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Abstract. In this paper, we introduce the concept of strongly lacunary convergence of order § of difference

sequences of fractional order in the neutrosophic normed spaces. We investigate a few fundamental
properties of this new concept.

1. Introduction

The concept neutrosophy implies impartial knowledge of thought and then neutral describes the basic
difference between neutral, fuzzy, intuitive fuzzy set and logic. The neutrosophic set (NS) was investigated
by Smarandache [23] who defined the degree of indeterminacy (i) as independent component. In [24],
neutrosophic logic was firstly examined. It is a logic where each proposition is determined to have a degree
of truth (T), falsity (F), and indeterminacy (I). A Neutrosophic set (NS) is determined as a set where every
component of the universe has a degree of T, F and I. In IFSs the ‘degree of non-belongingness’ is not
independent but it is dependent on the ‘degree of belongingness’. FSs can be thought as a remarkable
case of an IFS where the ‘degree of non-belongingness’ of an element is absolutely equal to ‘1- degree of
belongingness’. Uncertainty is based on the belongingness degree in IFSs, whereas the uncertainty in NS
is considered independently from T and F values. Since no any limitations among the degree of T, F, I, NSs
are actually more general than IFS. Neutrosophic soft linear spaces (NSLSs) were considered by Bera and
Mahapatra [6]. Subsequently, in [7], the concept neutrosophic soft normed linear (NSNLS) was defined and
the features of (NSNLS) were examined.

Kiris¢i and Simsek [12] defined new concept known as neutrosophic metric space (NMS) with continuous
t-norms and continuous t-conorms. Some notable features of NMS have been examined. Neutrosophic
normed space (NNS) and statistical convergence in NNS has been investigated by Kiris¢i and Simsek
[13]. Neutrosophic set and neutrosophic logic has used by applied sciences and theoretical science such as
decision making, robotics, summability theory.

In [14], lacunary statistical convergence of sequences in NNS was examined. Also, lacunary statistically
Cauchy sequence in NNS was given and lacunary statistically completeness in connection with a neutro-
sophic normed space was presented. Kisi [15] defined lacunary ideal convergence and gave various results
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about lacunary ideal convergence in [15] and [16]. Some works related to this concept can be found [17],[18]
and [19].

Definition 1.1. ([20]) Let = : [0,1] X [0,1] — [0, 1] be an operation. When = satisfies following situations, it is
called continuous TN (Triangular norms (t-norms)). Take p,q,1,s € [0,1]

@ p+1=p,

(i) Ifp<randq<s,thenp+q <r=s,

(iii) = is continuous,

(iv) * associative and commutative.

Definition 1.2. ([20]) Let < : [0,1] x [0,1] — [0, 1] be an operation. When < satisfies following situations, it is
said to be continuous TC (Triangular conorms (t-conorms)).

() po0 =p,

(i) If p < rand q < s, then pOq < ros,

(iii) < is continuous,

(iv) © associative and commutative.

Definition 1.3. ([13]) Let F be a vector space, N = {{u, G(u), B(u), Y(u)) : u € F} be a normed space (NS) such that
N : FxR* — [0,1]. While following conditions hold, V = (F,N,*, <) is called to be NNS. For each u,v € F and
A, u>0and forallo #0,
H0<Gw,A)<1,0<Bu,A)<1,0<Yu,A)<1,VAeR*
(@) G, A)+Bw,A)+Y(u,A) <3, YA eR*
(iil) G(u,A) =1 (for A > 0) iff u =0,
(iv) G (ou, A) = G (u, &),
() G, u)*G @A) <Gu+v,u+A)
(vi) G (u, .) is non-decreasing continuous function,
(vid) limy 00 G (u, A) =1,
(iii) B(u,A) =0 (for A > 0) iff u =0,
(ix) B(ou,A) = B (u, ﬁ) ,
(x) B(u, u) OB (v,A) > B(u+v,u+A)
(xi) B (u, .) is non-increasing continuous function,
(xii) limp 0 B (1, A) =0,
(xii}) Y (u, A) =0 (for A > 0) iff u =0,
(xiv) Y (ou, A) = Y(u, %),
x)Y(u, ) OY (@, A)=2Yu+o,u+A)
(xvi) Y (u,.) is non-increasing continuous function,
(xvii) lim) e Y (1, A) =0,
(xviii) If A <0, then G(u,A) =0,B(u,A) =1and Y (u,A) = 1.

Then N = (G, B, Y) is called Neutrosophic norm (NN).

Definition 1.4. ([13]) Let V be an NNS, the sequence (xi) in V, € € (0,1) and A > 0. Then, the sequence (xy)
is converges to C iff there is N € IN such that G(xx —C,A) > 1 —-¢,B(xx—CA) < &Y —CA) < €. That is,
limyeo G (X — G, A) = 1, limyy0 B (X — C, A) = 0 and limy0o Y (xx — C, A) = 0as A > 0. In this case, the sequence
(x) is named a convergent sequence in V. The convergent in NNS is indicated by N — lim x; = C.

Definition 1.5. ([13]) Let V be an NNS. For A > 0, w € Fand ¢ € (0, 1),
OB(w,e,A)={ueF:Gw—-u,A)>1—-¢Bw—-u,A)<eY(w-u,A)<e}
is called open ball with center w, radius e.

Definition 1.6. ([13]) The set A C F is called neutrosophic-bounded (NB) in NNS V, if there exist A > 0, and
e €(0,1) such that G(u, A) > 1 —¢, B(u,A) < e and Y(u, A) < € for each u € A.
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Difference sequence spaces was defined by Kizmaz [11] and the concept was generalized by Et et al.
([81,19]) as follows:
A" (X) = {x = () : (A"x) € X},

where X is any sequence space, m € N, A’x = (x), Ax = (x; — x341), A"x = (A"x;) = (A’”’lxk - Am’lxkﬂ)
and so A"x; = Yoo (—=1)? rs Xkro-

If x € A™ (X) then there exists one and only one sequence y = (yx) € X such that yx = A"x; and

k=m k

ml k—v-1 ml k+m—-v-1

w= 2D ( -0 )yv=;(—1> ( "y )yv_m, M
Yiem =Yo-m = =Yo=0

for sufficiently large k, for instance k > 2m. After then some properties of difference sequence spaces have

been studied in ([1],[2],[9],[10],[22],[29]).

For a proper fraction «, we define a fractional difference operator A* : w — w defined by

(o)
. Ta+1)
A = ) (1)
, iMa-i+1)
i=0
. 1. _ 1 1 1 5 7 21
In particular, we have A2xx = Xp — 5Xk+1 — §Xk+2 = 1%k+3 — TogXk+d — 556 Xk+5 — ooz Xk+6 """
-1 _ 1 3 5 35 63 231
AT2Xp = Xp + 5Xke1 + §Xka2 + TgNk+3 T TogXkrs + 356 Xk5 + 1555 Xkr6 "
1 1 1 5 10 22 154
A3sxp = x; — 3Xk+1 — 9Xk+2 T g7 Xk+3 T 243 Xk+4 — 759 Xk+5 T goe1 Xk+6 "
Asxv,=x -2 -1 _ 4 -7 _ 14 _ 9 ...
Xk = Xk = 3Xk+1 = gXk+2 — g7 Xk+3 — 33Xk+4 — 79 Xk+5 ~ gge1 Xk+6
By I'(r), we denote the Gamma function of a real number r and r ¢ {0, -1, -2, =3, ...}. By the definition, it
can be expressed as an improper integral as:

I(r)= f ettt
0

From the definition, it is observed that:

(i) For any natural number n, I'(n + 1) = n!,

(ii) For any real number n and n ¢ {0,-1,-2,-3,...},T'(n + 1) = n['(n),

(iii) For particular cases, we have I'(1) = I'(2) = 1,T(3) = 2!,I'(4) = 3!, ....

Without loss of generality, we assume throughout that the series defined in (2) is convergent. Moreover,
if o is a positive integer, then the infinite sum defined in (2) reduces to a finite sum i.e., Z?:O(—l)i i!lf((gjii)l)Xk.;_i.
In fact, this operator is generalized the difference operator introduced by Et and Colak [8].

Recently, using fractional operator A® (fractional order of «) Baliarsingh et al. ([4],[5],[21]) defined the
sequence space A* (X) such as:

AY(X) = {x = (x) : (A"xp) € X},

where X is any sequence space.

By a lacunary sequence we mean an increasing integer sequence 0 = (k) of non-negative integers such

thatky = Oand h, = (k, — k,—1) = o0 asr — oo. The intervals determined by 6 will be denoted by I, = (k,—1, k]

and the ratio kk’ will be abbreviated by g,, and g1 = k; for convenience. In recent years, lacunary sequences

have been studied in ([31,125],[26],[271,128]).
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Fractional order difference sequence space has been an active field of research during the recent times.
Many authors have introduced the difference sequence spaces of fractional order in different spaces. The
motivation of the present paper is to define strongly lacunary convergence of order f3 of difference sequences
of fractional order in NNS. The most important difference of our study while studying the lacunary conver-
gence we used the T, F and I functions. The results obtained here are more general than the corresponding
results for normed spaces.

2. Main Results
Definition 2.1. Take an NNS V. Let O be a lacunary sequence, 0 < f < 1 and a be a proper fraction. The sequence

x = (xx) is named to be A*— strongly lacunary convergent to C € F of order p with regards to NN (LC — NN), if for
every A > 0and € € (0,1), there is vy € IN such that

1 (2%
—ﬁZG(A -G A) > 1—eandh—ZB(A“xk—C,/\) <es ZY(Mxk—c,A) <e

v kel, r kel, r kel,

forallr > ry.
We indicate (G, B, Y)g —lim A% = C. In case of 0 = (2"), (G, B, Y)? — lim A% = ( is obtained.

Theorem 2.2. Let V be an NNS. If x is A%~ strongly lacunary convergent of order B with regards to NN, then
(G, B, Y)g — lim A%x = Cis unique.

Proof. Suppose that (G, B, Y)/; —limA%x = (4, (G, B, Y)g —lim A% = (; and (1 # (. Given ¢ > 0, select
p€(0,1)suchthat(1-p)*(1—-p)>1-cand pOp < ¢. For each A > 0, there is 7; € N such that

1 . 1 . 1 .
= )G xk—Cl,/\)>1—pandh—ﬁZB(A xk—cl,A)<p,h—BZY(A X = C1,A) <

r kel, r kel, r kel,

for all r > r1. Also, there is r, € IN such that

1 a 1 (04 1 o
=) G xk—cz,A>>1—pandh—ﬁZB(A xk—cz,A><p,ﬁZY<A -G, 1) <p

r kel, r kel, r kel,

for all r > r,. Assume that rp = max{ry,;}. Then, for r > ry, we can find a positive integer m € IN such that

G -G M) 2 G (A% - G 5 ) G (A% - 05 )>(1—P)*(1—p)>1—6,

B@ - 1) < B(A 6, 5 ) 0B (M~ . 5 ) < pop <,
and
V(G -G < Y (8% - G, 5 )oY (A%, - &, T) < pop <

Since ¢ > 0 is abritrary, we get G(C; — (o, A) =1, B(Ci — (o, A) = 0and Y(C; — Cp, A) = 0 forall A > 0, which
givesthat (1 = . O

We give an example to denote the sequence A*~ strongly lacunary convergence of order  in an NNS.
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Example 2.3. Let (E,||.]|) bea NNS. Forall u,v,a € [0,1], define u+v = uv and u®Gv = min {u + v;1}. Forallx € F

and every A > 0, we take G(A%x, ) = M”MxH,B(A“x A) = A'ﬁi’ﬁlu and Y(A%x, A) = ”A A Then V is a NNS. We
define a sequence (x) by

1, if k=#(teN)
a — 7
A = { 0, otherwise .

Consider
={kel,: G(A°,A)>1—¢ and B(A%x,A) < ¢, Y(A%x,A) < ¢}.

Then, for any A > 0 and for all € € (0, 1), the following set

A = {k el : m >1-¢, and 1 LLAIFZC;‘L” <eg, ”Ai\xk” < e}
= et iatl < 725, and 1A < Ae)
c {kelr:||A“xk||=1}={kelr:k=t2}
ie.,
Ae, A) = {r eN: Z G(A%x, A) > 1 — ¢ and — Z B(A%x, A Z Y(A%x, A) < s}
V kel, 7 kel, V kel,
will be a finite set.

Theorem 2.4. Let V be an NNS. If (G, B,Y)) = lim A% = & and (G, B, Y)}) - im A%y = (,, then (G, B, Y)}, -
lim A%(x +y) = & + G and ¢ € F, (G, B, Y)) - lim A%x = cC.

Proof. For every A > 0 and ¢ € (1,0), there is ry € IN such that

1 1 1

= Y G -G, ) > 1-pand = ¥ B —Ci, ) < p, = ) V(A% -G, ) <
r kel, hr kel, hr kel,

for all r > r;. Also, there is r, € IN such that
=Y G- ) > 1= pand — Y BT - G, A) < p, 5 Y YA G, A) < p
r kel, hr kel, hr kel,

for all r > r,. Assume that rp = max {ry, r2}. Now, for r > 1y we get

5 X G y) ~ @+ ), M) = 5 Y G = Gt A= G )

r kel, r kel,

A

IS Z (Aaxk - Cl/ ) (Aa]/k - CZI E)
r kel,

>(1-p)*r1-p)>1-c¢

and

=Y B+ ) — @+ @), ) = 5 =Y B~ G+ AT - G, )

hr kel, v kel,
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1
—ﬁ kz‘ (A (xx = C1), )OB (A“(yk - (), —) <pop <e.
1’
Further,

1 1
S Y YA @y~ @+ G A) = 7 ) YA = G+ A= G, )

v kel, r kel,

7 Z (A“(xzc - G), )OY(A“(yk ~ ), %) <pop <

r kel,

Similarly we can show that (G, B, Y)g —limA%x=cC. O

Theorem 2.5. If (G, B, Y)g — lim A%x = (, then there is a subsequence (A*x,.) of A%x such that (G, B, Y)g -
Iim A%, =C.
3

Proof. Take (G, B, Y)g —lim A%x = C. Then, for every A > 0 and ¢ € (1,0), there is y € IN such that

1 1 1
—ﬁZG(A‘*xk—C,A) >1-eand h—ﬁZB(A“xk—C,/\) < e,ﬁZY(A‘*xk—C,/\) <e

r kel, r kel, r kel,

for all » > ry. Obviously, for each r > 1y, we choose px € I, such that

o 1 (04
G(A xpk—C,/\)>—ﬁZG(A -GN >1—¢

r kel,

B(A®x,, -, ) < lﬁ 2 B(Ax - A) < e

r kel,

Y(A%x,, - C,A) < lﬁ Z Y(A%x, — G, A) < e

r kel,

It follows that (G, B, )} — lim A%, = C. [

Theorem 2.6. Let 0 < a < < 1. If (G,B, V) — lim A%x = C, then (G, B, Y)}; — lim Afx = C.
Proof. Omitted. [J

Theorem 2.7. Let 0 < § < 1. If liminf, q, > 1, then (G, B, Y)f c (G, B, ),

Proof. Take (G, B, Y)P —lim A®x = (. Since }klﬁ > ﬁ for all ¥ > 1, we can write

k, ky—
1
Zcmaxk—c,)\) = —ﬁZG(A‘*xk—c,m ﬁZG(Aaxk—m
rkeI hrk rk:l
kﬁ 1 k, kﬁ 1 k1
- = GAx — A |- == — G(A%x—C, A
hf[k’ik_l R k’ilkz_;‘ e
K1 & 1
> D12V e -] =Y 6t - )| > 1 -
hf(kfkﬂ e M V2 Th )
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Since h, = k, — k,_1, we have

. oK
_T S m and = S l .
W of W~ o

From here, L i Y, B(A%x—C, ) < eand 7 2, Y(A"x—C, A) < e are obtained. Thus, (G, B, Y)ﬁ IimA*x=C 0O
e ker, =

Theorem 2.8. Let O = (k;) and 0" = (s,) be two lacunary sequences such that 1, C |, for all v € IN, p and 7 be fixed
real numbers such that 0 < f <t < 1. If

I, I,
rlgglo inf Eh:;ﬁ > 0 and rlgg (hr) =1 3)

holds and A C F is neutrosophic-bounded (NB) in NNS V then (G, B, Y)g c (G,B,Y):,, where I, = (k;—1,k/],
]r = (Sr—1/ Sr] ’ hr = kr - kr—lz h; =Sy — 5p-1.

Proof. Let A*x € (G, B, Y)e and assume that (3) holds. Since A C F is neutrosophic-bounded (NB) in
NNSYV, then there exists some A > 0 such that hl Y, G(A% — (,A) > 1 —¢ and 1 Y B(A%x — C,A) <
v kel, ' kel,

hf‘ Y. Y(A%x — C, A) < € for each (A%x, — () € A . Now, since I, C [, and h, < ). for all r € IN, we may write
r kel,

0 )ﬁécka—g)\) < 0 )ﬁ;G(A"xk—C,/\)
_ m)
= G 2,6 -t

for all » € IN. Therefore, we obtain

o LB~ 0 ) = e VBN C )+ g Y B T )
( keJ, ( ) kel —I, kel,
h’—h
< ! B(A%x,. —C, A
< Ty <h');( =& A)
h;_(hr)

my (h,) ;‘B(A %= A)

I X
((h,)T —1) 0 )ﬁ ZB(A -G A)

kel,

for every r € IN. Therefore ﬁ Ykej, G(A*X = C,A) > 1 - ¢ and ﬁ Ykej, B(A%xx — C, A) < e. It can be shown

Y. Y(A%x — C, A) < ¢ by similar operations. (G, B, Y)/; c (G, B, Y);, is obtained as the result. [

to be L=
() ke,

Thus in the light of Theorem 2.8, we have the following result:

Corollary 2.9. Let 6 = (k) and 0’ = (s,) be two lacunary sequences such that I, C |, for all r € IN.
If (1) holds and NB then,
(i) (G,B,Y)} c (G,B,Y)g for0<f <1,
(ll) (Gr B/ Y)9 C (G/ B/ Y)@’ .
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Definition 2.10. Take an NNS V. A sequence A“x = (A%xy) is named to be A*— strongly lacunary Cauchy of order
B with regards to the NN N (LCa — NN) if, for every € € (1,0) and A > O, there are ro, p € IN satisfying

- Z G(A%xy — A®x,, A) > 1 — e and — 2 B(A%x — A%, A) < ¢,
r kel, r kel,

5 Z Y(A% — A%, A) < €
r kel,

forallr > rg.

Theorem 2.11. If a sequence A“x = (A%xy) in NNS is A%~ strongly lacunary convergent of order  with regards to
NN N , then it is strongly Cauchy of order B with regards to NN N .

Proof. Let (G, B, Y)g —lim A% = C. Select ¢ > 0. Then, for a given p € (0,1),(1-p)*(1—p) > 1 - ¢ and
p<Op < €. Then, we have

52 (A"‘xk— )>1 pand Z ( )<p,

r kel, r kel,

ﬁZ (3% -0 5) <p.

r kel,
We have to show that

Z G(A%x — A%y, A) > 1 —¢eand — Z B(A%x, — A%, A) < g,
hr kel, r kel,

hﬁ Z Y(Aaxi — Axy,, A) < e.
r kel,

We have three possible cases.

Case (i) we get for A > 0
A A
G~ A% 1) 2 G (A% = T 5 )1 G (A% = . 5] > (1= p) (1= p) > 1=
Case (ii) we obtain
A A
B(A%x — A®xy, A) < B (A“xk ¢, E) B (A“xm ¢, E) <pop<e.
Case (iif) we have
A A
Y(A%x — A%y, A) < Y(Aaxk -, E) OY(A“xm -, E) < pop <e.
This shows that (A%xy) is strongly Cauchy of order § with regards to NN N . [J

Conclusion

Neutrosophic normed space has been an active field of research during the recent times. In the current
studying, using the concept of lacunary sequence, we have introduced the new notation of strongly lacunary
convergence of order f§ of difference sequences of fractional order in NNS and have given the an example
for the new definition. Further investigate the uniqueness of the limit and the linearity of this new concept.
Then, important coverage relations are given for the concept of A%~ strongly lacunary convergent of order
B. Finally strongly lacunary Cauchy of order  with regards to the NN have been introduced. We expect
that the introduced notions and the results might be a reference for further studies in this field. For further
studies one can investigate and generalize this results using multiplier sequences, sequence of modulus
functions, etc.
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