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Abstract. Various families of such Special Functions as the hypergeometric functions of one, two and more
variables, and their associated summation, transformation and reduction formulas, are potentially useful
not only as solutions of ordinary and partial differential equations, but also in the widespread problems
in the mathematical, physical, engineering and statistical sciences. The main object of this paper is first to
establish four general double-series identities, which involve some suitably-bounded sequences of complex
numbers, by using zero-balanced terminating hypergeometric summation theorems for the generalized
hypergeometric series r+1Fr(1) (r = 1, 2, 3) in conjunction with the series rearrangement technique. The
sum (or difference) of two general double hypergeometric functions of the Kampé de Fériet type are then
obtained in terms of a generalized hypergeometric function under appropriate convergence conditions. A
closed form of the following Clausen hypergeometric function:

3F2

(
−

27z
4(1 − z)3

)
and a reduction formula for the Srivastava-Daoust double hypergeometric function with the arguments
(z,− z

4 ) are also derived. Many of the reduction formulas, which are established in this paper, are verified by
using the software program, Mathematica. Some potential directions for further researches along the lines
of this paper are also indicated.
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1. Introduction and Preliminaries

In our present investigation, we use the following standard notations:

N0 :=N ∪ {0} (N := {1, 2, 3, · · · })

and
Z−0 := Z− ∪ {0} (Z− := {−1,−2,−3, · · · }).

Moreover, as usual, we denote by C, R and Z the sets of complex numbers, real numbers and integers,
respectively.

The general Pochhammer symbol (or the shifted factorial) (λ)ν (λ, ν ∈ C) is defined, in terms of the
familiar (Euler’s) Gamma function, by (see, for example, [15] and [31])

(λ)ν :=
Γ(λ + ν)
Γ(λ)

=



1 (ν = 0; λ ∈ C \ {0})
n−1∏
j=0

(λ + j) (ν = n ∈N; λ ∈ C)

(−1)k n!
(n − k)!

(λ = −n; ν = k; n, k ∈N0; 0 ≦ k ≦ n)

0 (λ = −n; ν = k; n, k ∈N0; k > n)
(−1)k

(1 − λ)k
(ν = −k; k ∈N; λ ∈ C \Z),

(1)

where it is understood conventionally that (0)0 := 1 and assumed tacitly that the Gamma quotient exists.
A natural generalization of the Gauss hypergeometric series 2F1[α, β;γ; z] , that is, the generalized

hypergeometric series pFq with p numerator parameters α j ( j = 1, · · · , p) ∈ C and q denominator
parameters β j ( j = 1, · · · , q) ∈ C is defined by

pFq

 (α j) j=1,··· ,p;

(β j) j=1,··· ,q;
z

 = pFq

 α1, · · · , αp;

β1, · · · , βq;
z

 = ∞∑
n=0

p∏
j=1

(α j)n

q∏
j=1

(β j)n

zn

n!
, (2)

provided that β j ∈ C \Z−0 ( j = 1, · · · , q).
Assuming that none of the numerator and denominator parameters is zero or a negative integer, we

note that the pFq series in (2):

(i) converges for |z| < ∞, if p ≦ q;

(ii) converges for |z| < 1, if p = q + 1;

(iii) converges absolutely for |z| = 1, if p = q + 1 andℜ(ω) > 0;

(iv) converges conditionally for |z| = 1 (z , 1), if p = q + 1 and −1 <ℜ(ω) ≦ 0;

(v) diverges for all z (z , 0), if p > q + 1;

(vi) diverges for |z| = 1, if p = q + 1 andℜ(ω) ≦ −1,

where ω is given by

ω :=
q∑

j=1

β j −

p∑
j=1

α j, (3)

ℜ(ω) being the real part of the complex number ω.
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In the case when ω = 0, q+1Fq(z) is called a zero-balanced hypergeometric series.
Just as the Gauss function 2F1 was generalized to pFq by increasing the number of the numerator

and denominator parameters, the four Appell functions F1,F2,F3 and F4 (see [31, p. 53, Eqs. (4), (5), (6)
and (7)]) and their seven confluent forms Φ1, Φ2, Φ3, Ψ1, Ψ2, Ξ1 and Ξ2, which were studied by Humbert
(see [10] and [11]), were unified and generalized by Kampé de Fériet (see [12] and [4, p. 150, Eq. (29)]; see
also [2] and [3]) who defined a general hypergeometric function of two variables. In the modified notation
introduced by Srivastava and Panda [32, p. 423, Eq. (26)] (see also [6, p. 112]), we recall here a more general
double hypergeometric function than the one defined by Kampé de Fériet) as follows:

Fp:q;k
ℓ:m;n

 (ap) : (bq); (ck);

(αℓ) : (βm); (γn);
x, y

 = ∞∑
r,s=0

p∏
j=1

(a j)r+s

q∏
j=1

(b j)r

k∏
j=1

(c j)s

ℓ∏
j=1

(α j)r+s

m∏
j=1

(β j)r

n∏
j=1

(γ j)s

xr

r!
ys

s!
, (4)

where, for convergence,

(i) p + q < ℓ +m + 1 and p + k < ℓ + n + 1 when max{|x|, |y|} < ∞;

(ii) p + q = ℓ +m + 1 and p + k = ℓ + n + 1 when


|x|1/(p−ℓ) + |y|1/(p−ℓ) < 1 (p > ℓ);

max{|x|, |y|} < 1 (p ≦ ℓ).
(5)

Throughout this paper, we find it be convenient to abbreviate the parameters a1, · · · , ap by (ap), , b1, · · · , bq
by (bq), , and so on.

For a detailed and systematic discussion of the absolute and conditional convergence of the Kampé de
Fériet double hypergeometric series in (4), the reader can refer to a beautiful research paper by Hài et al. [9,
pp. 106–107].

As long ago as 1969, Srivastava and Daoust [24, p. 199] defined a generalization of the Kampé de Fériet
function in (4) (see also [4, p. 150]) by means of the following double hypergeometric series (see also [25]
and [26]):

FA:B;B′

C:D;D′


[
(aA) : ϑ,φ

]
:
[
(bB) : ψ

]
;
[
(b′B′ ) : ψ′

]
;

[(cC) : δ, ε] :
[
(dD) : η

]
;
[
(d′D′ ) : η′

]
;

x, y


=

∞∑
m=0

∞∑
n=0

A∏
j=1

(a j)mϑ j+nφ j

B∏
j=1

(b j)mψ j

B′∏
j=1

(b′j)nψ′j

C∏
j=1

(c j)mδ j+nε j

D∏
j=1

(d j)mη j

D′∏
j=1

(d′j)nη′j

xm

m!
yn

n!
, (6)

where the coefficients
ϑ1, · · · , ϑA; φ1, · · · , φA; ψ1, · · · , ψB; ψ′1, · · · , ψ

′

B′ ; δ1, · · · , δC;

ε1, · · · , εC; η1, · · · , ηD; η′1, · · · , η
′

D′

(7)
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are real and positive. Also, for the sake of brevity, (aA) is taken to denote the set of A parameters a1, a2, · · · , aA,
with similar interpretations for (bB), (b′B′ ), and so on. Moreover, if we set

∆1 := 1 +
C∑

j=1

δ j +

D∑
j=1

η j −

A∑
j=1

ϑ j −

B∑
j=1

ψ j (8)

and

∆2 := 1 +
C∑

j=1

ε j +

D′∑
j=1

η′j −
A∑

j=1

φ j −

B′∑
j=1

ψ′j, (9)

then we have the following convergence requirements for the double power series in (6):

(i) If ∆1 > 0 and ∆2 > 0, then the double power series in (6) converges for all complex values of x and y;

(ii) If ∆1 = 0 and ∆2 = 0, then the double power series in (6) is convergent for suitably constrained values
of |x| and |y| (see, for details, [26]);

(iii) If ∆1 < 0 and ∆2 < 0, then the double power series in (6) would diverge except when x = y = 0.

Next, from the following binomial theorem:

(1 − z)−λ =
∞∑

n=0

(λ)n
zn

n!
= 1F0

 λ;

;
z

 (
| arg(1 − z)| < π; λ ∈ C

)
(10)

it can be deduced that

1F0

 λ;

;
1

 = 0
(
ℜ(λ) < 0

)
(11)

and

1F0

 λ;

;
− 1

 = 2−λ (λ ∈ C). (12)

We also have the following result for a terminating Gauss hypergeometric series:

2F1

 −1, 3λ+2
2 ;

3λ
2 ;

1

 = − 2
3λ

(3λ
2
∈ C \Z−0

)
. (13)

The series rearrangement technique, which we shall use in this article, is based upon the following
double-series identities [31, p. 100, Lemma 1, Eqs. (1) and (2)]:

∞∑
m=0

∞∑
n=0

Ξ(m,n) =
∞∑

m=0

m∑
n=0

Ξ(m − n,n) (14)

and
∞∑

n=0

n∑
m=0

Ξ(n,m) =
∞∑

n=0

∞∑
m=0

Ξ(n +m,m), (15)
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and also on the easily-derivable series identities given by

n+p∑
m=0

Ξ(m,n) =
n∑

m=0

Ξ(m,n) +
p−1∑
m=0

Ξ(m + n + 1,n) (16)

and

∞∑
n=0

n+p∑
m=0

Ξ(m,n) =
∞∑

n=0

∞∑
m=0

Ξ(m,n +m) +
∞∑

n=0

(p−1)∑
m=0

Ξ(m + n + 1,n) (p ∈N). (17)

The following rather obvious decomposition formula will also be useful in our investigation here:

∞∑
n=0

Ξ(n) =
∞∑

n=0

Ξ(2n) +
∞∑

n=0

Ξ(2n + 1). (18)

In all of the above series identities, it is each of the series involved is absolutely convergent.
The following zero=balanced hypergeometric summation theorems will also be needed in our investi-

gation.

I. A Zero-Balanced Terminating Hypergeometric 3F2 Series (see [14, p. 539, Entry 91])

3F2

 −m, α, β;

α − k, β −m + k;
1

 = m!
(1 − α)k(1 − β)m−k

(19)

(
k,m ∈N0; m ≧ k; α, β, α − k, β −m + k ∈ C \Z−0

)
.

II. A Zero-Balanced Terminating Hypergeometric 4F3 Series (see [14, p. 555, Entry 19])

4F3

 −m, α, β, γ;

α − k, β − s, γ − (m − k − s);
1

 = m!
(1 − α)k(1 − β)s(1 − γ)m−k−s

(20)

(
k, s,m ∈N0; m ≧ k + s; α, β, γ, α − k, β − s, γ −m + k + s ∈ C \Z−0

)
.

III. A Unification and Generalization of the Zero-Balanced Series (19) and (20)

r+1Fr

 −m, β1, β2, · · · , βr−1, βr;

β1 − k1, β2 − k2, · · · , βr−1 − kr−1, βr − (m − k1 − k2 − k3 − · · · − kr−1);
1


=

m!
(1 − β1)k1 (1 − β2)k2 · · · (1 − βr−1)kr−1 (1 − βr)m−k1−k2−···−kr−1

(21)

(
k1, k2, · · · kr−1,m ∈N0; m ≧ k1 + k2 + · · · + kr−1

)
,

the remaining numerator and denominator parameters being neither zero nor negative integers.

Remark 1. The unification and generalization (21) follows from the zero-balanced terminating hypergeo-
metric summations (19) and (20), which are recorded by Prudnikov et al. [14]. In fact, we have also verified
the general result (21) numerically by taking suitable values of the numerator and denominator parameters
and using the software, Mathematica. The analytic proof of the summation theorem (21) may be left as an
exercise for the interested readers.
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Our present investigation is motivated essentially by several interesting and widespread developments
on various families of zero-balanced hypergeometric functions by (for example) Anderson et al. [1], Bühring
and Srivastava [5], Evans and Stanton [8], Karp [13], Richards [16], Saigo and Srivastava [17], A. K. Srivas-
tava [18], Srivastava [19], Srivastava and Jain (see [27] and [28]), Wang et al. (see [36], [37], [38] and [39])
and Zhao et al. [40]. In particular, we express the sum (or difference) of two general double hypergeometric
functions of the Kampé de Fériet type in terms of a generalized hypergeometric function under appropriate
convergence conditions.

The article is organized as follows. In Section 2, we derive our first general double-series identity (22)
by using the zero-balanced terminating hypergeometric summation theorem (19) and the above-mentioned
series rearrangement technique. In Section 3, two new results (33) and (35) for the sum (or difference) of
two double hypergeometric functions of Kampé de Fériet type are derived by applying the first general
double-series identity (22). In Section 4, we establish the second general double-series identity (36) by using
the zero-balanced terminating hypergeometric summation theorem (19). In Section 5, we obtain a closed
form (40) of the Clausen hypergeometric function:

3F2

(
−

27z
4(1 − z)3

)
and a reduction formula (43) for the Srivastava-Daoust double hypergeometric function with the arguments
(z,− z

4 ) in terms of the difference of two generalized hypergeometric functions of one variable with the same
argument 4D+1−E z2 by making use of the second general double-series identity (36). In Section 6, we prove
the third general double-series identity (44) by applying the zero-balanced terminating hypergeometric
summation theorem (20). In Section 7, the result (45) for the sum (or difference) of two double hypergeo-
metric functions of the Kampé de Fériet type is obtained by using the third general double-series identity
(44). In Section 8, a unification and generalization (47) of the first and the third double-series identities (22)
and (44) is established by using the above zero-balanced series (21). Finally, in Section 9, we present several
concluding remarks and observations.

Remark 2. Throughout this article, we assume that any values of parameters and arguments, which would
render the results in Sections 2 to 8 invalid or undefined, are tacitly excluded.

2. First Application of the Zero-Balanced Series (19)

Theorem 1. (First General Double-Series Identity) Let {Θ(µ)}∞µ=0 be a bounded sequence of essentially arbitrary
real or complex numbers such that Θ(0) , 0. Then the following general double-series identity holds true:

p!
(1 − a)s (1 − b)p−s

 ∞∑
n=0

Θ(n + p)
zn

(1 − b + p − s)n


=

∞∑
n=0

∞∑
m=0

Θ(n +m + p)
(1 − b + p − s)n(a)m(b)m zn zm

(1 − b + p − s)n+m(1 + p)n(a − s)m m!
−

pab
(a − s)(b − p + s)

·

∞∑
n=0

p−1∑
m=0

Θ(n + p)
(a + 1)n+m(b + 1)n+m(1 − p)m zn

(1 + a − s)n+m(2)n+m(1 − b + p − s)n(1 + b − p + s)m
(22)

(
p ≧ s; p, s ∈N0; 1 − a, 1 − b, a − s,±(b − p + s) ∈ C \Z−0 ; z ∈ C

)
,

provided that the single and double series involved in the assertion (22) are convergent.
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Proof. Let us consider

Ω(z) :=
zp

(1 − a)s(1 − b)p−s

 ∞∑
n=0

Θ(n + p)
zn

(1 − b + p − s)n


=

∞∑
n=0

Θ(n + p)
zn+p

(1 − a)s(1 − b)n+p−s
, (23)

which, upon replacing n by n − p, yields

Ω(z) =
∞∑

n=p

Θ(n)
zn

n!

(
n!

(1 − a)s(1 − b)n−s

)
. (24)

We now apply the zero-balanced hypergeometric summation theorem (19) in the equation (24). We thus
find that

Ω(z) =
∞∑

n=p

Θ(n)
zn

n! 3F2

 −n, a, b;

a − s, b − n + s;
1

 (25)

If we now replace n by n + p in this last equation (25), we find that

Ω(z) =
∞∑

n=0

Θ(n + p)
zn+p

(n + p)! 3F2

 −(n + p), a, b;

a − s, b − n − p + s;
1


=

∞∑
n=0

n+p∑
m=0

Θ(n + p)
(−n − p)m(a)m(b)m zn+p

(a − s)m(b − n − p + s)m (n + p)! m!
, (26)

which, by virtue of the double-series identity (17), assumes the following form:

Ω(z) =
∞∑

n=0

∞∑
m=0

Θ(n +m + p)
(−n −m − p)m(a)m(b)m zn+m+p

(a − s)m(b − n −m − p + s)m (n +m + p)! m!

+

∞∑
n=0

p−1∑
m=0

Θ(n + p)
(−n − p)m+n+1(a)m+n+1(b)m+n+1 zn+p

(a − s)m+n+1(b − n − p + s)m+n+1(2)m+n (n + p)!
. (27)

Finally, if we appropriately apply the following identities involving the Pochhammer symbols:

(−n − p)m+n+1 = (−1)n+1p (p + 1)n(1 − p)m (m ≦ p − 1), (28)

(−n −m − p)m =
(−1)m(1 + p)n+m

(1 + p)n
, (29)

(b − n −m − p + s)m =
(−1)m(1 − b + p − s)m+n

(1 − b + p − s)n
(30)

and

(b − n − p + s)m+n+1 = (−1)n(b − p + s)(1 − b + p − s)n(1 + b − p + s)m, (31)
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in the equation (27), we obtain

Ω(z) =
zp

p!

∞∑
n=0

∞∑
m=0

Θ(n +m + p)
(1 − b + p − s)n(a)m(b)m zn+m

(1 − b + p − s)n+m(1 + p)n(a − s)m m!

−
p a b zp

(a − s)(b − p + s) p!

∞∑
n=0

p−1∑
m=0

Θ(n + p)

·
(a + 1)n+m(b + 1)n+m(1 − p)m zn

(1 + a − s)n+m(2)n+m(1 − b + p − s)n(1 + b − p + s)m
, (32)

which leads us readily to the first general double-series identity (22) as asserted by Theorem 1.

Remark 3. For the precise convergence condition on z ∈ C in the assertion (22) of Theorem 1, it is necessary
to know the actual form of the sequence {Θ(µ)}∞µ=0. In this connection, for the convergence condition on
z ∈ C, see the result (33) in which the value of Θ(µ) is known.

3. Application of the First General Double-Series Identity (22)

In this section, we apply Theorem 1 in order to establish the reducibility of the sum (or difference) of
two double hypergeometric functions of the Kampé de Fériet type.

Theorem 2. The following reduction formula holds true:

p!
(1 − a)s(1 − b)p−s

D+1FE+1

 (dD) + p, 1;

(eE) + p, 1 − b + p − s;
z


= FD:2;2

1+E:1;1

 (dD) + p : 1, 1 − b + p − s; a, b;

(eE) + p, 1 − b + p − s : 1 + p; a − s;
z, z

 − pab
(a − s)(b − p + s)

· F2:1+D;2
2:1+E;1

 a + 1, b + 1 : 1, (dD) + p;−(p − 1), 1;

1 + a − s, 2 : (eE) + p, 1 − b + p − s; 1 + b − p + s ;
z, 1

 (33)

(
p ≧ s; p, s ∈N0; 1 − a, 1 − b, (eE), a − s,±(b − p + s) ∈ C \Z−0

)
,

it being understood that D ≦ E when |z| < ∞, and that D = E + 1 when |z| < 1.

Proof. If we set

Θ(µ) =
(d1)µ(d2)µ · · · (dD)µ
(e1)µ(e2)µ · · · (eE)µ

(µ ∈N0)
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in both sides of the double-series identity (22), we find after simplification that

p! (d1)p · · · (dD)p

(1 − a)s(1 − b)p−s(e1)p · · · (eE)p

 ∞∑
n=0

(d1 + p)n · · · (dD + p)n (1)n zn

(e1 + p)n · · · (eE + p)n(1 − b + p − s)n n!


=

(d1)p · · · (dD)p

(e1)p · · · (eE)p

·

∞∑
n=0

∞∑
m=0

(d1 + p)n+m · · · (dD + p)n+m (1)n (1 − b + p − s)n(a)m (b)m zn+m

(e1 + p)n+m · · · (eE + p)n+m(1 − b + p − s)n+m(1 + p)n(a − s)m n! m!

−
pab(d1)p · · · (dD)p

(a − s)(b − p + s) (e1)p · · · (eE)p
·

∞∑
n=0

p−1∑
m=0

(a + 1)n+m(b + 1)n+m

(1 + a − s)n+m (2)n+m

·
(d1 + p)n · · · (dD + p)n (1)n (1 − p)m (1)m zn 1m

(e1 + p)n · · · (eE + p)n (1 − b + p − s)n(1 + b − p + s)m n! m!
. (34)

By first applying the definition (2) in the left-hand side of the equation (34) and the definition (4) in
the right-hand side of the equation (34), and then simplifying the resulting equation, we get the reduction
formula (33).

For s = 0, the reduction formula (33) yields the following corollary.

Corollary 1. The following reduction formula holds true:

p!
(1 − b)p

D+1FE+1

 (dD) + p, 1;

(eE) + p, 1 − b + p;
z


= FD:2;1

1+E:1;0

 (dD) + p : 1, 1 − b + p; b;

(eE) + p, 1 − b + p : 1 + p; ;
z, z


−

(
p b

b − p

)
F1:1+D;2

1:1+E;1

 b + 1 : 1, (dD) + p;−(p − 1), 1;

2 : (eE) + p, 1 − b + p; b − p + 1;
z, 1

 (35)

(
p ∈N0; 1 − b, (eE),±(b − p) ∈ C \Z−0

)
,

it being understood that D ≦ E when |z| < ∞, and that D = E + 1 when |z| < 1.

4. The Second Application of Zero-Balanced Series (19)

Theorem 3. (Second General Double-Series Identity) Let {Ψ(µ)}∞µ=0 be a bounded sequence of essentially
arbitrary real or complex numbers such thatΨ(0) , 0. Then the following general double-series identity holds true:

∞∑
n=0

∞∑
m=0

(−1)m Ψ(n +m)
(3a)n+3m

(3a)2m

zn+m

n! m!

= Ψ(0) − 2zΨ(1) + 4z2
∞∑

n=0

Ψ(2n + 2)(2z)2n
− 8z3

∞∑
n=0

Ψ(2n + 3)(2z)2n (36)

(
3a ∈ C \Z−0 ; z ∈ C

)
,

provided that the infinite series occurring on both sides of the assertion (36) are convergent. The right-hand side of
the assertion (36) is independent of the parameter a.



H. M. Srivastava et al. / Filomat 37:22 (2023), 7367–7382 7376

Proof. We denote the left-hand side of the identity (36) by ∆(z) so that

∆(z) :=
∞∑

n=0

∞∑
m=0

(−1)m Ψ(n +m)
(3a)n+3m

(3a)2m

zn+m

n! m!
(|z| < 1), (37)

which, upon replacing n by n −m, followed by some simplications, yields

∆(z) =
∞∑

n=0

(3a)n Ψ(n)
zn

n!

n∑
m=0

(−n)m(3a + n)2m

(3a)2m m!

=

∞∑
n=0

(3a)n Ψ(n)
zn

n! 3F2

 −n, 3a+n
2 , 3a+n+1

2 ;

3a
2 ,

3a+1
2 ;

1


= Ψ(0) + 3azΨ(1) 2F1

 −1, 3a+2
2 ;

3a
2 ;

1


+

∞∑
n=2

(3a)n Ψ(n)
zn

n! 3F2

 −n, 3a+n
2 , 3a+n+1

2 ;

3a
2 ,

3a+1
2 ;

1

 . (38)

The rest of our proof would require replacing n by n + 2 in the equation (38), and then appropriately
using the series decomposition identity (18), the terminating Gauss series (13) and the zero-balanced
hypergeometric summation theorem (19). This will eventually lead us to the following result:

∆(z) = Ψ(0) − 2zΨ(1) +
∞∑

n=0

Ψ(2n + 2)
(3a)2n+2 z2n+2(

1 − 3a+2n+2
2

)
n+1

(
1 − 3a+2n+3

2

)
n+1

+

∞∑
n=0

Ψ(2n + 3)
(3a)2n+3 z2n+3(

1 − 3a+2n+3
2

)
n+1

(
1 − 3a+2n+4

2

)
n+2

. (39)

Finally, in the right-hand side of the equation (39), we apply some easily derivable Pochhammer
symbol identities from (1). Then, after some further simplification, the assertion (36) of Theorem 3 follows
readily.

5. Application of the Second General Double-Series Identity (36)

In this section, we establish one more reducible case related with the Clausen hypergeometric function
3F2.

Theorem 4. The following reduction formula holds true for the Clausen hypergeometric function 3F2:

3F2

 a, a + 1
3 , a +

2
3 ;

3a
2 ,

3a+1
2 ;

−
27z

4(1 − z)3

 = (1 − z)3a

1 + 2z
(40)

(
27|z| < 4|1 − z|3; | arg(1 − z)| < π; |z| < 1; z , −

1
2

; 3a ∈ C \Z−0
)
.

Proof. Upon setting Ψ(µ) = 1 for all non-negative integer values of µ in both sides of the double-series
identity (36), if we make use of the Taylor-Maclaurin expansion, that is, the case λ = 1 of the binomial
theorem (10), we get

∞∑
m=0

(3a)3m

(3a)2m

(−z)m

m!

∞∑
n=0

(3a + 3m)n
zn

n!
= 1 − 2z +

4z2

1 − 4z2 −
8z3

1 − 4z2 , (41)
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which can be rewritten as follows:

(1 − z)−3a
∞∑

m=0

(a)m

(
a + 1

3

)
m

(
a + 2

3

)
m(

3a
2

)
m

(
3a+1

2

)
m

(
−

27z
4(1−z)3

)m

m!
=

1
1 + 2z

. (42)

Finally, in view of the definition (2), the last equation (42) yields the required result (40).

Remark 4. The (presumably new) reduction formula (40) has also been verified numerically by using the
software, Mathematica, in the interval − 1

2 <ℜ(z) < 1 and ℑ(z) = 0.

Theorem 5. The following reduction formula holds true for a general Srivastava-Daoust double hypergeometric
function:

FD+1:0;0
E:0;2


[(dD) : 1, 1] , [3a : 1, 3] : ; ;

[(eE) : 1, 1] : ;
[

3a
2 : 1

]
,
[

3a+1
2 : 1

]
;

z,−
z
4


= 1 − 2z

D∏
j=1

(d j)

E∏
j=1

(e j)
+ 4z2

D∏
j=1

(d j)2

E∏
j=1

(e j)2

2D+1F2E


(dD)+2

2 , (dD)+3
2 , 1;

(eE)+2
2 , (eE)+3

2 ;
4D+1−E z2



− 8z3

D∏
j=1

(d j)3

E∏
j=1

(e j)3

2D+1F2E


(dD)+3

2 , (dD)+4
2 , 1;

(eE)+3
2 , (eE)+4

2 ;
4D+1−E z2

 (43)

(e1, e2, · · · , eE, 3a ∈ C\Z−0 ).

Proof. In order to prove the reduction formula (43), we first put

Ψ(µ) =
(d1)µ(d2)µ · · · (dD)µ
(e1)µ(e2)µ · · · (eE)µ

=

D∏
j=1

(d j)µ

E∏
j=1

(e j)µ

(µ ∈N0)

Then, by using the definition (6) in the left-hand side and the definition (2) in the right-hand side of the
resulting equation, we obtain the required reduction formula (43).

Remark 5. In the case when 2D + 1 < 2E, both sides of the equation (43) are convergent for |z| < ∞. As a
matter of fact, the reduction formula (43) has been numerically verified by using the software,Mathematica.
It is worth noting that the right-hand side of the equation (43) is independent of the parameter a.

6. Application of the Zero-Balanced Series (20)

Theorem 6. (Third General Double-Series Identity) Let {Φ(µ)}∞µ=0 be a bounded sequence of essentially arbitrary
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real or complex numbers such that Φ(0) , 0. Then the following general double-series identity holds true:

p!
(1 − a)k(1 − b)s(1 − c)p−k−s

∞∑
n=0

Φ(n + p)
zn

(1 − c + p − k − s)n

=

∞∑
n=0

∞∑
m=0

Φ(n +m + p)
(1 − c + p − k − s)n(a)m(b)m(c)m

(1 − c + p − k − s)n+m(1 + p)n(a − k)m(b − s)m

zn+m

m!

−
p a b c

(c − p + k + s)(a − k)(b − s)

∞∑
n=0

p−1∑
m=0

Φ(n + p)

·
(a + 1)n+m(b + 1)n+m(c + 1)n+m(1 − p)mzn

(1 + a − k)n+m(1 + b − s)n+m(2)n+m(1 − c + p − k − s)n(1 + c − p + k + s)m
(44)

(
p ≧ k + s; k, s, p ∈N0; 1 − a, 1 − b, 1 − c, a − k, b − s, ±(c − p + k + s) ∈ C \Z−0 ; z ∈ C

)
,

provided that the infinite series occurring on both sides of the assertion (44) are convergent.

Proof. The demonstration of Theorem 6 follows the same lines as those of our derivation of Theorem 1.(22).
Use is made here of the zero-balanced series (20).

7. Application of the Third General Double-Series Identity (44)

Theorem 7. For p ≧ k+ s, k, s, p ∈N0 and 1− a, 1− b, 1− c, (eE), a− k, b− s,±(c−p+ k+ s) ∈ C \Z−0 , the following
sum (or difference) of two double hypergeometric functions of the Kampé de Fériet type holds true:

p!
(1 − a)k(1 − b)s(1 − c)p−k−s

D+1FE+1

 (dD) + p, 1;

(eE) + p, 1 − c + p − k − s;
z


= F D:2;3

E+1:1;2

 (dD) + p : 1 − c + p − k − s, 1; a, b, c;

(eE) + p, 1 − c + p − k − s : 1 + p; a − k, b − s;
z, z


−

p a b c
(a − k)(b − s)(c − p + k + s)

· F3:D+1;2
3:E+1;1

 a + 1, b + 1, c + 1 : (dD) + p, 1;−(p − 1), 1;

a − k + 1, b − s + 1, 2 : (eE) + p, 1 − c + p − k − s; c − p + k + s + 1;
z, 1

 , (45)

provided that D ≦ E when |z| < ∞ and that D = E + 1 when |z| < 1.

Proof. Just as in our demonstration of Theorem 5, we first set

Φ(µ) =
(d1)µ(d2)µ · · · (dD)µ
(e1)µ(e2)µ · · · (eE)µ

=

D∏
j=1

(d j)µ

E∏
j=1

(e j)µ

(µ ∈N0) (46)

in both sides of the double-series identity (44) After some simplification, we obtain the hypergeometric
representation given on the right-hand side of the reduction formula (45).

Corollary 2. The cases of the reduction formula (45) when k = 0 and k = s = 0 yield the corresponding results in
the forms of (33) and (35), respectively.
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8. Unification and Generalization of the Double-Series
Identities (22) and (44)

Theorem 8. (Fourth General Double-Series Identity) Let {▽(µ)}∞µ=0 be a bounded sequence of essentially arbi-
trary real or complex numbers such that ▽(0) , 0. Then the following general double-series identity holds true:

p!

(1 − βr)p−k1−k2−···−kr−1

r−1∏
j=1

(1 − β j)k j

∞∑
n=0

▽(n + p)
zn

(1 − βr + p − k1 − k2 − · · · − kr−1)n

=

∞∑
n=0

∞∑
m=0

▽(n +m + p)

(1)n(1 + p − βr − k1 − k2 − · · · − kr−1)n

r∏
j=1

(β j)m

(1 + p)n(1 + p − βr − k1 − k2 − · · · − kr−1)n+m

r−1∏
j=1

(β j − k j)m

·
zn+m

n! m!
−

p
r∏

j=1
(β j)

(βr − p + k1 + k2 + · · · + kr−1)
r−1∏
j=1

(β j − k j)

·

∞∑
n=0

p−1∑
m=0

▽(n + p)

r∏
j=1

(1 + β j)n+m

(
− (p − 1)

)
m

(2)n+m

r−1∏
j=1

(1 + β j − k j)n+m

·
zn

(1 + p − βr − k1 − k2 − · · · − kr−1)n(1 − p + βr + k1 + k2 + · · · + kr−1)m
, (47)

provided that z ∈ C,

p ≧ k1 + k2 + · · · + kr−1 (p, k1, k2, · · · , kr−1 ∈N0),

1 − β1, 1 − β2, · · · , 1 − βr−1, 1 − βr ∈ C \Z
−

0 ,

β1 − k1, β2 − k2, · · · , βr−1 − kr−1 ∈ C \Z
−

0

and

±(βr − p + k1 + k2 + · · · + kr−1) ∈ C \Z−0 .

The infinite series, which occur on both sides of the assertion (47), are also assumed to be convergent.

Proof. Consider the function ℧(z) given by

℧(z) :=
1

(1 − βr)p−k1−k2−···−kr−1

r−1∏
j=1

(1 − β j)k j

·

∞∑
n=0

▽(n + p)
zn+p

(1 + p − βr − k1 − k2 − · · · − kr−1)n
. (48)

Upon replacing n by n − p in the equation (48), if we make use of an elementary Pochhammer-symbol
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identity derivable from (1), we obtain

℧(z) =
1

r−1∏
j=1

(1 − β j)k j

∞∑
n=p

▽(n)
zn

(1 − βr)n−k1−k2−···−kr−1

=

∞∑
n=p

▽(n)


n!

(1 − βr)n−k1−k2−···−kr−1

r−1∏
j=1

(1 − β j)k j


zn

n!
(49)

We now apply the generalized zero-balanced hypergeometric summation theorem (21) for r+1Fr(1) in
the equation (49), and replace n by n + p. We thus find that

℧(z) =
∞∑

n=0

▽(n + p)
zn+p

(n + p)!

· r+1Fr

 −(n + p), β1, β2, · · · , βr−1, βr;

β1 − k1, β2 − k2, · · · , βr−1 − kr−1, βr − (n + p − k1 − k2 − · · · − kr−1);
1


=

∞∑
n=0

n+p∑
m=0

▽(n + p)
zn+p

(n + p)!

·
(−n − p)m(β1)m(β2)m · · · (βr−1)m(βr)m

(β1 − k1)m(β2 − k2)m · · · (βr−1 − kr−1)m(βr − n − p + k1 + k2 + · · · + kr−1)m m!
. (50)

Finally, we use the double-series identity (17) in the equation (50), and apply several Pochhammer-
symbol identities resulting easily from the definition (1), we are led eventually to the following result for
the function ℧(z) defined by (48):

℧(z) =
zp

p!

∞∑
n=0

∞∑
m=0

▽(n +m + p)
(1)n(1 + p − βr − k1 − k2 − · · · − kr−1)n

(1 + p − βr − k1 − k2 − · · · − kr−1)n+m(1 + p)n

·

r∏
j=1

(β j)m zn+m

r−1∏
j=1

(β j − k j)m n! m!
−

pzp
r∏

j=1
(β j)

p! (βr − p + k1 + k2 + · · · + kr−1)
r−1∏
j=1

(β j − k j)

·

∞∑
n=0

(p−1)∑
m=0

▽(n + p)

r∏
j=1

(1 + β j)n+m

(
− (p − 1)

)
m

(1)n(1)m

(2)n+m

r−1∏
j=1

(1 + β j − k j)n+m(1 + p − βr − k1 − k2 − · · · − kr−1)n

·
zn (1)m

(1 + βr − p + k1 + k2 + · · · + kr−1)m n! m!
. (51)

The required identity (47), which is asserted by Theorem 8, would now follow upon multiplying the

right-hand sides of the equations (48) and (51) by
p!
zp .

Remark 6. By applying the fourth general double-series identity asserted by Theorem 8, one can derive
several further results, which are analogous to those in Section 3 and Section 7, involving the Kampé de
Fériet type double hypergeometric functions and the generalized hypergeometric function of one variable.
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9. Concluding Remarks and Observations

In our present investigation is motivated essentially by the widely- and extensively-demonstrated
usefulness of various families of such Special Functions as the hypergeometric functions of one, two and
more variables, and their associated summation, transformation and reduction formulas, are potentially
useful not only as solutions of ordinary and partial differential equations, but also in the widespread
problems in the mathematical, physical, engineering and statistical sciences (see, for example, [29], [30];
see also [20]). Here, in this paper, we have established four general double-series identities by using some
zero-balanced terminating summation theorems for 3F2(1), 4F3(1) and r+1Fr(1). by using these general
double-series identities, we have deduced the sum (or difference) of two double hypergeometric functions
of the Kampé de Fériet type. We have also derived closed-form reduction formulas for the following
Clausen hypergeometric function:

3F2

(
−

27z
4(1 − z)3

)
and the Srivastava-Daoust double hypergeometric function with the arguments (z,− z

4 ). The various re-
sults, which we have presented in this article, are potentially useful in mathematical analysis and applied
mathematics.

With a view to encouraging and motivating further researches emerging from the present investigation,
we have chosen to draw the attention of the interested readers toward some related recent developments
(see, for example, [7], [20], [21], [22], [23], [33], [34] and [35]) on hypergeometric functions, hypergeometric
polynomials and other families of higher transcendental functions, and also various basic (or quantum or
q-) series and basic (or quantum or q-) polynomials.

Conflicts of Interests: The authors declare that there are no conflicts of interest.
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[3] P. Appell, Sur les Fonctions Hypergéométriques de Plusieurs Variables, Mémor. Sci. Math. Fasc. 3, Gauthier-Villars, Paris, 1925.
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