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Existence and nonexistence results for fifth-order multi-point boundary
value problems involving integral boundary condition
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Abstract. In this paper, by using the classical compression-expansion fixed point theorem of Krasnoselskii,
we study the existence and nonexistence of monotone and convex positive solutions for a nonlinear fifth-
order differential equation with multi-point and integral boundary condition. We establish some sufficient
conditions for the existence of at least one or two monotone and convex positive solutions. Furthermore, the

nonexistence results of positive solution are also considered. As applications, two examples are presented
to illustrate the validity of our main results.

1. Introduction

Fifth order boundary value problems arise in a variety of different areas of mathematics and physics,
they occur in the mathematical modelling of viscoelastic flows. Many papers, used different numerical
methods to solve fifth order boundary value problems. In particular, in [32], the author used adomian
decomposition method to construct the numerical solution of fifth-order boundary value problems with
two-point boundary conditions. In [13], the author dealt with the Sinc-Galerkin method to solve a fifth
order boundary value problem with two-point boundary conditions. For a detailed exposition see, for
example, ([3], [6], [9], [12], [14], [15], [31]).

Many works, used different techniques to study higher order boundary value problems can be found in
([11, 121, [4]1, [5], [8], [10], [17], [19], [20], [22], [23], [24], [27], [29], [301], [33]), and the references therein.

Odda [26] studied the nonlinear fifth-order boundary value problem consisting of the equation

u(t) = f(t,u(t), t € (0,1),
and the boundary conditions
u(0) = u'(0) = u”"(0) = u®(1) = 0, aw/(1) + pu”’ (1) = 0,

where o, > 0,a + > 0. By the use of the nonlinear alternative theorem, the author obtained existence
results of at least one positive solution.
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Panos et al. [28] have discussed the following five-point fifth-order boundary value problem

u(5)(t) =c(t)f(t,u"(t),uw"(t), u(4)(t)), te[0,1],
au(&r) — Bu'(€1) = 0, yu(&s) + 61/ (€2) = 0,
w(0) = u"(n) = u®(1) =0,

where f € C([0,1] X [0,00) X R X R, [0, 0)), ¢ € C((0,1),[0,00)), 71 € (},1), @, 8,7,6,&1, &2 2 0, with 0 < & <
& <1,and p := ad + By + ay(&x — &1) # 0. They obtained the existence of positive solutions for above
problem by Kneser’s Theorem, Sperner’s Lemma.

Liu et al. [25] established the existence of monotone and convex positive solutions for the fourth-order
differential equation

u®(t) = f(t, ut), u'(t),u” (t), 0" (t)), t €[0,1],
with the multi-point boundary conditions

m=2
(1) =0, u’(1) =0, '(0) =0, u(1) = Y fru(ny),
i=1
or
m=2
(1) =0, u’(1) =0, ' (1) =0, u(0) = Y fru(ny),
i=1
where f € C([0,1] X R, [0,00)), i >0, i=1,2,..m =2, Y *Bi>Tand 0 < & < & < .. < &pp < 1.
In [11], the authors, by using lower and upper solution method and schauder fixed point theorem,
studied the existence of solution for the following fifth-order boundary value problem

u®) + f(t,u(t),w” () =0,0<t<1,
u0) =u'(0) =u'(1) =0, u”(1) = u®() =0,

where f € C([0,1] x R, R).
Bekri and Benaicha [7], interested in the existence of solution for the following fifth-order three-point
boundary value problem

() + ft,u(t) =0, t € (0,1),
u(0) =0, u’'(0) = u”(0) = u'”(0) = 0, u(1) = au(n),
where0 <n<l,aeRan*#1,fe€C(0,1] XR,R).
Motivated by the works above, in this paper, we study the existence and nonexistence of monotone and

convex positive solutions for the following nonlinear fifth-order boundary value problem with multi-point
and integral boundary condition

u® () + f(t, u(t), v’ (t),u’(t)) =0, t € (0,1), (1)
M/(O) — M”(O) — u//(l) =0, M”’(O) =q, u(O) = ‘Bf" u(S)dS + Z‘J/ﬂ/l(ﬂj), (2)
v i=1
where

H1) f e C([0,1] X [0, %) X [0, ®) X [0, ), [0, 00)).
H2) a>0,20,y;20and0<v<m<..<n, <L, 1<i<n.

By imposing upon nonlinearity f some additional assumptions (in particular the non negativity of f if
u,u’,u” are non negative) and using the fixed point theorem of cone expansion and compression of norm
type, we prove the existence and nonexistence of monotone and convex positive solutions for the problem
(1)-(2). Two examples illustrating the main results are given.
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2. Definitions and Lemmas

Definition 2.1. Let X be a real Banach space. By a cone we mean a nonempty, closed and convex set P C X satisfying
the following conditions

I/ APCP, VA >0

2/ PN (=P) = {0).

Definition 2.2. An operator A : X — X is completely continuous if it is continuous and maps bounded sets into
relatively compact sets.

Definition 2.3. A function u(t) is called positive solution of (1)-(2) if u € C([0,1], R) and u(t) > 0 for all t € [0, 1].
We first consider the linear equation

u®@) +n(t) =0, t €[0,1], 3)
subject to the boundary conditions (2).

For convenience, we denote 1 =1 - (ﬁ(cf -+ Z?zl )/,-).
Next, we will present the following auxiliary results.

Lemma 2.4. If u # 0, then for h € C([0, 1], R), the problem (3)-(2) has a unique solution
W = f 1 [G(t 9+ L(HE 9 - H,9) + 2 Z VG s)]h(s)ds
0 7 [,l 7 7 !J — 1 12

+wm+§waw+ixyww»w6mu,
i=1

where
Pl-s2—-(—-5)% 0<s<t<l1
G(t,s _1 4( S)2 (t—9)* 0<s<t<l, )
4141 - 9)?, 0<t<s<l,
1 |1 =52 =(t-5)° 0<s<t<]1,
H(t,s) = = 5
(&:5) 5!{t5(1—s)2, 0<t<s<l, ©)

t
P(t) = %t3(1 - E)'

&
f p(t)dt

= S5 - - 2@ )

P(E,v)

Proof. Rewriting (3) as u®(t) = —h(t) and integrating five times over the interval [0, ] for t € [0, 1], we obtain

1 [ 1 1
ult) = —— (t —)*h(s)ds + =c1t* + ot + 3t + cat + ¢, (6)
4! J, 4! 6
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wherec; € R, i € {1,...,5} are arbitrary real constants. By using the boundary conditions (2), we obtain
1
ci3=c3=0,00=q,c; = f (1 = s)%h(s)ds — 2a.
0
Further

cs = u(0)

3 n
- (0)d iu(1;)
ﬁ‘fv‘ u(t T+;‘yun
- T 1
= ﬁjj[_%fo(T—S)4h(S)ds+Z—T<f(;(1—s)zh(5)ds—2a)+%3a+C5]dT

3

n 1 i n;l 1 ni
+ il ')/,[ - Z]{; (Th - s)4h(s)ds + Z(f (1 — S)Zh(s)ds - 20[) + EOZ + CS]
= L (- )d 1-5)%h(s)d C d
= B ) [_AE 0(T—s) (s) s+— ( —5) s)s—ﬁa+6a+05]7

3

+;y,«[ - 41! fo Y s = s)n(s)ds + 1 f (1 — )h(s)ds — —a ; —loz + CS].

Thus, we have

& T 1
o = P f _l f (T—s)4h(s)ds+T—4 f (1—s)2h(s)ds—T—;a+T—3a]dT

3

=Y i - (i = 9)*h(s)ds + - | (1 —5)*h(s)ds —a+ il
S e L)
- £ f 4! f [7(1 - 5)4]’1(S)d5+l f T4(1—S)2h(s)ds]d’c

LB
f (1= S+ 2 p Z)/[ . "I = 92 = (g 9)'Th(s)ds

41— 5)2 ] — @ 3(1_E)_
mnz( s)h(s)ds+y;y16m >

Putting the values of c1, c; and c5 in (6), we get

1
u(t) = i, (t — 8)*h(s)ds + l( fo (1= 5)*h(s)ds — 2a)t* + %3(1
1
F f - f (2401 =5 = (c = 9 its)ds + f T4(1 - s)2h(s)ds |t
n i
ﬁ f dT + :1 Z )/,L% f [77?(1 — 5)2 -(ni— s)4]h(S)ds

; '71 (1 - S)Zh(s)ds] Z vigh (1 _ _)
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- f tl[t‘l(l—s)z—(t—s)4]h(s)ds+ f ll1&4(1 $)2h(s)ds + t3(1——)
o Jy 4 . 4l 5

i f ) % fo [4(1 -5 - (T—s)4]h(s)ds+l f w41 - SPh(s)s e

(3 g€ =)+ L g [0 -9 s

+% n,(l—s)zh ds] %Z ( )

i=1

1
= fo [G(t, s) + g f/ G(t,s)dt + ; ; in(ni,s)]h(s)ds

p

o)+ LuE )+ =Y yipm)
# H i=1

1
_ p
= fo [G(t s) + — (H(g,) H(v,s) E y,G(m,s)]h(S)ds

p

+p(t) + =P(E,v) + L Z Yip(:).
¢ H =

O

Now, we shall give some properties concerning the nonnegativity of 1, and the boundedness of ¢ and
its first and second derivatives.

Lemma 2.5. The functions @, ¢’,@" are nonnegative and increasing in [0, 1] and satisfy

Q

—t3<(p(t)<— 0<@'()<—,0<@"(t) < —, forall t €]0,1],

<%0
6’

~

and
Y(E,v) 20, forall0 <v< &<

Next, we state some properties of the Green’s function G(, s).

Lemma 2.6. Let G(t,s) be defined in Lemma 2.4 and fix o € (0, 1), then G satisfies the following properties:
(C1) G(t,s) 20, forallt,s €[0,1],

(C2) 0<%L(t,s) < is(1—s) forallt,s €[0,1],

(C3) 0.< 25(t,s) <s(1—s) forallt,s € [0,1],

(C4) t*G(1,8) < G(t,s) < G(1,s), forall t,s € [0,1],

(C5) min,<<1 G(t,8) > 0*G(1,s), for all s € [0,1].

Proof. For the proofs of (C1), (C2), (C3), see [18, Lemma 3], [16, Lemma 2] and [8, Lemma 2.3].
(C4)For0<s<t<1. Ifs=1,thent=1and we have

G(t,s) =0=G(1,1) = HG(1, s).



N. Houari, F. Haddouchi / Filomat 37:19 (2023), 6463-6486 6468
If s = 0, we have
1
G(t,s) = E(t“ -t =0=+G(,s).
Ifs=t,
G(t,s) = lt‘*(1 -2 > lzf‘*(l . lzf‘*(l - =G, s)
4 — 4! 4! B e
For0 <s <t <1,wehave

G(t,s)  t#(1—-s?-(t-s)*

G(1,5) (1-s52—-(1-s)*
(1 =5)> = (t—ts)*
(I-s2-(1-9)*
H((1-5)2 - (1 -9)*)

(I-s2-(1-s)*
=

Then
G(t,s) > t*G(1, ).

On the other hand, using (C2), we deduce that G(t,s) is an increasing function with respect to f. As a
consequence, we get

G(t,s) < G(1,s), forallt,s € [0,1].

For t <s, we have

G(t,s)z%t‘l(l—s)z < %5(1—5)2
< %s(l—s)z(Z—s)
= G(,s),
and
1 1 1
G(t,s) = Et“(l —5)? > Zt4(1 —5)? - Zt4(1 —s)t
> %t‘*((l—s)z—u—s)‘*)

*G(1, s).
We conclude that

t*G(1,s) < G(t,s) < G(1,s), Vt,s € [0,1].
(C5) For 0 <t <1, by (C2), we have

min G(t,s) = G(o,s), s € [0,1].
o<t<1

Thus, using (C4), we obtain

min G(t,s) > 0*G(1,s), Vs € [0,1].

o<t<1
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Lemma 2.7. The Green’s function H(t,s) satisfies the following properties
(i) H(t,s) >0, forall t,s € [0,1],
(ii) H(&,s)—H(v,8) 2 0, for all s € [0, 1].

Proof. (i) It is obvious that H(t,s) > 0 for t <s. Assume that 0 <s <t <1, then

H(t,s) %[9(1 — 5P = (t-5)]

%[tS(l =P = (t - ts)°]

\%

= étS(l —s)?(1-(1-5)%=>0.
(ii) Using the first property of Lemma 2.6, we get

H
aa—t(t,s) =G(t,s) >0, forallt,s € [0,1],

which means that H(t, s) is increasing with respect to t. Thus
H(,s) > H(v,s), foralls € [0,1].
O

Lemma 2.8. Let 0 € (0,1) be fixed, p > 0, and h € C([0,1], [0, co]), then the unique solution of problem (3)-(2)
satisfies

(1) u®) 20, uw'(t) 20, u”’(t) =0, forall t € [0,1],

. 4
(2) ming<per u(t) = Zllull, where [Jull= max{|julleo, |1’ lleo, 1" leo}, l1lloo = maxo<e<1|u(t)l,
']l = maxo<e<a|’ ()], [l |l = maxo<e<a|u” (H)].

Proof. (1) follows immediately from Lemmas 2.4-2.7.
(2) For all t € [0, 1], we have

1
ut) = fo |G+ i (19 ~H,s) + Z 1G9 s)ds
+(t) + Eyb(é, v+ 2 vip(n:)
BTG
1 n
< fo [G(Ls) + E(H(é, 5) - H(v,s)) + i; yiG(n;, s)]h(s)ds
4o+ El#(é, v+ Z yigp(n:)
i=1
< fo [4@(1 5+ (H(g, 5)— H(v,s)) + Z 7iG(ni,s ]

a P 1
1t ;1,0(5, v) + u ; yip(n:)
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< 4!( fo 1 [G(l,s) + g(H(é, 9~ H(v,9) + %Z‘in(ni,s)]h(s)ds

a P 1 v
1t ;4}(5, v) + u ; Vi(P(T]i))-

Then we have
1 ﬁ 1 n
Il < 4 f |61+ E(H(E5) - H9) + 1 ) 1169 |ics)ds
0 H [y

a P 1 v
ot ﬁ]’b(é' V) + m ; Vi(P(T]i))~

Also, from (C2) in Lemma 2.6 and Lemma 2.5, we have

W) = fo %S, s + ')
< fo 1 £5(1 = 5Ph(s)ds + &
< [ [#oa9+ E (b9 = HO,9) + 21 76,5 s)ds
5 glP(é, v+ igmm)
<

4!( fol [G(l,s) + g(H(é, s) — H(v,s)) + % ian‘y,-G(m, s)]h(s)ds

a p 1 v
ot ﬁlp(é, v) + u ; yifp(m))-

Then,
1 n
Wl < 3 [ 60,9+ B9 - o)+ %Z; 7G5 sy

a P 1 v
a7 ﬁl/}(é,V) + u ; fop(m))-

Using the property (C3) of Lemma 2.6, we also get

192G .,
u’'(t) = ﬁ(t,s)h(s)dsﬂp ®)
0
1 o
< f s(1 = s)?h(s)ds + —
0 4
<

f 1 [4!(;(1 5+ E(H(E s)— H(, s)) +1 Zn:yc(n s)]h(s)ds
o L ) e TR

a P 1 v
1t ﬁl,b(é,V) + u ; yip(n:)

6470

(7)
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< 4v( f 1 [G(l s)+ (H(E,9) - Hw,9) +—Zy,G(ql,s)]h(s)ds

iw(& )+ = Zw(nz )

Then we have,

1 n
S j; G5+ E(H(g, 9) - Hv,s)) + %Zin(ni,s)]h(s)ds
i=1

a P 1 v
ot ;w(é, v) + u ;‘ %(P(m))

So, from (7), (8), (9), we get

n

1
il < 4 fo G5+ E(H(E,s) — H(v,s)) + %Z 1G9 rs)ds

i=1
a P 1 v
ot ﬁt,b(é,V) + u ; Vi(P(Ui))-

On the other hand, for t € [0, 1], by (C5) of Lemma 2.6, we get

u(t) fol [G(t, s) + é(H(é, s)— H(v, s)) + % Z‘ viG™i, s)]h(s)ds

p

o)+ Ly + Y yipm)
H H =

v

fo 1 [G4G(1,s)+§( (&,5) — H(v,)) + Z%G(nl,s)]h(s)ds

as, P 1N o
t0 YE H;W(m)

0.4

2 [o0.9+ L e - o)+ Z"yzG(nm]h(s)ds

a P 1 ¢
ot ?/’(5/ v)+ m ; Vi@(’?i))

04

>
> llul,

[\

Hence, we deduce that

04
in u(t) > —||ul|.
min ()_72||u||

O

In what follows, we shall consider the Banach space E = C%([0, 1], R) equipped with the norm

llull = max{lulleo, [ leo, Ml lloo},

6471
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and define the cone P C E by

4
P= {u €E:u(t)=0, u'(H)=0, u”(t) =0, t €[0,1], min u(t) > G—Ilull}.
o<t<1 72

Let the operator A : P — E defined as follows

Au(t) = fo 1 [(t9 + E(H(é,s) - H(y,9) + igwcmi, )| (s, u6s), 1), (s

B

w0+ LoD + 1) o), te0.1) (10)
i=1

Itis easy to see that the existence of a monotone and convex positive solution of the boundary value problem
(1)-(2) is equivalent to the existence of a nontrivial fixed point of A on P.
Lemma 2.9. A is a completely continuous operator and A(P) C P.

Proof. By Lebesgue dominated convergence theorem along with Arzela-Ascoli theorem, it can be seen that
A is completely continuous. Further, from Lemma 2.8 we obtain A(P) C P. [

To prove our results, we use the known Krasnoselskii fixed point theorem [21].

Theorem 2.10. Let E be a Banach space, and let P C E, be a cone. Assume that () and ), are bounded open subsets
of Ewith 0 € (), Q; C Qy and let

A:PN(Q\Qy) - P
be a completely continuous operator such that
(1) ||Aul| < |lull, u € PN JQy, and ||Au|| > ||u]|, u € P N dQy; or
(ii) ||Au|| > |lull, u € PN IQy, and ||Au|| < |jull, u € P N Q.
Then A has a fixed point in P 0 (Q\ Q).

3. Existence and nonexistence results

These notations are important considerations in our analysis hereinafter.

fO = lim {n[ﬁn M}, fO - lim {max f(t,x, y,Z)}

x+y+z—0 | te[01] X+ Y +Z x+y+z—0 | te[01] X+ Y +2Z

foo = lim { f(t Y Z)} foo = lim { max f(t/ X, Y, Z) }

XHy+z—00 te[O 1] X+y+z x+y+z—oo | tel0,1] X+ Y +Z

Al = 6 f 1 [4!(;(1 9+l (H(é,s) H(v,s)) + Z)/,G(n,,s)]ds
0

1
0.8

no= o [G(l,s) i (H(E )~ H,9)) + Z% szs)]ds

Now, we show the existence and nonexistence of solutions for boundary value problem (1)-(2) by using the
known Krasnoselskii fixed point theorem.
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Theorem 3.1. Suppose that A1 f° < 1 < Ay fw, then the boundary value problem (1)-(2) has at least one monotone
and convex positive solution for a small enough and has no monotone and convex positive solution for o large enough.

Proof. We divide the proof into two steps.
Step 1. Since A1 f° < 1, there exists €1 > 0 such that A;(f° + ¢1) < 1.
By the definition of fY, there exists p; > 0 such that

flt,x,y,2) < (f'+e)(x+y+z), forallt€[0,1], 0<x+y+z < p;.

Set () = {u € E, |lull < &}, and let a satisfy 0 < a <

Au(t)

IA

IA

IA

IA

IA

(

1 n
fo |G+ g(H(g, )~ H(v,s)) + i 3G9 s, u6s), 1(5), 9
i=1

p

o)+ L + = Y yipm)
z =

1
fo [G(l,5)+i(H(&S) H(v,s)) + Z%G(m,S)]f(S u(s), (), " ())ds

[04

top —(5—) uyzyz

1
fo |46, + i (19 ) + ZylG(n,, )|+ 0w +ws) + w9

+§(1 FBE-v)+ Zyi)
i=1

1
3(£° + eq)lu fo [4!(;(1,5) + E(H(é, 5) - H(v,s)) + iz iG(n;, s)]ds + %(z — )

i=1

1
S+ enllul + &

1 1
S llull + Sl = flall

Also, on the other hand, from Lemmas 2.5, 2.6, we have

(Au)”(#)

192G
= ﬁ ﬁ(t,s)f(S,u(s),u'(S),M"(S))ds+<P”(t)

IA

1
st =97t e e, +
0

IA

1
f 4G, 5) f(s, u(s), u'(s), u” (s))ds + %
0

IA

1
[ e+ E(pe 9 - o)+ ;Z%Gm,, )| (s, u6s) @), ")

p

w0+ e+ 1Y o)
r =

ErEmILE Then for allu € PN dQy, t € [0,1], we have
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IA

1 n
f [4!(;(1,s) + g(H(é, 5)— H(v,s)) + % Y, in(ni,s)]( F0+ e0)(us) + u'(s) + u” (s))ds
0 i=1

+%(1 +ﬁ<é—v>+;yi)

E (b, 9= HO,9) + Y. D)+ 52

IA

1
300 + en)lul fo G015+

2
1

2
Integrating the above inequality on [0, {], we find

(Auw)'(t) < |lull, for all t € [0,1].
Then,

1 1
< A+ en)llull + %

1
< gl Sl = el

[[Aul| < ||ull, for all u € P N 9Q);.

On the other hand, since A, f- > 1, there exists €, > 0 such that Ax(fe — €2) > 1.
By the definitions of f., there exists a constant p, > 0 such that

ft,x,y,2) 2 (fo—e2)(x+y+2), t€[0,1], x+y+z > po.
Let (), = {u €E, |ull < p2}, where p; = Zmax{%, 360_4752}. Then for all t € [0,1], by Lemma 2.7, we have

4 4

u(t) +u'(t) +u”(t) 2 u(t) > %llull > %pz > py, forallu € PN 90y,
and
1 n
(Au)(1) = fo [G(l,s) + g(H(é,s) —H(,s)) + i Zl‘ y,.G(m,s)] (s, u(s), 1 (5), 1" ($)ds
o+ L+ 2 Y o)
H =
' P 1v
4 - - —_ . . ’ 17
> fo [a G(1,s) + H(H(ff, s)—H(v, s)) + " ;y,G(nl,s)]f(s, u(s), 1’ (s), " (s))ds
+% + gll’(é,v) + iz vie((ni)
i=1
1 n
> f 04[G(1,s) + E(H(E, s) — H(v, s)) + iz viG(n;, S)](foo — e2)(u(s) + 1 (s) + 1 (s))ds
o pr)
1 n
> ;—;Ilull(fw - &) f [G(l,s) + E(H(E,s) - H(v,s)) + i; v:G(n;, s)]ds
= Mo(fo —e)llull
> full.
Thus

lAull = [|Aulle = sup |Au(t)] = (Au)(1) 2 |lull.

0<t<1
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Therefore, by Theorem 2.10, we conclude that the operator A has at least one fixed point u € PN (52\(21),
which is a monotone and convex positive solution of the boundary value problem (1)-(2). Clearly, if &« = 0,
then the existence result for the problem (1)-(2) can be proved in an analogous way:.

Step 2. We show that the boundary value problem (1)-(2) has no monotone and convex positive solution
for a large enough. Suppose by contrary that there exist 0 < a1 < @y < ... < @y, < ..., with limy, 100 @ty = +00
such that for any positive integer m, the boundary value problem

u® () + f(t,u(t), w'(t),u” () =0, t € (0,1),

w(0)=u"0)=u"1)=0, " (0) = an,

w(0) = B [T u(s)ds + LiLy yiuu(ny),

has a monotone and convex positive solution u,,(t).

By (10), we have
(1) = j; 1 [G(Ls) + g(H(é,s) —H(,5)) + % i in(m,s)] F(5, thn(S), 1l (5), 1421(s))dds
i=1
s+ Ly + - gwpmi)

> g+ v+ Z yip(n)

= —m amﬁf 1——dT+6 ZV’L( )

= (%+%jj (1——)dT+—Z7/77,( ))—>+oo when m — +c0.
Thus

Im |[t]|ee = +o00.
m—+oo

As a result we have

Lim |[u,,]] = +oo.
m—+oo

Since Ay fo > 1, there exists p > 0 such that
4

f6%,y,2) 2 (fo = )x+y+2), te[01], x+y+2> 25,

where ¢’ > 0 satisfies Ay(foo — €’) 2 1.
Let m be large enough, such that [|u,,|| > p. Since

ot

ot
0, Vs € [o,1].

Hn(5) 1 8) + 179 2 1 (5) = im0 (5) 2 e

> 72Ilumll >

Then

1
iall > (1) = f lca, 9+b (&9 ~HO9) + Z)/,G(n,,s)]f(s 1 (5), 10),(5), 14(5))ds

+am(11—2+£f: (1__dT+_ZV1’71 )
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o p
> f G(1,s) + E(H(é, H(v, s) Z)/,G(n,,s) (S, t(S), Uy, (5), 1y (s))ds
0 -

1
[ e+ e, - o) + Z%G(nus) 05,0 (5), 15, 1 ()

>
' p
> f »G(l,s) + ;(H(é, — H(v, s) Z y,G(nz,s) (foo — € )t (S) + uy, (S) + 1y, (s))ds
ot , 1 p
> =) [ [600,9+ E(be 9 - Hovo) + Z%sz,s)]

3 1
> Sl | [G“'S)*%(( ~HE9)+ Z%G(””S)]

2 Mo(foo = ENllmll 2 [l
which is a contradiction. [
As consequence of the above Theorem 3.1, we can easily state the following corollary.
Corollary 3.2. Suppose that f is superlinear, i.e.,
=0, fo =00

Then the boundary value problem (1)-(2) has at least one monotone and convex positive solution for o small enough
and has no monotone and convex positive solution for o large enough.

Theorem 3.3. Suppose that A1f* <1 < Axfy, then the boundary value problem (1)-(2) has at least one monotone
and convex positive solution for any o € [0, co).

Proof. Since A;fy > 1, there exists p3 > 0 such that
ft,x,y,2) > (fo—e)x+y+z), forallt €[0,1], 0 <x+y+z < p;,

where €3 > 0 satisfies Ax(fo — €3) > 1.
Let Qs ={u €E,|u| < %}. Then for all u € P N dQ3, by Lemmas 2.5, 2.6, we have

(Au)(1)

1
fo G5+ E(H(é, 9 - Hv,)) + Zy,G(T],,s)] F(5,1(5), 1/ (5), 1" (5))ds

p

o) + LpE )+ = Y yipm)
H Hi=

v

1 n
fo [04(;(1,5) + E(H(é, 5) — H(v,5)) + i Y in(ni,s)] F(s, u(s), ' (s), " (s))ds
i=1

a P 1 v
TR Ry Zl', yiep(m)

\%

1
fo 04[G(1,s) + E(H(é, s) — H(v, s) Z ylG(n,,s)](fo —&3)(u(s) + u'(s) + u”(s))ds
ot

\%

%l - &2 f 60,9+ L (e 9 - o)+ Zy,cm,,s)]

Az(fo — &3)||ull
[Jull-

v
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lAull > lAulleo > llull, Yu € P N ICs.

Next, in view of A; f* < 1, there exists ps > 2p3 such that

ft,xy,2) <(fT+e)(x+y+z), forallt €[0,1], x+ y+z > pa.

where ¢4 > 0 satisfies A1 (f© +e4) < 1.
Let w = max{f(t, x,y,2), (t,x,y,2z) € [0,1] X [0, p‘4]3}. Then

ft,x,y,2) < (f° + eg)(x + y + 2) + w, forall (¢,x,y,2) € [0,1] X [0, 0)°.

Now, we choose

20w\ 12« )}

>1max{‘ _ —(2-
P e M P T A (v en)

and let Q4 = {u € E, |[ul| < ps}. Then for all u € P N dQy, from Lemmas 2.4, 2.5, 2.6 and 2.7, we have

Au(t)

Then

IA

IA

IA

IA

IA

IA

IA

1 n
fo [G(t,s) + E(H(E, 9 — H,s)) + i Y G, s)] F(s, u(s), 1 (s), u” (s))ds
i=1

p

o+ Ly + - Y yipm)
H H A=

1 n
fo [G(l,s) + E(H(é, s) — H(v, s)) + i Z viG(ni, s)]f(s, u(s), u’(s), u” (s))ds
i=1
+% _(5 - ) 12# Z Vi
1
fo [4|G(1 5) + 5(H(5, s)— H(v,s)) + Z 7iG(ni, s ] (F + ea)(u(s) + 1/ (s) + 1" (s)) + w)ds
a
+;(2 )
1 n
fo 16019 + g(H(é, 9) - Hvs)) + % Y 1G9 + eues) + /@) + " (5)ds
i=1
1 B _ 1N G @
o fo [4!(;(1,5) n (H(g,s) H(v,s)) + Z ylG(nl,s)]ds + 22—

B3 + el f [s60,9+ E(raee, - 10 + Z‘ylcml,s)]

0 fo [4!(;(1,5) ; g(H(E,s) — H(,s)) + i; 7iG, s)]ds ; %(z )

—Al(f"" + eq)llul + T + %
1 1
ST + el + (1 A(f~ + 64))||u|| + M

llull, £ € [0,1].

lAullo < |lull, Yu € P N 9Qy.
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Also, in view of Lemmas 2.5 and 2.6, it follows that

1 &2
(Aw)'( = [) 30 ——(t,8)f(s, u(s), u'(s), u” (s))ds + @" (t)
< fo s(1 - s)zf(s,u(s), u'(s), u” (s))ds + %
1
< jo‘ 4!G(1,s)f(s,u(s),u’(s),u”(s))ds+%
' p
< f(; [4'G(1 s) + (H(é, s)—H(v, s) Z)/,G(n,, ]f(s u(s), u’(s), u” (s))ds
+g+é¢(é V)+lz . ( )
1 e s Vi
' p
< fo [4!6(1,5)+;(H(£,s) H(,s)) + Z)/,G(n,, (7 + eoue) + ) + w6 + s
+5(2 — 1)
< 3(f7 + 84)||u||f [4'G(1 s) + 'B(H(E, — H(v, s) Zy,G(ni,s)]
1
w fo 46019 + g(H(E,s) ~HE9) ; Gl )|ds + %(z 1)
< SMO el + T 2
< ZAT el + 31 A + )l + o)
< Jjull, t€10,1],
then

(Au)”’(t) < |lull, t € [0,1].

By integrating the above inequality on [0, t], we get
(Auw)' () < llull, £ € [0,1],

which implies that
AUl < {lull.

Therefore, by Theorem 2.10, it follows that the operator A has at least one fixed point u € P N (54\()3),
which is a monotone and convex positive solution of the boundary value problem (1)-(2). O

From Theorem 3.3, we can easily derive the following corollary.

Corollary 3.4. Suppose that f is sublinear , i.e.,
fo=oo, f=0.
Then the boundary value problem (1)-(2) has at least one monotone and convex positive solution for any a € [0, o0).

Theorem 3.5. Suppose that the following conditions hold
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(H1) Azf() > 1and Azfoo >1;
(H2) There exist § > 67‘)‘(2 —w), M € (0, A;"] such that

max t,x,y,z) < Mo.
(t,x+y+z)€[0,1]><[0,b]f( ¥ )

Then the boundary value problem (1)-(2) has at least two monotone and convex positive solutions u; (t), ux(t) satisfying

0
0 <lpull< 5 < luell

Proof. We choose r1 and r, such that 0 < 7 < 2 <r,.
If Ay fo > 1, then by the proof of Theorem 3.3, we have

lAul| > |jul|, for all u € P N Y, (11)

where Q,, = {u € E, |lul]| < r}.
If Az fo > 1, then by the proof of Theorem 3.1, we have

lAu|| = |lu|l, for allu € P N 9Q,,, (12)

where Q,, = {u € E, ||ul| < r2}.
Let Qs ={u e E,|jull < g}. Then for all t € [0,1], u € u € P N dQ;s, by condition (H2), we get

Au(t)

1 n
fo [G(t,s> i g(H(a 5) - H(v,s)) + % Y viGa, s)]f(s, u(s), u'(s), 1" (s))ds
i=1
o)+ Ly + 2 Y yipm)
H His
1 n
< fo [4!G(1,s) + g(H(é, 5)— H(v,s)) + %; in(ni,s)]Méds

+%(1 +ﬁ(é—V)+;%~)

1 a
< —MOoAL+—(2 -
< 6M61+H( 1)
1 _ a
< 6A116A1+p(2—y)
< 2422y
-6 6 3 7

then, [|Aulle < [lull = §.
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Similarly, from Lemmas 2.5, 2.6, we have

192G

(Aw)’(t) = i ﬁ(t,s)f(s,u(s),u'(s),u"(s))ds+(p"(t)

1
< fo 4G, 8) f(s, u(s), ' (s), u” (s))ds + %
1 n
< fo [4!(;(1,5) + g(H(E,s) _ H(v,s)) + %; in(ni,s)] s, u(s), u'(s), u”" (s))ds
4o+ Ly + 1Y oo
["l [’1 i=1

< fl [4!(3(1 5) + E(H(E 5) - Hv s))+ liy-G(n- s)]Méds T S
o L p U ) T u

1 a
< —-MOoA +—-(2-
< g 1+#( 1)
1, _ a
< 6A116A1+ﬁ(2—y)
< 2420y
-6 6 3 TV

then, (Au)”(t) < [lul|.
Integrating the above inequality on [0, t], we find

(Au) (t) < |lull, for all t € [0, 1].

Consequently,
lAull < [lull, for all u € P N 9Qs. (13)

Therefore, by (11), (12) and (13), the boundary value problem (1)-(2) has at least two monotone and convex
positive solutions u; and u; satisfying 0 < [[us]] < g <|lupll. O

Remark 3.6. From the proof of Theorem 3.5 we obtain that if (H2) holds and As fo > 1 (or Az foo > 1), then problem
(1)-(2) has at least one monotone and convex positive solution uy (or uy) satisfying 0 < |lu|| < g (or ‘5’ < ||lusl)).

Using the hypotheses that are given in Theorems 3.1 and 3.3 with an additional assumption on the
nonlinear term f, we are able to deduce the following result which can be proved in an analogous way to
the previous one.

Theorem 3.7. Assume that the following conditions hold.
(H3) Aif° <land Aif® <1;
(H4) There exist 0 > 6?“(2 — ), N € [A;!, +00) such that

2 [oN\?
min , ft,x,y,z) > (% ?) .
(t,x+y+z)e[o,1]x[(% g) ,e]
Then the boundary value problem (1)-(2) has at least two monotone and convex positive solutions u1(t), ux(t) satisfying
6
0 <lpmll< 3 < el

Remark 3.8. From the proof of Theorem 3.7 we obtain that if (H4) holds and A; f° < 1 (or Ay f® < 1), then problem
(1)-(2) has at least one monotone and convex positive solution uy (or up) satisfying 0 < |lu|| < g (or g < ||usll).
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4. Illustrative examples

To show the applicability and efficiency of the theoretical results, we give two examples.

Example 4.1. Consider the following boundary value problem

u® ) + f(t,u,u’,u”’) =0, t€(0,1), (14)
£ 2
W(0)=u"(0)=u"(1) =0, u”(0) = a, u(0) = ‘Bf u(s)ds + Z yiu(n:), (15)
v i=1
where
Flt%,y,2) = SRR ¢ STy + 2 In () € OO0, 11 x [0,09) < [0,9),10,09),

a_Zé TU’ :%/ﬁ:%,nlzglnzz%/‘y = ,yz_s,forGG(O 1)
Obviously, 0 <v<m <m<&<1and u =14 -0)>0.
We have
t/ 4 7
fo = lim {min M}:loi
x+y+z—0 ( te[01] X+ Y +2Z
. { ft,x, y,Z)} 623
lim —_— =

max .
tel0l] X +y+z 500

J=

X+y+z—00

By simple calculations, we find that

2
A 6 fo 1 [4!(;(1,5) + E(H(g, 5)— H(v,s)) + 1 Z in(ni,s)]ds

il ) - 3) o)

6( 2, (242-910)0° (415450 — 1401870)c" )
15 ' 36864(11—50) 36 x 105(11 — 50)

In addition, we have

2

p 1
A = f G, s) + L(H(E, s) - Ho, s)) + =Y 9.6 1,s)]ds
: [cs+ 2 m Z 0
o 3 2 5 5 (-1+0)° 4 4
ﬁ[ﬁ( 14+0)) - o2 0) - 2(1-0) )- 360 5_ V)1 +0)° - T(y11]1+)/2172)]
8(1 - o) , 12165 8309
= T n (360 (2+60=30%) + 15T = 50) T 72 10411 = 50) )
Putting
O1(0) = Asfo =1, ©2(0) = A f™ =
We easily check that
11 18
©1(0) > 0 and ©(0) < 0, forall o € [20 25]

Therefore, all conditions of Theorem 3.3 are fulfilled. Hence, the boundary value problem (14)-(15) has at least one
monotone and convex positive solution. The plot of the functions ©1(0), ©(0) for different values of o ranging from
0 to 1 are depicted in Figs.1, 2.
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Figure 1: Graph of the function ®;(0), 0 € [O, 1].
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Figure 2: Graph of the function ®;(0), o € [O, 1].

Example 4.2. Consider the following boundary value problem

u® () + f(t,u,u’,u”") =0, t€(0,1), (16)
£ 2
wW(0)=u"(0)=u"1)=0, u”(0) = a, u(0) = ﬁf u(s)ds + Z yiu(n:), (17)
v i=1
where
(6 +1)lsin6 X 107(x + y + 2)|, x+y+z<7,

f(t,x,y,2) = (6 + DIsin6 x 107(x + y + 2)| + 37 x 107 Vi + 1

><(x+y+z)2arctan( x+y+z>7,

_1
x+y+z )’

f(t,x,y,2) € C([0,1] X [0, 00) X [0, 00), [0, 0)), a = 15_9, E=1v=0 8= }I' m = %, =0,y = %, y2 =0, for
g €(0,1). Obviously, 0 <v<m <m<&E<landu= 2 >0.
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We have
t,x, v,z
fo = lim { min M} =36 x107,
x+y+z—0 | t€[0,1] X + y +z
tx,Y,z
fo = lim { min M} =37 % 107.
xty+z—oo | te[01] X+ Y+ Z

By simple calculations, we find

1
A= 6 f 16019 + E(H(é, $)— H(v,s)) + Zy,G(r],,s)]
_ B (& &8 1 1 m
= a5 b5
161 o*(1 o
= 200 " 80(5 - E)
1932+ 100* - 30°
a 2400
And
8 1 2
Ay = % [G(l,s) + E(H(é,s) —H(,s)) + iz yiG(n;, s)]ds
o i=1
8 _ 6 _ 3
= Glmeor(-oe-0-3a-07)- go(fereor s E5T) - S
8 _ 3 4
= —(172 o) [360(2 + 60 — 302) + m( -(1- 0)3) + Jm]
_ —8(511;40)3[5(2 + 60 —30%) + 53—0(1 +30-30% +0%) + %]
0%(1 - 0)°(46 + 1380 — 7802 + 60° + 50%)
B 5184 x 102 ’

61
Let M = 25,6 =7, then

427

max t,x,y,z) <7< — = Mo.
(tx+y+2)€[0,1]x[0,7] f y:2) 50

Putting
D1(0) = A7' = M, D2(0) = Aofo =1, D3(0) = Aofio = 1.
We easily check that

7 19

Dy () > 0, Dy(0) > 0, B3(0) > 0, forallae[zo =

All conditions of Theorem 3.5 are fulfilled, then, the boundary value problem (16)-(17) has at least two monotone and
convex positive solutions. The graphical representation of ®1(c), ©2(0) and P3(o) are illustrated in Fig.3, Fig.4 and
Fig.5 respectively.
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Figure 3: Graph of the function @;(0), 0 € [O, 1].
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Figure 4: Graph of the function ®,(0), 0 € [O, 1].
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Figure 5: Graph of the function @3(0), 0 € [O, l].

References

[1] M. Abbaszadeh, M. Dehghan, M.A. Zaky and A.S. Hendy, Interpolating stabilized element free Galerkin method for neutral delay
fractional damped diffusion-wave equation, J. Funct. Spaces. 2021, Art.ID 6665420, 11 pp.
[2] A. Alsaedi, A. Assolami and B. Ahmad, Existence results for nonlocal Hilfer-type integral-multipoint boundary value problems with
mixed nonlinearities, Filomat. 36 (14) (2022), 4751-4766.
[3] A. Akgul, M. Inc and A. Kiligman, A Comparison on solutions of fifth-order boundary value problems, Appl. Math. Inf. Sci. 10 (2)
(2016), 755-764.
[4] D.R. Anderson, Green'’s function for a third-order generalized right focal problem, J. Math. Anal. Appl. 288 (1) (2003), 1-14.
[5] D.R. Anderson and R. I. Avery, A fourth-order four-point right focal boundary value problem, Rocky Moutain J. Math. 36 (2) (2006),
367-380.
[6] M. Aslam Noor and S. T. Mohyud-Din, An efficient algorithm for solving fifth-order boundary value problems, Math. Comput.
Modelling. 45 (7-8) (2007), 954-964.
[7] Z.Bekri and S. Benaicha, Existence of solution for a nonlinear fifth-order three-point boundary value problem, Open J. Math. Anal. 3 (2)
(2019), 125-136.
[8] S.Benaicha and F. Haddouchi, Positive solutions of a nonlinear fourth-order integral boundary value problem, An. Univ. Vest Timis. Ser.
Mat.-Inform. 54 (1) (2016), 73-86.
[9] K. T.Bhupesh, Solutions of fifth order boundary value problems, Mathematical Theory and Modeling. 2 (9) (2012), 121-124.
[10] N.C. Eddine and M. A. Ragusa, Generalized critical Kirchhoff-type potential systems with Neumann boundary conditions, Appl. Anal.
101 (11) (2022), 3958-3988.
[11] A. Elhaffaf and M. Naceri, Existence theorems for a fifth-order boundary value problem, Journal of Mathematics and System Science.
4 (2014), 1-5.
[12] V.S. Erturk and S. Momani, Differential transform technique for solving fifth-order boundary value problem, Math. Comput. Appl. 13
(2) (2008), 113-121.
[13] M. El-Gamel, Sinc and the numerical solution of fifth-order boundary value problems, Appl. Math. Comput. 187 (2) (2007), 1417-1433.
[14] A.Ghazala, Solution of the system of fifth order boundary value problem using sextic spline, J. Egyptian Math. Soc. 23 (2) (2015), 406—409.
[15] A. Ghazala and R. Hamood ur, A Numerical solution to the nonlinear fifth order boundary value problems, International Journal of
Applied science and Engineering. 11 (4) (2013), 415-422.
[16] C.Guendouz, F. Haddouchi and S. Benaicha, Existence of positive solutions for a nonlinear third-order integral boundary value problem,
Ann. Acad. Rom. Sci. Ser. Math. Appl. 10 (2) (2018), 314-328.
[17] F.Haddouchi and S. Benaicha, Positive solutions of a nonlinear three-point eigenvalue problem with integral boundary conditions, Rom.
J. Math. Comput. Sci. 5 (2) (2015), 202-213.
[18] F. Haddouchi and N. Houari, Monotone positive solutions of fourth order boundary value problem with mixed integral and multi-point
boundary conditions, J. Appl. Math. Comput. 66 (2021), 87-109.
[19] E Haddouchi, C. Guendouz and S. Benaicha, Existence and multiplicity of positive solutions to a fourth-order multi-point boundary
value problem, Mat. Vesnik. 73 (1) (2021), 25-36.
[20] E. Haddouchi, A note on existence results for a nonlinear fourth-order integral boundary value problem, Bul. Acad. Stiinte Repub. Mold.
Mat. 91 (3) (2019), 3-9.
[21] M. A. Krasnosel’skii, Positive Solutions of Operator Equations, P. Noordhoff, Groningen, The Netherlands, 1964.



[22]

[23]
[24]

[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]

[33]

N. Houari, F. Haddouchi / Filomat 37:19 (2023), 6463-6486 6486

L. Kong, D. Piao and L. Wang, Positive solutions for third order boundary value problems with p-Laplacian, Result. Math. 55 (1-2) (2009),
111-128.

K. Lan and J. R. L. Webb, Positive solutions of semilinear differential equations with singularities, J. Differ. Equ. 148 (2) (1998), 407—421.
Y. Li, Existence of positive solutions for the cantilever beam equations with fully nonlinear terms, Nonlinear Anal. Real World Appl. 27
(2016), 221-237.

Y. Liu, Z. Weigho and S. Chunfang, Monotone and convex positive solutions for fourth-order multi-point boundary value problems,
Bound. value probl. 2011 (21) (2011).

S.N. Odda, Existence solution for 5th order differential equations under some conditions, Appl. Math. 1 (2010), 279-282.

S. N. Odda, Positive solutions for nth order differential equations under some conditions, Appl. Appl. Math. 6 (1) (2011), 1973-1980.

K. P. Panos and E. H. Papageorgiou, Approach to a fifth-order boundary value problem, via Sperner’s Lemma, Appl. Math. (Irvine) 2 (8)
(2011), 993-998.

S.S. Siddiqgi and G. Akram, Solution of fifth order boundary value problems using nonpolynomial spline technique, Appl. Math. Comput.
175 (2) (2006), 1574-1581.

Y. Sun, L. Liu, J. Zhang and R. P. Agarwal, Positive solutions of singular three-point boundary value problems for second-order differential
equations, J. Comput. Appl. Math. 230 (2) (2009), 738-750.

L. Ullah, H. Khan and M. T. Rahim, Numerical solutions of fifth and sixth order nonlinear boundary value problems by Daftardar Jafari
method, Journal of Computational Engineering. 2014. Article ID 286039. 8 pages.

A. Wazwaz, The numerical solution of fifth-order boundary value problems by the decomposition method, J. Comput. Appl. Math. 136
(1-2) (2001), 259-270.

C. Zhai and C. Jiang, Existence and uniqueness of convex monotone posiive solutions for boundary value problems of an elastic beam
equation with a parameter, Electron. J. Qual. Theory Differ. Equ. 81 (2015), 1-11.



