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Abstract. We consider canonical F-planar mappings of spaces with affine connection onto 3-symmetric
spaces. The main equations for the mappings have been obtained as a closed system of PDEs of Cauchy
type in covariant derivatives. We have found the maximum numbers of essential parameters which the
general solution of the system depends on.

1. Introduction.

The paper is devoted to further study of the theory of almost geodesic mappings of affinely connected
spaces. The theory goes back to the paper by T. Levi-Civita [20], in which the problem on the search for
Riemannian spaces with common geodesics was stated and solved in a special coordinate system. We note
a remarkable fact that this problem is related to the study of equations of dynamics of mechanical systems.

The theory of geodesic mappings has been developed by T. Thomas, H. Weyl, P.A. Shirokov, A.S. Solodov-
nikov, N.S. Sinyukov, A.V. Aminova, J. Mikeš, and others, see [23, 31].

Issues arisen by the exploration were studied by V.F. Kagan, G. Vrançeanu, Ya.L. Shapiro, D.V. Vedenyapin.
The authors discover special classes of (n − 2)-spaces. In [24] A.Z. Petrov introduced the notion of quasi-
geodesic mappings. In particular, holomorphically projective mappings of Kählerian spaces are special
quasi-geodesic mappings; they were examined by T. Otsuki, Y. Tashiro, M. Prvanović, J. Mikeš, and others,
see [23, 31].

A natural generalization of these classes of mappings is the class of almost geodesic mappings introduced
by Sinyukov (see [30–32]). He also specified three types of almost geodesic mappings π1, π2, π3. The theory
of almost geodesic mappings was developed by V.S. Sobchuk [33, 34], N.Y. Yablonskaya [40], V.E. Berezovski,
J. Mikeš [2–15, 39], Lj.S. Velimirović, N. Vesić, M.S. Stanković, [25, 27, 28, 35–38] et al.
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F-planar mappings were introduced by N.S. Sinyukov and J. Mikeš (see [21]) as a further generalization
of almost geodesic and holomorphically projective ones. In the same manner, F-planar mappings were
studied between manifolds endowed with non-symmetric linear connection [26].

Definition and theorems of the F-planar mappings theory which are given below are presented in
monographs [22, 23] and in an expository article [19].

Our study is restricted to the local theory, and we assume that all geometric objects we consider not
only continuous but also sufficiently smooth.

2. Basic definitions of the F-planar mappings theory of spaces with affine connection.

Let us consider an n-dimensional space An with an affine torsion-free connection ∇ and affinor structure
F (, Id). The space is referred to a local coordinate system x = (x1, x2, . . . , xn), Γh

ij(x) and Fh
i (x) (, a · δh

i ) are

components of ∇ and F, where δh
i is the Kronecker delta and a is some function.

A curve ℓ given by the equation xh = xh(t) is called F-planar if its tangent vector λh(t) ≡ dxh(t)/dt subjected
by the parallel translation along the curve belongs to the distribution generated by the vector fieldsλ and Fλ.

According to this definition, a curve ℓ is F-planar if and only if the following condition holds

λh
,αλ

α = ρ1(x)λh + ρ2(x)λαFh
α,

where ρ1(t) and ρ2(t) are some functions of the parameter t, we denote by comma ′′,′′ the covariant derivative
with respect to the connection ∇ of the space An.

The set of F-planar curves in a space An is a very wide one. It includes geodesics, planar curves,
quasi-geodesic curves, and others.

Suppose two affinely connected spaces An and Ān are given and there are defined structural affinors F
and F̄ respectively. J. Mikeš and N.S. Sinyukov [21] introduced the following terms:

A mapping π : An → Ān is an F-planar mapping if any F-planar curve of An is mapped under f onto an
F̄-planar curve in Ān.

Let us consider the spaces An and Ān which are referred to a common coordinate system x1, x2, . . . , xn

with respect to the F-planar mapping. The tensor

Ph
ij(x) = Γ̄h

ij(x) − Γh
ij(x), (1)

is called a deformation tensor [1, 31]. Here Γh
ij(x) and Γ̄h

ij(x) are components of the affine connection in An

and Ān.
From [19] it follows that a mapping π : An → Ān (n > 2) is F-planar if and only if the deformation tensor

Ph
ij(x) of the mapping π in a common coordinate system x1, x2, . . . , xn satisfies the condition

Ph
ij = δ

h
(iψ j) + Fh

(iφ j),

where ψi(x) and φi(x) are some covectors, we denote by the round parentheses an operation called sym-
metrization without division with respect to the indices i and j.

An F-planar mapping π for which ψi ≡ 0 is called canonical. It is known that any F-planar mapping can
be written as the composition of a canonical F-planar mapping and a geodesic mapping. The latter may be
referred to as a trivial F-planar mapping.

Hence, canonical F-planar mappings in a common coordinate system x1, x2, . . . , xn with respect to the
mapping are determined by the equations

Ph
ij = Fh

(iφ j). (2)

Suppose that the affinor Fh
i defined in the space An satisfies the condition

Fh
αFαi = eδh

i , (3)

where e = ∓1. Such F-planar mappings we denote by π(e), where e = ∓1.
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3. Canonical F-planar mappingsπ(e) (e = ∓1) of spaces with affine connections onto 3-symmetric spaces.

A space Ān with an affine connection is called (locally) symmetric if its Riemann tensor field is parallel.
Symmetric spaces were introduced by P.A. Shirokov [29] and É. Cartan [17], see also S. Helgason [18].
Precisely, symmetric spaces satisfy the conditions R̄h

ijk;m = 0, where R̄h
ijk is the Riemann tensor of the

space Ān, the symbol ”; ” denotes a covariant derivative with respect to the connection ∇̄ of the space Ān.
A space Ān with an affine connection is called 2-symmetric and 3-symmetric if its Riemann tensor R̄h

ijk

satisfies the conditions R̄h
ijk;m1m2

= 0 and R̄h
ijk;m1m2m3

= 0.
Canonical F-planar mappings π(e) (e = ∓1) of spaces with affine connection onto 2-symmetric spaces

were studied in [16].
Obviously, symmetric spaces are 2-symmetric spaces, and 2-symmetric spaces are 3-symmetric ones.
Let us consider canonical F-planar mappings π(e) (e = ∓1) of spaces with affine connection onto 3-

symmetric spaces Ān. The mapping are characterized by the equations (2). Assume that the spaces An
and Ān are referred to a common coordinate system x1, x2, . . . , xn and the affinor Fh

i defined in the space An
satisfies the condition (3).

Since R̄h
ijk;m =

∂R̄h
ijk

∂xm + Γ̄
h
mαR̄αi jk − Γ̄

α
miR̄

h
α jk − Γ̄

α
mjR̄

h
iαk − Γ̄

α
mkR̄h

ijα, then taking account of (1) we can obtain

R̄h
ijk;m = R̄h

ijk,m + Ph
mαR̄αi jk − PαmiR̄

h
α jk − PαmjR̄

h
iαk − PαmkR̄h

ijα. (4)

According to the definition of covariant derivative

(
R̄h

ijk;m

)
,ρ1
=
∂R̄h

ijk;m

∂xρ1
+ Γh

αρ1
R̄αi jk;m − Γ

α
iρ1

R̄h
α jk;m − Γ

α
jρ1

R̄h
iαk;m − Γ

α
kρ1

R̄h
ijα;m − Γ

α
mρ1

R̄h
ijk;α,

and taking account of (1), we have(
R̄h

ijk;m

)
,ρ1
= R̄h

ijk;mρ1
− Ph

αρ1
R̄αi jk;m + Pαiρ1

R̄h
α jk;m + Pαjρ1

R̄h
iαk;m + Pαkρ1

R̄h
ijα;m + Pαmρ1

R̄h
ijk;α. (5)

Differentiating (4) with respect to xρ1 in the space An, we get(
R̄h

ijk;m

)
,ρ1
= R̄h

ijk,mρ1
+ Ph

mα,ρ1
R̄αi jk + Ph

mαR̄αi jk,ρ1
− Pαmi,ρ1

R̄h
α jk − PαmiR̄

h
α jk,ρ1

−Pαmj,ρ1
R̄h

iαk − PαmjR̄
h
iαk,ρ1

− Pαmk,ρ1
R̄h

ijα − PαmkR̄h
ijα,ρ1

.
(6)

Substituting in (5) from (6), we have

R̄h
ijk,mρ1

= R̄h
ijk;mρ1

− Ph
αρ1

R̄αi jk;m + Pαiρ1
R̄h
α jk;m + Pαjρ1

R̄h
iαk;m + Pαkρ1

R̄h
ijα;m + Pαmρ1

R̄h
ijk;α − Ph

mα,ρ1
R̄αi jk

−Ph
mαR̄αi jk,ρ1

+ Pαmi,ρ1
R̄h
α jk + PαmiR̄

h
α jk,ρ1

+ Pαmj,ρ1
R̄h

iαk + PαmjR̄
h
iαk,ρ1

+ Pαmk,ρ1
R̄h

ijα + PαmkR̄h
ijα,ρ1

.
(7)

Taking account of (2) and (4) the equations (7) can be written as

R̄h
ijk,mρ1

= R̄h
ijk;mρ1

+ Θh
ijkmρ1

, (8)

where

Θh
ijkmρ1

= − Fh
(αφρ1)

(
R̄αi jk,m + Θ

α
i jkm

)
+ Fα(iφρ1)

(
R̄h
α jk,m + Θ

h
α jkm

)
+ Fα( jφρ1)

(
R̄h

iαk,m + Θ
h
iαkm

)
+ Fα(kφρ1)

(
R̄h

ijα,m + Θ
h
ijαm

)
+Fα(mφρ1)

(
R̄h

ijk,α + Θ
h
ijkα

)
− Fh

(mφα),ρ1 R̄αi jk − Fh
(mφα)R̄αi jk,ρ1

+ Fα(mφi),ρ1 R̄h
α jk + Fα(mφi)R̄h

α jk,ρ1
+ Fα(mφ j),ρ1 R̄h

iαk

+Fα(mφ j)R̄h
iαk,ρ1

+ Fα(mφk),ρ1 R̄h
ijα + Fα(mφk)R̄h

ijα,ρ1
,

(9)

Θh
ijkm = Fh

(mφα)R̄αi jk − Fα(mφi)R̄h
α jk − Fα(mφ j)R̄h

iαk − Fα(mφk)R̄h
ijα. (10)
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Taking account of structure of the tensorΘh
ijkm defined by the formulas (10), one could see that the tensor

Θh
ijkmρ1

defined by the formulas (9), depends on the tensors Fh
k , R̄h

ijk, φk and their covariant derivatives with

respect to the connection of the space An. Also, we assume that the tensor Fh
k called affinor is given, and the

tensor satisfies the conditions (3).
According to the definition of covariant derivative

(
R̄h

ijk;mρ1

)
,ρ2
=
∂R̄h

ijk;mρ1

∂xρ2
+ Γh

αρ2
R̄αi jk;mρ1

− Γαiρ2
R̄h
α jk;mρ1

− Γαjρ2
R̄h

iαk;mρ1
− Γαkρ2

R̄h
ijα;mρ1

− Γαmρ2
R̄h

ijk;αρ1
− Γαρ1ρ2

R̄h
ijk;mα,

and taking account of (1), we get(
R̄h

ijk;mρ1

)
,ρ2
= R̄h

ijk;mρ1ρ2
− Ph

αρ2
R̄αi jk;mρ1

+ Pαiρ2
R̄h
α jk;mρ1

+ Pαjρ2
R̄h

iαk;mρ1
+ Pαkρ2

R̄h
ijα;mρ1

+ Pαmρ2
R̄h

ijk;αρ1
+ Pαρ1ρ2

R̄h
ijk;mα. (11)

Because of (2) and (8) it follows from (11) that(
R̄h

ijk;mρ1

)
,ρ2
= R̄h

ijk;mρ1ρ2
− Fh

(αφρ2)

(
R̄αi jk,mρ1

−Θαi jkmρ1

)
+ Fα(iφρ2)

(
R̄h
α jk,mρ1

−Θh
α jkmρ1

)
(12)

+Fα( jφρ2)

(
R̄h

iαk,mρ1
−Θh

iαkmρ1

)
+ Fα(kφρ2)

(
R̄h

ijα,mρ1
−Θh

ijαmρ1

)
+ Fα(mφρ2)

(
R̄h

ijk,αρ1
−Θh

ijkαρ1

)
+ Fα(ρ1

φρ2)

(
R̄h

ijk,mα −Θ
h
ijkmα

)
.

Let us differentiate the equations (8) covariantly with respect to xρ2 in the space An. Taking account of
(12), we get

R̄h
ijk,mρ1ρ2

= R̄h
ijk;mρ1ρ2

− Fh
(αφρ2)

(
R̄αi jk,mρ1

−Θαi jkmρ1

)
+ Fα(iφρ2)

(
R̄h
α jk,mρ1

−Θh
α jkmρ1

)
+Fα( jφρ2)

(
R̄h

iαk,mρ1
−Θh

iαkmρ1

)
+ Fα(kφρ2)

(
R̄h

ijα,mρ1
−Θh

ijαmρ1

)
+Fα(mφρ2)

(
R̄h

ijk,αρ1
−Θh

ijkαρ1

)
+ Fα(ρ1

φρ2)

(
R̄h

ijk,mα −Θ
h
ijkmα

)
+ Θh

ijkmρ1,ρ2
.

(13)

Suppose that the space with affine connection Ān is a 3-symmetric space, i.e. R̄h
ijk;m1m2m3

= 0, and from
(13) we get

R̄h
ijk,mρ1ρ2

= −Fh
(αφρ2)

(
R̄αi jk,mρ1

−Θαi jkmρ1

)
+ Fα(iφρ2)

(
R̄h
α jk,mρ1

−Θh
α jkmρ1

)
+Fα( jφρ2)

(
R̄h

iαk,mρ1
−Θh

iαkmρ1

)
+ Fα(kφρ2)

(
R̄h

ijα,mρ1
−Θh

ijαmρ1

)
+Fα(mφρ2)

(
R̄h

ijk,αρ1
−Θh

ijkαρ1

)
+ Fα(ρ1

φρ2)

(
R̄h

ijk,mα −Θ
h
ijkmα

)
+ Θh

ijkmρ1,ρ2
,

(14)

where the tensor Θh
ijkmρ1

is defined by formulas (9) and (10).
It is easy to see, that because of (9) and (10) the right hand side of the equations (14) depends on tensors

Fh
k , R̄h

ijk, φk and on their first and second covariant derivatives with respect to the connection of the space An.

Also, we assume, that the affinor Fh
i and its covariant derivatives Fh

i, j, Fh
i, jk are known.

It is known [31] that the Riemann tensors of the spaces with affine connection An and Ān are related to
each other by the equations

R̄h
ijk = Rh

ijk + Ph
ik, j − Ph

ij,k + PαikPh
α j − Pαi jP

h
αk. (15)

Taking account of structure of the deformation tensor (2), transforming the equations (15), we get

φi, jFh
k + φk, jFh

i − φi,kFh
j − φ j,kFh

i = Bh
ijk, (16)

where

Bh
ijk = R̄h

ijk − Rh
ijk − φi

(
Fh

k, j − Fh
j,k + eδh

kφ j + φαFαk Fh
j − eδh

jφk − φαFαj Fh
k

)
− φk

(
Fh

i, j + φαFαi Fh
j

)
+ φ j

(
Fh

i,k + φαFαi Fh
k

)
.
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Contracting (16) with the affinor Fm
ρ for indices ρ and h, we have

δm
k φi, j + δ

m
i φk, j − δ

m
j φi,k − δ

m
i φ j,k = eBαi jkFm

α . (17)

Contracting (17) for m indices k, we get

φk, j − φ j,k =
e

n + 1
Bαβ jkFβα. (18)

Finaly, let us contract (17) with respect to m and k. We obtain

nφi, j − φ j,i = eBαi jβF
β
α. (19)

Taking account of (18), the equations (19) could be written in the form

φi, j =
e

n − 1

(
Bαi jβ −

1
n + 1

Bαβ ji

)
Fβα. (20)

It should be remarked that the formulas (20) are obtained for the general case of canonical F-planar
mappings π(e) (e = ∓1) of spaces with affine connection.

Let us introduce the tensors R̄h
ijkm and R̄h

ijkmρ1
defined by

R̄h
ijk,m = R̄h

ijkm, (21)

R̄h
ijkm,ρ1

= R̄h
ijkmρ1

. (22)

Taking account of (21) and (22), we could write the equations (14) in the form

R̄h
ijkmρ1,ρ2

= −Fh
(αφρ2)

(
R̄αi jkmρ1

−Θαi jkmρ1

)
+ Fα(iφρ2)

(
R̄h
α jkmρ1

−Θh
α jkmρ1

)
+ Fα( jφρ2)

(
R̄h

iαkmρ1
−Θh

iαkmρ1

)
+Fα(kφρ2)

(
R̄h

ijαmρ1
−Θh

ijαmρ1

)
+ Fα(mφρ2)

(
R̄h

ijkαρ1
−Θh

ijkαρ1

)
+ Fα(ρ1

φρ2)

(
R̄h

ijkmα −Θ
h
ijkmα

)
+ Θh

ijkmρ1,ρ2
,

(23)

where

Θh
ijkmρ1

= −Fh
(αφρ1)

(
R̄αi jkm + Θ

α
i jkm

)
+ Fα(iφρ1)

(
R̄h
α jkm + Θ

h
α jkm

)
+ Fα( jφρ1)

(
R̄h

iαkm + Θ
h
iαkm

)
+ Fα(kφρ1)

(
R̄h

ijαm + Θ
h
ijαm

)
+Fα(mφρ1)

(
R̄h

ijkα + Θ
h
ijkα

)
− Fh

(mφα),ρ1 R̄αi jk − Fh
(mφα)R̄αi jkρ1

+ Fα(mφi),ρ1 R̄h
α jk + Fα(mφi)R̄h

α jkρ1
+ Fα(mφ j),ρ1 R̄h

iαk

+Fα(mφ j)R̄h
iαkρ1
+ Fα(mφk),ρ1 R̄h

ijα + Fα(mφk)R̄h
ijαρ1

,

(24)

the tensor Θh
ijkm is defined by the formulas (10).

In the following we have assumed that in (24) covariant derivatives of the vector φi are expressed
according to (20); in the tensor Θh

ijkmρ1,ρ2
we could see at (23), covariant derivatives of the vector φi are also

expressed according to (20), and covariant derivatives of the tensor R̄h
ijk are expressed according to (21).

Obviously, in the space An the equations (20), (21), (22), and (23) form a system of PDEs of Cauchy type
with respect to the functions φi(x), R̄h

ijk(x), R̄h
ijkm(x), R̄h

ijkmρ1
(x).

The functions R̄h
ijk(x), and also R̄h

ijkl(x), R̄h
ijklm(x), must satisfy the algebraic conditions

R̄h
i( jk) = 0, R̄h

(i jk) = 0, R̄h
i( jk)l = 0, R̄h

(i jk)l = 0, R̄h
i( jk)lm = 0, R̄h

(i jk)lm = 0. (25)

Hence we have proved the theorem.

Theorem 3.1. In order that a space An with an affine connection admit a canonical F-planar mapping π(e) (e = ∓1)
onto a 3-symmetric space Ān, it is necessary and sufficient that the mixed system of differential equations of Cauchy
type in covariant derivatives (20), (21), (22), (23), and (25) have a solution with respect to the unknown functions
φi(x), R̄h

ijk(x), R̄h
ijkl(x), R̄h

ijklm(x).

Obviously, the general solution of the closed mixed system of Cauchy type (20), (21), (22), (23), and (25)
depends on no more than

1/3 n2 (n2
− 1) (1 + n + n2) + n

essential parameters.
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[16] V.E. Berezovski, I.A. Kuzmina, J. Mikeš, Canonical F-planar mappings of spaces with affine connection to two symmetric spaces,

Lobachevskii J. Math. 43(3) (2022) 533—538.
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[19] I. Hinterleitner, J. Mikeš, On F-planar mappings of spaces with affine connections, Note Mat. 27:1 (2007) 111–118.
[20] T. Levi-Civita, Sulle trasformazioni dello equazioni dinamiche, Ann. Mat. 24 (1896) 252–300.
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[38] N.O. Vesić, L.S. Velimirović, M.S. Stanković, Some invariants of equitorsion third type almost geodesic mappings, Mediterr. J.

Math. 13 (2016) 4581–4590.
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