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Abstract. In this article, we obtain bounds for Ricci curvature for doubly warped products pointwise
bi-slant submanifolds in generalized complex space forms and discuss the equality case of the inequality.
We also derive the non-existence of such immersions. Finally, we construct some applications of the result
in terms of the Harmonic function, Hessian tensor, and Dirchilet energy function.

1. Introduction

In 2000, B. Unal [22] introduced doubly warped products as a generalization of warped products and
according to him: let M; and M, be two Riemannian manifolds with Riemannian metrics g; and g,
respectively. Further, let us suppose that ;1 be positive differentiable functions on M; and o, be positive
differentiable functions on M. Then, the doubly warped product M = ;,M; Xs, M, [22] of dimension  is
defined on the basis of the product manifold M; x M, equipped with the warped metric g = 0391 + 0775.

In a meticulous manner, if 1y : My X My — M; and 1, : M; X My — M, be natural projections, then the
metric g is given by

9(X,Y) = (02 0 )1 (X, 5 Y) + (01 0 1)*72(5X, 5 Y), 1)

for any vector fields X, Y on M, where * denotes the symbol for tangent maps and o1 and o, are the warping
functions on M; and M,, respectively.

It is important to note that on a double warped product manifold M = ;,M; X,, M, if either o1 or o7 is
constant on M, but not both then M is a single warped product. Furthermore, if both 01 and o, are constant
function on M, then M is locally a Riemannian product. A doubly warped product manifold is said to be
proper if both 01 and o, are non-constant functions on M.

On the other hand, the immersibility/non-immersibility of a Riemannian manifold in a space form is
one of the most fundamental problem in the theory of submanifold which started with the most celebrated
Nash [] embedding theorem. In this theorem, actually Nash was aiming to take extrinsic help. However,
due to the lack of control of the extrinsic properties of the submanifolds by the known intrinsic invariant,
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the aim cannot be reached. Motivated by this and to overcome the difficulties, Chen introduced new
types of Riemannian invariants and established general optimal relationship between extrinsic invariants
and intrinsic invariants on the submanifold. The same author obtained the inequalities for submanifolds
between the k-Ricci curvature, the squared mean curvature, and the shape operator in the real space
form with arbitrary codimension [7]. After that many research articles has been published in this area
[6, 8-12, 15, 21].

Motivated by this, we obtain bounds for Ricci curvature for doubly warped product pointwise bi-slant
submanifolds in generalized complex space forms and discuss the equality case of the inequality. We also
derive non-existence of such immersions. Finally, we construct some applications of the result in terms of
Harmonic function, Hessian tensor and Dirchilet energy function.

2. Preliminaries

Let M be a 2m-dimensional almost Hermitian manifold with an almost complex structure | and a
Riemannian metric g. An almost Hermitian manifold is said to be a nearly Kaehler manifold if VxDX =0
and becomes a Kaehler manifold if V] = 0 for all X € TM, where V is the Levi-Civita connection of the
Riemannian metric g.

Tricerri and Vanhecke [17] introduced the concept of generalized complex space form as a generalization
of the complex space form.

An almost Hermitian manifold M is called the generalized complex space form, denoted by M(fi, f2),
if the Riemannian curvature tensor R satisfies

RXNZ = Alg(L2D)X - gX, 2)Y) + flgX J2)]Y = 9(Y,J2)]X + 29(X, )] Z}, ()

for all X, Y, Z € TM, where f; and f, are smooth function on M(f;, f»).

Let M?" be an almost Hermitian manifold and M" be a submanifold M?" with induced metric g. Let
V be an induced connection on the tangent bundle TM and V+ be an induced connection on the normal
bundle T+ M of M. Then, the Gauss and Weingarten formulas are given by

VxY = VxY + h(X, Y),
vxé = —A&X + V?E,

where X,Y € TM, N € T* M and h, Ay are second fundamental form and the shape operator, respectively.
The relation between the shape operator and the second fundamental form is given by

g(h(X/ Y)/ N) = g(ANX/ Y)/

for vector fields X,Y € TM and N € T* M.
Let R and R be the curvature tensors of M(c) and M, respectively. Then, the Gauss equation is given by

R(X,Y,Z, W) = R(X, Y, Z, W) + g(h(X, Z), (Y, W)) — g(h(X, W), h(Y, Z)), 3)

forany X,Y,Z, W € TM.
_In this context, we shall define another important Riemannian intrinsic invariant called curvature of
M™, and denoted by 7(7,M"™), which at some x in M is given as follows”

HTMT) = Y K, (4)

1<a<f<m

where 7~(aﬁ = K(ex A eg).
From (4) it follows that

2H (T Mm) = Z 7?45, 1<a,p<n. (5)

1<a<B<m
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Similarly, the scalar curvature 7(£,) of the £ plan is given by

.Ex) Z 7~<aﬁ- (6)

1<a<f<m

Let {ej,...,es} be an orthonormal basis of the tangent space 7, M and e, = {e;+1,...,em} belong to an
orthonormal basis of the normal space 7+ M, then we have

W2 = )", ginea, ep), hea,€). 7)

a,p=1

Let K,p and 7((,4; denote the sectional curvature of the plane section in the submanifold M" and the

Riemannian space form Mm(c), respectively. Thus, K,z and ‘kaﬁ are the intrinsic and extrinsic sectional
curvature of the span {e,, g} at x. From the Gausss equation, we have

UT MY + Y (ol = (1))

20(T M) = K, vt

r=n+1

Kas + Z (Mg = (1))- 8)

r=n+1

Further, assuming that for a local field of the orthonormal frame {e, ...,e,} on M", the global tensor is
defined as

SXY) = i (IR, XY, e)), XY eTM", )

i=1

is called Ricci tensor. If we fix a distinct integer from e, ..., e,} on M" by e4, which is governed by X, then
the Ricci curvature is given by

Ric(X) = Z K(ea Aeap). (10)
a=1l,a#A

Now, we define an important Riemannian intrinsic invariant called the scalar curvature of M™ and it is
denoted by T(7:M™), that is

T M™) = Z W(eaAeﬁ):lzRic(e’A). (11)
A=1

2
1<a<f<n

It is clear that the above the inequality is congruent to the following equation which will be frequently used
in next study:

2T M™) = Z Kea Aep) = Z Ric(en). (12)
1<a<f<n

For a k—plarl L of T -M™", let {ey, ..., e,} be an orthonormal basis of L, then for each A € {1, ..., k} the k-Ricci
curvature Ricy, (ea) of Ly is defined by

Ricy,(ea) Z K(eq Aeap). (13)

a=1l,a#A

Similarly, a Riemannian invariant @;x for 2 < k < m is defined as

P(x) = ()0, = infRics(en) ,xe M (14)
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The following consequences can be obtain from (3) and (8) as:

m
T NG = Y Y U = ()% = HTNG). (15)
r=n+11<i<j<m
Similarly, we obtain

m

TN = Y Y (i, = () = HTNGP). (16)

r=n+1 1<a<b<m

Let {ey, ..., €4} be an orthonormal frame of vector field M", thus the squared norm of gradient of the positive
differentiable function ¢ for an orthonormal frame {ej, ..., ¢,,} is defined as follows:

V17 = )" (el (17)
According to B. Unal [22] for the unit vector fields X and Z tangent to M; and M, respectively, we have
K(XAZ)= Gl{(v§<;<)a1 - X201} + %{(V%Z)az — Z2%05). (18)
1 2

Let us assume a local orthonormal frame {e1, e, ...,€,, €441, ..., €2} such thatey, e, ..., e, are tangent to M,
and e, 41, ..., e, are tangent to My, e, is parallel to the mean curvature vector H. Then

Z Z K(ei Nej) = ny A101 + 1y A202

o o
1<i<ng m+1<j<n 1 2

= m(|IV (non)|? = A1(In 1)) + m1 IV (In02) |2 = Ao(In o)), (19)

where A, A, are the Laplacian operators and V!(Ino) and V3(Inoy) are the gradient vectors on M;“ and
M??, respectively.

Finally, we conclude the section with the following definitions of pointwise slant and pointwise bi-slant
submanifolds.

Definition 2.1. [12] Let M™" be an almost Hermitian manifold. Then, a submanifold M" of M is said a pointwise
slant, if for each given point x € M" and for any non-zero vector X € T M, the angle 0(X) between JX and T M is
free from the choice of X.

In [12], Chen and Garay obtained necessary and sufficient condition for a submanifold to be a pointwise
slant submanifold.They proved that a submanifold M of an almost Hermitian manifold M is pointwise slant
if and only if

T? = —(cos? O)], (20)

for some real-valued function 6 defined on M, where [ is the identity transformation of the tangent bundle
TM of M.

On the other hand, Chen and Siraj Uddin generalized the above concept for a pointwise bi-slant
submanifold as follows [11].

Definition 2.2. Let M be an almost hermitian manifold. Then, a submanifold M" of M s said a pointwise
bi-slant submanifold if there exists a pair of orthogonal distributions ©q and Dy, such that

(1) TM" =D @Dy,
(ii) JO1 LD, and JO, L D,



M. Aquib et al. / Filomat 37:2 (2023), 505-518 509

(iii) Each distribution D; is a pointwise slant with a slant function 0; : T"M — R for i = 1,2, where T*M is a set
of all non-zero vectors on M

Indeed, pointwise bi-slant submanifold englobe not only slant submanifold but also semi-slant sub-
manifolds, hemi-slant submanifolds, CR-submanifolds.

Since M" is a pointwise bi-slant submanifold, we define an adapted orthonormal frame fileds of the

tangent space. If n = 2d; + 2d,, where d; = % dim®; and d, = % dim D,, the, we have the following frame

field of the tangent space TM
{er,e2 =secO1Tey, -+, ex4,-1,€2, = secO1Terq, 1, ,€2,41, €2d, 42
=secOrTexq, 11, , €2d,424,-1, €24, 424, = sec OrTeog 424,11}

Then, by setting g(es, Jez) = —g(Je1,e2) = —g(Je1,sec 61Ter), one can obtain g(e;, Je;) = —sec 01g(Teq, Tes).
Following (20), we get g(e1, Jez) = cos 019(e1, €2). This implies

cos?6y, Yi=1,---,2d; -1,

2(p. Tp.) —
g€ e) {COSZQQ, Vj=2d 41, ,2dy +2dy — 1.

Hence, we have

Z gz(]ei, 6’]') = (7’11 COS2 01+ ny COS2 92). (21)
ij=1

3. Main theorem

This section is dedicated to the study of main result of the article.

Theorem 3.1. Let M = ozNgi Xg, Ngi — M?™(c) be a Dg,-minimal isometric immersion of an n-dimensional doubly

warped products pointwise bi-slant submanifold M into a generalized complex space form M(c) fori = 1ori = 2,
where Ng, and Ng, are pointwise slant submanifolds. Then for each unit vector X € T,M, we have

Ric(X) = 411712||H||2 + 1|V (Inan)I? = naA(Ingy) + m|[V2(Inoa)|* = mA(lnay)

+ fl(nlnz +n— 1) + §f2<005261 + coszez). (22)

1. If H(x) = 0, then at each point x € M there is a unit tangent vector X satisfies the equality case in (22) if and
only if M is mixed totally geodesic and X lies in the relative null space Ny at x.

2. For the equality cases, we have

(a) the equality case of (22) holds identically for all unit tangent vectors Ng, at each x € M if and only if M
is mixed totally geodesic and Dg,-totally geodesic doubly warped product pointwise bi-slant submanifold
in M(c).

(b) the equality case of (22) holds identically for all unit tangent vectors Ny, at each x € M if and only

if M is mixed totally geodesic and either Dg,-totally geodesic doubly warped product pointwise bi-slant
submanifold or M is a Dy,-totally umbilical in M(c) with dimNg, = 2.

3. the equality case of (22) holds identically for all unit tangent vectors M at each x € M if and only if M is mixed
totally geodesic submanifold, or M is a mixed totally geodesic, totally umbilical and Dg,-totally geodesic warped
product pointwise bi-slant submanifolds with dimNg, = 2.
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Proof. From the Gauss equation, we have
P IHIP = 20T M) + Ihl? = 28T M?). (23)

Now, we assume that {e1, ..., en,, €n,+1, --., €1} to be a local orthonormal frame fields ofx(Mzm(c)) such that {ey, ..., ey, }
are tangent to Ngll and {ep, +1, ..., €n} are tangent to Ngzz. So, for the unit tangent vector X = es € ey, ..., 4} from
(23), we get

2m 2m
n 1 r T r T r 2 n
RIHIP = 20TMY) + 5 3 {0 et By =)= NN i = 2HTMD). (24)
r=n+1 r=n+11<a<f<n

We see that we can write equation (24) as

2m
RIHIP = 20T M)+ Y {0+ o+ I) + @By = (B + o+ 1))

r=n+1
2m 2m
+ 2 Z Z () -2 Z Z W = 2H(T M),
r=n+11<a<f<n r=n+11<a<f<n

Since M" is a Do, -minimal doubly warped product pointwise bi-slant submanifold, we obtain

2m
R2HIP = Z Ay i R o P ATy ) o
r=n+1
2m 2m
2T MY+ Y Y )= Y Y Bl = KT MY
r=n+11<a<f<n r=n+11<a<p<n
2m  n 2m n 2m n
2 2
Y YY) WYY W (25)
r=n+1 a=1 r=n+11<a<f<n r=n+11<a<p<n
azA afA a,prA
It follows from (8) that
2m n 2m n n n
D VICEED WD WEATEED Y S Yy e
r=n+11<a<f<n r=n+11<a<p<n 1<a<p<n 1<a<f<n
a,p#A a,f#A a,f#A a,f#A
Moreover, Dg,-minimality of M" implies
w|HIP = Z (B sy + e H ) (27)

r=n+1

Using (26) and (27) in (25), we derive

1 1
En2||H||2 = 2t(T M") + E(Zh;m = (W a1 o F 1))
2m 2m n
f X, W ), ) M= 2HTM)
r=n+11<a<f<n r=n+11<a<p<n
a,f#A
2m  n n n
Y Y0P Y Ryg— Y K (28)
r=n+1 a=1 1<a<p<n 1<a<f<n

a#A a,pA a,B+A
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On the other hand from (4) and (7), we find

1 o2
—-n“||H
ke [IH]

+

Al A?
M2 01 + Nn1A~02 _2H(T MY

01

Y Rop + (TN + UTNG)

1<a<f<n
a,f£A
2m n
YA X - Y maky)
r=n+1 1<a<f<n 1<a<f<n
a,p£A

2m  n 2m
22 ), ), =,
r=n+1 a=1 r=n+11<i#j<m

a#A
2m

Y L - )
r=n+1n1+1<s#t<n
1 2m
5 Z ) (A /) 3 (29)

r=n+1

Now, we remark that, for the unit tangent unit vector e4, we have two choices: it is either tangent to base manifold
N gll or fiber to N g; Next, we will prove for the first case.

Case 1. If e4 tangent to Ngll, then we fix a unit tangent vector from {ey, ..., en, } to be eq and consider X = ey = e;.
Then from (10) and (29), we obtain

1 2
Lejppe s Rie + 2201, mA70:
2 01 02
= 2UT M)+ HTNG) + UTNG) + Y| Rag
2<a<ps<n
1 r
5@ = (O an + o )
2m 2m
+ Z Z (h;ﬁ)z - Z { Z (h?j)z + Z (h;t)z}
r=n+11<a<p<n r=n+1 ~1<i#j<m ny+1<s#n
2m
1,7 r1,r r r
v ¥ { Yo+ Y -2 Y haahﬁﬁ}.
r=n+1 1<i<j<m ny+1<s#t<n 2<a<p<n
(30)
Combining (2) and (3), putting X = Z = e,, Y = W = eg and summing over 1 < a, < n, we deduce that
Z R(ea/ eﬁ/ea/eﬁ) = fl{n(n - 1)} + 3f2 Z gz(ki/ e]) (31)
a,p i,j=1
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From (21) and (30), it is easy to see that

1 Al A?
Ric(X) < §n2||H||2—n2 01—”10202
3
+ fl(nlnz +n— 1) + §f2<005261 + coszez)
1 2m 2m
S D NI CARPREET ). o I ) W GO S B CAY
r=n+1 r=n+1 1<i<j<m np+1<s#t<n
2m 2m 2m
D IR I MRCZ/EID WA R M WA M IR (32)
r=n+1 1<i<j<m m+1<s#t<n r=n+12<a<p<n r=n+11<a<p<n

But from the last two terms of (32) we see that

2m 2m 2m  m n

YA Y e Y ep-Y Y ar= Y Y Y ot (33)

r=n+1 1<i<j<m np+1<s<t<n r=n+11<a<p<n r=n+1 a=1 p=ni+
Similarly, we have

2m 2m

1 ny n
Z{ Y owwe Y wa- Y h;hg}: 2( =YY h;ahgﬁ). (34)
r=n+1 1<i<j<m n+1<s#t<n 2<a<p<n r=n+l  j=2 a=2 f=m+1
Furthermore, (34) and (30) gives
1 Al A?
Rie(X) < =n?H|P - 229 _Mma0
2 01 (0]
3
+ f1(n1n2 +n-— 1) + §f2<005261 + coszez)
2m 1 n n n n
- YR X o Y- Y Y way)
r=n+1 a=1 f=n1+1 b=2 a=2 f=n1+1
1 2m
- 3 Y@y = gy + e )P (35)
r=n+1

Taking into account M" is Dg, -minimality doubly warped product pointwise bi-slant submanifold, we compute

2m  m n 2m n
Yo =YY {ater,en) e + .+ glien, o), 0y,
r=n+1 a=2 f=n;+1 r=n+1 f=n1+

2m n

Z 2 {g(h(ell 81), el‘) +..+ g(h(enl/ ey )/ er) - g(h(ell 61), e?’)}h;gﬁ

r=n+1 f=n1+
2m n
== ). ) Ml (36)
r=n+1 f=n+

Similarly, we have

2m  m 2m

Y Y mm, o= =) (37)

r=n+1 b=2 r=n+1
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Further, by Dg,-minimality, it follows that

2m 2m n
1
5 I AR ) o o S R
r=n+1 r=n+1 f=n1+1
2m 2m
=2 ) (2 + Z (AP i) o
r=n+1 r n+1
2m n
Z By i + o A DY+ Y Y I
r=n+1 r=n+1 f=n;+1
=2 Z 5, + 5P

r=n+1

Equations (36), (37), (35) and (38) yield the following relation

Al A2
Ric(X) oo Moo

IA

[ —
—n“||H||* —
S PIHIP = =t - =

+ f1(n1(n2 +n— 1) + §fz(coszel + 00526)2)

2m
2 2
B Z { 1) Z h}ilh/:ﬁ 4 Z (hn1+1nl+1 +. +h:zn)) }
r=n+1 p=m+1 r=n+1
1 2m
= g 2 U + e+ B
r=n+1

Making use of (27) in (39), we conclude

1 Al A2
Ric(X) < L—LnZanz—”2 o1 _MmA %

01 (0]
2m
+ fl(nlnz +n— ) + f2<c05261 + c05262) - 1 Z 2hi, —
r n+1

which together with (19) yield (22).
For the other case, we have

Case 2. If e4 tangent to Ng;, then we fix a unit tangent vector from {ey, +1, ..., €n

to (30) and using similar analogue to Case 1, we obtain

1 2

LoiHp s Riex) + A0 mA0
4 01 02

- 28T M") + %(TxNgll) + %(TxNgZZ)

-, 1
+ Z Ka}g + E(Zh;n - (h:11+1n1+1 +ot h:ln))z
1<a<f<n
2m  n-1 2m  m 2m  m
2
C Y e Y Y Y wr- Y)Y

r=n+1 p=1 r=n+1 a=1 p=n1+1 r=n+1 a=2 f=n1+1

Z hﬁﬁ) ,

ﬁ ny+1

h, hy

aa ﬂﬁ

513

(38)

(39)

(40)

} such that X = e4 = e,. From (10)

(41)
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By using (21) in the last equation, we find that

1
~n?|H|* + nal |V (Ino1)|* — noAl(Ino)

Ric(X) < 2
+ m|[VA(Inoy)l* - mA*(Inoy)
+ f1(n1n2 +n— 1) + §f2<c05291 + c05292)
2

1 2m

— 5 2 @ = (i e )
r=n+1
2m n—1 2m  m n
2

= )Y k= YL Y Y ()

r=n+1 f=n;+1 r=n+1 a=1 f=n;+1

2m  n n
- LYY @

r=n+1 a=2 f=n;+1

Application of De,-minimality of M" in (42) gives

1
=n?|HI + nal |V (Ino1)I* — n2A(Inor) + mlIV2(Inoo)|* — mA(Inoy)

Ric(X) < >
3
+ f1(n1n2 +n— 1) + §f2<c05291 + 605262)
1 2m
- 3 Z @Ky = (] oy 1 + oo )
r=n+1
2m n-1 2m  m n
DI NETED MWD MRS (43)
r=n+1 p=1 r=n+1 a=1 p=n;+1

On the other hand, by a straight forward but lengthy computation we obtain that

2m 1 n-1
Y {5((h;+1m+1 b W) -2+ Y h;nhgﬁ}
r=n+1 p=n+1
2m 1 21m 2m 2m n
2 2
=y 5 st o+ ) Y 20,2 = Y Y = Y Y h
r=n+1 r=n+1 r=n+1 =1 r=n+1f=n1+1
2m 1 2m 2m
=y St + e ) Y 20,2 = Y ()
r=n+1 r=n+1 r=n+1
2m 1 n—1
-y {E(h;1+1n1+1 bt W) Y - Y h;nhgﬁ}. (44)
r=n+1 p=n+1

Thus, by using (44) in (43), we deduce that

Ric(X) = %HZIIHII2 + ||V (Inan)I? = naA(Ingy) + m|[V2(Inoa)|? = mA(lnay)

2m

3 1
+ fl(nan +n— 1) + §f2<005261 + coszez) -1 Z (h;1+1n1+1 +..+ him)2
r=n+1
2m n 1
D IR GO WA R AR ) (45)

r=n+1 p=n1+1
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Finally, it follows from Dg,-minimality of M" that

1
Ric(X) < 5'72||H||2 + 1|V (Ino1)|I* — noA(Inoy) + m||VA(Ino)|I> — n1A(Ing,)

+ fl(nlnz +n— 1) + §f2<005261 + coszez) - %2|IHI|2 Z (Zhr ~3 Z ) (46)

r=n+1 ﬁ}’ll

This concludes the proof of the inequality (22). To derive the inequality (22), when warped product pointwise bi-slant
submanifold M" is Dy, -minimal, we will use a similar techniches as in Case 1. Hence, we conclude that the inequality
(22) holds for the both Dy, -minimal isometric immersion for i = 1 or 2. Now, we will verify the equality cases in the
inequality (22). Let us consider the relative null space N of the warped product pointwise bi-slant submanifold M"
in a complex spaces M?™(c). For A € {e1, ..., e,} a unit tangent vector ea to M" at x satisfies the equality sign of (22),
if and only if the following conditions hold:

) 221:1 Zg:nlﬂ (hglg)Z =0,
(i) Tl a2 =0, (47)

(iii) 21, =Yg, +1(gp),

such that v € { ey41,...,€2m). The first condition (i) implies that M" is a mixed totally geodesic warped product
pointwise bi-slant submanzfold Using the fact of minimality and combining (ii) and (iii) of (47), it can be easily seen
that the unit tangent vector X = eaq lies in the relative null space Ny at x. The converse part is straightforward
and hence, we complete the proof of (1) of the inequality (22), Moreover for Dg,-minimal isometric warped product
pointwise bi-slant submanifold, the equality condition in (22) hold if and only if

() Ty T () =0,
(ll) Zb 1 ZA 1 b;tA(th)Z = 0/ (48)

(i) 2Myy = gy 41 (gp),

wherea € {1, ..., m}andr € (n+1, ..., 2m}. As M" is a Dy,-minimal, then the third term of (48) implies that hl,, = 0,
a € {1,..,m}). So combining these condition with the second term (i) of (48), we find that M" is a Dy, -totally
geodesic warped product pointwise bi-slant submanifold in a complex space form M*"(c). This proves the statement
(a) of (2).

As we assume that M" is a Dg,-minimal, the equality sign hold in (22) for all unit tangent vectors to Ng: at x if and
only if the following condition are satisfied:

(l) Za 1 Zgzn1+1 (hgﬁ)z = O/
(ii) Yoy Lo 1zl Ia)? =0, (49)

(i) 2k}, = Y5y 1 (igp),
suchthat L€ {ny +1,..,nland r € {n+1,...,2m}. There are two cases which arises from third condition (iii) of (49),
that is
hj; =0, YLe{m+1,.,n} and re{n+1,.,2m},
or dimNgz2 =2. (50)
If the first part of (50) holds, then in the light of second condition in (49), we get that M" is a D, is totally geodesic

warped product pointwise bi-slant submanifold in complex space form M?™(c). This is the first statement of part
(b) of (2) of the theorem. For the other part, we consider that M" is a Deg, is not totally geodesic warped product
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submanifold and dimNgz2 = 2, then from the (ii) of (49), we hypothesize that M" is a Dy, umbilical warped product

pointwise bi-slant submanifold in M?"(c). Hence, the part (b) of (2) is proved completely.

Now, to prove (3), we emerge (48) and (49), together and we use the part (a) and (b) of (2). thus, let consider that
dimN, gzz # 2. Since from part (a) and (b) of statements (3), respectively imply that M" is a Dy, is totally geodesic and
Dy, totally geodesic submanifold in MP"(c), this means that M" totally geodesic warped product pointwise bi-slant
submanifold in M?"(c). Moreover, for the other case, we assume that the previous does not hold then from part (a)
and (b) of statements (2) gives that M" is mixed totally geodesic and D, -totally geodesic warped product pointwise
bi-slant submanifold in M*"(c) with dimN. gzz = 2. As for last assertion to show that M" is a totally umbilical warped
product pointwise bi-slant submanifold into complex space form M?™(c), it is sufficient to prove that M" is Dg, and
De, -totally geodesic warped product pointwise bi-slant submanifold in MP™(c) which comes directly from (b) and
(a), respectively. this gives the complete proof of part (3). By similar technique as in the above case, we can prove the
theorem when M" is Dyg,-minimal warped product pointwise bi-slant submanifold in a complex space form M?" (c).
This completes the proof of the theorem. [J

4. Application of the results in Physics

In this section, we obtain physical applications of the main result.

4.1. Results on doubly warped product poimtwise bi-slant submanifolds with harmonic function
Theorem 4.1. Let M = ;,Ng' X4, Ny? — M?"(c) be a Do,-minimal isometric immersion of an n-dimensional doubly

warped products poimtwise bi-slant submanifold M into a generalized complex space form M(c) for i = 1 or 2. Then
for each unit vector X € T, M, if the warping functions o1 and o, are harmonic functions, we have

1
ZnZIHlll2 > Ric(X) — fl(nlnz +n-— 1) - gfz(coszel + 005262). (51)

Proof. If 01 and 0, are harmonic functions, then Algy = 0 and A%, = 0. Using this fact in (22) yields the
results. [

4.2. Results on doubly warped product poimtwise bi-slant submanifolds related to Hessian functions

Let ¢ be a positive differentiable C*-differentiable function. Then the Hessian tensor of function ¢ is a
symmetric 2-covariant tensor field on M" defined by

H? = X(M) x X(M) — F (M) (52)
such that
HO(X,Y) = ﬂfj?xiyf, (53)

for any X, Y € (M), where H, ‘f can be expressed as

P _ 92(1’ _ 1"'.‘.8—(1)
ij &xﬂ?xj Y c)xk '

(54)

Let us assume that ¢ = Ino; = Ino,. Then as a consequence of the Theorem 3.1 and the above relation, we
conclude the following result.

Theorem 4.2. Let M = (,ZNgj Xo, Ngi — M?"(c) be a Dg,-minimal isometric immersion of an n-dimensional doubly

warped products poimtwise bi-slant submanifold M into a generalized complex space form M(c). Then for each unit
vector X € T,.M, we have

tracedH?® tracedH?
+ 1y

1
—n?|H||* > Ric(X) + ny
4 o1 02

- fl(nlnz +n - 1) - gfz(coszel + 605292). (55)
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4.3. Results on doubly warped product poimtwise bi-slant submanifolds related to Dirichlet energy functions

A great motivation of bound of Ricci curvature is to express the Dirichlet energy of the warping functions
o1 and 0y, which is a useful tool in physics. The Dirichlet energy of any function ¢ on a compact manifold
M is defined as:

B =5 fM VelPay, (56)

where V¢ is the gradient of ¢ and 4V is the volume element.

Theorem 4.3. Let M = ;,Ng! X, Ny? — M?"(c) be a Do,-minimal isometric immersion of an n-dimensional compact
oriented doubly warped products pointwise bi-slant submanifold M into a generalized complex space form M(c) for
i=1lori=2,then

myE(Inoy) + mE(Ino,) > E f (Ric(x) - 1n2|H|||2)azv
2 Jy 4

_ %[ fol(nlnz +n—1)dV + ; sz(coszel +cos?0)dV | ©7)

where vol(Ng,) is the volume Np,.

Proof. Taking integration along M with respect to volume element dV, we get

f Ric(X)dV 1n2 f IHI?dV + ny f IVY(Inoy)|PdV
M 4 M M

- nng(lnal)dV+n1f||V2(1n02)||2dV
M M

— nlfA(lnaz)dV+ffl(n1n2+n—l)dV
M M

+ § f fz(coszel +C08292)dV. (58)
2 Ju

IA

Since M is compact, (58) implies
f Ric(X)dV < Le f IHIPAV + ny f IV (Ino)|PdV + my f (IV2(Inay)|I*dV
M 4 Ju M M
+ f fl(mnz +n— 1)dV + § f fz(c05291 + c05262>dV. (59)
M 2 Jm
Now, Making use of (56) in (60), we find
f Ric(X)dV < }an f |H|*dV + 2nyE(Inoy) + 2n1E(Inos)
M M
3 2 2
+ fl(nlnz +n— 1)dV + = fz(cos 01 + cos Gz)dV, (60)
M 2 Jum
which is the desired inequality. [
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