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Abstract. The purpose of the present paper is to study the liftings of a quarter symmetric non-metric
connection from a para-Sasakian manifold to its tangent bundles. By liftings, some results of the curvature
tensor, projective curvature tensor, concircular curvature tensor and conformal curvature tensor wrt a
quarter symmetric non-metric connection in a P-Sasakian manifold to its tangent bundles are obtained.

1. Introduction

Differential geometry places a significant emphasis on the theory of linear connections. Semi-symmetric
connections were first discussed by Friedmann and Schouten in 1924 [14] and Hayden defined metric
connections with torsion tensor in 1932 [17]. However, quarter-symmetric linear connections in a differential
manifold were first presented by Golab in [15]. A linear connection is said to be a quarter-symmetric
connection on M if its torsion tensor T̄ is of the form

T̄(β1, β2) = u(β2)ϕβ1 − u(β1)ϕβ2, ∀β1, β2 ∈ ℑ
1
0(M), (1)

where u is a 1-form and ϕ is a tensor of type (1, 1). If there is a Riemannian metric 1 in M such that ∇̄1 = 0,
then the connection ∇̄ is said to be metric; otherwise, it is non-metric. Yano established a relationship
between the Levi-Civita connection and the quarter-symmetric metric connection in [37].

Recently, Maksimović [30] studied a new quarter-symmetric non-metric connection on a generalized
Riemannian manifold and some basic results are obtained. Moreover, certain properties of curvature tensors
are developed. Mondal and De [28] investigated a P-Sasakian manifold with a quarter-symmetric non-
metric connection. They examined the circular and conformal curvature tensors wrt the quarter-symmetric
non-metric connection on such a manifold. Various types of quarter-symmetric connections (metric and
non-metric) on the different manifolds were investigated by Ali and Nivas [4], Barman and Ghosh [5], De
et. al. [10]), Biswas and De [7], Khan [23], Mishra and Pandey [29], Poyraz and Yolda [31], Sular et. al. [34]
and others.

One of the fundamental goals of differential geometry to explaining how a surface is curved, either
intrinsically or extrinsically. The space of tangent vectors to the curved space is one of the most vital tools
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for analyzing curved space. The employment of mathematical operators in the context of partial differential
equations is the primary method for studying nonlinear equations. Numerous researchers have examined
various connections and geometric structres on the tangent bundle and provided their findings in ([11],
[12], [13], [3], [19] ,[21], [22], [20], [26], [27], [36]).

Investigating liftings from the P-Sasakian manifold with regard to a quarter-symmetric non-metric
connection to tangent bundles is the goal of the proposed paper. The key conclusions of the paper are
summarized as follows:

• Lifts are established for the para-Sasakian manifold endowed with a quarter-symmetric non-metric
connection ∇̄C to the tangent bundle.

• It is shown that if the Ricci tensor S̄C of ∇̄C on TM, then TM is an ηC Einstein manifold wrt ∇̄C.

• The results of the concircular curvature tensor on the tangent bundle are obtained successfully.

• Some calculations for the projective curvature tensor on the tangent bundle have been done.

• A theorem on the conformal curvature tensor on the tangent bundle is proved.

2. Preliminaries

2.1. Para-Sasakian manifold
A differentiable manifold M (dim= n) is said to be an almost paracontact Riemannian structure (ϕ, ξ, η, 1)

([1], [16]) where ϕ is a tensor field of type (1,1), ξ a vector field , a η 1-form and if it fufills

η(ξ) = 0, (2)
ϕξ = 0, ϕξ = 0, η(ϕβ1) = 0, (3)

ϕ2(β1) = β1 − η(β1)ξ, (4)
1(ϕβ1, ϕβ2) = 1(β1, β2) − η(β1)η(β2) (5)
1(β1, ξ) = η(β1), (6)

(∇β1η)β2 = 1(β1ϕ),∀β1, β2 ∈ ℑ
1
0(M), (7)

where ∇ is Levi-Civita connection wrt the Riemannian metric 1. If 1(β1, ϕβ2) = Φ(β1, β2), then Φ ∈ ℑ2
0(M) is

a symmetric.
In addition, the following relations hold in M

∇β1ξ = ϕβ1, (8)
(∇β1ϕ)(β2) = −1(β1, β2)ξ − η(β2)β1 + 2η(β1)η(β2)ξ, (9)

dη = 0, (10)

then M is said to be a para-Sasakian manifold (P-Sasakian).
Let R and S be the curvature tensor and the Ricci tensor of M.Then we infer ([2], [16], [35])

1(R(β1, β2)β3, ξ) = η(R(β1, β2)β3) = 1(β1, β3)η(β2) − 1(β2, β3)η(β1), (11)
R(ξ, β1)β2 = η(β2)β1 − 1(β1, β2)ξ, (12)
R(β1, β2)ξ = η(β1)β2 − η(β2)β1, (13)

S(β1, ξ) = −(n − 1)η(β1), (14)
S(ϕβ1, ϕβ2) = S(β1, β2) + (n − 1)η(β1)η(β2), (15)

where ∀β1, β2, β3 ∈ ℑ
1
0(M).

Further, M is said to be η Einstein if

S(β1, β2) = a1(β1, β2) + bη(β1)η(β2),∀β1, β2 ∈ ℑ
1
0(M) (16)

where a, b(b , 0) are scalar functions, M is called Einstein manifold for b = 0.
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2.2. Lifts of a para-Sasakian manifold on TM
Suppose TM be the tangent bundle and β1 = β1

i ∂
∂xi be a local vector field on M, then its vertical and

complete lifts in the term of partial differential equations are

β1
V = β1

i ∂

∂yi , (17)

β1
C = β1

i ∂

∂xi +
∂β1

i

∂x j y j ∂

∂yi . (18)

Let ηC, ηV, β1
C, β1

V, ϕC, ϕV,∇C,∇V be the complete and vertical lifts of η, β1, ϕ,∇. By mathematical oper-
ators, we infer ([9], [32], [36])

ηV(β1
C) = ηC(β1

V) = η(β1)V, ηC(β1
C) = η(β1)C, (19)

ϕVXC = (ϕβ1)V, ϕCXC = (ϕβ1)C, (20)

[β1, β2]V = [β1
C, β2

V] = [β1
V, β2

C], [β1, β2]C = [β1
C, β2

C], (21)

∇
C
β1

Cβ2
C = (∇β1β2)C, ∇

C
β1

Cβ2
V = (∇β1β2)V. (22)

Employing the complete lift on (2)-(16), we acquire

ηC(ξC) = ηV(ξV) = 0, ηC(ξV) = ηV(ξC) = 1, (23)
ϕCξC = ϕVξV = ϕCξV = ϕVξC = 0
ϕCξC = ϕVξV = ϕCξV = ϕVξC = 0,

ηC(ϕβ1)C = ηV(ϕβ1)V = ηC(ϕβ1)V = ηV(ϕβ1)C = 0, (24)

((ϕ(β1))2)C = β1
C
− ηC(β1

C)ξV
− ηV(β1

C)ξC, (25)

1C((ϕβ1)C, (ϕβ2)C) = 1C(β1
C, β2

C) − ηC(β1
C)ηV(β2

C)

− ηV(β1
C)ηC(β2

C), (26)
1C(β1

C, ξC) = ηC(β1
C), (27)

(∇C
β1

Cη
C)β2

C = 1C(β1
C, (ϕβ2)C). (28)

and

∇
C
β1

Cξ
C = (ϕβ1)C, (29)

(∇C
β1

Cϕ
C)(β2

C) = −1C(β1
C, β2

C)ξV
− 1C(β1

V, β2
C)ξC

− ηC(β2
C)β1

V

− ηV(β2
C)β1

C + 2ηC(β1
C)ηC(β2

C)ξV

+ 2ηC(β1
C)ηV(β2

C)ξC + 2ηV(β1
C)ηC(β2

C)ξC, (30)
dηC = 0. (31)

In addition,

1C(RC(β1
C, β2

C)β3
C, ξC) = ηC(RC(β1

C, β2
C)β3

C) = 1C(β1
C, β3

C)ηV(β2
C)

+ 1C(β1
V, β3

C)ηC(β2
C) − 1C(β2

C, β3
C)ηV(β1

C)
− 1C(β2

V, β3
C)ηC(β1

C) (32)
RC(ξC, β1

C)β2
C = ηC(β2

C)β1
V + ηV(β2

C)β1
V

− 1C(β1
C, β2

C)ξV
− 1C(β1

V, β2
C)ξC, (33)

RC(β1
C, β2

C)ξC = ηC(β1
C)β2

V + ηV(β1
C)β2

C

− ηC(β2
C)β1

V + ηV(β2
C)β1

C, (34)
SC(β1

C, ξC) = −(n − 1)ηC(β1
C), (35)

SC((ϕβ1)C, (ϕβ2)C) = SC(β1
C, β2

C) + (n − 1){ηC(β1
C)ηV(β2

C)

+ ηV(β1
C)ηC(β2

C)}. (36)
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SC(β1
C, β2

C) = a1C(β1
C, β2

C) + b{ηC(β1
C)ηV(β2

C) (37)
+ ηV(β1

C)ηC(β2
C)},

where ∀β1
C, β2

C, ξC
∈ ℑ

1
0(TM), ηC

∈ ℑ
0
1(TM),RC, 1C and SC stand for the complete lifts of R, 1 and S,

respectively.

3. Lifts of a quarter-symmetric non-metric connection on TM

Let TM be the tangent bundle of P-Sasakain manifold M of dim n and the mathematical operators ∇ and
∇̄ be a Levi-Civita connection and a linear connection on M, respectively such that

∇̄XY = ∇XY + η(β2)ϕβ1, (38)

where ∀β1, β2 ∈ ℑ
1
0(M), ϕ ∈ ℑ1

1(M).
The torsion tensor T̄ wrt connection ∇̄ is defined as

T̄(β1, β2) = ∇̄XY − ∇̄β2β1 − [β1, β2]. (39)

Applying the complete lift on (38) and (39), we infer

∇̄
C
β1

Cβ2
C = ∇

C
β1

Cβ2
C + ηC(β2

C)(ϕβ1)V + ηV(β2
C)(ϕβ1)C, (40)

T̄C(β1
C, β2

C) = ∇̄
C
β1

Cβ2
C
− ∇̄

C
β2

Cβ1
C
− [β1

C, β2
C]. (41)

From (40), (42) and (43) are obtained.

T̄C(β1
C, β2

C) = ηC(β2
C)(ϕβ1)V + ηV(β2

C)(ϕβ1)C

− ηC(β2
C)(ϕβ1)V

− ηV(β2
C)(ϕβ1)C. (42)

and

(∇̄C
β1

C1
C)(β2

C, β3
C) = −ηC(β2

C)ΦV(β1
C, β3

C) − ηV(β2
C)ΦC(β1

C, β3
C)

= −ηC(β3
C)ΦV(β1

C, β2
C) − ηV(β1

C)ΦC(β2
C, β3

C), (43)

∀β1
C, β2

C
∈ ℑ

1
0(TM), which indicates that ∇̄C is a quarter symmetric non-metric connection on TM.

In view of (24) and (43), we infer
(∇̄C
ξC1

C)(β2
C, β3

C) = 0,

which indicating that 1C is ξC-parallel wrt ∇̄C on TM.
From (24), (26), (29), (30) and (40), we conclude the following theorem:

Theorem 3.1. Let TM be the tangent bundle of P-Sasakain manifold M. Then

∇̄
C
β1

Cξ
C = 2(ϕβ1)C, (44)

(∇̄C
β1

Cϕ
C)β2

C = −1C(β1
C, β2

C)ξV
− 1C(β1

V, β2
C)ξC

− 2{ηC(β2
C)β1

V + ηV(β2
C)β1

C
}

+ 3{ηC(β1
C)ηC(β2

C)ξV + ηC(β1
C)ηV(β2

C)ξC

+ ηV(β1
C)ηC(β2

C)ξC
}, (45)

∀β1
C, β2

C
∈ ℑ

1
0(TM).
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The curvature tensor R̄ of ∇̄ on M is given as

R̄(β1, β2)β3 = ∇̄β1∇̄β2β3 − ∇̄β2∇̄β1β3 − ∇̄[β1,β2]β3. (46)

Applying the complete lift on (46), we infer

R̄C(β1
C, β2

C)β3
C = ∇̄C

β1
C∇̄

C
β2

Cβ3
C
− ∇̄

C
β2

C∇̄
C
β1

Cβ3
C
− ∇̄

C
[β1

C,β2
C]
β3

C. (47)

From differential equations (28), (40) and (47) we infer

R̄C(β1
C, β2

C)β3
C = RC(β1

C, β2
C)β3

C

+ ΦC(β1
C, β3

C)(ϕβ2)V + ΦV(β1
C, β3

C)(ϕβ2)C

− ΦC(β2
C, β3

C)(ϕβ1)V
−ΦV(β2

C, β3
C)(ϕβ1)C

+ ηC(β3
C)ηC(β1

C)β2
V + ηC(β3

C)ηV(β1
C)β2

C

+ +ηV(β3
C)ηC(β1

C)β2
C
− ηC(β3

C)ηC(β2
C)β1

V

+ ηC(β3
C)ηV(β2

C)β1
C + ηV(β3

C)ηC(β2
C)β1

C, (48)

where

RC(β1
C, β2

C)β3
C = ∇C

β1
C∇

C
β2

Cβ3
C
− ∇

C
β2

C∇
C
β1

Cβ3
C
− ∇

C
[β1

C,β2
C]
β3

C (49)

is the curvature tensor wrt ∇C on TM. Thus, we conclude:

Theorem 3.2. Let TM be the tangent bundle of M with ∇̄C. Then the first Bianchi identity of ∇̄C on TM is provided.

From (34) and (48) we deduce

K̄C(β1
C, β2

C, β3
C,UC) = KC(β1

C, β2
C, β3

C,UC) + ΦC(β1
C, β3

C)ΦV(β2
C,UC)

+ ΦV(β1
C, β3

C)ΦC(β2
C,UC) −ΦC(β2

C, β3
C)ΦV(β1

C,UC)
− ΦV(β2

C, β3
C)ΦC(β1

C,UC) + ηC(β3
C)KV(β1

C, β2
C, ξC,UC)

+ ηV(β3
C)KC(β1

C, β2
C, ξC,UC), (50)

where KC and K̄C are given by

KC(β1
C, β2

C, β3
C,UC) = 1C(RC(β1

C, β2
C)β3

C,UC)

and
K̄C(β1

C, β2
C, β3

C,UC) = 1C(R̄C(β1
C, β2

C)β3
C,UC).

Theorem 3.3. Let ∀β1
C, β2

C, β3
C,UC

∈ ℑ
1
0(TM). Then

K̄C(β1
C, β2

C, β3
C,UC) + K̄C(β2

C, β1
C, β3

C,UC) = 0, (51)

K̄C(β1
C, β2

C, β3
C,UC) + K̄C(β2

C, β1
C,UC, β3

C)
= ηC(β3

C)KV(β1
C, β2

C, ξC,UC)
+ ηV(β3

C)KC(β1
C, β2

C, ξC,UC)
+ ηC(UC)KV(β1

C, β2
C, ξC, β3

C)
+ ηV(UC)KC(β1

C, β2
C, ξC, β3

C), (52)
K̄C(β1

C, β2
C, β3

C,UC) − K̄C(β3
C,UC, β1

C, β2
C)

= ηC(β1
C)ηC(UC)1C(β2

V, β3
C)

+ ηC(β1
C)ηV(UC)1C(β2

C, β3
C)

+ ηV(β1
C)ηC(UC)1C(β2

C, β3
C)

− ηC(β2
C)ηC(β3

C)1C(β1
V,UC)

− ηC(β2
C)ηV(β3

C)1C(β1
C,UC)

− ηV(β2
C)ηC(β3

C)1C(β1
C,UC).
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Proof. In view of (50), we get (53). Also in view of (34) and (50) we infer (52). Furthermore, in view of (50),
we deduce (53).

Theorem 3.4. Let ∀β1
C, β2

C, β3
C
∈ ℑ

1
0(TM). Then

1C(R̄C(β1
C, β2

C)β3
C, ξC) = ηC(R̄C(β1

C, β2
C)β3

C)
= 1C(RC(β1

C, β2
C)β3

C, ξC), (53)
R̄C(β1

Cβ2
C)ξC = 2RC(β1

C, β2
C)ξC, (54)

R̄C(ξC, β1
C)β2

C = −1C((ϕβ1)C, (ϕβ2)CY)ξV

− 1V((ϕβ1)C, (ϕβ2)CY)ξC (55)

∀β1
C, β2

C, β3
C
∈ ℑ

1
0(TM).

Proof. In view of (27), (24) and (47) we deduce (53). Also, in view of (23), (34) and (47) we deduce (54).
Furthermore, in view of (23), (36) and (47) we deduce (55).

In a P-Sasakian manifold M, the Ricci tensor S wrt a quarter symmetric non-metric connection ∇̄ is
defined as ([33], [8])

S̄(β1, β2) =
n∑

i=1

1(R̄(ei, β1)β2, ei),

where {ei, i = 1, 2, ...,n} is an orthonormal frame on M.
Applying the complete lift on the above equation, we infer

S̄C(β1
C, β2

C) =
n∑

i=1

1C(R̄C(eC
i , β1

C)β2
C, eC

i ).

The scalar curvature r̄C wrt ∇̄C on TM is defined by

r̄C =

n∑
i=1

S̄C(eC
i , e

C
i ).

where β1
C, β2

C
∈ ℑ

1
0(TM) and {eC

i , i = 1, 2, ...,n} is an orthonormal frame on TM of M.
From (50) we have

S̄C(β1
C, β2

C) =

n∑
i=1

1C(RC(eC
i , β1

C)β2
C, eC

i ) + 1C((ϕβ1)C, (ϕβ2)C)

− ΦC(β1
C, β2

C)1V((ϕei)C, eC
i ) −ΦV(β1

C, β2
C)1C((ϕei)C, eC

i )

+ ηC(β2
C)ηV(β1

C) + ηV(β2
C)ηC(β1

C)
− n{ηC(β1

C)ηV(β2
C) + ηV(β1

C)ηC(β2
C)}. (56)

Theorem 3.5. Let ∀β1
C, β2

C
∈ ℑ

1
0(TM). Then

S̄C(β1
C, β2

C) = SC(β1
C, β2

C) + 1C(β1
C, β2

C) − βΦC(β1
C, β2

C)
− n{ηC(β1

C)ηV(β2
C) + ηV(β1

C)ηC(β2
C)}, (57)

r̄C = rC
− β2, (58)

where β = trace(ΦC).

Proof. Since SC is defined by

SC(β1
C, β2

C) =
n∑

i=1

1C(RC(eC
i , β1

C)β2
C, eC

i ),

then apply (26) and (56) we deduce (57). Also in view of 26) and (57) we deduce (58). From (57), we
conclude:
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Corollary 3.6. The S̄C of ∇̄C on TM is symmetric.

By using (34),(26), (24), (35), (36), (57), we have the following equations

S̄C(β1
C, ξC) = (2 − 2n)ηC(β1

C), (59)
S̄C((ϕβ1)C, (ϕβ2)C) = S̄C(β1

C, β2
C) + 2(n − 1){ηC(β1

C)ηV(β2
C)

+ ηV(β1
C)ηC(β2

C) (60)
S̄C((ϕβ1)C, (ϕβ2)C) = SC(β1

C, β2
C) + 1C(β1

C, β2
C) − βΦC(β1

C, β2
C)

+ (n − 2){ηC(β1
C)ηV(β2

C) + ηV(β1
C)ηC(β2

C). (61)

Theorem 3.7. If S̄C of ∇̄C on TM, then TM is an ηC Einstein manifold wrt ∇̄C.

Proof. Let R̄C(β1
C, β2

C)S̄C = 0 on TM, then we acquire

S̄C(R̄C(β1
C, β2

C)β3
C,UC) + S̄C(β3

C, R̄C(β1
C, β2

C)UC) = 0. (62)

Setting β3 = β1 = ξ in (62), we infer

S̄C(R̄C(ξC, β2
C)ξC,UC) + S̄C(ξC, R̄C(ξC, β2

C)UC) = 0. (63)

Making use of (53), (54) and (59) in (63), we deduce

S̄C(β2
C,UC) = (1 − n){1C(β2

C,UC) + ηC(β2
C)ηV(UC) + ηV(β2

C)ηC(UC)}. (64)

Hence the proof of the theorem is completed.

4. Proposed theorems for the concircular curvature tensor on TM

The concircular curvature tensor of M wrt ∇̄ is given by [6]

C̄∗(β1, β2)β3 = R̄(β1, β2)β3 −
r̄

n(n − 1)
{1(β2, β3)β1 − 1(β1, β3)β2} (65)

Employing the complete lift on (65), we acquire

C̄∗C(β1
C, β2

C)β3
C = R̄C(β1

C, β2
C)β3

C
−

r̄
n(n − 1)

{1C(β2
C, β3

C)β1
V + 1V(β2

C, β3
C)β1

C

− 1C(β1
C, β3

C)β2
V
− 1V(β1

C, β3
C)β2

C
} (66)

By using (48), (58) and (66), we infer

C̄∗C(β1
C, β2

C)β3
C = C∗C(β1

C, β2
C)β3

C

+ ΦC(β1
C, β3

C)(ϕβ2)V + ΦV(β1
C, β3

C)(ϕβ2)C

− ΦC(β2
C, β3

C)(ϕβ1)V
−ΦV(β2

C, β3
C)(ϕβ1)C

+ ηC(β3
C)ηC(β1

C)β2
V + ηC(β3

C)ηV(β1
C)β2

C + ηV(β3
C)ηC(β1

C)β2
C

− ηC(β3
C)ηC(β2

C)β1
V + ηC(β3

C)ηV(β2
C)β1

C + ηV(β3
C)ηC(β2

C)β1
C

−
β2

n(n − 1)
{1C(β2

C, β3
C)β1

V + 1V(β2
C, β3

C)β1
C

− 1C(β1
C, β3

C)β2
V
− 1V(β1

C, β3
C)β2

C
}, (67)

where C∗C is the complete lift of the concircular curvature tensor C∗ wrt a Levi-Civita connection ∇C. If we
consider C̄∗C = C∗C, putting β2 by ξ in (67), from (23) and (27) we deduce

1C(β1
C, β3

C) = ηC(β1
C)ηV(β3

C) + ηV(β1
C)ηC(β3

C). (68)
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In view of (25), (26) and (68) we infer

ΦC(β1
C, β3

C) = 0. (69)

In view of (57), (68) and (70) we conclude the following theorem

Theorem 4.1. If C∗C on TM is invariant under ∇̄C, then

S̄C(β1
C, β2

C) = SC(β1
C, β2

C) + (1 − n){ηC(β1
C)ηV(β2

C) + ηV(β1
C)ηV(β2

C)}, (70)

∀β1
C, β2

C
∈ ℑ

1
0(TM).

Definition 4.2. The TM is ξC-concirculary flat wrt ∇̄C if
C̄∗C(β1

C, β2
C)ξC = 0 on TM.

Setting β3 = ξ in (66) and using (23), (25), (27), (24) and (35) we infer

C̄∗C(β1
C, β2

C)ξC = [2 +
rC
− β2

n(n − 1)
]{ηC(β1

C)ηV(β2
C) + ηV(β1

C)ηV(β2
C)

− ηC(β2
C)ηV(β1

C) − ηV(β2
C)ηV(β1

C)}. (71)

Thus (71) we conclude the following theorem

Theorem 4.3. The TM is ξC-concirculary flat wrt ∇̄C iff rC = β2
− 2n(n − 1).

Definition 4.4. The TM is ϕC- concirculary flat wrt ∇̄C if 1(C̄∗((ϕβ1)C, (ϕβ2)C)(ϕβ3)C, (ϕu4)C) = 0 on TM.

Taking the inner product of (66) with u4, we get

C̄′C(β1
C, β2

C, β3
C,u4

C) = K̄C(β1
C, β2

C, β3
C,u4

C)

−
r̄C

n(n − 1)
{1C(β2

C, β3
C)1C(β1

V,u4
C)

+ 1V(β2
C, β3

C)1C(β1
C,u4

C)
− 1C(β1

C, β3
C)1C(β2

V,u4
C)

− 1V(β1
C, β3

C)1C(β2
C,u4

C)}, (72)

where C̄′C ∈ ℑ4
0(TM) and

C̄′C(β1
C, β2

C, β3
C,u4

C) = 1C(C̄∗C(β1
C, β2

C)β3
C,u4

C).
In view of (72) we infer

C̄′C((ϕβ1)C, (ϕβ2)C, (ϕβ3)C, (ϕu4)C) = K̄C((ϕβ1)C, (ϕβ2)C, (ϕβ3)C, (ϕu4)C)

−
r̄C

n(n − 1)
{1C((ϕβ2)C, (ϕβ3)C)1C((ϕβ1)V, (ϕu4)C)

+ 1V((ϕβ2)C, (ϕβ3)C)1C((ϕβ1)C, (ϕu4)C)
− 1C((ϕβ1)C, (ϕβ3)C)1C((ϕβ2)V, (ϕu4)C)
− 1V((ϕβ1)C, (ϕβ3)C)1C((ϕβ2)C, (ϕu4)C)}, (73)

Making use of (73), ϕC- concirculary flatness implies

K̄C((ϕβ1)C, (ϕβ2)C, (ϕβ3)C, (ϕu4)C) =
r̄C

n(n − 1)
{1C((ϕβ2)C, (ϕβ3)C)1C((ϕβ1)V, (ϕu4)C)

+ 1V((ϕβ2)C, (ϕβ3)C)1C((ϕβ1)C, (ϕu4)C)
− 1C((ϕβ1)C, (ϕβ3)C)1C((ϕβ2)V, (ϕu4)C)
− 1V((ϕβ1)C, (ϕβ3)C)1C((ϕβ2)C, (ϕu4)C)}. (74)
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Let {(ϕei)C, i = 1, ...,n− 1, (ϕξ)C
} be a local orthonormal basis on TM where {ei, i = 1, ...,n− 1, ξ} ∈M. Setting

β1 = u4 = ei, then we infer

n−1∑
i=1

K̄C((ϕei)C, (ϕβ2)C, (ϕβ3)C, (ϕei)C) =
r̄C

n(n − 1)

n−1∑
i=1

{1C((ϕβ2)C, (ϕβ3)C)1C((ϕei)V, (ϕei)C)

+ 1V((ϕβ2)C, (ϕβ3)C)1C((ϕei)C, (ϕei)C)
− 1C((ϕei)C, (ϕβ3)C)1C((ϕβ2)V, (ϕei)C)
− 1V((ϕei)C, (ϕβ3)C)1C((ϕβ2)C, (ϕei)C)}. (75)

The equation (75) becomes

S̄C((ϕβ2)C, (ϕβ3)C) =
r̄(n − 2)
n(n − 1)

1C((ϕβ2)C, (ϕβ3)C). (76)

From (23), (25), (27), (24), (58) and (61) we obtain

S̄C(β2
C, β3

C) = −1C(β2
C, β3

C) + βΦC(β2
C, β3

C)
− (n − 2){ηC(β2

C)ηV(β3
C) + ηV(β2

C)ηC(β3
C)}

+
¯rC − β2(n − 2)
n(n − 1)

1C((ϕβ2)C, (ϕβ3)C). (77)

Then contracting the equation (77) over β2 and β3 and from (23), (25), (27), (24) we get

rC = β2
− n(n − 1). (78)

Then we conclude the following theorem:

Theorem 4.5. If TM is ϕC-concirculary flat wrt ∇̄C, then rC = β2
− n(n − 1).

5. Some calculations for the projective curvature tensor on TM

Let TM be the tangent bundle of M. Projective curvature tensor P ∈ ℑ3
1(M) wrt ∇̄ is given as [6]

P̄(β1, β2)β3 = R̄(β1, β2)β3 −
1

n − 1
{S̄(β2, β3)β1 − S̄(β1, β3)β2}. (79)

Employing the complete lift on (79), we acquire

P̄C(β1
C, β2

C)β3
C = R̄C(β1

C, β2
C)β3

C

−
1

n − 1
{S̄C(β2

C, β3
C)β1

C
− S̄C(β1

C, β3
C)β2

C
}. (80)
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In view of (48) and (57), using (80) we get

P̄C(β1
C, β2

C)β3
C = PC(β1

C, β2
C)β3

C

−
1

n − 1
{1C(β2

C, β3
C)β1

V + 1V(β2
C, β3

C)β1
C

− 1C(β1
C, β3

C)β2
V
− 1V(β1

C, β3
C)β2

C

+ trace(Φ)ΦC(β2
C, β3

C)β1
V + trace(Φ)ΦV(β2

C, β3
C)β1

C

− trace(Φ)ΦC(β1
C, β3

C)β2
V
− trace(Φ)ΦV(β1

C, β3
C)β2

C

− nηC(β2
C)ηC(β3

C)β1
V
− nηC(β2

C)ηV(β3
C)β1

C

− nηV(β2
C)ηC(β3

C)β1
C + nηC(β1

C)ηC(β3
C)β2

V

+ nηC(β1
C)ηV(β3

C)β2
C + nηV(β1

C)ηC(β3
C)β2

C
}

+ ΦC(β2
C, β3

C)(Φβ1)V + ΦV(β2
C, β3

C)(Φβ1)C

− ΦC(β1
C, β3

C)(Φβ2)V
−ΦV(β1

C, β3
C)(Φβ2)C

− nηC(β2
C)ηC(β3

C)β1
V
− nηC(β2

C)ηV(β3
C)β1

C

− nηV(β2
C)ηC(β3

C)β1
C + nηC(β1

C)ηC(β3
C)β2

V

+ nηC(β1
C)ηV(β3

C)β2
C + nηV(β1

C)ηC(β3
C)β2

C, (81)

where

PC(β1
C, β2

C)β3
C = RC(β1

C, β2
C)β3

C

−
1

n − 1
{SC(β2

C, β3
C)β1

V + SV(β2
C, β3

C)β1
C

− SC(β1
C, β3

C)β2
V
− SV(β1

C, β3
C)β2

C
}. (82)

Definition 5.1. The TM is said to be ξC-projectively flat wrt ∇̄C if P̄C(β1
C, β2

C)ξC = 0 on TM.

In view of (54), (59) and (80) we have

P̄C(β1
C, β2

C)ξC = 0. (83)

Thus we conclude the following theorem:

Theorem 5.2. The TM is ξC-projectively flat wrt ∇̄C.

Definition 5.3. Let TM be the tangent bundle of a P-Sasakian manifold M with a quarter symmetric non-metric
connection ∇̄C. Then TM is said to be ϕC- projectively flat wrt a quarter symmetric non-metric connection ∇̄C if
1C(PC((ϕβ1)C, (ϕβ2)C)(ϕβ3)C, (ϕu4)C) = 0 on TM.

From (80)

P̄C((ϕβ1)C, (ϕβ2)C)(ϕβ3)C = R̄C((ϕβ1)C, (ϕβ2)C)(ϕβ3)C

−
1

n − 1
{S̄C((ϕβ2)C, (ϕβ3)C)(ϕβ1)V

+ S̄V((ϕβ2)C, (ϕβ3)C)(ϕβ1)C

− S̄C((ϕβ1)C, (ϕβ3)C)(ϕβ2)V

− S̄V((ϕβ1)C, (ϕβ3)C)(ϕβ2)C
}. (84)
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In view of (61) and (84), ϕC-projectively flat, then we infer

K̄C((ϕβ1)C, (ϕβ2)C, (ϕβ3)C, (ϕu4)C) =
1

n − 1
{SC(β2

C, β3
C)

+ 1C(β2
C, β3

C) − βΦC(β2
C, β3

C)
+ (n − 2)ηC(β2

C)ηC(β3
C)]1V((ϕβ1)C, (ϕU)C)

+ SV(β2
C, β3

C) + 1V(β2
C, β3

C)
− βΦV(β2

C, β3
C) + (n − 2)ηC(β2

C)ηV(β3
C)

+ (n − 2)ηV(β2
C)ηC(β3

C)]1C((ϕβ1)C, (ϕu4)C)

+ [SC(β1
C, β3

C) + 1C(β1
C, β3

C)
− βΦC(β1

C, β3
C)

+ (n − 2)ηC(β1
C)ηC(β3

C)]1V((ϕβ2)C, (ϕU)C)

+ SV(β1
C, β3

C) + 1V(β1
C, β3

C)
− βΦV(β1

C, β3
C) + (n − 2)ηC(β1

C)ηV(β3
C)

+ (n − 2)ηV(β1
C)ηC(β3

C)]1C((ϕβ2)C, (ϕu4)C)}.
(85)

Setting β1 = u4 = ei and summing up wrt i = 1, 2, .....,n − 1 we deduce

n−1∑
i=1

K̄C((ϕei)C, (ϕβ2)C, (ϕβ3)C, (ϕei)C) = SC(β2
C, β3

C)

+ 1C(β2
C, β3

C) − βΦC(β2
C, β3

C)
+ (n − 2)ηC(β2

C)ηC(β3
C)]

+ (n − 2)ηC(β2
C)ηV(β3

C)
+ (n − 2)ηV(β2

C)ηC(β3
C)]

+
1

n − 1
{

n−1∑
i=1

[SC(eC
i , β3

C)1V((ϕβ2)C), (ϕei)C)

+ SV(eC
i , β3

C)1C((ϕβ2)C), (ϕei)C)]

+ 1C((ϕβ2)C, (ϕβ3)C) − βΦC(β2
C, β3

C)}. (86)

Since

{

n−1∑
i=1

[SC(eC
i , β3

C)1V((ϕβ2)C), (ϕei)C) + SV(eC
i , β3

C)1C((ϕβ2)C), (ϕei)C)]

= SC((ϕβ2)C, (ϕβ3)C). (87)

On applying (57), (61), (87) in (86), then (86) becomes

n−1∑
i=1

K̄C((ϕei)C, (ϕei)C, (ϕei)C, (ϕei)C) =
n − 2
n − 1

S̄C((ϕβ2)C, (ϕβ3)C). (88)

and
n−1∑
i=1

K̄C((ϕei)C, (ϕei)C, (ϕei)C, (ϕei)C) = S̄C((ϕβ2)C, (ϕβ3)C)

− 1C(R̄C(ξC, (ϕβ2)C)(ϕβ3)C, ξC). (89)
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In view of (32) and (89) we infer

n−1∑
i=1

K̄C((ϕei)C, (ϕei)C, (ϕei)C, (ϕei)C) = S̄C((ϕβ2)C, (ϕβ3)C)

− 1C((ϕβ2)C, (ϕβ3)C). (90)

Furthermore, in view of (60), (88) and (90) we infer

S̄C(β2
C, β3

C) = (n − 1){1C(β2
C, β3

C) − 3ηC(β2
C)ηV(β3

C)
− 3ηV(β2

C)ηC(β3
C)} (91)

Hence

Theorem 5.4. If TM is ϕC-projectively flat wrt ∇̄C, then TM is an ηC-Einstein manifold wrt ∇̄C.

6. Proposed theorem for conformal curvature tensor on TM

Let TM be the tangent bundle of a P-Sasakian manifold M with a quarter symmetric non-metric con-
nection ∇̄C. The conformal curvature tensor of M wrt a quarter symmetric non-metric connection ∇ is
given

C̄(β1, β2, β3,U) = K̄(β1, β2, β3,U) −
1

n − 1
{1(β2, β3)S̄(β1,U) − 1(β1, β3)S̄(β2,U)

+ S̄(β2, β3)1(β1,U) − S̄(β1, β3)1(β2,U)}

+
r̄

(n − 1)(n − 2)
{1(β2, β3)1(β1,U) − 1(β1, β3)1(β2,U)}. (92)

Employing the complete lift on (92), we infer

C̄C(β1
C, β2

C, β3
C,UC) = K̄C(β1

C, β2
C, β3

C,UC) −
1

n − 1
{1C(β2

C, β3
C)S̄V(β1

C,UC)

+ 1V(β2
C, β3

C)S̄C(β1
C,UC) − 1C(β1

C, β3
C)S̄V(β2

C,UC)
− 1V(β1

C, β3
C)S̄C(β2

C,UC) + S̄C(β2
C, β3

C)1V(β1
C,UC)

+ S̄V(β2
C, β3

C)1C(β1
C,UC)

− S̄C(β1
C, β3

C)1V(β2
C,UC) − S̄V(β1

C, β3
C)1C(β2

C,UC)}

+
r̄C

(n − 1)(n − 2)
{1C(β2

C, β3
C)1V(β1

C,UC)

+ 1V(β2
C, β3

C)1C(β1
C,UC) − 1C(β1

C, β3
C)1V(β2

C,UC)
− 1V(β1

C, β3
C)1C(β2

C,UC)}. (93)

Assume that CC(β1
C, β2

C, β3
C,UC) = 0. Putting β2 = β3 = ξ in (93) and using (54), (58) and (59) we obtain

S̄C(β1
C,UC) = {

r − β2

n − 1
+ 6 − 2n}1C(β1

C,UC)

+ {
β2
− r

n − 1
− 4}{ηC(β1

C)ηV(UC) + ηV(β1
C)ηC(UC)}. (94)

Hence we concludethe following theorem:

Theorem 6.1. If TM is ϕC-conformally flat with ∇̄C, then TM is Einstein manifold wrt ∇̄C.
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