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Abstract. In this paper, we use multiplicative twice differentiable functions and establish two new mul-
tiplicative integral identities. Then, we use convexity for multiplicative twice differentiable functions and
establish some new midpoint and trapezoidal type inequalities in the framework of multiplicative calcu-
lus. Finally, we give some applications to special means of real numbers to make these inequalities more
interesting for the readers.

1. Introduction

In calculus and analysis, integration and differentiation are two fundamental operations. In actuality,
these are the infinitesimal forms of the operations on numbers for subtraction and addition, respectively.

New definitions of differentiation and integration in which the roles of addition and subtraction move to
multiplication and division and introduce a new calculus called multiplicative calculus. This is also called
non-Newtonian calculus. Despite answering all the conditions expected from calculus, multiplicative
calculus is not so much popular as the Newton and Leibnitz unfortunately.

Since the applications of multiplicative calculus are relatively limited than the calculus of Newton and
Leibnitz. Therefore a well-developed tool with a wider scope has already been made, the question of
whether it is fair to design a new tool with a limited scope arises. The solution is comparable to the question
of why mathematicians use a polar coordinate system when a rectangular coordinate system that better
describes points on a plane exists. We believe that the mathematical instrument of multiplicative calculus
can be particularly helpful for the study of economics and finance.

Assume for motivation’s sake that by depositing $0, one will receive $9 after a year. The original
number then fluctuates §/6 times. How frequently does it change each month? Assume that the change
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over a month is p times for this. The total then becomes 8 = Op'? for a year. The formula for computing p

isnow p = (9/ 6)%. Assuming that deposits fluctuate daily, hourly, minutely, secondarily, etc. and that the
function A indicating its value at various time points, is the formula

lim
h—0

(A(x+h))". 1)

h

The above formula shows that how the value of A (x) varies at moment x. For the compare of definition ,
the definition of derivative is

/ A+ - AR
N () = lim ST 2 @
We observe that the difference in (2) is replaced by division and the division by / is replace by the raising
to the reciprocal power 1/h. The limit (1) is called multiplicative derivative.

Analysis has long been the dominant area of mathematics, and inequalities play a major role in analysis.
The significance of inequalities has long been recognized in the field of mathematics. The mathematical
roots of the theory of inequality were set by eminent mathematicians in the 18" and 19 centuries. The
impact of inequalities was significant in the years that followed, and many well-known mathematicians
were drawn to the subject. In the 20" century, it was the ground breaking work of G. H. Hardy, J. E.
Littlewoods, and G. Polya which was published in 1934 that sparked the development of the field as a
subfield of modern mathematics.

The Hermite-Hadamard inequality, named after Charles Hermite and Jacques Hadamard and commonly
known as Hadamard’s inequality, says that if a function A : [0, 9] — R is convex, the following double
inequality holds:

9
A(6)+9)< 1 A(6)+A(8)' )

- <
2 )<5-g ), AWdrs 2

If A is a concave mapping, the above inequality holds in the opposite direction. The inequality (3) can
be proved using the Jensen inequlity. There has been much research done in the direction of Hermite-
Hadamard for different kinds of convexities. For example, in [1H4], the authors established some inequalities
linked with midpoint and trapezoid formulas of numerical integration for convex functions.

In [5] and [6], the authors used twice differentiability and established the following formulas of finding
the error bounds for midpoint and trapezoidal type inequalities:

Theorem 1.1. Let A : [0,9] — R be a twice differentiable and integrable functions. If A" is convex, then the
following inequalities holds:

AO) + A®) 1 9
‘ > _S—QL A(x)dx

(9 = 0)* [IA” (0)] + A” (9)
12 2

4)

and

ﬁjjA(x)dx—A(ezs)‘ )

(8 -0)° [IA” ©O) + A" (9)] '

24 2

Very recently, Ali et al. [7] proved the Hermite-Hadamard type inequality in the framework of multi-
plicative calculus and stated as:
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Theorem 1.2. Let A : [0,9] — R* be a multiplicative convex function, then the following inequality holds:

A

After the work of Ali et al. [7], many researchers started work in this directions and proved different
variants of integral inequalities in the setting of multiplicative calculus. For example, Khan and Budak [8]
gave some estimates for the midpoint and trapezoidal inequalities in multiplicative calculus, the Hermite—
Hadamard type inequalities for general multiplicative convex functions were proved in [9] and Ozcan
used the multiplicative preinvexity and established Hermite-Hadamard type inequalities in [10]. For
multiplicative s-convex and multiplicative s-preinvex functions, the Hermite-Hadamard type inequalities
were found in [11} [12] and for h-preinvex functions proved in [13]. Ali et al. [14] established some
Ostrowski’s and Simpson’s type inequalities for multiplicative convex functions and give their applications.
Budak and Ozcelik [15] used multiplicative fractional integrals and established Hermite-Hadamard type
inequalities. In [16], Fu et al. introduced multiplicative tempered fractional integrals and established
some new fractional Hermite-Hadamard type inequalities for multiplicative convex functions. Ali et al.
[17] introduced the notions of multiplicative interval-valued integral and established some new Hermite—
Hadamard type inequalities for interval-valued multiplicative convex functions. Very recently, some new
Simpson’s and Newton's type inequalities in the setting of multiplicative calculus were established in [18]].

Inspired by the ongoing studies, we establish some new trapezoidal and midpoint type inequalities
linked with the left and right sides of the inequality (6) for multiplicative twice differentiable multiplicative
convex functions. The newly established inequalities are the multiplicative versions of the inequalities
and (5), where all subtraction and addition operations behave as a multiplication and division. finally, we
give some applications of newly established inequalities. Since multiplicative calculus is modern calculus
with lot of applications in banking and finance, therefore the study about multiplicative calculus is valuable.

9 5
QES)SLL(A@Wﬂ < VAO)A ). ©)

2. Preliminaries
In this section, we recall some concepts of multiplicative calculus and convexity.

Definition 2.1. [19] Let A : R — R* be a positive function. The multiplicative derivative of the function A is given
by

dA o [(Ap+h)\

dp (p)=N(p) = }}_{%(Tp)

If A has positive values and is differentiable at p, then A* exists and the relation between A* and ordinary derivative
N’ is as follows:

A (p)

A*(p) = e[lOgA(P)], = eNp) |

If, additionally, the second derivative of A at p exists, then by an easy substitution, we obtain
A% (p) = ellesn®)] = gllogain)]”,

Here (In A)” (p) exists because A”(p) exist. Repeating this procedure n times, we conclude that if A is a
positive function and its nth derivative at p exists, then A*""(p) exists and

A(p) = los) () g o

For more details and properties of multiplicative calculus, one can consult [19].
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3
We also recall that the concept of the * integral called multiplicative integral is denoted by f (A(x))™ which

0
introduced by Bashirov et al. in [19]. While the sum of the terms of product is used in the definition of
a classical Riemann integral of A on [0, 9], the product of terms raised to power is used in the definition
multiplicative integral of A on [0, 9] .
There is the following relation between Riemann integral and multiplicative integral [19]:

Proposition 2.2. [19] If A is Riemann integrable on [0, 9], then A is multiplicative integrable on [0, 9] and

9

3
log(A(x))d.
fmmwzggxx

0

Moreover, Bashirov etal. [19] showed that multiplicative integrable has the following results and properties:

Proposition 2.3. If A is positive and Riemann integrable on [0, 9], then A is multiplicative integrable on [0, 9] and

9 9 14
(uﬂmwmﬂ=ﬁmmwy
o
9
mfmmm%%fmmﬂjmm%
2]
f (AQ))™
Gii) [ (2% " ,
f (g( )) f(g(x)) R
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0 0 c

0 9 0 -1
@ﬂMm“ﬂwwfmmW=UM@W).
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Theorem 2.4. [19] Let A : [0, 9] — R be multiplicative differentiable, let g : [0, 9] — R be differentiable so the
function A9 is multiplicative integrable. Then

9

9)9)
fwwMW—ﬁ;@ 1

0 f (Ax)? "))d"

Lemma 2.5. [14] Let A : [8,9] — R be multiplicative differentiable, let g : [0,9] = Rand h: ] Cc R — [6,9] be
two differentiable functions. Then we have

9
* i @ar _ M) ®) 1
f (A @Y "= A(R(0))7© 8 .
' [ @)@y
0

For the our main results we need to following definition.
Definition 2.6. [20] A non-empty set K is said to be convex, if for every 0,9 € K we have

0+p®-0)eK Ypel0,1].
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Definition 2.7. [20] A function A is said to be convex function on set K, if
Alpx + (1= p)y) < pAWX) + (1 = p)A(y), Yp €10,1].

Definition 2.8. [20] A function A is said to be log or multiplicative convex function on set K, if

Alpx + (1= p)y) < [A@I.[AW)]' ™, Vp € [0,1].

3. Multiplicative Integral Identities

In this section, we establish two integral identity associated with the twice multiplicative differentiable
function.

Lemma 3.1. Let A : [0,9] = R be a twice multiplicative differentiable function over (6,9). If A* is integrable
function, then following equality holds:

) 7
VAOA®) ( fg (A (x))d’f) )
(9-0)

- (fol ([A** (p9 +(1-p) 9)]p(1_p))dp) ;

Proof. From the fundamental rules of multiplicative integration and changing the variables of integration,
we have

(s-07

(fo | ([AH (pS+(1-p) 6)]0(19))dp) 2

_o)2
0 [ p(1-p)anony” (po+(1-p)o)dp

— 52 p(1-p) oAy (ps+(1-p)0)|y= 52 [ (1-2p) oY (p9+(1-p)6)dp
_ e*%[(172p)(lnOA)(pS+(1fp)9)|; 42 [ (noA)(p+(1-p)0)d

—  nA®AOI- i anon)(ps+(1-p)6)dp
A0 VAOA®)

p i (non)(ps+(1-p)0)dp

9 =
VAOAE) ( fg (A (x))d’“) .

Thus, the proof is completed. []

Lemma 3.2. Let A : [0,9] = R* be a twice multiplicative differentiable function over (0,9). If A** is integrable
function, then following equality holds:

L) ) o
% = [( fo ([A™ (o8 + (1 - p) O)]° )dp]] (8)
2

x [( [ ws+a-p 9)]“”2)”]} 2

2
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Proof. From basic rules of multiplicative integration, we have

1 (829)2
L = [[ fo z ([A" (p8 + (1= p)O)I° Z)dp]]
_ e% L% p2(noA)” (p9+(1-p)6)dp
_ oS oAy (%)~ b InA(%0)s [ In A(pd+(1-p)0)dp
and
1 2\dp <
L = [[ ﬁ ([A** (po+(1-p) )7 )) )]

- ey (52)-3A(%5)+ ] mA(po+(1-5)0)ip

We get the following resultant equality from the above two equalities
Lxl = ehna(es+(1-p)o)ip-ina(%?)
e Jy InA@x

e

(o)™
=

Thus, the proof is completed. [J

4. Trapezoidal type Inequalities

Some new trapezoidal type inequalities in the setting of multiplicative calculus are established in this
section.

Theorem 4.1. Under the assumptions of Lemma If A™ is multiplicative convex function, then the following
inequality holds:

) =
VAOAE) ( f@ (A (x))d")

(-0

< (A"@A" @) =

©)

Proof. From the equality (7) and the multiplicative convexity of A, we have

9 o
VAOA®) ( fe (A <x>>d")

ra_m2 L
exp| 5% [ (™ o8+ 1= )0 ap|

IN

= | S5% [ -pm o+ a-pop]a)

IN

a2 ol
exp w fo p(1-p)(pInA™ () +(1-p)InA~ (9))dp]
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(-0

= (A" @A )] =

O

Theorem 4.2. Under the assumptions of Lemma If (In(A™))7, g > 1 is convex function, then the following
inequality holds:

9 o
VAOAE) ( fg (A (x))dX)

7

1
)%[ﬁ(wl,wl)]”

< (VA @) @A)
where % + [11 =1.

Proof. From Lemma [7|]and Holder inequality, we have

9 75
VAOA®) ( fe (A (x))“”‘)

(8 - 0)
2

1
< eXp[ fo p(1-p)|In(A™(p9 + (1-p)0))| dp]

IN

CO([pa-py dp); ([ s+ a-popy dp);

exp

ey

Applying convexity of (In(A™))7, Using Y, (a; + b;)° < Y. a; + b} foralls € [0,1) and (%) < %, we have

i=1 i=1

9 =
VAOAE) ( fg (A (x))dX)

® _29)2 ( fo 1 (p(1-p) dp); ( fo 1 [p (In (A™ (9))" + (1 = p) (In A™ (0))7)] dp);]

= exp [—(S — 6)2
2

[B(p+1p+1D]

x (%)q In (A (9)) + (%)“ In (A™ (9))]

— 2 1
exp[(S 29) [B(p+1,p+ D] (In VA~ (3)) (A (6>>)]

IA

)%[ﬁ(pu,pu)ﬁ

= (VA= (@) (A" (0))
Thus, the proof is completed. []

5. Midpoint Type Inequalities

Some new midpoint type inequalities in the setting of multiplicative calculus are established in this
section.
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Theorem 5.1. Under the assumptions of Lemma If A is multiplicative convex function, then the following
inequality holds:

(F en)”
b

(-0

< (A"@A™ @) =

Proof. From the equality (8) and the multiplicative convexity of A, we have

(5 ae)™
A(%5%)
_op(
< exp [w (fo p? |1nA** (pS+(1-p) 6)' dp)
2 1
+ 020 LE(l—mﬂmAﬁws+a—pﬂmd@]
- (8-0)°

exp[ 5 (j; p2 (pIn A" () + (1 - p)In A™(0)) dp]

1
+tﬁ‘(1-Pf(PhlA“(9)+(1-P)A“(GDdP]

2

2 s+ *
_ eXp[(s-e)(m/\(S)JrsmA(e))

2 64 192
JS—@ZSMA“®)+mA“w)
2 192 64
(8-0)%

= [AT(O)A"(9)]

Thus, the proof is completed. [

Theorem 5.2. Under the assumptions of Lemma If InA*™)1, g > 1 is a convex function, then the following
inequality holds:

()™
T

<=

M( 1 )
< (VAT @) A" (@) T \FTE)
Proof. From the equality (8) and Hélder’s inequality, we have

(1 o)™
T
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2(
< exp [@ [f(; o? |lnA“ (pS+(1-p) 9)) dp]

e 9)

( f (1-p)*InA™ (p9 + (1 - 9)9)|d9]]
. _26) Uo E Pz”dp]; Uo A o+ - pyo) dp]
S (oot ([t

Now applying convexity of In A, Using Z (ai + b))’ < Z a;+b; foralls € [0,1) and (%) (%)

i=1
(F aey)™

")

IA

exp

= =
IA
N
g
(¢}
=
jov)
<
¢}

IA

exp

(8 - 0 1V . %
> (22p+1 (2p + 1)) ([f(; p(InA™ ()7 +(1-p)(InA (9))‘7} dp)

-0 1 V([ amar . %
i (zzp+1 2p +1)) [[ ﬁ pInA™ (@) +(1-p)(InA (e))q] dp] ‘
_ -0y ( 1 )'1’ ((lnA** (®)" , 3(InA” (9))4)3
B R Ve Py

8 8
. (3 (nA" () (nA”(©) )l

8 8

2 ; 0y " " 1y
exp[(s_ze) ( L ) [(m/\** (9)(8)’A**(@)(s)”)+(1n/\** (9)(8)’/\**(9)(8)”)]]

IA

22+ (2p + 1)

=i

IA

(= 9>2 1
( \/A** (0) A™ (\9)) (22P+1(zp+1)) )

Thus, the proof is completed. [J

6. Applications

In this section, we give applications to special special means of real number. For 8,9 € R with 6,9 > 0
and 0 # 9, we have

(1) Arithmetic mean

0+

A6,9) = >

(2) Geometric mean

G(6,9) = Vo9;
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(3) Logarithmic mean

9-6
LB, = ———;
©,9) In|8|—In|g|’
(4) Harmonic mean
269
H(@6,9)=——
©.9) 0+

(5) Generalized logarithmic mean

Sp+1 _ 9p+1 ),17

L,(0,9) = (—
’ (p+1)(©E-0)
Proposition 6.1. For 0,9 € Rwith 6,9 > 0and 0 # 9, the following inequality holds:

eA(GZ,SZ)

L3(0,9)

(-0
<e ¢

Proof. This inequality can be derived from Theorem for the function A (x) = ¢*. O
Proposition 6.2. For 0,9 € Rwith 0,9 > 0and 0 # 9, the following inequality holds:
eA(GZ,SZ)

< 0P [B(p+1pe)]
PL3(0,9)

Proof. This inequality can be derived from Theorem for the function A (x) = ¢*. O

Proposition 6.3. For 0,9 € Rwith 0,9 > 0and 0 # 9, the following inequality holds:

H-1(6,9) 2
e ’ O-0)~ 14—
P )

oL 1(6,9)

oyTaN

Proof. This inequality can be derived from Theorem for the function A (x) = ex.

Proposition 6.4. For 0,9 € Rwith 0,9 > 0and 0 # 9, the following inequality holds:
(0,9

eL1(0,9)

1
< eZ[ﬁ(p+1,p+1)]" (S—G)ZH*‘(Q,S)_

Proof. This inequality can be derived from Theorem for the function A (x) = ex. [

Proposition 6.5. For 0,9 € Rwith 0,9 > 0and 0 # 9, the following inequality holds:

2
OS] g

<e 12,

2A2(0,9)

Proof. This inequality can be derived from Theorem for the function A (x) = ¢*. [

Proposition 6.6. For 0,9 € Rwith 0,9 > 0and 0 # 9, the following inequality holds:

p
eLg(Q’S) (8*6)2(22p+11(2p+1))

2A(6,9)
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Proof. This inequality can be derived from Theorem for the function A (x) = ¢*. O

Proposition 6.7. For 0,9 € Rwith 0,9 > 0and 0 # 9, the following inequality holds:
L7109

_0)2
< STHTO9)
— < :
240,

Proof. This inequality can be derived from Theorem for the function A (x) = ex. [
Proposition 6.8. For 0,9 € Rwith 0,9 > 0and 0 # 9, the following inequality holds:

oL (0,9) (8-02H1(6,9)

1
|
<e 227+1(2p41)

e 2A10,9)

Proof. This inequality can be derived from Theorem for the function A (x) = ex. [

7. Conclusion

In this work, we establish some new inequalities of trapezoidal and midpoint type for multiplicative
twice differentiable convex functions using the notions of multiplicative calculus. The newly established
inequalities can be helpful in finding the error bounds for trapezoidal formula in multiplicative numerical
integrations. It is a good and new problem that the upcoming researchers can obtain similar inequalities
for other convexities and for the functions of two variables in the setting of multiplicative calculus.
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