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Abstract. In this paper, we establish sharp inequalities for trigonometric functions. For example, we
consider the Wilker inequality and prove that for 0 <x < mt/2and n > 1,

t
2+[Zd1+1x1+6nx Jx tanx<(812x) + agr;x <2+[Zd1+1xf+D X

with the best possible constants

x% tanx

n-1

2n—2j
aol2f

j=2

2n — 1681t + 15120 (2 "
o =y and D 9457% ( )

where dj = 22%((4k + 6) |Bya| + (—1)*1)/(2k + 3)! and By are the BernouLL numbers (k € No:= N U {0})
This improves and generalizes the results given by Morrici, NENEzI¢ and MALESEVIC

1. Introduction

It is known in the literature that

i 2+
(cosx)13 < 0% o —gosx (1)

for 0 < |x| < /2. The left-hand side inequality was obtained by Apamovi¢ and MiTriNovIC (see [22, p.
238]), while the right-hand side inequality was first mentioned by the German philosopher and theologian
Nicoraus pE Cusa (1401-1464), by a geometrical method. HuyGens [14] gave a rigorous proof of the right-
hand side inequality, and then used it to estimate the number 7. The right-hand side inequality is now

known as Cusa’s inequality (see [23, 32, 37, 54]). Further interesting historical facts about the right-hand
side inequality can be found in [37].
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The inequalities (1) have attracted much interest of many mathematicians and have motivated a large
number of research papers; see, for example, [5-7, 12, 15, 23, 28, 29, 32, 33, 41, 48-51, 54] and the references
cited therein.

By using inequalities involving Scuwas-BorcHARDT mean, NEumaN [29] presented the following in-
equality chain:

: 1/4 . 1/2 . 1/2
1/3 smx) ( sinx ) (cosx+(smx)/x)
(cosx)™ ™ < (COS X x arctanh(sin x) 2 <

(2)
(1+2cosx)1/2 (1+cosx)2/3 sin x i
< |———— < < , O<x< =,
3 2 x 2
which improves the first inequality in (1). Yanc [49] proved that for 0 < x < 7/2,
sinx <(zcosE +1)2 <cos?l < 2+ cosx 3)
x 3 2 3 3 3 7

which improves the second inequality in (1).

Motivated by (1), in Section 3 we establish sharp inequalities for trigonometric functions. By using the
obtained results, we present inequality chain and improve the double inequality (1).

WILKER [39] proposed the following two open problems:

(a) Prove thatif 0 < x < 7t/2, then

( sinx )2 tanx
+
x

> 2. (4)

X

(b) Find the largest constant c such that

( sinx )2 tanx
+

. > 2+ cx’ tanx (5)

for 0 < x < 1/2. In [38], the inequality (4) was proved, and the following inequality

o\4 N2
2+(—) x3tanx<(ﬁ) 4 fanx <2+§x3tanx, 0<x<Z (6)
b x x 45 2

was also established, where the constants (2/7)* and 8/45 are the best possible.

The WiLkEr-type inequalities (4) and (6) have attracted much interest of many mathematicians and
have motivated a large number of research papers involving different proofs, various generalizations and
improvements (cf. [4, 8,9, 12, 13, 23-25, 27, 30-32, 34, 40, 41, 44, 45, 52-56] and the references cited therein).

A related inequality that is of interest to us is HuyGens’ inequality [14], which asserts that

sinx tanx e
2(x )+ M3 0<h<l %

Remark 1.1. The first inequality in (1) can be re-written as

sinx\? tan x s |(sinx\? tan x
( ) >1 or ( )

T
1 1 —.
. . . . > forall 0<|x| < > (8)

Baricz and SANDOR [4] have pointed out that inequality (8) implies (4) and (7), by using the arithmetic-geometric
mean inequality.

Wvu and Srivastava [44, Lemma 3] established WILKER-type inequality as follows:

2
X X TC
QmJ-”mx>z 0<i<l. )
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NeuMaN and SANDOR [32, Theorem 2.3] proved that for 0 < |x| < 7t/2,

sinx < 2+ cosx < 1( X
X 3 2

—— + cos x). (10)

s x

By multiplying both sides of inequality (10) by x/ sin x, we obtain that for 0 < |x| < /2,

1(( x )2+ X )> 2(x/sinx) + x/ tanx o1 (11)

2 sinx tan x 3

CuEN and SANDOR [12] proved the following inequality chain:

. o .
(sinx/x) + tanx/x S (u) tanx S 2(sinx/x) + tanx/x S
2 x X 3

(12)

(sinx)2/3(tanx)1/3 1 (( x )2 X ) 2(x/sinx) + x/ tanx
> >§ — + > >1

X X sin x tanx 3

for 0 < |x| < 7t/2.
In analogy with (6), CHEN and CHEUNG [9] established sharp WiLker and HuyGeNns-type inequalities. For
example, these authors proved that for 0 < x < 1/2,

8 4 16 5 (sinx)2 tan x 8 4 (2)6 5
2+45x +315x tanx < . + . <2+45x + —x tan x, (13)

where the constants % and (2/m)° are best possible,

2
X X 2 3
(_sinx) + o <2+ 4—5x tan x, (14)

where the constant  is best possible, and

sinx tanx
+

4
3+ix3tanx<2( <3+(3)x3tanx, (15)
20 X e

where the constants 3/20 and (2/ n)4 are best possible.

In view of (13), (14) and (15), Cuex and CHEUNG [9] posed three conjectures. These conjectures have
been proved by Cren and Paris [10, 11].

Morrict [24, Theorem 1] presented in 2014 the following double inequality:

+ (E - ixz)x3 tanx < (—Sinx)2 4 fanx
45 945 x

t (16)
8_8 0, 16 4) 3
<2+(45 945x +14175x x°tan x, O0<x<l.
NEenEezI€ et al. [25, Theorem 2.1] proved in 2016 that for 0 < x < 7t/2,
+ (ﬁ - ixz)x3 tan x < (_sinx)2 4 fanx
45 945 X x
(17)

o ( 8 8 o 241920~ 2688’ +32n° x4)x3 canx
45 945 9457 '
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By using power series expansions for sinx and cotx, we find that

sinx\? tanx
sinxy - lanx 5,
( X ) X sm2x+1_2cotx
x3 tan x 28 ¥ a8
_ (D)2 5y 1 21 22n|32n|x2n—1
0(2n+1)! ¥ x| 2n)!
n= =

L& Y200+ DBa)
= ;:;‘ 2n+ 1) X
8

8 8o, 16 4, 8 6, 318 s
45 945 14175 467775 638512875
27210, 7264 0,
638512875 162820783125 !

(18)
where B, (n € INp := IN U {0}) are the BErnouLLI numbers defined by the following generating function:

ezz—l =ZB”

n=0

N

, |z| < 2m.

n
!

=

The formula (18) led us to claim that the upper bound in (16) should be the lower bound. Cren and
Paris [11] proved that for 0 < x < 7/2,

8 8 , 4) 3 (sirwc)2 tan x
— e — —_— < —_— —_—
2+(45 945x + 1417536 x° tan x e + <

' (19)
<24 (i _ ixz + 241920 — 2688n* + 327° x4)x3 tanx
45 945 94578 !
_ 4 6
where the constants 1 411675 and 241920 92:585;1 + 32m are the best possible.
In Section 4, we improve and generalize the double inequalities (19) and (15).
2. Taylor’s approximations
Let us consider a real function f : (a,b) — R in case when exist finite limits
fmmﬂzﬁquu)ﬁmkzaL””m and f@ﬁ:h?fw) (20)
x—a X—ob—
Then we consider first TayLor’s polynomial
5 0 (a+
i@ =Y T o, nem, e
k!
k=0
and the remainder
R () = f() - T ). (22)

Also, we consider the second TayLor’s polynomial

fra+ ) 1

fra+ n
1 R, (b-)x—-a)" , n>1

(b —a) (23)
f(-) , n=0.

T () =
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The first TayLoR’s polynomial and the second TayLor’s polynomial we are called the first TayLor’s approxi-
mation for the function f in the right neighborhood of a, and the second TayLoR’s approximation for the function f
in the right neighborhood of a, respectively.

The next Theorem on double-sided TayLoR’s approximations from [43] is applied in the papers [42], [45],
[46], [47] and considered in the papers [16], [18], [19], [20], [21], [26], [35] and [36].

Theorem 2.1. ([43], Theorem 2) Suppose that f(x) is a real function on (a,b), and that n is a positive integer such
that f®(a+), for k€{0,1,2,...,n}, exist.

Supposing that f"(x) is increasing on (a,b), then for all x € (a, b) the following inequality also holds :
TV @ < f@) < T @, (24)
Furthermore, if f™(x) is decreasing on (a,b), then the reversed inequality of (24) holds.

The condition for the application of this theorem refers to the n-th derivative of the function and it is
also close to the recent papers which refer to the n-th derivative [57], [58], [59] and [60].

Remark 2.2. In the previous inequality

()
T/ () + L0 n(? "< f) < TV () + T (f-) - T/ (b)) (x — ", (25)
the coefficients
() +
2 ana (b—l 5 f0) =T 0-) (26)

are the best possible constants.

In this paper we use

Theorem 2.3. ([20], Theorem 4) Consider the real analytic functions f : (a,b) — R:

0o

f =) alx—af, (27)

k=0
where c,€R and ¢ > 0 for all ke Ny. Then,

T/ < <TV™ @) < TV @) < < fR) < o < TV (0 < T (1) < < TV (), (28)
forall x&(a, b).

Elementary power series expansions. The following elementary power series expansions are useful in
our investigation.

. B b i 21

sinx = Za( V' Gy M<e (29)
n=
0 x2n

cosx = 2(—1)"@, x| < oo, (30)
n=0

N 2222 = 1)|Bay| o 7

tanx = ; (z—n)!x , |X| < 2, (31)
1 0 271

cotx = = 2Bl om0y < 7, (32)
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22211 1_1 B
cscx = —+Z ( )| 2"|x2” Lok<m,

where B, (n =0,1,2,...) are BERNOULLI numbers.

3. Sharp inequalities inspired by (1)

The first inequality in (1) is equivalent to

X sin x
<

2
), 0<x<Z,
tanx X 2

Let us consider the following function with power series

2
sinx X 1 - cos2x
At = ( ) Tnx | 22 veotx
— Z (22n|an| + (_1)”221H1 )x2n
(2n)! 2n+2)!
n=2
6 1 s 8 10

x—_ —_—

15 945 2835 * 467775x

over interval (0, g) Let us denote

_ 2211|an| (_1)1122;1+1

" Tanrr T

We use the next auxiliary statement.

Lemma 3.1. The following are true:

1 1
=—>0,a3=——=<0
TR T
and
2n _1\nn2n+1
2By| | (1)
(2n)! (2n + 2)!

a, =

for integers n > 4.

Proof. By direct computation we obtained:

1 fl(x)

=—=1I
a2 = 5 = im =% >0,
1 filx) = ﬁx4
3 = ——— =lim————— < (.
3 945 x—0 x6

Next, we consider the following inequalities [1, p. 805]

2(2n)! 2(2n)! 1

G < 1Pl < G (W) nzl

6324

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)
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Using the first inequality in (40), we obtain that for n > 4,

22n|an| 22n+1 22n 2(21’1)' 22n+1 22n+1 ((21’1 + 2)' - (27‘[)2")
@n)!  @n+2)!~ en)! Q> Qn+2)! Q¥ -Q2n+2)!
By induction on 1, it is easy to see that

@n+2)!>2n)*", n>4

Hence, we have
B 22n|B2n| (_1)n22n+1

= + > n>4
TT(2n)! (2n +2)! ’
Let’s specify a list of TayLoR’s approximations
0+,1/2—
k| T/ T/ ()
1
010 =
8
110 gx
1
2|0 B
Tt
300 32
el
1 64
4 _x4 o% 4
15 i
1 4 f1,0+ —2m+1920 5
5 X T, (x) 57 X
Ta_1 6 fi04,_\ | —An®+384 ¢
—xt——_x T X)+ —x
6 15 945 5 (%) 158
1 1 f1,0+ 278 5047 +483840 -
7 —x4—— 6 T X)+—mFmMX
15 945 6 ) ] 94519
1.4 1 6, 1 .8 f1,0+ 47%-10087°+967680 g
8 | =x*——x°+—=x T X)+
15 945 2835 7 () 945710
1 1 1 —2m10 42478 - 604
9 Ex“—@ﬁ e 8 T§’0+(x)+ 0+ n94(;01£1;n +5806080 9
TC
1.4 1 6, 1 g 8 10 f1,0+ —4710+4878 - 120967 +11612160 10
10 | =x*—— — T, (x)+
15 945 2835 467775 s ) 2835712

Based on a method from [3] and [17] we have
Theorem 3.2. For the function

o= (1 - g = X B+ ) 05) =

n=2

we have
0 ,0 ,0 0
T ) = T/ () = T)%() = T () =
< T/ = TS < T ) = T () <
< T < fito) < TP = T M)
and
fl(x) < T’fl ;0+,71/2— (X) < T}g"l;OJr,n/Zf(x) < T’8f1;0+,n/27(x) < T)7"1;O+,n/27(x) <
< Tf1;0+,n/2—(x) < Tf1;0+,n/2—(x) < T£1;0+,n/2—(x) <
< CIF];“OJ””/Z ( ) Tfl ;0+,7/2— ( ) < ,ﬂ-.{l;0+,n/2—(x) < Tfl ;0+,71/2— ( )

forall xe (0, g)

6325



C.-P. Chen, B. Malesevi¢ / Filomat 37:19 (2023), 6319-6334 6326

Let us emphasize that some TayLoR’s approximatins Tlf 1’0+(x) and T ;“OJ” m 2_(x) have intersections over
interval (0, t/2) = (0, 1.570796326...) in exactly one point ¢; ;€ (0, 7/2) for i, j€{0,1,...,10}. All that cases are
given by the following two tables:

N|:l
~—

G j
1.570228574...
1.570228574...
1.570039369...
1.570039369...
1.569661027...
1.569661027...

i ﬁ(x)<T{1'0*(x)<T{l?‘”'”/zf(x), x€(0,cij) f,(x)<C/Ff1 P00 < TP (), (i,
0,4 | Ai(x)<TI"(@) < T (), x€(0, c0.) fl(x)<Tf1 OHR2 )<Tf1 (), x€(cos,
0,5 A0 <T) ()< TL (), x€(0, co5) | i) < T (@) < T) (), x€(coy5,
14| fi(0) <T@ < T (), x€(0,c10) | f1(0) < TP () < T (), x€ (e,
1,5| i) < T < TP (), x€(0,015) | 1) < TE 00 <) (), x € (e s,

(

(

(

(

2,4| A0 <TI0 < T (), x€(0, c24) | i) < TH7 P (2) < TS (), x€ (a8,
2,5| Ai(0) < TH" @) < T (), x€(0,c25) | i) < T 12) < T2 (), € (25,

Bl I g I e Dl Dt e

[SIERESIERENTERESTERES]ER TS RS NI:!

3,4 Ai(x) <TH" @) < T (x), x€(0,c34) | i) < TP (x) < T/ (x), x€ (03,4, T) | 1.568526547...
3,5 fi(x) < T @) < T (), x€(0,035) | i) < TP (x) < T/ (), x€ (035, £) | 1.568526547...
and
i zr]f.“0+'”/2‘(x)<T{1'°+(x)< A@), xe(0,ci)) :rf1'°+(x)<Tflf‘°+'”/2‘(x)< A@), xe(cij, ) G
4,6 | T/ (0) < T (w) < fi(x), x€(0, cap) | I )<7rﬁ T () < fi(x), x€(cas, Z) | 0.3017187013...
4,7 | T/ < T () < fi(x), x€(0, ca7) ij ") < TP () < filx), xe(caz, 3) [ 0.3017187013...
48| T 00 < T () < Ax), x€(0, ca) | T @) < T3 (@) < i), x€(cas, )| 0.3065585396...
4,9 T 0 < T (@) < filx), x€(0, ca9) | T) ) < TS () < fi(x), x€ (a9, §) | 0.306558539%...
4,10| T™ () < TJ () < fu(x), 1€ (0, c410)| T, (@) < TU" ™ () < fu(x), x€(ca10, )] 0.3065818906...
5,6 T? P00 < TP () < ), x€(0,¢56) | TS @) < T/ (@) < fi(), x€(cs56, ) [0.05795414341..
5,7 T§;0+’H/2_(x)<T?’O+(x)< A, x€(0,¢57) | T) < TP (x) < fi(x), xe(os7, 2 )[0.05795414341...
5,8 T} (0 <TL (@) < filw), x€(0,c58) | TL () < TS5 () < fi(x), x€(css, §) |0.05801924550...
5,9 | T/ () < T/ (x) < fi(x), x€(0, c59) Tfl ") < T () < i), xe (e, §)[0.05801924550...
5,10 T/ () < T () < fi(x), x€(0, 05,10) Tfl Tx )<]Ff1 P00 < f1(x), x€(cs 10, )[0.05801925617...

All other TavLoR’s approximatins have no intersections.
Based on Theorem 2.3 we have

Theorem 3.3. For the function

o= (3] - = Y (T« G ) 03) =

n=2

we have

TI () < S TP 00 < TR () < € i) < o < T2 (0 < TR () < < P2 (),

m+1
orall xe 0,z andn>6, m>7.
2

Let us consider an empty sum as zero (elsewhere throughout this paper).
We propose the following conjecture.
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Conjecture 3.4. For 0 < x < 1/2 and n > 2, we have

n—1 n—1
2%|Byj| ( 1)/22/+1 2 1. sinxV  x 2%|B, | 12241\ . L
i -1 <( ) _ < j 2 -1
E ( 2))! (2] 7o) +a,x™""" sinx —~ ) "onx - 20 (2] T2 +0,x7" " sinx, (41)
] ]:

with the best possible constants

= 22n|B2n| (_1)n22n+1
T (2n)! (2n +2)!

(42)

and

n-1

y ( )2n 2j-1 W)

o ("

Remark 3.5. In fact, we can prove the first inequality in (41). We then obtain for 0 < x < m/2andn > 2,

(sinx)z_ x i 2Byl | (12
x tanx — 2! 2j+2)
]:

n-1 L
2U[Byjl  (~1)i22i*1 .
+ ]+ 2n
((2»' @j+2y )t T

=2

(44)
j=2

n—-1 (2 ]|32]| (_1)/22]+1

2j on-1 o
2 2+ )x I+ a,x " sinx.

=2

Hence, the first inequality in (41) holds for all n > 2.

Let us remark that the function g;(x) = fi(x) — —x* + %xé has power series with positive coefficients.

Then, based on the previous Theorem we have:

Statement 3.6. For0 <x <m/2andn > 2,

[y
iy

n— n—

< a]-xzj + AxH (45)

sinx )2 X

aix® + a2 <(
X

tanx

||
N
-

||
N

j
with the best possible constants

2n42 Nl 2 \21-2j
a,=a, and Anz(—) a]( ) . (46)

j=2
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Next, we consider the following function

(sinx)2 x
X tan x
x) =

f) X3 sinx

1 sinx + 1 ( cosx)
x° ¥\ sinx

1 . ’
—x—551nx+ (cscx)

x2

> 221 — 1)(2n + 1)(22"1 = 1)[Byy| + (-1)" 24

(2n +1)! (see (29), (33))

n=2

119 , 167 4 479

= —+ + + +...
15 T 18907 T 113400" " 2494800
over interval (0, g) Let us denote
2(4n* = 1)(2*"" = 1)|Ba| + (-1)"
b, = =2,3,4,....
" 2+ 1) p m=234
We use the next auxiliary statement.

Lemma 3.7. The following are true:

b, = 2(2n — 1)(2n + 1)(22""1 — 1)|By,| + (=1)" >0,

2n+ 1)
for integers n > 2.
Proof. Using the first inequality in (40), we obtain that for n > 2,

4en-1@ 1) @n+t

2n—1
2(2n - 1)(2n +1)(2*""" = 1)|Bay| > @2nP

(The second inequality in (50) can be shown by induction on #, we omit it), which implies

b, >0, n>2.

Let’s specify a list of TavyLoR’s approximations for the function f,(x) over interval (0, 71/2):

2, 0+ 2, 0+, 11/2—
kT (%) T, (%)
1 3
15 s
1 1 -2nd
1] L 1, Z2m+960
15 15 1576
1 19 1 —475+1920
2| = 4+ —x? R L
15~ 1890 15 1577
1 19 o 1 19 5 , —1977-5047°+241920 3
3| =+ —x — + —x“+ X
15 1890 15 © 1890 94578
1 19 167 1 19 —3817 —10087° +483840
4| =4+ 2 x2+ 2L —+ — 2%+ xt
15 1890 113400 15~ 1890 9457°

Based on Theorem 2.3 we have

6328

(47)

(48)

(49)

(50)
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Theorem 3.8. For the function

( sinx )2 X
X tanx

hlx) = x3sinx

_ i(zan—l)(znﬂ()z(z i)'_ Dbl + 1) 204 (0, ) — &

n=2
we have

TP () < o < TP () < TR

P < < () < < TP ) < T () << T (),

k+1

forall xe (O, %)

Then, based on the previous Theorem we have

Statement 3.9. For0 < x < m/2andn >0,

n—1 : 2
[Z bj+2x2]+ ﬁ,,xzn] x¥sinx < (%) P [Z b]+2x J+ B,x? Jx sin x (51)
=0

with the best possible constants

0 \21+5 n-1 2 \21-2j
fu=buz and By=(2) = Y ba(2) (52)
=2

Finaly, we consider the following function

2+cos X _ sinx

X
x —
o) = x3 sin x

_ 2 1 1

=37 cscx + e cotx—
e 22n _ 4 i

— B n ,
Y (Bl pt (see @01, 63)
n=2
1 1 5 1 4 17 6

780 © 1512° T 12200 T 2395008 Tt (53)

over interval (0, g) Let us denote

22

= (Zn),|32n| n=0,1,2,.... (54)

Cn =

The next auxiliary statement is obvious.
Lemma 3.10. The following are true:

22

Cp = 3. (2 ),|B2n| (55)

for integers n = 0.
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Let’s specify a list of TavyLoR’s approximations for the function f3(x) over interval (0, 71/2):

3,0+ 3,0+, 1/2—
T, (x) T (%)
1 —48 ¥ 16
180 34
1 1 1 + —1* + 9601 — 2880
180 180 90m®
1 1 5 1 —nt* + 9601 — 2880 o
2 T80 T 12 80 T 4576 X
1 1 5 1 1 —57° — 1687* + 1612807 — 483840 3
— + —x — + —
3 180 = 1512 180 = 1512 387077
1 1 1 1 1 —57° — 1687* + 1612807 — 483840
4 —+ =22+ ——xt —+ ——x2+ x*
180 = 1512 14400 180 = 1512 189078

Based on Theorem 2.3 we have

Theorem 3.11. For the function
2+cosx __ sinx

fS(x) 4

x3sinx

= i (;2'(12_)' )x2"_4 : (0, g) — R

n=2

we have

T W < <T@ < TRV < < () < <

forall xe (O, g)
Then, based on the previous Theorem we have

Statement 3.12. For0<x < m/2andn >0,

S0+,71/2— 5,04,1/2—
Tf’ﬂ () < T,{’ ) <. <

n-1 n-1
; . 24+ cosx sinx : .
Z cj+2x2f+ynx2” x?sinx < —3 T < Z cj+2x21+Cnx2” x3sinx
=0 * =0
with the best possible constants
op+s N1 on-2j
Yn=C, and C,= —( ) c]+2( ) .

j=2

4. Sharp Wilker and Huygens inequalities

In purpose to generalize of the double inequality (19) we consider the following function

(2f sz g 5,

= - — 4+ —

fax) Canx 5 ot
_l+sin2x_2cotx_§+ix2
Toxt 208 X3 45 945

2o5)

6330

T£3;O+,T[/2— (x),

(56)

(57)

(58)
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where the function
1
fx) = o +

is considered in the paper [35]. Therefore

sin 2x 8 3 8 s ( 71)
2cotx— 28+ 8. (0,8) =R
2 T 2otx— g (05—

= 22142 (41 + 6)[Byyeal + (~1)"1)

fax) = Z 2n + 3)!

n=3
_ 16 4. 8 318 5. 272y
T 14175 467775 638512875 638512875

xZn—Z

Tt

> ) Let us denote

over interval (0,

Pt (@ + 6)Barial + (-1)"*1)
" (21 + 3)! !

n=3,4,5,....

The next auxiliary statement is obvious.
Lemma 4.1. The following are true:

22442 ((dn + 6)Bansal + (=1)""1)

n 2n +3)] >0,

for integers n > 3.

Let’s specify a list of TayLoR’s approximations for the function fi(x) over interval (0, 77/2):

,0 S0+, 11/2—
k| ™) T/ ()
olo 21 — 168n* + 15120
94574
1lo 4% — 3367 + 30240
94575
20 87 — 6721 + 60480 o
94576
6 _ 4
300 167° — 1344 + 120960 3
94577
4 16 4 3216 — 26881* + 241920 o
14175 94578

Based on Theorem 2.3 we have

Theorem 4.2. For the function

()4 g g

_\x )7 = 8 8 5
fi) = s 5 T
00 2n+2 n+1
¥ 22142 ((4n + 6)[Bal + (1)) xzﬂ,zz(olg)_)R
(2n + 3)! 2
n=3
we have

6331

(59)

(60)

(61)

(62)

T () < o < TAY (0 < TRV () < o < fa(0) < oo < TP () < T2 () < < TR0 (),

k+1

forall xe (O, %)
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Let us remark that the function g4(x) = fa(x) — % + %xz has power series with positive coefficients.

Then, based on the previous Theorem we have:

Statement 4.3. For0 < x < m/2andn > 4,

n—-1 . n—-1
sinx tanx

. 2 )
P dexzj + 6, x3tanx < (T) + » <2+ Zdj+1x21 +D,x?|x3 tanx (63)
j=2 =2

with the best possible constants

n—1

o,=d, and D, =

6 _ 4 2n
271t° —1687* + 15120 (%) _ (64)

94574 i

Finaly, we consider the following function

2(w)+w—3

X X

fs5(x) =

KB tanx

2 1 3 ¢
ECOSX'FF—X—SCO X

> _1n_‘_3.22n+33wr
) 2 el (see (30),(32)
n=2 ’

S 1o B o, Y e
T 20 280 33600 739200

+... (65)

over interval (0, g) Let us denote

_ 3. 22n+3|B2n+4| + (_1)n _
e, =2 2n + 2) n=0,1,2,.... (66)
The next auxiliary statement is obvious.
Lemma 4.4. The following are true:

o = 3 221%8|By | + (1)
" (2n + 4)!

>0, n=0,1,2,..., (67)

for integers n > 0.

Let’s specify a list of TavyLoR’s approximations for the function f3(x) over interval (0, 71/2):

N 27—
T]):s,0+(x) T£5,O+,Tl/ (x)
3 16
20 )
1 3 3, -3n*+320
20 20 1075
3 1 3 -37*+320
2| 24— 42 SR
20 280 20 576
3 1 5 3 1 5, -m®—168n* +17920 3
— + —x — + —x X
3 20 280 20 280 14077
3 1 23 3 1 —% — 1681 + 17920
4] =+ —x*+—x* =+ 2+ xt
20 280 33600 20 280 7078

Based on Theorem 2.3 we have
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Theorem 4.5. For the function

2(5‘%)+“"%—3

f5(x)

x3tanx
~ oo (—1)"+3'22n+3|32n+4| 2n_( T()
= ZZ.Z @n + 9 a0 z) =R
po

we have

TP () < o < TP (0 < TRV () < o < f5(0) < oo < TP (0) < TP () < o< TP (),

forall xe (o, g)

Then, based on the previous Theorem we have

Statement 4.6. For0 < x < m/2andn >0,

n—-1 . n—-1
; sin x tanx ;
3+ Z eix” + nux*"[x* tanx < 2 (—) + <3+ Z ejx”) + E,x™"|x° tanx (68)
= * * =
with the best possible constants
pn+d 1l o on-2j
Mn=e, and E,= (—) - Zej(—) . (69)
e , I
=2
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