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Blow up and growth of solutions to a viscoelastic parabolic type
Kirchhoff equation

Erhan Pişkina, Fatma Ekincia

aDicle University, Department of Mathematics, Diyarbakır, Turkey

Abstract. In this article, we study a system of viscoelastic parabolic type Kirchhoff equation with multiple
nonlinearities. We obtain a finite time blow up of solutions and exponential growth of solution with
negative initial energy.

1. Introduction

This article deals with the following initial value problem
ut −M(∥∇u∥2)∆u +

∫ t

0 ω1(t − s)∆u(s)ds + |u|q−2 ut = f1(u, v), x ∈ Ω, t > 0,

vt −M(∥∇v∥2)∆v +
∫ t

0 ω2(t − s)∆v(s)ds + |v|q−2 vt = f2(u, v), x ∈ Ω, t > 0,
u (x, t) = v (x, t) = 0, x ∈ ∂Ω, t ≥ 0,
u (x, 0) = u0 (x) , v (x, 0) = v0 (x) , x ∈ Ω,

(1)

where q > 2 is a real number and Ω is a bounded domain in Rn (n ≥ 1) with smooth boundary ∂Ω. For the
relaxation functions ω1 and ω2, we suppose that ωi : R+ → R+ (i = 1, 2) are of C1 (R+) , and represent the
kernel of memory term. fi(u, v) (i = 1, 2) will be given later. M(s) is a nonnegative C1 function for s ≥ 0
satisfying

M(s) = 1 + sγ, γ > 0.

To motivate our problem (1) can trace back to the initial boundary value problem for the single parabolic
equation

ut − ∆u +
∫ t

0
ω(t − s)∆u(s)ds + |u|q−2 ut = f (u). (2)

This type problem appears a variety of mathematical models in applied science. For instance heat transfer,
population dynamics, chemical reactions and so on (see [1, 7] and references therein).

We now state some existing results in the literature: Firstly, we mention the pioneer work of Hu et al. [1]
where the authors proved a blow up result of solution with vanishing initial energy for problem (2). Truong
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and Van Y [2] showed the local and global existence of solutions by using the Faedo-Galerkin method
for problem (2). In addition, they proved the finite time blow-up and the decay of the weak solutions.
Later, Truong and Van Y [3] investigated the result of exponentional growth of the weak solutions under
the sufficient conditions for problem (2). Dang et al. [4] also studied problem (2) and they showed the
exponential growth of solution.

Pişkin and Ekinci [5] investigated the following problem

ut −M
(
∥∇u∥2

)
∆u +

∫ t

0
ω(t − s)∆u(s)ds + |u|q−2 ut = |u|p−2 u.

The authors studied the local and global existence of weak solutions by using the Faedo Galerkin method.
Also they discussed the finite time blow up of the weak solution with positive initial energy and the general
decay of the solution. Finally, they showed the exponential growth of the solution with sufficient conditions.
Also, in [6], the authors considered

ut − ∆ut −M
(
∥∇u∥2

)
∆u + |u|q−2 ut = |u|p−2 u.

They gave appropriate conditions in order to have nonexistence of global solutions or exponential growth
incase of global existence.

In the absence of the diffusion term |u|q−2 ut, equation (2) reduced to following equation

ut − ∆u +
∫ t

0
ω(t − s)∆u(s)ds = f (u). (3)

Problem (3) has been studied by various authors and several results concerning blow-up of solutions, both
the lower and the upper bounds for blow-up time when the blow-up occurs, see [7–9].

When we examine system problems in the literature, we mention work of Pişkin and Ekinci [10] as
follows{

ut − div(|∇u|p−2
∇u) + |u|q−2 ut = f1(u, v),

vt − div(|∇v|p−2
∇v) + |v|q−2 vt = f2(u, v),

(4)

where p, q > 2. They considered nonexistence of solutions and exponential growth of solution with negative
initial energy. Also, Pang and Qiao [11] studied the blow up properties of the problem (4) with negative and
positive initial energy for p = 2. Furthermore, in [12], the authors investigated the blow up and exponential
growth of solution with negative initial energy for the single equation of problem (4) with ∆ut term.

Another system problem is Braik et al.’s work [13] and they proved a finite-time blow-up result for a
large class of solutions of the problem (1) with positive initial energy for the case M ≡ 1 and without the
multiple nonlinearities terms

(
|u|q−2 ut and |v|q−2 vt

)
.

In the absence of the multiple nonlinearities terms
(
|u|q−2 ut and |v|q−2 vt

)
, and p = 2, system (4) becomes{

ut − ∆u = f1(u, v),
vt − ∆v = f2(u, v). (5)

Systems like form (5) naturally appears in studying non-linear phenomena in biology, chemistry, medicine
and physics and so on (see [14–25]). In [26], the authors obtained the global existence solutions, blow-up of
solutions in a finite time and asymptotic behavior of solutions in subcritical energy level and critical energy
level, which are divided from potential well theory, respectively. Furthermore, they showed the sufficient
conditions of global well posedness with supercritical energy level by combining with comparison principle
and semigroup theory for (5).

Recently, in [27] the author also investigated the problem (5). He studied the global existence of
solutions by combining the energy method with the Faedo-Galerkin’s procedure. Moreover, he discussed
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the asymptotic stability by using Nakao’s technique. Finally, he got blow up of solution when initial energy
is negative.

We extent the prior works to coupled system where we associate the viscoelastic parabolic Kirchhoff-type
equations with memory term to merged a more applications area.

This paper is organized as follows: In Section 2, we establish some notations and stament of assumptions.
In Section 3-4, we discuss the blow up and the growth of solutions, respectively.

2. Preliminaries

In the present section, we shall give some assumptions for the proof of our results. Let ∥.∥, ∥.∥p and
(u, v) =

∫
Ω

u(x)v(x)dx denote the usual L2 (Ω) norm, Lp (Ω) norm and inner product of L2(Ω), respectively.
Throughout this paper, we accept that C is a general positive constant.

To state and prove our results, we need some assumptions:
For the numbers m and q, we suppose that

{
2 < q < m ≤ 2(n−1)

n−2 if n > 2,
2 < q < m < +∞ if n = 1, 2.

(6)

Regarding the functions f1(u, v), f2(u, v) ∈ C1 such that

f1(u, v) =
∂F (u, v)
∂u

, f2(u, v) =
∂F (u, v)
∂v

and {
l0(|u|m + |v|m) ≤ F(u, v) ≤ l1(|u|m + |v|m),

u f1(u, v) + v f2(u, v) = (m + 1)F(u, v) (7)

where l0, l1 are positive constants.
The relaxation functions ωi (i = 1, 2) are C1 nonnegative functions such that

ωi(0) > 0, 1 −
∫
∞

0
ωi(s)ds = ηi > 0, (8)

There exist two positive differentiable functions ξ1 and ξ2 such that

ωi(t) > 0, ω′i (t) ≤ 0, ω′i (t) ≤ −ξi(t)ωi(t),
∫
∞

0
ξi(t)dt = ∞, (i = 1, 2), for t ≥ 0.

Also, we introduce following notation:

(ωi ◦ ∇w)(t) =
∫ t

0
ωi(t − s) ∥∇w(t) − ∇w(s)∥2 ds.

Combining arguments of [1, 7, 24], (u(x, t), v(x, t)) is called a solution of problem (1) on Ω × [0,T) if u, v ∈ C(0,T; W
1,2(γ+1)
0 (Ω)) ∩ C1(0,T; L2(Ω)),

|u|q−2 ut, |v|q−2 vt ∈ L2(Ω × [0,T))
(9)

satisfying the initial condition u(x, 0) = u0(x), v(x, 0) = v0(x) and

(ut,w) +
((

1 +
(∫
Ω

|∇u|2 dx
)γ)
∇u,∇w

)
−

(∫ t

0
ω1(t − s)∇u (s) ds,∇w

)
+

(
|u|q−2 ut,w

)
=

(
f1(u, v),w

)
,(10)

(
vt, φ

)
+

((
1 +

(∫
Ω

|∇v|2 dx
)γ)
∇v,∇φ

)
−

(∫ t

0
ω2(t − s)∇v (s) ds,∇φ

)
+

(
|v|q−2 vt, φ

)
=

(
f2(u, v), φ

)
(11)
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for all w, φ ∈ C(0,T; W
1,2(γ+1)
0 (Ω)).

The energy functional associated with problem (1) is

E (t) =
1
2

1 −

t∫
0

ω1 (s) ds

 ∥∇u∥2 +
1
2

1 −

t∫
0

ω2 (s) ds

 ∥∇v∥2

+
1

2
(
γ + 1

) ∥∇u∥2(γ+1) +
1

2
(
γ + 1

) ∥∇v∥2(γ+1)

+
1
2

[(ω1 ◦ ∇u) (t) + (ω2 ◦ ∇v) (t)] −
∫
Ω

F(u, v)dx, (12)

where u, v ∈W
1,2(γ+1)
0 (Ω).

Multiplying the first equation in (1) by ut and second by vt, integrating overΩ, since ω′i (s) ≤ 0,we have

E′(t) = − ∥ut∥
2
− ∥vt∥

2
−

∫
Ω

|u|q−2 u2
t dx −

∫
Ω

|v|q−2 v2
t dx

+
1
2

(
ω′1 ◦ ∇u

)
(t) +

1
2

(
ω′2 ◦ ∇v

)
(t)

−
1
2
ω1 (t) ∥∇u∥2 −

1
2
ω2 (t) ∥∇v∥2

≤ 0. (13)

3. Blow up of solutions

In this section, we deal with the blow up results of the solution for the system (1).

Theorem 3.1. Suppose that (6) and (8) hold, u0, v0 ∈ W
1,2(γ+1)
0 (Ω) and (u, v) is a local solution of the system (1).

Assume further that

E(0) < 0

and ∫ t

0
ωi (s) ds ≥

γ

γ + 1/4
.

Then, the solution of the system (1) blows up in finite time.

Proof. We set

H(t) = −E(t). (14)

From (14) and (13)

H′(t) = −E′(t) ≥ 0. (15)

Since E(0) < 0, we get

H(0) = −E(0) > 0. (16)

By integrating (15), we obtain

0 < H(0) ≤ H(t). (17)
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By using (14) and (12)

H(t) −
∫
Ω

F(u, v)dx = −
1
2

1 −

t∫
0

ω1 (s) ds

 ∥∇u∥2 −
1
2

1 −

t∫
0

ω2 (s) ds

 ∥∇v∥2

−
1

2
(
γ + 1

) (
∥∇u∥2(γ+1) + ∥∇v∥2(γ+1))

−
1
2

[(ω1 ◦ ∇u) (t) + (ω2 ◦ ∇v) (t)]

< 0. (18)

Then, by using (7), we have

0 < H(0) ≤ H(t) ≤
∫
Ω

F(u, v)dx ≤ l1
(
∥u∥mm + ∥v∥

m
m
)
. (19)

Then, we define

Ψ (t) = H1−σ(t) +
ε
2
∥u∥2 +

ε
2
∥v∥2 , (20)

where ε > 0 small to be chosen later and 0 < σ ≤ (m− 2)/m since 2 < m. By differentiating (20) and by using
(1) and (7), we get

Ψ′ (t) = (1 − σ)H−σ(t)H′(t) + ε
∫
Ω

uutdx + ε
∫
Ω

vvtdx

= (1 − σ)H−σ(t)H′(t) − ε ∥∇u∥2(γ+1)
− ε ∥∇v∥2(γ+1)

−ε

(
1 −

∫ t

0
ω1 (t − s) ds

)
∥∇u∥2 − ε

(
1 −

∫ t

0
ω2 (t − s) ds

)
∥∇v∥2

−ε

∫
Ω

∇u (t)
∫ t

0
ω1 (t − s) (∇u (t) − ∇u (s)) dsdx

−ε

∫
Ω

∇v (t)
∫ t

0
ω2 (t − s) (∇v (t) − ∇v (s)) dsdx

+ε(m + 1)
∫
Ω

F(u, v)dx − ε
∫
Ω

|u|q−2 uu2
t dx − ε

∫
Ω

|v|q−2 vv2
t dx

≥ (1 − σ)H−σ(t)H′(t) − ε
[
∥∇u∥2(γ+1) + ∥∇v∥2(γ+1)]

−ε

(
1 −

∫ t

0
ω1 (t − s) ds

)
∥∇u∥2 − ε

(
1 −

∫ t

0
ω2 (t − s) ds

)
∥∇v∥2

−ε

∫ t

0
ω1 (t − s)

∫
Ω

∇u (t) (∇u (τ) − ∇u (t)) dxds

−ε

∫ t

0
ω2 (t − s)

∫
Ω

∇v (t) (∇v (τ) − ∇v (t)) dxds

+ε(m + 1)
(
∥u∥mm + ∥v∥

m
m
)
− ε

∫
Ω

|u|q−2 uu2
t dx − ε

∫
Ω

|v|q−2 vv2
t dx (21)

In order to estimate the last terms in (21), we use the following Young’s inequality

ab ≤ δ−1a2 + δb2,
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for δ > 0,with a = |u|
q−2

2 ut and b = |u|
q−2

2 u,we have∫
Ω

|u|q−2 uutdx ≤

∫
Ω

|u|
q−2

2 ut |u|
q−2

2 udx

≤ δ−1
∫
Ω

|u|q−2 u2
t dx + δ

∫
Ω

|u|q dx.

In the same way for a = |v|
q−2

2 vt and b = |v|
q−2

2 v, we get∫
Ω

|v|q−2 vvtdx ≤ δ−1
∫
Ω

|v|q−2 v2
t dx + δ

∫
Ω

|v|q dx.

The Cauchy-Schwarz and Young’s inequalities allows us to estimate the sixth and seventh term in the
right-hand side of (21) as follows∫ t

0
ω1 (t − s)

∫
Ω

∇u (t) (∇u (τ) − ∇u (t)) dxds ≤

∫ t

0
ω1 (t − s) ∥∇u (t)∥2 ∥∇u (τ) − ∇u (t)∥2 dτ

≤ (ω1 ◦ ∇u) (t) +
1
4

(∫ t

0
ω1 (s) ds

)
∥∇u∥2 .

Similarly∫ t

0
ω2 (t − s)

∫
Ω

∇v (t) (∇v (τ) − ∇v (t)) dxds ≤ (ω2 ◦ ∇v) (t) +
1
4

(∫ t

0
ω2 (s) ds

)
∥∇v∥2 .

So, (21) becomes

Ψ′ (t) ≥ (1 − σ)H−σ(t)H′(t) − ε
[
∥∇u∥2(γ+1) + ∥∇v∥2(γ+1)]

−ε

(
1 −

3
4

∫ t

0
ω1 (s) ds

)
∥∇u∥2 − ε

(
1 −

3
4

∫ t

0
ω2 (s) ds

)
∥∇v∥2

−ε [(ω1 ◦ ∇u) (t) + (ω2 ◦ ∇v) (t)] + ε(m + 1)
(
∥u∥mm + ∥v∥

m
m
)

−εδ
(
∥u∥qq + ∥v∥

q
q

)
− εδ−1

∫
Ω

|u|q−2 u2
t dx − εδ−1

∫
Ω

|v|q−2 v2
t dx

≥ (1 − σ)H−σ(t)H′(t) − ε
[
∥∇u∥2(γ+1) + ∥∇v∥2(γ+1)]

−ε

1 − 3
4

∫ t

0 ω1 (s) ds

1 −
∫ t

0 ω1 (s) ds

 η1 ∥∇u∥2 − ε

1 − 3
4

∫ t

0 ω2 (s) ds

1 −
∫ t

0 ω2 (s) ds

 η2 ∥∇v∥2

−ε [(ω1 ◦ ∇u) (t) + (ω2 ◦ ∇v) (t)] + ε(m + 1)
(
∥u∥mm + ∥v∥

m
m
)

−εδ
(
∥u∥qq + ∥v∥

q
q

)
− εδ−1

∫
Ω

|u|q−2 u2
t dx − εδ−1

∫
Ω

|v|q−2 v2
t dx. (22)

We denote ki =
1− 3

4

∫ t
0 ωi(s)ds

1−
∫ t

0 ωi(s)ds
, i = 1, 2.

Ψ′ (t) ≥ (1 − σ)H−σ(t)H′(t) − ε
[
∥∇u∥2(γ+1) + ∥∇v∥2(γ+1)]

−εk1η1 ∥∇u∥2 − εk2η2 ∥∇v∥2

−ε [(ω1 ◦ ∇u) (t) + (ω2 ◦ ∇v) (t)] + ε(m + 1)
(
∥u∥mm + ∥v∥

m
m
)

−εδ
(
∥u∥qq + ∥v∥

q
q

)
− εδ−1

∫
Ω

|u|q−2 u2
t dx − εδ−1

∫
Ω

|v|q−2 v2
t dx
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≥ (1 − σ)H−σ(t)H′(t) − ε
[
∥∇u∥2(γ+1) + ∥∇v∥2(γ+1)]

−εmin {ki}
i=1,2

(
η1 ∥∇u∥2 + η2 ∥∇v∥2

)
−ε [(ω1 ◦ ∇u) (t) + (ω2 ◦ ∇v) (t)] + ε(m + 1)

(
∥u∥mm + ∥v∥

m
m
)

−εδ
(
∥u∥qq + ∥v∥

q
q

)
− εδ−1

∫
Ω

|u|q−2 u2
t dx − εδ−1

∫
Ω

|v|q−2 v2
t dx

Then, from the definition H(t), we have

Ψ′ (t) ≥ (1 − σ)H−σ(t)H′(t) − ε
[
∥∇u∥2(γ+1) + ∥∇v∥2(γ+1)]

−εmin {ki}
i=1,2

[
−2H(t) −

1(
γ + 1

) ∥∇u∥2(γ+1)
−

1(
γ + 1

) ∥∇v∥2(γ+1)

− (ω1 ◦ ∇u) (t) − (ω2 ◦ ∇v) (t) + 2
∫
Ω

F(u, v)dx
]

−ε [(ω1 ◦ ∇u) (t) + (ω2 ◦ ∇v) (t)] + ε(m + 1)
(
∥u∥mm + ∥v∥

m
m
)

−εδ
(
∥u∥qq + ∥v∥

q
q

)
− εδ−1

∫
Ω

|u|q−2 u2
t dx − εδ−1

∫
Ω

|v|q−2 v2
t dx

≥ (1 − σ)H−σ(t)H′(t) + 2εmin {ki}
i=1,2

H(t)

+ε

[
min {ki}

i=1,2

1(
γ + 1

) − 1
] (
∥∇u∥2(γ+1) + ∥∇v∥2(γ+1))

+ε

(
min {ki}

i=1,2
− 1

)
[(ω1 ◦ ∇u) (t) + (ω2 ◦ ∇v) (t)]

+ε

(
m + 1 − 2 min {ki}

i=1,2

) (
∥u∥mm + ∥v∥

m
m
)

−εδ
(
∥u∥qq + ∥v∥

q
q

)
− εδ−1

∫
Ω

|u|q−2 u2
t dx − εδ−1

∫
Ω

|v|q−2 v2
t dx (23)

As the embedding Lm (Ω) ↪→ Lq (Ω) ↪→ L2 (Ω) ,
(
since m > q > 2

)
, we have{

∥u∥qq ≤ C ∥u∥qm ≤ C(∥u∥mm)
q
m ,

∥v∥qq ≤ C ∥v∥qm ≤ C(∥v∥mm)
q
m .

(24)

Since 0 < q
m < 1, now applying the following inequality

xl
≤ (x + 1) ≤ (1 +

1
z

)(x + z), (25)

which holds for all x ≥ 0, 0 ≤ l ≤ 1, z > 0, especially, taking x = ∥u∥mm , l =
q
m , z = H(0),we get

C(∥u∥mm)
q
m ≤ (1 +

1
H(0)

)
(
∥u∥mm +H(0)

)
,

similarly

C(∥v∥mm)
q
m ≤ (1 +

1
H(0)

)
(
∥v∥mm +H(0)

)
.

Then, from (19) and (24), we get

∥u∥qq + ∥v∥
q
q ≤ C

(
∥u∥qm + ∥v∥

q
m

)
≤ C1(∥u∥mm + ∥v∥

m
m). (26)
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Insert (26) into (23), it follows that

Ψ′ (t) ≥ (1 − σ)H−σ(t)H′(t) + 2εmin {ki}
i=1,2

H(t) + εc′
(
∥u∥mm + ∥v∥

m
m
)

−εδ−1
∫
Ω

|u|q−2 u2
t dx − εδ−1

∫
Ω

|v|q−2 v2
t dx, (27)

where we pick δ small enough such that c′ = m + 1 − 2 min {ki}
i=1,2

− C1δ > 0 and taking δ−1 = βH−σ(t) (27)

follows that

Ψ′ (t) ≥ (1 − σ − βε)H−σ(t)H′(t) + 2εmin {ki}
i=1,2

H(t) + εc′
(
∥u∥mm + ∥v∥

m
m
)

≥ α(H(t) + ∥u∥mm + ∥v∥
m
m), (28)

where α = min
{

2εmin {ki}
i=1,2

, εc′
}

and we pick ε small enough such that 1 − σ − βε ≥ 0.

We now estimateΨ
1

1−σ (t) . From definition ofΨ (t)

Ψ
1

1−σ (t) =
(
H1−σ(t) +

ε
2
∥u∥2 +

ε
2
∥v∥2

) 1
1−σ

. (29)

As the embedding Lm (Ω) ↪→ L2 (Ω) , m > 2, we have

Ψ
1

1−σ (t) ≤ C
(
H(t) + ∥u∥2/(1−σ)m + ∥v∥2/(1−σ)m

)
. (30)

Now, by the inequality xl
≤ (x + 1) ≤ (1 + 1

z )(x + z) for x = ∥u∥mm , l = 2/m(1 − σ) < 1, since σ < (m − 2)/m,
z = H(0),we get

∥u∥2/(1−σ)m ≤ (∥u∥mm)2/m(1−σ)
≤ (1 +

1
H(0)

)
(
∥u∥mm +H(0)

)
≤ C ∥u∥mm . (31)

In the same way, we get

∥v∥2/(1−σ)m ≤ C ∥v∥mm . (32)

Therefore, (30) becomes that

Ψ
1

1−σ (t) ≤ C
(
H(t) + ∥u∥mm + ∥v∥

m
m
)
. (33)

By associatining of (28) and (33) we reach

Ψ′ (t) ≥ ξΨ
1

1−σ (t) , (34)

where ξ > 0 is a constant. A simple integration (34) from 0 to t yields that Ψ
σ

1−σ (t) ≥ 1
Ψ−

σ
1−σ (0)− ξσt1−σ

, which

implies that the solution blows up in a finite time T∗,with

T∗ ≤
1 − σ

ξσΨ
σ

1−σ (0)
.
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4. Growth of solutions

In this section, we state and prove exponential growth result.

Theorem 4.1. Suppose that (6) and (8) hold, u0, v0 ∈ W
1,2(γ+1)
0 (Ω) and (u, v) is a solution of the system (1).

Furthermore, we assume that

E(0) < 0

and ∫ t

0
ωi (s) ds ≥

γ

γ + 1/2
.

Then the solution of the system (1) grows exponentially.

Proof. Let us define the functional

𭟋 (t) = H(t) +
ε
2
∥u∥2 +

ε
2
∥v∥2 , (35)

where H(t) = −E(t). By differentiating (35) and using Eq.(1), we get

𭟋
′

(t) = H
′

(t) + ε
(∫
Ω

uutdx +
∫
Ω

vvtdx
)

= ∥ut∥
2 + ∥vt∥

2 +

∫
Ω

|u|q−2 u2
t dx +

∫
Ω

|v|q−2 v2
t dx

−
1
2

(
ω′1 ◦ ∇u

)
(t) −

1
2

(
ω′2 ◦ ∇v

)
(t)

+
1
2
ω1 (s) ∥∇u (t)∥2 +

1
2
ω2 (s) ∥∇v (t)∥2

−ε

∫
Ω

|u|q−2 uutdx − ε
∫
Ω

|v|q−2 vv2
t dx

−ε ∥∇u∥2 − ε ∥∇v∥2 − ε ∥∇u∥2(γ+1)
− ε ∥∇v∥2(γ+1)

+ε

∫
Ω

[
u f1(u, v) + v f2(u, v)

]
dx

+ε

∫
Ω

∫ t

0
ω1 (t − s)∇u (t)∇u (s) dsdx

+ε

∫
Ω

∫ t

0
ω2 (t − s)∇v (t)∇v (s) dsdx. (36)

𭟋
′

(t) ≥ ∥ut∥
2 + ∥vt∥

2
− ε ∥∇u∥2 − ε ∥∇v∥2 − ε ∥∇u∥2(γ+1)

− ε ∥∇v∥2(γ+1)

+ε(m + 1)
∫
Ω

F(u, v)dx + ε
∫
Ω

∫ t

0
ω1 (t − s)∇u (t)∇u (s) dsdx

+ε

∫
Ω

∫ t

0
ω2 (t − s)∇v (t)∇v (s) dsdx

+

∫
Ω

|u|q−2 u2
t dx +

∫
Ω

|v|q−2 v2
t dx − ε

∫
Ω

|u|q−2 uutdx − ε
∫
Ω

|v|q−2 vv2
t dx. (37)

In order to estimate the last two terms in the right-hand side of (37), we use the following Young’s inequality,

ab ≤ δ−1a2 + δb2,
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so we have∫
Ω

|u|q−2 uutdx ≤

∫
Ω

|u|
q−2

2 ut |u|
q−2

2 udx

≤ δ−1
∫
Ω

|u|q−2 u2
t dx + δ

∫
Ω

|u|q dx.

Similarly,∫
Ω

|v|q−2 vvtdx ≤ δ−1
∫
Ω

|v|q−2 v2
t dx + δ

∫
Ω

|v|q dx.

Therefore, combining with∫
Ω

∫ t

0
ω1 (t − s)∇u (t)∇u (s) dsdx

=

∫ t

0
ω1 (s) ds ∥∇u∥2 +

∫ t

0
ω1 (t − s)

∫
Ω

∇u (t) (∇u (s) − ∇u (t)) dxds

≥ −
1
2

(ω1 ◦ ∇u) (t) +
1
2

(∫ t

0
ω1 (s) ds

)
∥∇u∥2 .

Similarly∫
Ω

∫ t

0
ω2 (t − s)∇v (t)∇v (s) dsdx ≤ −

1
2

(ω2 ◦ ∇v) (t) +
1
2

(∫ t

0
ω2 (s) ds

)
∥∇v∥2 .

Then, (37) becomes

𭟋
′

(t) ≥ ∥ut∥
2 + ∥vt∥

2
− ε

(
1 −

1
2

∫ t

0
ω1 (s) ds

)
∥∇u∥2 − ε

(
1 −

1
2

∫ t

0
ω2 (s) ds

)
∥∇v∥2

−ε
[
∥∇u∥2(γ+1) + ∥∇v∥2(γ+1)] + ε(m + 1)

(
∥u∥mm + ∥v∥

m
m
)

−
ε
2

(ω1 ◦ ∇u) (t) −
ε
2

(ω2 ◦ ∇v) (t)

−εδ
(
∥u∥qq + ∥v∥

q
q

)
+

(
1 − εδ−1

) ∫
Ω

|u|q−2 u2
t dx +

(
1 − εδ−1

) ∫
Ω

|v|q−2 v2
t dx

≥ ∥ut∥
2 + ∥vt∥

2
− ε

1 − 1
2

∫ t

0 ω1 (s) ds

1 −
∫ t

0 ω1 (s) ds

 η1 ∥∇u∥2 − ε

1 − 1
2

∫ t

0 ω2 (s) ds

1 −
∫ t

0 ω2 (s) ds

 η2 ∥∇v∥2

−ε
[
∥∇u∥2(γ+1) + ∥∇v∥2(γ+1)] + ε(m + 1)

(
∥u∥mm + ∥v∥

m
m
)

−
ε
2

(ω1 ◦ ∇u) (t) −
ε
2

(ω2 ◦ ∇v) (t)

−εδ
(
∥u∥qq + ∥v∥

q
q

)
+

(
1 − εδ−1

) ∫
Ω

|u|q−2 u2
t dx +

(
1 − εδ−1

) ∫
Ω

|v|q−2 v2
t dx. (38)

We denote λi =
1− 1

2

∫ t
0 ωi(s)ds

1−
∫ t

0 ωi(s)ds
, i = 1, 2.

𭟋
′

(t) ≥ ∥ut∥
2 + ∥vt∥

2
− ελ1η1 ∥∇u∥2 − ελ2η2 ∥∇v∥2

−ε
[
∥∇u∥2(γ+1) + ∥∇v∥2(γ+1)] + ε(m + 1)

(
∥u∥mm + ∥v∥

m
m
)

−
ε
2

(ω1 ◦ ∇u) (t) −
ε
2

(ω2 ◦ ∇v) (t)

−εδ
(
∥u∥qq + ∥v∥

q
q

)
+

(
1 − εδ−1

) ∫
Ω

|u|q−2 u2
t dx +

(
1 − εδ−1

) ∫
Ω

|v|q−2 v2
t dx
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≥ ∥ut∥
2 + ∥vt∥

2
− εminλi

i=1,2

(
η1 ∥∇u∥2 + η2 ∥∇v∥2

)
−ε

[
∥∇u∥2(γ+1) + ∥∇v∥2(γ+1)] + ε(m + 1)

(
∥u∥mm + ∥v∥

m
m
)

−
ε
2

(ω1 ◦ ∇u) (t) −
ε
2

(ω2 ◦ ∇v) (t)

−εδ
(
∥u∥qq + ∥v∥

q
q

)
+

(
1 − εδ−1

) ∫
Ω

|u|q−2 u2
t dx +

(
1 − εδ−1

) ∫
Ω

|v|q−2 v2
t dx. (39)

From H (t) definition, (39) becomes

𭟋′ (t) ≥ 2εmin {λi}
i=1,2

H(t) + ∥ut∥
2 + ∥vt∥

2 + ε(m + 1 − 2min {λi}
i=1,2

)
(
∥u∥mm + ∥v∥

m
m
)

−ε

(
1 −

1
γ + 1

min {λi}
i=1,2

) [
∥∇u∥2(γ+1) + ∥∇v∥2(γ+1)]

+ε

(
min {λi}

i=1,2
−

1
2

)
[(ω1 ◦ ∇u) (t) + (ω2 ◦ ∇v) (t)]

−εδ
(
∥u∥qq + ∥v∥

q
q

)
+

(
1 − εδ−1

) ∫
Ω

|u|q−2 u2
t dx +

(
1 − εδ−1

) ∫
Ω

|v|q−2 v2
t dx. (40)

Then, from (26) we obtain

𭟋′ (t) ≥ ε2min {λi}
i=1,2

H(t) + ∥ut∥
2 + ∥vt∥

2 + εa1
(
∥u∥mm + ∥v∥

m
m
)

+εa2 [(ω1 ◦ ∇u) (t) + (ω2 ◦ ∇v) (t)]

+
(
1 − εδ−1

) ∫
Ω

|u|q−2 u2
t dx +

(
1 − εδ−1

) ∫
Ω

|v|q−2 v2
t dx,

where δ small enough such that a1 = m + 1 − 2min {λi}
i=1,2

− δC1 > 0 and a2 = min {λi}
i=1,2

−
1
2 > 0, then taking ε

and δ small enough such that 1 − εδ−1 > 0,we have

𭟋′ (t) ≥ C(H(t) + ∥ut∥
2 + ∥vt∥

2 + ∥u∥mm + ∥v∥
m
m + (ω1 ◦ ∇u) (t) + (ω2 ◦ ∇v) (t)). (41)

On the other hand, by definition of F(t), we get

𭟋(t) = H(t) +
ε
2
∥u∥2 +

ε
2
∥v∥2 .

As the embedding Lm (Ω) ↪→ L2 (Ω) , m > 2, and then using the inequality xl
≤ (x + 1) ≤ (1 + 1

z )(x + z) for
x = ∥u∥mm , l = 2/m < 1, z = H(0),we get

𭟋(t) ≤ C
(
H(t) + ∥u∥mm + ∥v∥

m
m
)

(42)

≤ C
(
H(t) + ∥u∥mm + ∥v∥

m
m + ∥ut∥

2 + ∥vt∥
2 + (ω1 ◦ ∇u) (t) + (ω2 ◦ ∇v) (t)

)
. (43)

From (41) and (43), we arrive at

𭟋′ (t) ≥ r𭟋(t), (44)

where r is a positive constant.
Integration of (44) over (0, t) gives us

𭟋 (t) ≥ 𭟋(0) exp(rt).

From (42) and (19), we get

𭟋 (t) ≤ H(t) ≤ ∥u∥mm + ∥v∥
m
m .

Consequently, we show that the solution in the Lm-norm growths exponentially.
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