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Abstract. In this paper, the relationships between geodesic torsions, normal curvatures and geodesic
curvatures of the parameter curves intersecting at any angle on timelike surfaces in Lorentz-Minkowski 3-
space are obtained by various equations. In addition, new equivalents of well-known formulas (O. Bonnet,
Euler, Liouville) are found in this space. Finally, the examples of these surfaces are given.

1. Introduction

For thousands of years, Euclid had made the geometry he had established accepted all over the world
with his 13-volume book called “Elements” [10]. All of Euclid’s geometry was based on five axioms and
five postulates. Until the 19th century, the geometry consisting of these axioms and postulates was never
questioned. From the 19th century, some mathematicians such as Gauss, Bolyai, Riemann, Lobacevsky
began to argue about the precision of these axioms and postulates. They developed opposite axioms to
Euclid’s axioms and thus new geometries were obtained. These geometries, which can be diversified such
as hyperbolic geometry and elliptical geometry, are called non-Euclidean geometries. The interest in these
geometries increased rapidly, especially with A. Einstein’s demonstration that the 3-dimensional space we
live in conforms to non-Euclidean geometry, not Euclidean geometry. In fact, Einstein drew the attention
of many disciplines to this field with his statement that “if I had not heard of Riemann’s work, I would
never have been able to develop the theory of relativity”. Since then, these new geometries have been used
in many branches of science such as physics, mathematics and astronomy. In fact, Riemann geometry is
among the most used geometries of NASA today. H.A. Lorentz and H. Minkowski joined the movement
of non-Euclidean geometries in the 1950s and built the Lorentz-Minkowski space. The Lorentz-Minkowski
space is an area of great interest to physicists and geometers, and its popularity is increasing day by day with
its place in Einstein’s theories of relativity, [13, 14]. One of the most popular areas to be studied in Euclidean
or non-Euclidean spaces is the differential geometry of curves and surfaces. The basic resources in these
spaces are [4, 6, 19, 20, 25–28]. Also, some studies about curves or surfaces on the Lorentz-Minkowski
space are [2, 3, 5, 7, 9, 11, 12, 15–18, 21, 23, 24, 29, 30]. In our previous study, we worked on the geometry
of spacelike surfaces with the same logic as in this paper, [22]. In this study, timelike surfaces, which are
examined under various cases in [8] and whose basic equations are obtained, are examined more broadly.
The relationships between of the geodesic torsions, the normal curvatures and the geodesic curvatures
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of the parameter curves intersecting at any angle of timelike surfaces in Lorentz-Minkowski 3-space are
obtained with various equations. In addition, the new equivalents of well-known formulas (O. Bonnet,
Euler, Liouville) and mean curvature are found. Besides, for all these equations obtained, special cases are
examined, assuming that the parameter curves are Lorentzian orthogonal. One of these special cases refers
to the resource [26], which is the guide for this paper.

2. Preliminaries

Spaces on which a metric function is defined are called metric spaces. The most familiar example of metric
spaces is the Euclidean space. The metric function in Euclidean space is positive definite. Therefore, vectors,
curves or surfaces in this space can be studied in a single category. But a metric function need not always be
positive definite. For example, for the vectors a = (a1, a2, a3) and b = (b1, b2, b3) ∈ R3, the metric function
defined below

⟨, ⟩ : R3
×R3

→ R , ⟨a, b⟩ = a1b1 + a2b2 − a3b3

is not always positive definite. This metric function is called the Lorentz metric (or Lorentz inner product
function). The reel vector space R3 with this metric function is called the Lorentz-Minkowski 3-space and
is shown by R3

1. Here, subindex ”1” is the dimensional of the largest dimensional subspace whose Lorentz
metric is negative definite, and is defined as the index of the space. In the terminology,R3

1 is called Lorentz
space also, and is known a special case of Minkowski space Rn

r , 0 ≤ r ≤ n. (The state r = 0 represents the
Euclidean space.) Depending on this metric, in this space a vector a is divided into three classes: timelike
(⟨a, a⟩ < 0), spacelike (⟨a, a⟩ > 0 or a = 0) and lightlike (⟨a, a⟩ = 0, a , 0), [19]. With this classification, the
causal character of the vector is determined. In Lorentz-Minkowski 3-space, just like vectors, curves and
surfaces are divided into three classes. Curves take on the causal character of their tangent vectors. Surfaces
are expressed in terms of character of their normal vectors at each point. The surface whose normal vector
at each point is timelike (spacelike) is spacelike (timelike) surface. Further, the norm (length) of the vector a
is ∥a∥ =

√
|⟨a, a⟩|. a is a unit vector, if ∥a∥ = 1. The unit vectors inR3

1 form the unit spheres according to their
characters. The timelike vectors form the hyperbolic unit sphere H2

0 =
{

a ∈ R3
1 | ⟨ a, a⟩ = − 1

}
and the

spacelike vectors form the Lorentz unit sphere S2
1 =

{
a ∈ R3

1 | ⟨ a, a⟩ = 1
}
. For a, b ∈ R3

1, if ⟨ a, b⟩ = 0,
the vectors a and b are called Lorentzian ortgonal vectors. Besides, just like the inner product function, the
vectorial product function in this space is defined differently from that in Euclidean space also:

∧ : R3
1 ×R

3
1 → R

3
1 , a ∧ b = −

∣∣∣∣∣∣∣∣
e1 e2 −e3
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣∣∣
The operation a∧b is called Lorentz vectorial product of a and b vectors. The causal characters of the vectors
in R3

1 also affect the result of the vector products of these vectors with each other, and this effect causes
various cases to occur. When examining the geometry of a surface, the parameter curves that create the
surface can intersect perpendicularly or at any angle. The geometry of spacelike or timelike surfaces whose
parameter curves intersect perpendicularly in 3- dimensional Lorentz space is given extensively in [25–27].
Akbulut studied the geometry of surfaces whose pamameter curves do not intersect perpendicularly in
3-dimensional Euclidean space, [1]. As a composition of these studies, geometry of spacelike surfaces [22]
and geometry of timelike surfaces [8] whose parameter curves intersect under any angle in Lorentz 3-space
are studied. While working on a spacelike surface, various cases have not occurred depending on the
frames used, while various cases have been obtained on a timelike surface. Depending on these cases, the
Darboux frame is shaped in various ways according to the characters of the elements that creat the frame.
For example, let’s take the Darboux frame

{
t, 1,N

}
on a timelike surface. Here the normal vector N is a

spacelike, by definition of a timelike surface. Let’s assume that vector 1 is also spacelike. So, this vector is
defined by 1 = −N ∧ t, here the vector t is timelike. In the present case, Darboux vector of this frame is [26]

w =
t

T1
+
1

Rn
−

N
R1
. (1)
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Let the parameter curves (c1) and (c2) of a timelike surface be two curves that intersect at any angle. Let any
curve (c) pass through the point where (c1) and (c2) intersect. Six different cases appear on these surface
with different combinations of the characters of the elements of the Darboux frames of (c), (c1) and (c2), [8].
Many equations have been obtained for these six cases on the surface. There is the equation below between
the Darboux vectors w, w1 and w2 of (c) , (c1) and (c2) for Case 1,

w = −
sinh

(
θ − ϕ

)
coshθ

w1 +
coshϕ
coshθ

w2 −
dϕ
ds

N, (2)

for other cases, you can examine the paper [8].

3. Geometric Properties of Timelike Surfaces in Lorentz-Minkowski 3-Space

In all theorems and results given throughout the article, the data in the next sentence will be considered.
Let the hyperbolic angle between the tangent vector t1 of the parameter curve (c1) and the tangent vector t
of any curve (c) be ϕ, and the tangent vectors t1 and t2 of parameter curves (c1) and (c2) intersect under the
hyperbolic angle θ on timelike surface x = x(u, v). Let (c0) be a curve perpendicular to (c), this curve will be
examined in the Cases 2, 4 and 6.

Theorem 3.1. Let radii of normal curvature be (Rn)1, (Rn)2 and radii of geodesic torsion be
(
T1

)
1
,
(
T1

)
2

of the curves
(c1) and (c2) on x = x(u, v), respectively. For the geodesic torsion at the direction t, there are following equations:

Case 1.

1
T1
=

1
coshθ

−sinh
(
θ − ϕ

)
sinhϕ(

T1
)

1

+
cosh

(
θ − ϕ

)
coshϕ(

T1
)

2

−

sinh
(
θ − ϕ

)
coshϕ

(Rn)1
+

sinh
(
θ − ϕ

)
coshϕ

(Rn)2

 , (3)

Case 2.

1(
T1

)
0

=
1

coshθ

cosh
(
θ − ϕ

)
coshϕ(

T1
)

1

−

sinh
(
θ − ϕ

)
sinhϕ(

T1
)

2

+
cosh

(
θ − ϕ

)
sinhϕ

(Rn)1
−

cosh
(
θ − ϕ

)
sinhϕ

(Rn)2

 , (4)

Case 3.

1
T1
=

1
coshθ

cosh
(
θ − ϕ

)
coshϕ(

T1
)

1

−

sinh
(
θ − ϕ

)
sinhϕ(

T1
)

2

−

cosh
(
θ − ϕ

)
sinhϕ

(Rn)1
+

cosh
(
θ − ϕ

)
sinhϕ

(Rn)2

 ,
Case 4.

1(
T1

)
0

=
1

coshθ

−sinh
(
θ − ϕ

)
sinhϕ(

T1
)

1

+
cosh

(
θ − ϕ

)
coshϕ(

T1
)

2

+
sinh

(
θ − ϕ

)
coshϕ

(Rn)1
−

sinh
(
θ − ϕ

)
coshϕ

(Rn)2

 ,
Case 5.

1
T1
=

1
sinhθ

sinh
(
θ − ϕ

)
coshϕ(

T1
)

1

+
cosh

(
θ − ϕ

)
sinhϕ(

T1
)

2

+
sinh

(
θ − ϕ

)
sinhϕ

(Rn)1
−

sinh
(
θ − ϕ

)
sinhϕ

(Rn)2

 ,
Case 6.

1(
T1

)
0

=
1

sinhθ

−cosh
(
θ − ϕ

)
sinhϕ(

T1
)

1

−

sinh
(
θ − ϕ

)
coshϕ(

T1
)

2

−

cosh
(
θ − ϕ

)
coshϕ

(Rn)1
+

cosh
(
θ − ϕ

)
coshϕ

(Rn)2

 .
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Proof.

For Case 1. If we consider the expression (1), we can write the following expressions

w1 = −
t1(

T1
)

1

−
t2

(Rn)1
+

N(
R1

)
1

, w2 =
t2(

T1
)

2

+
12

(Rn)2
−

N(
R1

)
2

, (5)

[26]. If we substitute the expressions (1) and (5) in the expression (2), apply inner product with t to both
sides of resulting expression, the proof is completed. If suitable vectors w, w1 and w2 for other cases are
considered from [26], proofs of other cases are obtained by similar operations.

Proposition 3.2. If t1 and t2 are Lorentzian orthogonal vectors in Theorem 3.1, that is θ = 0, then, we achive the
equations below:

Special Case 1.
1

Tg
=

sinh2 ϕ(
Tg

)
1

+
cosh2 ϕ(

Tg

)
2

+

(
1

(Rn)1
−

1
(Rn)2

)
coshϕ sinhϕ,

Special Case 2.
1(

Tg

)
0

=
cosh2 ϕ(

Tg

)
1

+
sinh2 ϕ(

Tg

)
2

+

(
1

(Rn)1
−

1
(Rn)2

)
coshϕ sinhϕ,

Special Case 3.
1

Tg
=

cosh2 ϕ(
Tg

)
1

+
sinh2 ϕ(

Tg

)
2

+

(
−

1
(Rn)1

+
1

(Rn)2

)
coshϕ sinhϕ,

Special Case 4.
1(

Tg

)
0

=
sinh2 ϕ(

Tg

)
1

+
cosh2 ϕ(

Tg

)
2

+

(
−

1
(Rn)1

+
1

(Rn)2

)
coshϕ sinhϕ.

In Case 5 and Case 6, since t1 and t2 are timelike vectors, they can’t be Lorentzian orthogonal vectors. So, there is no
Special Cases 5 and 6, [8].

Theorem 3.3 ( O. Bonnet Formula). Let radii of principal curvature of (c1) and (c2) on x(u, v) be R1 and R2. If we
substitute the lines of curvature for the parameter curves on the surface, we obtain following equations for the geodesic
torsion of (c), respectively:

Cases 1 − 2.
1

Tg
=

(
−

1
R1
+

1
R2

) sinh
(
θ − ϕ

)
coshϕ

coshθ
,

1(
Tg

)
0

=
( 1

R1
−

1
R2

) cosh
(
θ − ϕ

)
sinhϕ

coshθ
, (6)

Cases 3 − 4.
1

Tg
=

(
−

1
R1
+

1
R2

) cosh
(
θ − ϕ

)
sinhϕ

coshθ
,

1(
Tg

)
0

=
( 1

R1
−

1
R2

) sinh
(
θ − ϕ

)
coshϕ

coshθ
,

Cases 5 − 6.
1

Tg
=

( 1
R1
−

1
R2

) sinh
(
θ − ϕ

)
sinhϕ

sinhθ
,

1(
Tg

)
0

=
(
−

1
R1
+

1
R2

) cosh
(
θ − ϕ

)
coshϕ

sinhθ
.

Proof.

For Case 1. If we substitute the lines of curvature for the parameter curves on the surface, we have

1
(T1)1

=
1

(T1)2
= 0,

1
(Rn)1

=
1

R1
,

1
(Rn)2

=
1

R2
, (7)

[26]. Equalities in (7) are substituted in the expression (3), we complete the proof. The proof of other cases
is done in a similar way.
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Proposition 3.4 (O. Bonnet Formula). If t1 and t2 are Lorentzian orthogonal vectors, then for the geodesic curva-
ture in Theorem 3.3, we obtain the equations below, respectively:

Special Cases 1 − 2 and 3 − 4.
1

Tg
=

( 1
R1
−

1
R2

)
coshϕ sinhϕ and

1
Tg
=

(
−

1
R1
+

1
R2

)
coshϕ sinhϕ.

There is no special cases 5 - 6.

Theorem 3.5. Let radii of normal curvature be (Rn)1, (Rn)2 and radii of geodesic torsion be
(
T1

)
1
,
(
T1

)
2

of the curves
(c1) and (c2) on x(u, v), respectively. There are the following relationships between the geodesic torsions of (c) and (c0)
perpendicular to (c):

Case 1 − 2.
1

Tg
−

1(
Tg

)
0

= −
1(

Tg

)
1

+
1(

Tg

)
2

+

(
−

1
(Rn)1

+
1

(Rn)2

)
sinhθ
coshθ

,

Case 3 − 4.
1

Tg
−

1(
Tg

)
0

=
1(

Tg

)
1

−
1(

Tg

)
2

+

(
−

1
(Rn)1

+
1

(Rn)2

)
sinhθ
coshθ

,

Case 5 − 6.
1

Tg
−

1(
Tg

)
0

=
1(

Tg

)
1

+
1(

Tg

)
2

+

(
1

(Rn)1
−

1
(Rn)2

)
coshθ
sinhθ

.

Proof.

Cases 1 - 2. If we subtract (4) from (3) side by side and the similar operation is applied for other cases also,
the proof is completed.

Corollary 3.6. In Theorem 3.5, if we use curvature lines as parameter curves on x(u, v), from the expression (7), for
the geodesic torsions of (c) and (c0) perpendicular to the curve (c), we get the following relations, respectively:

Cases 1 − 2 − 3 − 4.
1

Tg
−

1(
Tg

)
0

=
(
−

1
R1
+

1
R2

) sinhθ
coshθ

,

Cases 5 − 6.
1

Tg
−

1(
Tg

)
0

=
( 1

R1
−

1
R2

) coshθ
sinhθ

.

Proposition 3.7. If t1 and t2 are Lorentzian orthogonal vectors in Corollary 3.6, then we have:

Special Cases 1 − 2 − 3 − 4.
1

Tg
=

1(
Tg

)
0

.

There is no special cases 5 - 6.

Theorem 3.8. Let radii of normal curvature be (Rn)1, (Rn)2 and radii of geodesic torsion be
(
T1

)
1
,
(
T1

)
2

of the curves
(c1) and (c2) on x(u, v), respectively. For the normal curvature at the direction t, we get:

Case 1.
1

Rn
=

1
coshθ


 1(

Tg

)
1

+
1(

Tg

)
2

 sinh
(
θ − ϕ

)
coshϕ +

sinh
(
θ − ϕ

)
sinhϕ

(Rn)1
+

cosh
(
θ − ϕ

)
coshϕ

(Rn)2

 , (8)

Case 2.
1

(Rn)0
=

1
coshθ


 1(

Tg

)
1

+
1(

Tg

)
2

 cosh
(
θ − ϕ

)
sinhϕ +

cosh
(
θ − ϕ

)
coshϕ

(Rn)1
+

sinh
(
θ − ϕ

)
sinhϕ

(Rn)2

 , (9)
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Case 3.
1

Rn
=

1
coshθ

−
 1(

Tg

)
1

+
1(

Tg

)
2

 cosh
(
θ − ϕ

)
sinhϕ +

cosh
(
θ − ϕ

)
coshϕ

(Rn)1
+

sinh
(
θ − ϕ

)
sinhϕ

(Rn)2

 ,
Case 4.

1
(Rn)0

=
1

coshθ

−
 1(

Tg

)
1

+
1(

Tg

)
2

 sinh
(
θ − ϕ

)
coshϕ +

sinh
(
θ − ϕ

)
sinhϕ

(Rn)1
+

cosh
(
θ − ϕ

)
coshϕ

(Rn)2

 ,
Case 5.

1
Rn
=

1
sinhθ


 1(

Tg

)
1

−
1(

Tg

)
2

 sinh
(
θ − ϕ

)
sinhϕ +

sinh
(
θ − ϕ

)
coshϕ

(Rn)1
+

cosh
(
θ − ϕ

)
sinhϕ

(Rn)2

 ,
Case 6.

1
(Rn)0

=
1

sinhθ


 1(

Tg

)
1

−
1(

Tg

)
2

 cosh
(
θ − ϕ

)
coshϕ +

cosh
(
θ − ϕ

)
sinhϕ

(Rn)1
+

sinh
(
θ − ϕ

)
coshϕ

(Rn)2

 .
Proof.

For Case 1. If the expression (1) and the expression (5) are substituted in the expression (2) and inner product
with 1 is applied to both sides of the resulting expression, the proof is completed. If suitable vectors w, w1
and w2 for other cases are considered from [26], proofs of other cases are obtained by similar operations.

Proposition 3.9. If t1 and t2 are Lorentzian orthogonal vectors in Theorem 3.8, then for the normal curvature, we
have equations below:

Special Case 1.
1

Rn
= −

 1(
Tg

)
1

+
1(

Tg

)
2

 coshϕ sinhϕ −
sinh2 ϕ

(Rn)1
+

cosh2 ϕ

(Rn)2
,

Special Case 2.
1

(Rn)0
=

 1(
Tg

)
1

+
1(

Tg

)
2

 coshϕ sinhϕ +
cosh2 ϕ

(Rn)1
−

sinh2 ϕ

(Rn)2
,

Special Case 3.
1

Rn
= −

 1(
Tg

)
1

+
1(

Tg

)
2

 coshϕ sinhϕ +
cosh2 ϕ

(Rn)1
−

sinh2 ϕ

(Rn)2
,

Special Case 4.
1

(Rn)0
=

 1(
Tg

)
1

+
1(

Tg

)
2

 coshϕ sinhϕ −
sinh2 ϕ

(Rn)1
+

cosh2 ϕ

(Rn)2
.

There is no special cases 5 - 6.

Theorem 3.10 (Euler Formula). Let radii of principal curvature of (c1) and (c2) be R1 and R2, respectively. If we
substitute the lines of curvature for the parameter curves on x(u, v), then for the normal curvature at the direction t,
we have the following equations:

Case 1.
1

Rn
=

1
coshθ

sinh
(
θ − ϕ

)
sinhϕ

R1
+

cosh
(
θ − ϕ

)
coshϕ

R2

 , (10)

Case 2.
1

(Rn)0
=

1
coshθ

cosh
(
θ − ϕ

)
coshϕ

R1
+

sinh
(
θ − ϕ

)
sinhϕ

R2

 ,
Case 3.

1
Rn
=

1
coshθ

cosh
(
θ − ϕ

)
coshϕ

R1
+

sinh
(
θ − ϕ

)
sinhϕ

R2

 ,
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Case 4.
1

(Rn)0
=

1
coshθ

cosh
(
θ − ϕ

)
coshϕ

R1
+

sinh
(
θ − ϕ

)
sinhϕ

R2

 ,
Case 5.

1
Rn
=

1
sinhθ

sinh
(
θ − ϕ

)
coshϕ

R1
+

cosh
(
θ − ϕ

)
sinhϕ

R2

 ,
Case 6.

1
(Rn)0

=
1

sinhθ

cosh
(
θ − ϕ

)
sinhϕ

R1
+

sinh
(
θ − ϕ

)
coshϕ

R2

 .
Proof.

For Case 1. If we substitute the lines of curvature for the parameter curves on the surface, the equations in
(7) are substituted in (8), the expression (10) is gotten. The proof of other cases is done in a similar way.

Proposition 3.11 (Euler Formula). If t1 and t2 are Lorentzian orthogonal vectors in Theorem 3.10, then for the
normal curvature, we obtain equations below, respectively:

Special Cases 1 − 2.
1

Rn
= −

sinh2 ϕ

R1
+

cosh2 ϕ

R2
,

1
(Rn)0

=
cosh2 ϕ

R1
−

sinh2 ϕ

R2
,

Special Cases 3 − 4.
1

Rn
=

cosh2 ϕ

R1
−

sinh2 ϕ

R2
,

1
(Rn)0

= −
sinh2 ϕ

R1
+

cosh2 ϕ

R2
.

There is no special cases 5 - 6.

Theorem 3.12. Let radii of normal curvature be (Rn)1, (Rn)2 and radii of geodesic torsion be
(
T1

)
1
,
(
T1

)
2

of the curves
(c1) and (c2) on x(u, v), respectively. Let radii of normal curvature of the curve (c) and the curve (c0) perpendicular
to the curve (c) be Rn and (Rn)0, respectively. There are the following relationships between the normal curvatures:

Cases 1 − 2.
1

Rn
+

1
(Rn)0

=
sinhθ
coshθ

 1(
Tg

)
1

+
1(

Tg

)
2

 + 1
(Rn)1

+
1

(Rn)2
,

Cases 3 − 4.
1

Rn
+

1
(Rn)0

= −
sinhθ
coshθ

 1(
Tg

)
1

+
1(

Tg

)
2

 + 1
(Rn)1

+
1

(Rn)2
,

Cases 5 − 6.
1

Rn
+

1
(Rn)0

=
coshθ
sinhθ

 1(
Tg

)
1

−
1(

Tg

)
2

 + 1
(Rn)1

+
1

(Rn)2
.

Proof. If we add the expressions (8) and (9) side by side and the similar operation is applied for other cases
also, the proof is completed.

Corollary 3.13 (Mean Curvature). The sum of the normal curvatures of (c) and (c0) perpendicular to (c) on x(u, v)
is constant.

Proof. In Theorem 3.12, If we substitute the lines of curvature for the parameter curves on the surface, from
the expression (7), we get the following relation:

All Cases.
1

Rn
+

1
(Rn)0

=
1

R1
+

1
R2
= 2H.
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Theorem 3.14. Let radii of principal curvature of (c1) and (c2) be R1 and R2, the radius of normal curvature be Rn,
the radius of geodesic torsion of (c) be T1 and the radius of geodesic torsion of (c0) perpendicular to (c) be

(
T1

)
0

on
x(u, v), respectively. Then, we get:

Case 1.
( 1

Rn
−

1
R1

) ( 1
Rn
−

1
R2

)
= −

cosh
(
θ − ϕ

)
sinhϕ

sinh
(
θ − ϕ

)
coshϕ

1
T2

g
, (11)

Case 2.
(

1
(Rn)0

−
1

R1

) (
1

(Rn)0
−

1
R2

)
= −

sinh
(
θ − ϕ

)
coshϕ

cosh
(
θ − ϕ

)
sinhϕ

1(
Tg

)2

0

,

Case 3.
( 1

Rn
−

1
R1

) ( 1
Rn
−

1
R2

)
= −

sinh
(
θ − ϕ

)
coshϕ

cosh
(
θ − ϕ

)
sinhϕ

1
T2

g
,

Case 4.
(

1
(Rn)0

−
1

R1

) (
1

(Rn)0
−

1
R2

)
= −

cosh
(
θ − ϕ

)
sinhϕ

sinh
(
θ − ϕ

)
coshϕ

1(
Tg

)2

0

,

Case 5.
( 1

Rn
−

1
R1

) ( 1
Rn
−

1
R2

)
= −

cosh
(
θ − ϕ

)
coshϕ

sinh
(
θ − ϕ

)
sinhϕ

1
T2

g
,

Case 6.
(

1
(Rn)0

−
1

R1

) (
1

(Rn)0
−

1
R2

)
= −

sinh
(
θ − ϕ

)
sinhϕ

cosh
(
θ − ϕ

)
coshϕ

1(
Tg

)2

0

.

Proof. From the equalitiy of the expressions

dN
ds
=

1
coshθ

−sinh
(
θ − ϕ

)
R1

t1 +
coshϕ

R2
t2

 ,
dN
ds
=

1
coshθ


−sinh

(
θ − ϕ

)
Rn

+
cosh

(
θ − ϕ

)
T1

 t1 +

(
coshϕ

Rn
+

sinhϕ
T1

)
t2

 ,
[8], we get the following equations:

sinh
(
θ − ϕ

)
R1

=
sinh

(
θ − ϕ

)
Rn

−

cosh
(
θ − ϕ

)
T1

,
coshϕ

R2
=

coshϕ
Rn

+
sinhϕ

T1
. (12)

From the expression (12), we get the following equalities respectively:

1
Rn
−

1
R1
=

cosh
(
θ − ϕ

)
sinh

(
θ − ϕ

) 1
T1
,

1
Rn
−

1
R2
= −

sinhϕ
coshϕ

1
T1

(13)

If we multiply two equalities in the expression (13) side by side, the proof is completed. The proof of other
cases is done in a similar way.

Proposition 3.15. If t1 and t2 are Lorentzian orthogonal vectors in Theorem 3.14, that is θ = 0, then, for the normal
curvature, we obtain following equations, respectively:
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Special Cases 1 - 3 - 5 and Special Cases 2 - 4 - 6.( 1
Rn
−

1
R1

) ( 1
Rn
−

1
R2

)
=

1
T2
1

and
(

1
(Rn)0

−
1

R1

) (
1

(Rn)0
−

1
R2

)
=

1(
T1

)2

0

.

Thus, we can say that the normal curvatures take their extreme values in the principal directions, [26].

Theorem 3.16. Let radii of principal curvature of (c1) and (c2) be R1 and R2, radius of normal curvature be Rn,
radius of geodesic torsion of (c) be T1 and radius of geodesic torsion of (c0) perpendicular to (c) be

(
T1

)
0

on x(u, v),
respectively. Then, we have the following equation:

All Cases.
( 1

Rn
−

1
R1

) ( 1
Rn
−

1
R2

)
=

1

Tg

(
Tg

)
0

.

Proof.

Case 1. From (10), we get the following equations:

1
Rn
−

1
R1
=

cosh
(
θ − ϕ

)
coshϕ

coshθ

(
−

1
R1
+

1
R2

)
,

1
Rn
−

1
R2
= −

sinh
(
θ − ϕ

)
sinhϕ

coshθ

(
−

1
R1
+

1
R2

)
. (14)

If we multiply the equalities in the expression (14) side by side, we obtain

( 1
Rn
−

1
R1

) ( 1
Rn
−

1
R2

)
= −

cosh
(
θ − ϕ

)
coshϕ sinh

(
θ − ϕ

)
sinhϕ

cosh2 θ

(
−

1
R1
+

1
R2

)2

. (15)

Besides, if we multiply two equalities in the expression (6) side by side, we have

1

T1
(
T1

)
0

= −
cosh

(
θ − ϕ

)
coshϕ sinh

(
θ − ϕ

)
sinhϕ

cosh2 θ

(
−

1
R1
+

1
R2

)2

. (16)

From the equality of (15) and (16), the proof is obtained. When we do the proof of other cases in a similar
way, we see that the result is the same.

Theorem 3.17. Let radii of geodesic curvature be
(
R1

)
1

and
(
R1

)
2

at the direction t1 and t2 of (c1) and (c2) on x(u, v),
respectively. For the geodesic curvature at the direction t, we get the equalities below:

Case 1.
1

Rg
=

1
coshθ

sinh
(
θ − ϕ

)(
Rg

)
1

+
coshϕ(

Rg

)
2

 + dϕ
ds
, (17)

Case 2.
1(

Rg

)
0

=
1

coshθ

cosh
(
θ − ϕ

)(
Rg

)
1

−
sinhϕ(

Rg

)
2

 − dϕ
ds
, (18)

Case 3.
1

Rg
=

1
coshθ

sinh
(
θ − ϕ

)(
Rg

)
1

+
coshϕ(

Rg

)
2

 − dϕ
ds
,

Case 4.
1(

Rg

)
0

=
1

coshθ

−sinh
(
θ − ϕ

)(
Rg

)
1

+
coshϕ(

Rg

)
2

 + dϕ
ds
,
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Case 5.
1

Rg
=

1
sinhθ

sinh
(
θ − ϕ

)(
Rg

)
1

+
sinhϕ(

Rg

)
2

 + dϕ
ds
,

Case 6.
1(

Rg

)
0

=
1

sinhθ

cosh
(
θ − ϕ

)(
Rg

)
1

−
coshϕ(

Rg

)
2

 − dϕ
ds
.

Proof.

For Case 1. If (1) and (5) are substituted in (2) and the inner product with the vector N is applied to both
sides of the resulting expression, the proof is completed. If suitable vectors w, w1 and w2 for other cases are
considered from [26], proofs of other cases are obtained by similar operations.

Corollary 3.18 (J. Liouville Formula). Let radii of principal curvature of (c1) and (c2) be R1 and R2 on x(u, v),
respectively. If we substitute the lines of curvature for the parameter curves on the surface, then for geodesic curvature
at the direction t, we have the following equations, respectively:

Case 1 − 2.
1

Rg
=

1
coshθ

sinh
(
θ − ϕ

)
R1

+
coshϕ

R2

+ dϕ
ds
,

1(
Rg

)
0

=
1

coshθ

cosh
(
θ − ϕ

)
R1

−
sinhϕ

R2

− dϕ
ds
,

Case 3 − 4.
1

Rg
=

1
coshθ

cosh
(
θ − ϕ

)
R1

+
sinhϕ

R2

− dϕ
ds
,

1(
Rg

)
0

=
1

coshθ

−sinh
(
θ − ϕ

)
R1

+
coshϕ

R2

+ dϕ
ds
,

Case 5 − 6.
1

Rg
=

1
sinhθ

sinh
(
θ − ϕ

)
R1

+
sinhϕ

R2

+ dϕ
ds
,

1(
Rg

)
0

=
1

sinhθ

cosh
(
θ − ϕ

)
R1

−
sinhϕ

R2

− dϕ
ds
.

Proof.

For Case 1. If we substitute the lines of curvature for the parameter curves on the surface, the equalities in
(7) are substituted in (17), the proof is obtained. The proof of other cases is done in a similar way.

Proposition 3.19 (J. Liouville Formula). If t1 and t2 are Lorentzian orthogonal vectors in Theorem 3.17, then for
the geodesic curvature, we obtain equations below, respectively:

Special Cases 1 − 2.
1

Rg
= −

sinhϕ
R1

+
coshϕ

R2
+

dϕ
ds
,

1(
Rg

)
0

=
coshϕ

R1
−

sinhϕ
R2

−
dϕ
ds
,

Special Cases 3 − 4.
1

Rg
=

coshϕ
R1

+
sinhϕ

R2
−

dϕ
ds
,

1(
Rg

)
0

=
sinhϕ

R1
+

coshϕ
R2

+
dϕ
ds
.

There is no special cases 5 - 6.

Theorem 3.20. Let radii of geodesic curvature be
(
R1

)
1
,
(
R1

)
2

of (c1) and (c2), respectively. Let radii of geodesic

curvature of (c) and (c0) perpendicular to (c) be R1 and
(
R1

)
0

on x(u, v), respectively. There are the following
relationships between the geodesic curvatures:

Cases 1 − 2.
coshϕ

Rg
+

sinhϕ(
Rg

)
0

=
1

coshθ

sinhθ(
Rg

)
1

+
1(

Rg

)
2

 + dϕ
ds

(
coshϕ − sinhϕ

)
,

Cases 3 − 4.
sinhϕ

Rg
−

coshϕ(
Rg

)
0

=
1

coshθ

sinhθ(
Rg

)
1

−
1(

Rg

)
2

 + dϕ
ds

(
coshϕ − sinhϕ

)
,
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Cases 5 − 6.
sinhϕ

Rg
+

coshϕ(
Rg

)
0

=
1

sinhθ

coshθ(
Rg

)
1

−
1(

Rg

)
2

 − dϕ
ds

(
coshϕ − sinhϕ

)
.

Proof.
Cases 1 - 2. If we multiply (17) by coshϕ, multiply the expression (18) by sinhϕ and add the results side by
side, the proof is completed. The proof of other cases is done in a similar way.

Corollary 3.21. In Theorem 3.20, if we substitute the lines of curvature for the parameter curves on the surface, from
(7), for the geodesic curvatures of (c) and (c0) perpendicular to (c), we have the following relations:

Cases 1 − 2.
coshϕ

Rg
+

sinhϕ(
Rg

)
0

=
1

coshθ

(sinhθ
R1

+
1

R2

)
+

dϕ
ds

(
coshϕ − sinhϕ

)
,

Cases 3 − 4.
sinhϕ

Rg
−

coshϕ(
Rg

)
0

=
1

coshθ

(sinhθ
R1

−
1

R2

)
+

dϕ
ds

(
coshϕ − sinhϕ

)
,

Cases 5 − 6.
sinhϕ

Rg
+

coshϕ(
Rg

)
0

=
1

sinhθ

(coshθ
R1

−
1

R2

)
−

dϕ
ds

(
coshϕ − sinhϕ

)
.

Proposition 3.22. If t1 and t2 are Lorentzian orthogonal vectors in Corollary 3.21, then we obtain the follow equations:

Special Cases 1 − 2.
coshϕ

Rg
+

sinhϕ(
Rg

)
0

=
1

R2
+

dϕ
ds

(
coshϕ − sinhϕ

)
,

Special Cases 3 − 4.
sinhϕ

Rg
−

coshϕ(
Rg

)
0

= −
1

R2
+

dϕ
ds

(
coshϕ − sinhϕ

)
.

There is no special cases 5 - 6.

Theorem 3.23. Let radii of geodesic curvature of (c) and (c0) perpendicular to (c) be R1 and
(
R1

)
0

on x(u, v),
respectively. There are the following equations for the geodesic curvature, respectively:

Cases 1 − 2.
1

Rg
=

1
coshθ

〈
t1,

dt2

ds

〉
+

dϕ
ds
,

1(
Rg

)
0

= −
1

coshθ

〈
t1,

dt2

ds

〉
−

dϕ
ds
, (19)

Cases 3 − 4.
1

Rg
=

1
coshθ

〈
t1,

dt2

ds

〉
−

dϕ
ds
,

1(
Rg

)
0

= −
1

coshθ

〈
t1,

dt2

ds

〉
+

dϕ
ds
,

Cases 5 − 6.
1

Rg
=

1
sinhθ

〈
t1,

dt2

ds

〉
+

dϕ
ds
,

1(
Rg

)
0

= −
1

sinhθ

〈
t1,

dt2

ds

〉
−

dϕ
ds
.

Proof.

Case 1. If we inner product both sides of (1) by N, we get ⟨w,N⟩ = −
1

R1
. Also, we know w = A −

dϕ
ds

N, [8].

Then, from the last two equations, we have

1
R1
= − ⟨A,N⟩ +

dϕ
ds
. (20)

If the expression
〈

t2,
dt1

ds

〉
= −

〈
t1,

dt2

ds

〉
= ⟨A,N⟩ coshθ, [8], is substituted in (20), we obtain (19) . The proof

of other cases is done in a similar way.
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Proposition 3.24. If t1 and t2 are Lorentzian orthogonal vectors in Theorem 3.23, that is θ = 0, then, we have:

Special Cases 1 − 2.
1

Rg
= −

1(
Rg

)
0

=

〈
t1,

dt2

ds

〉
+

dϕ
ds
,

Special Cases 3 − 4.
1

Rg
= −

1(
Rg

)
0

=

〈
t1,

dt2

ds

〉
−

dϕ
ds
.

There is no special cases 5 - 6.

Theorem 3.25. Let radii of geodesic curvature of (c) and (c0) perpendicular to (c) be R1 and
(
R1

)
0

on x(u, v),
respectively. There are the equations below:

Case 1.

1
R1
=

(√
E
)

v
− sinhθ

(√
G
)

u

coshθ
√

G

du
ds
+

(√
G
)

u
+ sinhθ

(√
E
)

v

coshθ
√

E

dv
ds
+

d
ds

arctanh

 1
coshθ

√
E
G

du
dv
+ tanhθ

 ,
Case 2.

1(
R1

)
0

=
−

(√
E
)

v
+ sinhθ

(√
G
)

u

coshθ
√

G

du
ds
−

(√
G
)

u
+ sinhθ

(√
E
)

v

coshθ
√

E

dv
ds
−

d
ds

arccoth

 1
coshθ

√
E
G

du
dv
+ tanhθ

 ,
Case 3.

1
R1
= −

(√
E
)

v
+ sinhθ

(√
G
)

u

coshθ
√

G

du
ds
+
−

(√
G
)

u
+ sinhθ

(√
E
)

v

coshθ
√

E

dv
ds
−

d
ds

arccoth

− 1
coshθ

√
E
G

du
dv
+ tanhθ

 ,
Case 4.

1(
R1

)
0

=

(√
E
)

v
+ sinhθ

(√
G
)

u

coshθ
√

G

du
ds
+

(√
G
)

u
− sinhθ

(√
E
)

v

coshθ
√

E

dv
ds
+

d
ds

arctanh

− 1
coshθ

√
E
G

du
dv
+ tanhθ

 ,
Case 5.

1
R1
=
−

(√
E
)

v
+ coshθ

(√
G
)

u

sinhθ
√

G

du
ds
+

(√
G
)

u
− coshθ

(√
E
)

v

sinhθ
√

E

dv
ds
+

d
ds

arctanh

 1
sinhθ

√
E
G

du
dv
+ cothθ

 ,
Case 6.

1(
R1

)
0

=

(√
E
)

v
− coshθ

(√
G
)

u

sinhθ
√

G

du
ds
+
−

(√
G
)

u
+ coshθ

(√
E
)

v

sinhθ
√

E

dv
ds
−

d
ds

arctanh

 1
sinhθ

√
E
G

du
dv
+ cothθ

 .
Proof.

Case 1. From the equation

⟨t1, dt2⟩ = − ⟨t2, dt1⟩ =

(√
E
)

v
− sinhθ

(√
G
)

u
√

G
du +

(√
G
)

u
+ sinhθ

(√
E
)

v
√

E
dv,

[8], we have〈
t1,

dt2

ds

〉
=

(√
E
)

v
− sinhθ

(√
G
)

u
√

G

du
ds
+

(√
G
)

u
+ sinhθ

(√
E
)

v
√

E

dv
ds
. (21)
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Also, we know the following equalities

√

E
du
ds
= −

sinh
(
θ − ϕ

)
coshθ

and
√

G
dv
ds
=

coshϕ
coshθ

, (22)

[8]. If we substitute the expression (22) in the expression (21), we get

cothϕ = −
sinh

(
θ − ϕ

)
sinhϕ

√
G
E

dv
du
. (23)

If we apply some trigonometric operations in (23), we get

ϕ = arctanh

 1
coshθ

√
E
G

du
dv
+ tanhθ

 . (24)

If (21) and (24) are substituted in (19), the proof is obtained. The proof of other cases is done in a similar
way.

Proposition 3.26. If t1 and t2 are Lorentzian orthogonal vectors in Theorem 3.25, then we have:

Special Case 1.
1

Rg
=

(√
E
)

v
√

G

du
ds
+

(√
G
)

u
√

E

dv
ds
+

d
ds

arctanh


√

E
G

du
dv

 ,
Special Case 2.

1(
Rg

)
0

= −

(√
E
)

v
√

G

du
ds
−

(√
G
)

u
√

E

dv
ds
−

d
ds

arccoth


√

E
G

du
dv

 ,
Special Case 3.

1
Rg
= −

(√
E
)

v
√

G

du
ds
−

(√
G
)

u
√

E

dv
ds
+

d
ds

arccoth


√

E
G

du
dv

 ,
Special Case 4.

1(
Rg

)
0

=

(√
E
)

v
√

G

du
ds
+

(√
G
)

u
√

E

dv
ds
−

d
ds

arctanh


√

E
G

du
dv

 .
There is no special cases 5 - 6.

4. Examples

Let’s now give the examples of timelike surfaces whose parameter curves don’t intersect perpendicularly.

1 : x(v,u) =
(
−

cos(2v) cos(2u)
2

, v −
sin(2v) cos(2u)

2
, sin(v)sin(u)

)
, (Figure 1)

2 : y(v,u) =
(
−

cosh(2v) sinh(2u)
2

− u, sinh(v) sinh(u),
cosh(2v)cosh(2u) − 1

2

)
, (Figure 2)

3 : z(v,u) = (cos(u)(cos(v) + v sin(v)) + u cos(v) sin(u), cos(u)(sin(v) − v cos(v)) + u sin(v) sin(u), 2uv) ,

(Figure 3).

5. Conclusions

We have shown in our study [8] that six different cases occur according to the causal character of the
parameter curves intersecting under any angle on a timelike surface. In this paper, relations between
invariants on the timelike surface are studied, new theorems and new equivalents of well known formulas
are given. This article, which will be a source for similar studies in Minkowski 3-space (or others), will also
shed light on studies in different disciplines such as physics, mathematics and astronomy in this space.
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Figure 1: Timelike Surface x(u, v)

Figure 2: Timelike Surface y(u, v)

Figure 3: Timelike Surface z(u, v)
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[22] S. Şenyurt and S. Gür, Spacelike surface geometry, International Journal of Geometric Methods in Modern Physics 14(9) (2017)

1750118.
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