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lim 47", where a is an arbitrary element of a

n—oo

Abstract. We consider the existence of limits lim a7 and
n—o0
complex Banach algebra with the unit, and g is an integer, g > 2.

1. Introduction

If B is a complex square matrix, it is useful to know conditions that imply the existence of the limit
lim B” (see [3], [14]). Koliha extended these results for Banach space operators [9] and elements in Banach
n—oo

algebras [10]. If a is an element of a Banach algebra, then (a"), is a power sequence. In this article we will
consider special subsequences of the power sequence and thus extend some results from [3] to complex
unital Banach algebras. Precisely, we will determine the equivalent conditions for the convergence of the
sequences (a7"), and (a7"),, where g € N and g > 2. Our results extend the well-known results of Koliha [9],
[10], and Chen and Hartwig [3].

Let A be a complex Banach algebra with the unit 1. We use A~!, A°*, AN and AN, respectively, to
denote the set of all invertible, idempotent, nilpotent, and quasinilpotent elements in A. If a € A, let o(a),
r(a), comm(a) and comm?(a), respectively, denote the spectrum, spectral radius, commutant, and double
commutant of 4.

If p € A°, then pAp is a Banach subalgebra of A with the unit p. If ap = pa, then 0?¥(ap) is the spectrum
of ap in the Banach algebra pAp.

If S c C, then we use acc S and iso S, respectively, for the set of all points of accumulation and the set of
all isolated points of S.

Ifa € Aand A ¢ acco(a), then a™" is the spectral projection of a corresponding to the spectral set {A}.
Obviously, a™* = 0 if and only if A € o(a). If 0 ¢ acc a(a), then it is common to write a™ = a™?.

Leta € A. The element 2/ € A is the generalized Drazin inverse of 4, if the following hold:

aa® = a'a, a®aa® = %, a(aa® - 1) € AN,
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If the generalized Drazin inverse a of a exists, then it is unique and the notation is justified.

It is well-known that for given a € A there exists a? € A if and only if 0 ¢ acc o(a). In this case a(1 — a™)
is invertible in the algebra (1 — a™)A(1 — a™), and aa™ is quasinilpotent in the algebra a™Aa™. The ordinary
inverse of a(1 — a™) in (1 — a™)A(1 — a™) is the generalized Drazin inverse of 2 in A. The relation between
the generalized Drazin inverse a/ and the spectral idempotent a™ is given by a™ = 1 — aa”. The element a“
can be obtained by the analytic functional calculus. Take f(z) = 0 for z around {0}, and take f(z) = 1/z for z
around a(a) \ {0}. Then f is analytic in a neighborhood of o(a) and f(a) = a%. Thus, we have a? € comm?(a).
A? is the usual notation for the set of all generalized Drazin invertible elements in A. Obviously, A~ c A
and ifa € A thena = at. Also, ANl c A and if a € AN then a? = 0. The last statement follows from
the uniqueness of the generalized Drazin inverse in the case when it exists.

From AN! ¢ AN we see that a(aa® — 1) € AV is stronger condition then a(aa? — 1) € AN, For given
a € A, the element aP is the Drazin inverse of 4, if the following hold:

aa® = aPa, aPaaP = aP, a"'aP = a" for some n € Ny.

The Drazin inverse aP of a is unique in the case when it exists. The smallest 7 in previous definition is the
Drazin index of 4, and it is denoted by ind(a). The set of all Drazin invertible elements in A is denoted by
AP. Thus, AP c A? and if a € AP then aP = a?. Obviously, ind(a) = 0 if and only if a € A~! and in this case

-1_,D
a =a".
If 2 € A and ind(a) < 1, then the Drazin inverse of a is known as the group inverse of 4, denoted by a*.
In this case a” is the unique element in A that satisfies conditions:

ad'a=a, d*ad® =ad*, ad* =d"a.

The set of all group invertible elements in A is denoted by A*.

If a € A%, then ind(a) < 1 if and only if aa™ = 0. Also, AN! N A* = {0}.

Further results about the Drazin and group inverse, as well as spectral idempotents, can be found in
[4-7,10].

Recall that the mapping x +— o(x) is upper semi-continuous in every element a € A, i.e. for every
a € A and all € > 0 there exists 6 > 0, such that for all x € A if ||x — a|| < 6 then o(x) C a(a) + D(0;¢).
Here D(0;¢€) = {z € C : |z| < €}. Moreover, if 2 commutes with every x € A then the mapping x — o(x) is
continuousina, i.e. forall e > 0 there exists 6 > 0, such thatforall x € Aif ||[x—a| < 6, thena(x) C a(a)+D(0, €)
and o(a) C o(x) + D(0, €).

The paper is organized as follows. Section 2 contains mostly known results. Sometimes we offer a
different proof, which is simpler than the original one. In Section 3, we consider certain subsequences of
the basic power sequence. We give necessary and sufficient conditions such that lim a7 = d exists, where

n—oo

g is an integer g > 2, and give the explicit form of 4. The final result of this limit has the same form as the
one obtained by Chen and Hartwig. Naturally, we use a different method to prove it. In this section we
also consider the existence and the form of the limit lim 47" for the same g. The final form of this limit is

n—oo

not established by Chen and Hartwig, so this is its first appearance in any structure that allows the Drazin
inverse. Again, a different approach is used in order to prove the main result of this paper.

2. Auxiliary results

In this section we present auxiliary results. We start with elementary complex limit results, which are
originally proved by Chen and Hartwig.

Lemma 2.1. ([3], pages 211-212) Let z € C, |zl = 1, and g € N, q > 2. Then lim 27" = 1 if and only if 20" =1 for
n—oo
some K € IN.

Proof. We suggest the original proof of Chen and Hartwig. O
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Lemma 2.2. ([3], pages 212-213) Letz € C, |z| = 1,and g € N, g > 2. Then lim 27" exists if and only if 20-D4" =1
n—oo
for some K € IN.

Proof. We offer a more direct proof than the one in [3]. Let limz7 = w, so we get [w| = 1. Then
n—oo
q
wl = (lim z"") = lim 27" = w, implying that w’ = w. Thus, w"™! = 1. We conclude that lim z@)7" = 1,

From Lemma 2.1 we get that 204" = 1 for some K € N. [J

The following characterization of the generalized Drazin invertibility is proved by Koliha.

Theorem 2.3. ([7]) Let a € A. Then the following statements are equivalent:
(1) 0 ¢ acco(a).
(2) There exists some p € A°* N comm(a) such that ap € A™! and a + p € AL
Moreover, if (1) or (2) holds, then p = a™.

We prove the following small observation, which is actually the justification of notations.
Lemma 2.4. Leta € Aand A ¢ acco(a). Then a™* = (a — A)™.

Proof. Since A ¢ acco(a), then 0 ¢ acco(a — A). There exists g > 0 such that if r € (0, 7p) then the graph y* of
the circle y(t) = re, te [0,27], surrounds 0 and it does not surround any other point from o(a — A) \ {0}.
Let I'(t) = A +re", t € [0,2n]. Then I"* surrounds A and it does not surround any other point from

o(a) \ {1}. We have
271 _
_old it
me(y a) du = o f /\+re " relti d

— (re —(a—A)) re''i dt = —f(y @-A)"du

Zm
=(a- /\)”
O

Remark 2.5. Note that, if A ¢ acco(a), then (a — A)* = (A —a)™. Indeed, since (—x)* = (=1)x“, then (a — A)™ =
—@=-MANa-A)"=1-A-a)A-a) =N -a)"
Ifa e Aand A € isoo(a), Ay = a™* A" and A; = (1 — A" AN — ™), then 07 (aa™") = {A} and
o7 (a(1 - ™)) = o(a) \ {A).

We prove the following interesting result, which is obviously a local generalization of the Gelfand-Mazur
theorem.

Lemma 2.6. Letae A, A €C,o(a) = {A}andind(A —a) < 1. Thena = Al.

Proof. Since a(a) = {1}, we geta — A € AN N A*. By the uniqueness of the generalized Drazin inverse, we
have (a — A)* =0, soa—/\ 0. O

The following result is classical and easy to verify.

Theorem 2.7. Ifa € A, then the following statements are equivalent:
(1) lim a* = 0.
n—oo

(2) Y a" is norm-convergent in A.

(3) 1@ < 1.
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We are interested in a more general situation.

The element a € A is convergent, if lim a" exists [9]. The set of all convergent elements in A is denoted
by ﬂCO}’l‘ e
The following result is proved by Koliha. For the completeness we give a more direct proof here.

Theorem 2.8. ([10], [12]) If a € A, then the following statements are equivalent:
(1) a e A"
(2) o(a) \ {1} € D(0;1) and ind(1 — a) < 1.
Moreover, if (1) or (2) holds, then lim a" = (1 —a)™.

Proof. (1) = (2): Let p = lim a". We immediately get p = p?,ap = pa = pand (1 —a)p = 0.

Let A € g(a). From the continuity of the spectrum (in this commutative case) and from o(p) C {0,1},
we conclude that im A" = 0 or lim A" = 1. If lim A" = 0, then |A] < 1. If lim A" = 1, then |A] = 1 and
consequently A = 1. Thus, a(a) \ {1} c D(0; 1).

Notice that for every n € IN we have (a —p)" = a" —p. Thus, lim(a—p)" = 0 = lim (p—a)". From Theorem
2.7 we conclude that o(p —a) € D(0;1). Then0 ¢ 1+o(p —a) =o(l-a+p)and 1 —a+p e AL

By Theorem 2.3 it follows thatind(1 —a) < land p = (1 —a)™.

(2) = (1): Let A; = a™' Aa™! and A, = (1 — a™)A(1 —a™'). Then 07 (aa™') = {1} and 07‘2(11(1 - a”’l)) =
o(a) \ {1}. From Lemma 2.6 we have that aa™! = a™!. From Theorem 2.7 we have that lim a"(1 — a™') = 0.
Thus, a = a(1 —a™') + aa™' = a(1 —a™') + a™!. It follows that lim a" = a™' = (1 — a)™ from Lemma 2.4 and
Remark 2.5. O

3. Convergence of certain subsequences of the power sequence

In this section, we consider the convergence behavior of some particular subsequences of (a"),. We will
generalize Theorem 1 from [3]. Also, results from [9] and [10] will be extended.
First, we prove the following result.

Theorem 3.1. Let g€ Nandg>2,be Aand A € C, such that b9 = 1 and A1 = 1. Then

1

= A AT+ AT2p + -+ AWT2 + 6171 € A N comm(b),

p

(b-A)p=0andb—Al+pe AL

Proof. Let
pr= AT+ A2+ ATERE 4+ APDTE 4+ ABT 4 BT

Since A7 =1 and b7 = 1, we get
pr= AT (AT AT 2D+ 47002 4+ AP0 4 ABT2 4 )
+ AT (AT 2D+ AT 4 b 4 A1)
+ A0t (/\‘7‘3192 FAT 4 BT AT 4 /\q‘zb)

+ AT (bq‘1 F AT 4 AT2p 4+ AT3% 4 A28 4 )\b’f‘z)
= qu_lpl.
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Hence, we conclude that p = g~'A~"1p; is an idempotent. Obviously, p commutes with b. Notice that
0=0T-1=>B-A)b-A11)---(b-A411) = (b— AL)py,

where V1 = {2, A1,...,Ag-1}. Hence, (b — Al)p = 0. Notice that b9 = 1 implies (o(b))7 = {1} and o(b) C
{A, A1,..., Ag-1}. Consider the polynomial

Piz)=z-A+ (z=A1) (2= Agm1)

gAT!
Then P(b) = b - Al +p and
o(b = A1+p) = P(o(b)) C {P(u) : p € (A, Ay, ..., Al

1
= {W(A—Al)mu—)\q_l)m Sy S —/\}.

Since A # A1,...,A4-1, we conclude that 0 ¢ o(b — A1 + p), so b — Al + p is invertible. [J

Now we formulate and prove the following result, extending Theorem 1 (a) in [3]. Our proof is essentially
different from the proof in [3], where the Jordan form of a complex square matrix is used.

Theorem 3.2. Let b € A, and let g € N, g > 2. The following statements are equivalent:
(1) lim b7 exists.
n—oo
(@) If A € o(b) then: |A| <1, 0r AT=1and ind(b — A1) < 1.
If (1) or (2) holds, then lim b7 =1 — (1 — b7)(1 — b7)*.

Proof. (1) = (2): From Theorem 2.8 it follows that lim 7" exists if and only if for all u € o(b7) either |u| < 1,

or u =1and ind(b? — 1) < 1. Since p € o(b7) if and only if there exists A € o(b) such that A7 = u, we get that
for all A € a(b) either |A| < 1,0r A7 =1 and ind(b7 — 1) < 1.

Let A € 0(b) and A7 = 1. Since 1 ¢ acc o(b7) we get A ¢ acco(b). Lete = (b7 —1)". Since ind(}? —1) <1, we
get that (b7 — 1)(1 — e) is invertible in the Banach algebra (1 — ¢)A(1 —e) and (b7 — 1)e = 0. Since b commutes
with b7 — 1, we conclude that b commutes with e. Now we have that

M -1 —e)=b-A)E" T+ A2+ + A2+ A7) (1 —e)

is invertible in (1 — e)A(1 — ¢). From the commutativity of b and e we deduce that (b — A1)(1 — e) is invertible
in the algebra (1 — ¢)A(1 — €). On the other hand,

0= -1e=0-AD)E T+ AVT2+ -+ A72h + AT 1)e
and b7e = e. According to Theorem 3.1 we know that
p=g  ATTBIT AT 4+ AT+ AT e

is an idempotent in eAe, p commutes with (b — Al)e, (b — Al)pe = 0 and (b — A1 + p)e is invertible in eAe.
From Theorem 2.3 we conclude that p is the spectral idempotent of (b — Al)e in eAe corresponding to {0},
and hence ind((b — Al)e) < 1. We also know that (b — A1)(1 — p)e is invertible in (1 — p)eAe(1 — p). Now,
pe = ep = p and we easily verify (1 — p)(1 —¢e) = (1 —¢). Since (b — A1)(1 —e) is invertible in (1 — &) A(1 — ¢),
there exists some ¢ € (1 — e)A(1 — e) such that

b-ADA=-e)c(1-—e)=(1—-e)c(1—-e)b-Al)=1-ec.
Since (b — Al)e(1 — p) is invertible in (1 — p)eAe(1 — p), there exists some d € (1 — p)eAe(1 — p) such that
(b= ADe(1 — p)de(1 - p) = e(1 = p)de(1 — p)(b — A1) = e(1 ~ p).
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Now we compute

[c(l —e) +de(l - p)][(b — A1 —e)+ (b= Al)e(l — p)] =

= [c(1 = e) +de(1 - p)][(b - ADA - )1 = p) + (b — AD)e(1 - p)] =
=(1-e)+e(l-p)=1-p.

We conclude that
(b= A1 —e)(1 - p) + (b = AD)e(1 = p) = (b — A)(1 - p)

is invertible in (1 — p)A(1 — p). Also, (b — Al)p = 0 holds, and hence (b — A1)(1 — p) = b — Al. There exists
some f € (1 — p)A(1 — p) such that

G-ADNA-pfl-p=1-p=1A-p)fA-p)b-Al).

Now it is easy to verify that (1 — p)f(1 — p) = (b — A1), thus implying ind(b — A1) < 1.

(2) = (1): Now suppose that for all A € o(b) either |A| < 1, or A = 1 and ind(b — A1) = 1. We only need
to consider the g-th roots of 1: = {A,A1,..., g1}, ind(b—A1) < Tand ind(b—-A;1) < 1foralli=1,...,9-1.
It can easily be seen that

O - 1) = (b - A0 - )* - (b — A1)

Hence, ind(b7 — 1) < 1. From Theorem 2.8 it follows that lim b7 exists and
n—oo

lim v =1 — (1 - b7)(1 - b7)*.

n—o0

Now we will consider the convergence of the sequence (a7'),,.

Theorem 3.3. Leta € Aand q € N, q > 2. The following statements are equivalent:
(1) lim a7 = c exists.
n—oo
(2) If A € o(a) then: |A| < 1, or there exists K € Ny such that AD7" =1 and ind(a — A1) < 1.

(@-1)q"
If (1) or (2) holds, then ¢! =c= Y, a™, (AE.‘HWK =1), and ind(c) < 1.
j=1

Proof. (1) = (2): We compute

n l] 1+
ol =(limaL7 ) = lim 7" =c
n—oo n—oo
2
so ¢(1 —¢™!) = 0 and (cq‘l) = ¢!, From the Spectral mapping theorem applied to the polynomial

P(z) = z(z7! — 1), we conclude that o(c) C {0} U {A4, ... , Ag-1}, where V1={A,... s Ag-1h
Consider the spectrum of the element ¢ + 1 — ¢77!:

olc+1—-cT)={1+pu-p’™": ueoa()
C{l+u—pi i pef0, Ay, Agea)={L Ay, .., Aga .

Hence, c + 1 —¢7! € AL, From Theorem 2.3 we conclude that 1 — ¢! = ¢™ and ind(c) < 1.
Since c commutes with g, from the continuity of the spectrum in this commutative case and from Lemma

2.2 we conclude that for all A € o(a) either |A| < 1, or |A] = 1 and AT@-D =1 for some non-negative integer
K.
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M
2) = (1): LetM = (g —1)g8 and V1 = {A4,...,Ay}. We have a™1a™% = 0if j # k. Takep = ¥, @™V and
j=1
obtain p € A°*. We have

M
a=a(l-p)+ Z aa™"i
=1
and consequently
M
a’ =a”(1-p)+ Z a’ a™ N
j=1
foreveryn € N. Let Ay = (1-p)A(1—p) and A; = a™ i Aa™ forj = 1,...,M. Wehave oﬂo(a(l —p)) c D(0;1),
so lim a7 (1 — p) = 0. Also, 0 (aa”"\/ ) = {A;} for every j. Since ind(A; —a) < 1, we getaa™" = A;a™. Thus,

lim a7'a™" = lim A? a™l = a™i. We get

n—oo n—o0o

(g-1)q~
lim a7 = Z a™Mi,
n—o00

=1

Remark 3.4. It is important to mention that in Theorem 3.3 the result

(g=1)q"
lim a7 = Z a™Ni
n—oo

j=1

is not proved in [3]. It seems that the form of this limit appears in the present article for the first time.

Remark 3.5. We mention closely related topics. If A is the Banach algebra of operators on a Banach (or Hilbert)
space, stable operators are defined in the following way [9], [2], [1]. Let H* denote the right open half plane of C.
An operator A is stable, if 6(A) C H*. Stable and convergent operators are related by the Cayley transform: an
operator A with =1 ¢ o(A) is stable, if and only if its Cayley transform T = (I — A)(I + A)™" is convergent [9].
Various generalizations and applications of stable and convergent operators can be found in [1], [2], [8], [9], [11], and
references cited there.

Remark 3.6. In [3] convergence properties of (a"”)n and (a"")n are used in the investigation of the well-known
hyper-power iterative method.

Finally, we prove one more result.
An element ¢ € A is generalized quasinilpotent, if A + (1 + A)" # 0 for every n € N and every A € o(c).
The set of all generalized quasinilpotent elements is denoted by AN and obviously AN c AGINI,

Theorem 3.7. If c € AN gnd 1 + c € A©", then ¢ = 0.

Proof. Letp = lim (1+c)". Thenp? = pand p commutes withc. Also,cp = (1+c—1) lim (1+c)" = lim [(1+c)"* -
n—00 n—oo n—oo
(1+¢)"] =0. Denote by x,, = c + (1 + ¢)” and notice that lim x, = ¢+ p. Then o(x,) = {A + (1 + A)" : A € (c)}.
n—oo
Since every x, commutes with ¢ + p, from the continuity of the spectrum in this commutative case, we

conclude that 0 ¢ o(c + p) and ¢ + p € A~L. By Theorem 2.3 it follows that p = ¢™. Since cc™ = 0, we get that
ind(c) =1and 0 = ¢? = ¢*, implying c = 0. O
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