C) € ST,
in this case

S(C - C(p) = inf{z(L}) + -~ + (L)}
Assuming dimL] = C/,i € {1,..., u} and fix

1@Hp-1-TE ),

ac,...,t) = .
! 2 @Hu-XL0)

and

1

k
BT, G) = 5[0 =1 = ) 6T = D)
i=1

3. Metallic Riemannian manifolds

On Riemannian manifold (]\_/Im, 7), (1,1)-tensor field F corresponds to a polynomial structure whenever
P(F) =0, here

PU):=U"+a, U+ + U +m], )

I'being the identity transformation on F(T]\_/I) and a4y, ..., a, standing for real numbers. When P(U) = U 241,
F forms an almost complex structure and for P(U) = U? — I, F gives rise to an almost product structure

([10], [13], [1D).

Again, on (Z\_/Im, 9), (1, 1)-tensor field ¢ defines a metallic structure [14] when
¢’ =pp +4l, Vp,q €N

We describe g as ¢-compatible when
gV, oU) = gV, U), ¥V, U € T(TM).

(M, g, ) describes a metallic Riemannian manifold, where g and ¢ satisfy above equations.
Putting ¢V for V, one derives

gV, oU) = pg(V,pU) + q9(V, U).

According to ([10], [15]), this simplifies to golden case withp =1 =g4.

Whenever F> = [,F # +I, F defines an almost product structure on ", g9) [1]. Additionally, (M, g)
claims to be a product Riemannian manifold if

g(EV,U) = g(V,FU), YV, U € T(TM).
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One may generate two almost product structures on M using the metallic structure @, according to [14]

2 p

Fl = (P - I/
2Mpg =P 2Mpg—p
2 p
F, =— P+ I, (3)
2Mpg=P"  2pg =P
Mpq = NPT 'zpz-lAq indicate the metallic proportions. Further, F on M generates
P, P
P1 = 21 + 5 F,
2y — P
Q2 = g[ - %F (4)

Definition 3.1. [2] (i) The linear connection V on metallic Riemannian manifold (M, g, @) refers to @-connection
provided Vo = 0.
(ii) If V (Levi-Civita connection) of g is q-connection, (M, g, @) specifies a locally metallic Riemannian manifold.

Let M" be isometrically immersed in (]\_/Im, g,¢) and 9(V) indicates the angle between ¢V and T,M,
x € M. Here, 0 # V denotes vector tangent to M.

Definition 3.2. If O(V) does not rely on x or V options, M is slant (or O-slant, if O is given). M is invariant when
0 = 0 and anti-invariant when 6 = 7. M that is neither invariant nor anti-invariant is called as proper slant.

Further, T,M of M can be viewed as
TM=TM&TIM, xeM.
Next, we have

Lemma 3.3. ([18], [2]) For any metallic Riemannian manifold (M, g, @) and isometrically immersed slant submani-
fold M of M, one has
g(TV, TU) = cos® Opg(V, pU) + qg(V, U)]

VYV, U e T(TM).

Additionally, I being identity on I'(TM) helps us to write
T? = cos® O(pT + ql)

and
VT? = pcos® 0 - VT.

Here T denotes a tensor field of (1,1)-type on M (associating the tangent vector field U on M the tangential part of
oU).

Example.[8] If we examine the Euclidean 7-space E” and the canonical coordinates (O, ...,0y). Then
we may consider f : M — E” with natural Euclidean metric (-, -) by:

f(81,02) :=(sind; +2,c0s01,2sind + 1,2 cos &y, 82,201, 3),

M :={(01,02)01, 02 € (0, 3)}. It results a local orthonormal frame on TM represented as

d . d
C05618_01 - sméla—Uz +29_06

d . d
2C08628_(53 - 2511'1628—(54 + 8_(55

Vi

V,
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Look at ¢ : EZ — E”:
9 J . d\_- 9 .
@((9—01) =55, L€ {1,2,5); qo(a—U]) = 778_Uj’ j€(3,4,6,7),

_prpiHag

n:=1Mpy = s— being metallic number, p,q € N*, ] = p — 1. This shows that (E7, (-, -), ) is a Riemannian
manifold equipped with metallic structure and M is slant with

In + 41
52 +477)

Let’s now find real-space forms M, and M, with sectional curvatures c, and ¢;, respectively. Then for a
locally metallic product space form M(= My(cp) X My(cy), g, @) [8]:

6 = arccos

RV, U)W = }L(Cp +c)lg(U, WYV = g(V, W)U]
+1+ ) 9@ U, W)pV = gloV, W)pU]

2

(211p,q = p)?

p

— g, wyv - gv, wyu

NFT—" [g( )V =4 YUl

jeT - SRV, WU+ gV, W)pU — glpU, WYV~ g(U, WV}
pAa

1

1
236 =~ ) g oUWV =gV, WipU]

+

5 [glpU, W)V — g(pV, W)U]
Tlpg —P

p

+
20pq =P

[g(V, W)U — g(U, W)V]. (5)

4. Inequalities of the Chen type on metallic Riemannian manifolds

We fix M = (My(cp) X My(cy), 9, @) for locally metallic product manifold.

Theorem 4.1. The following inequality follows for any proper O-slant submanifold M" isometrically immersed in

M :

n-2)r 4
2 [(n -1)
+ %Az[(]Dz — 4g)cos*0 — ]Dl] + }Lm(n - 2)[1133 + p], peM, (6)

ou(p) < A+ 3 BglAs(n +1) ~ ]

wherein

A1 = nzz||§||2, A, = m(cp +cg), Az = p*+2q, Ay = ﬁ(cp—cq)/ Dy = Trace*(p), D, = pTrace(T)—ng,Ds =

2Trace(p) — pn, Eq = 2pTrace(p).
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Proof. Using (1), we have
1
RV UW,E) = 1 +c)lg(U, ‘W)g((V E) = g(V, W)g(U, E)]

36+ o)l g plI U WY, &) gV, Wiglot, E)

2

_r
’ 2npq =P
A
’ (2npq —p)?
—g(pU, W)g(V, &) — g(U, W)g(pV,E)]]

(U, W)g(V,E) = g(V, W)g(U, E)]

9@V, W)g(U,E) + g(V, W)g(pU, E)

1 1
£3(6 =~ )5 9 U Wig(p'V, ) = gV, WiglU, &)

+ [g(cpﬂ, W)g(V,E) — gV, W)g(U, E)]

27717,4 -
+

2%7 SV, Wg(U, &) = g(U, Wg(V, €
+ (U((V/ 8)! ’7(7/1/ (W)) - 9(77((‘// W)/ T](qxl, 8))/

YV, U, W,E eI (TM). Assume 1t = Spanle;, 2} and let e,41 be parallel to G(p). Lemma 3.3 implies

2, 4 ) 1 )

21(p) = —Az(n - m{2A; - —+ m[ml — Dycos?0]} + S AuDs(n = 1) + 44 = [InlF,
where Dy = pTrace(T) + ng.

Using
~ 4(n 2) 1 1 2,

¢ =2u(p) ~ — —" A1~ S AD; - —Az(n - m)2A; - — m[lDl Dyco5%6) ).

(8) and (9) give
4A
¢+l = —.

On simplification, one gets

Z 1) = - Dfe+ i(n}}“)z +F1 + Fo),

=1

wherein F; = Zl¢](17"+1)2 Fo =Y. 00 ZZJ’=1('7?J’)2'
Setting

n+1
=1y Lap = 7722 reeern = 1pn s

b—g+]F1+IF2,

one obtains

mitat > 2[6 +TF + 1R,

wherein Lemma 2.1 was taken into use. Moreover, (1) and (5) produce

1 1 - S S S
K(m) = ZA2{2A3 -+ 4[]131 - ]E2€0529]} + A_LA4]E3 + Z (7515 — (15,)%),

s=n+1

5448

(7)

(8)

©)

(10)

(11)

(12)

(13)
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here E, = p.Trace(T) + 2q, E3 = 2Trace(p) — 2p.
Thus, (12) and (13) help us to get

1 1 . . 1.1 1
K(m) 2 7 Aaof2s — Er +4[D1 ~ Eacos®0]} + 51 + ) iy = ), (17" + 5Fa + 50 + A

s=n+2 s=n+1

1 1 I .
= 7822 — E; +4[D1 - (B2)eos’0]} + S AEs + Sc+ ) (0715, = (13,)"]

: : . . s:n+11 .
F3 s Y Y Y YU )+ 5 Y O+ ) (14)
i#j>2 s=n+21i,j>2 s=n+1 i>2 s=n+2
ie.,
1 1 - 1
K(r) > ZAZ{ZAg — By +4[ID; — Bacos?0]} + JAEs + 5;1[173117;2 (M) + 3¢ (15)

proving the desired inequality. [
Next, we have

Theorem 4.2. Assuming the aforementioned considerations for Theorem 4.1 are true, equality in (6) is satisfied at
p € M if and only if S may be written as follows for an orthonormal frame {e1, ..., en, €n41, - - ., €}

y 0 0 0
0 v 0 0
0 0 +vy ... 0
Sp+1 = . . yy . . ’ (16)
0 0 0 0
0 0 0 ... y+vy
and
ys ¥ 0 0
v =ys 0 0
0O 0 0 ... 0
Ss=| . . . P se{n+2,...,m. 17)
0O 0 O 0
0O 0 O 0

Proof. (6) satisfies equality if and only if equality holds in every previous unequal condition as well as in
Lemma 2.1:

17:’].“ =0,i#j>2,

M=y =M =0,s2n+2,i,j>2,
it =g =0,i>2,
Mi+Mn=0s2n+2

n+1 n+1 n+l _ | n+l

Mi Thn =M = =M -

Lastly, Ss,s € {n +1,...,m} look like (16) and (17) since {e1, e} could be chosen to get 17’11;1 =0. O
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Now let’s discuss the inequality concerning 6(11, ..., 1,).

Theorem 4.3. Let M" stands for proper O-slant submanifold immersing in M and (ny, .. ., ny) € S(n) be u-tuple.
Then

1
6(”1/'”/”#) < d(nl/”-/ny)llg”z + §A2A3b(n1/---/nk) (18)

1 1 1
—EAz{qCOSZQ + EJE1 VE, — ZA4{p(2n — ) — E; — pJEy,

where, By = n — 21;:1 nj.
Things considered, (18) is valid for equality if and only if for any orthonormal frame field, S emerges as follows:

ai 0O 0 ... O
0 ay 0O ... 0
0 O as ... 0
Sp+1 = . . . . . ’ (19)
0 0 O 0
0 0 O a,

B: 0 0 0
s | 0 o BLO 0 o0
o ... 0 ¢ ... 0F
0O ... 0 0 ... ¢
and ay, . .. ,a, meets
al+"'+ﬂn1:"':anﬁ..in}[_ﬁl+"'+an1+..iny:an1+..4ny+1:"':an

wherein n; X n; symmetric submatrix B; supports
Trace(Bj) = --- = Trace(BZ) = Cs.

Proof. Adjust e,.1 parallel to G(p). Secondly, assume dimL; = n;, Vi € {1,...,u} and select y mutually
orthogonal subspaces Ly, ..., L, of T,M holding

Ly = Spanfey, ..., en1}, Lo = Span{en,+1,-- ., €n4m}, - .., Ly = Span{en, sin, 41, - - -, €nyein, -

Gauss equation produces

1 2 4 )
(L) = gAzni(ni - 1){2A3 - ;ilE1 + m[ﬂ)l — Dscos 6]}
1 m
A= DDs + ) Y [~ ()] 1)
s=n+1 a;<p;

where Ds = p.Trace(T) + q.n;.
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Let’s set

n =27(p) — 2d(ny, . ..,ny)llgll2 - len(n - 1)A2{2A3

2

4 1
— ZE; + ————| Dy — Dycos*0|} — = A4D3(n - 1
. 1+n(n—1)[ 1 — Dycos 9]} 5 A 3(n—1)
and

u

9=n+y—Zni.

i=1
Consequently, there is

4A
2 _ 1
n+ = = 9’

and as a result, one gets

(Z ”?Jﬂ)z = ‘9{17 + Z(”?fﬂ)z +F + ]FZ}’
=1 =1

which shrinks to

9+1 2 9+1 U
(Z bj) = S{n + Z(bf)z +F; +F, — ZZ Z Ila,-ﬂﬁi},
j=1 j=1 i=1 a;<B;

in this case
+1
aj = 777]' NVie{l,...,n},
bh=a,by=a+ - +ay,bs=ap1+ -+ 0nm,,.,

berl = Apyetm 41 0 Anganyetny, by+2 = Anytetny+1r -+ -y by1 = ay.

As a result, we approach

u
Z Z (0,05, > %[n +1F + IRy,

i=1 Dt,'<ﬁ,‘

Lemma 2.1 has been used in the preceding arguments.
Additionally, consider the sets ey, ..., e, e

er={1,...mhe={Mm+1,...,m+m},... ey ={m+--+nu1+1,...n+--

e = (e Xe)U---Ul(e, Xey),

ultimately, to find

1 m m m

11 .
)IPIPNCIISURIEE IS NP WCHES N U
i=1 s=n+1 a;<p; s=n+1 (a,p)¢e? s=n+2 aj€e;

which further generates

H m 1
2 2 [Wf)zia;nsﬁ,-/;,- - (772,./3,-)2] 2 >

=1

s=n+1 a;<p;

1

+ 1y},

5451

(22)

(23)

(24)

(25)

(26)

(27)

(28)

(29)
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Consequently, based on (21), receives

u
1 2
(L) ;gAzn i = )25 - B
4 51 1
+ m[D1 - D5COS 6 ; ZA4D6(”1 517 (30)

Thus, we have the needed inequality when accounting for (22) and (30). Further to that, (18) is true for
equality if and only if equality holds in Lemma 2.1 and in all previous inequalities. Likewise, S;,s €
{n+1,...,m} corresponds to (19) and (20). O

As a specific instance of Theorems 4.1 and 4.3, we construct

Corollary 4.4. The following inequality is true for -invariant submanifold M" immersed in M

oup) < "2 A+ S A+ ) - Bl
1 1
+ EAz[lDz +4q-1Dy| + 78~ 2)[Ds-p|, peM 31)

Corollary 4.5. The following inequality exists for g-anti-invariant submanifold M" immersed in M

n > 2)[(n 2 T %Az{A3(n +1)~Ei) - Dy

om(p) <
+ jIA4(n ~2)[Ds - p]. (32)

Additionally, equality holds in (31) and (32) if and only if for {e1, ..., €4, €ns1, .- .,€n}, S take the shape of (16)
and (17).

Corollary 4.6. For u-tuples (ny,...,n,) € S(n), the following inequality follows for every g-invariant submanifold
M" immersed in M

1
6(”17'--/1/1#) < d(?’ll,.. '/n[.l)”guz + §A2A3b(nll‘ . '/nk) (33)
1 1 1
—EAz{q + E]El}]E4 - ZA4{P(2” — E4) — E; — p}Es.

Additionally, (33) satisfies equality if and only if there exists any orthonormal frame and S take the shape of (19)
and (20).

Corollary 4.7. For p-tuples (ny,...,n,) € S(n), the following inequality follows for every q-anti-invariant subman-
ifold M" immersed in M

1
o(ny,...,ny) < d(nll---,”y)”gﬂz'*‘§A2Asb(ﬂ1,---,ﬂk) (34)

1 1
_ZAz]EllE4 — ZA4{p(21’l — ]E4) — ]El — P}]E4

Further, equality holds in (34) if and only if for any orthonormal frame {ey, ..., en, €n41, ..., em}, S takes the shape of
(19) and (20).



M.A. Choudhary, S. Uddin / Filomat 37:16 (2023), 5443-5454 5453

5. Inequalities for Ricci curvature tensor

Letbe a proper 8-slant submanifold immersing in M. Next, locate the unit tangent vector U € T;M, V't €
M and on M, let {ey,...,e,} be the local orthonormal frame so that e; = U. Utilizing (8) and employing
lemma 3.3, we obtain

21(t) = }LAZ{ZAgn(n —1) = 4p(n — D)Trace(p) + 4Dy — Dycos0] | + 1A41D3

+4Al—- Z[Z () + (751 = Znﬂ -2 Z D 2= Y, mml (35)

s n+l j=1 s=n+1 i<j 2<j<i<n

Then again, the Gauss equation yields

Z K(ej ne) = éAz{Z(n —1)(n — 2)A; — 4p(n — 2)Trace(¢p) + 4[ID; — (D4 — q) cos® 9]}

2<j<isn

- jz(n - 2)A4 [IBl - Trace((P)] + Z Z [77117711 - 771])2 (36)

s=n+1 2<i<j<n
here By = (n — 1)p — Trace(p).
Let B, = pTrace(p) — (p* + 2q)(n — 1). Then, (35) and (36) produce
4B = 2t(t)+2 )| Y (1P =2 ) K(ejAe)+ AolBs +qcos” 0] + AsBy, (37)
s=n+1 i=2 2<j<i<n

which demonstrates
Ric(U) < 4A; - %A;]Bl - %AZ[IBZ + g cos? 0]. (38)
Likewise, the equality case for (38) is true with G(t) = 0 if and only if
m; =0, i€f{2,...,n}, (39)

r]i:Zn;j, se{n+1,...,m} (40)
=2

revealing that U falls in the relative null space L;. Moreover, equality is true in (38) if and only if

nijO, n+l<s<mi#j (41)

Y mp=2m, seln+1,.. mic(l,.. . (42)

Implying t to be
e totally geodesic when n # 2
e totally umbilical in case n = 2.

The converse portion is evident, as may be seen.
Consequently, it may be summed up as
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Theorem 5.1. For submanifold M" of M", we have the following relations

submanifold type

O-slant RZC((L{) <4A; - %AzﬂBl - %Az[]Bz + E]COS2 0]
@-invariant Ric(U) < 4A; - %A4]B1 - %A2[]B2 + 4]
p-anti-invariant Ric(U) < 4A, - 3 A4B, - 3 AB,

In this instance, U € T:M, t € M indicates unit vector.

Note: U € L; if and only if inequalities in above table agree at equality for G(t) = 0. Furthermore, ¢
is totally geodesic point in M or n = 2 and with totally umbilical point ¢ if and only if above inequalities
satisfy equality.
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