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Extensions of G-outer inverses

Dijana Mosi¢**, Predrag S. Stanimirovié?, Miroslav Cirié?

?Faculty of Sciences and Mathematics, University of Nis, P.O. Box 224, 18000 Ni$, Serbia

Abstract. Our first objective is to present equivalent conditions for the solvability of the system of matrix
equations ADA = A, DAB = B and CAD = C, where D is unknown, A, B, C are of appropriate dimensions,
and to obtain its general solution in terms of appropriate inner inverses. Our leading idea is to find
characterizations and representations of a subclass of inner inverses that satisfy some properties of outer
inverses. A G-(B, C) inverse of A is defined as a solution of this matrix system. In this way, G-(B, C) inverses
are defined and investigated as an extension of G-outer inverses. One-sided versions of G-(B, C) inverse
are introduced as weaker kinds of G-(B, C) inverses and generalizations of one-sided versions of G-outer
inverse. Applying the G-(B, C) inverse and its one-sided versions, we propose three new partial orders on

the set of complex matrices. These new partial orders extend the concepts of G-outer (T, S)-partial order
and one-sided G-outer (T, S)-partial orders.

1. Introduction

Standardly, A*, rank(A), R(A) and N(A), respectively, represent the conjugate transpose, rank, range
(column space) and null space of A € C"™*", where C"*" is the set of all m X n complex matrices. If A € C*",
the symbol ind(A) denotes its index, that is, the minimal integer k > 0 which satisfies the rank-invariant
property rank(A¥) = rank(A*1).

The definitions of significant generalized inverses are firstly given. In the case if the matrix equation
XAX = X (or AXA = A) is satisfied, the matrix X € C"™" is an outer (or inner) inverse of A € C"*". The set
of all outer (or inner) inverses of A is denoted by A{2} (or A{1}). The uniquely determined outer inverse of
A with prescribed range T and null space S is a matrix X € C"™" (represented by A?,)s) for which

XAX=X, RX)=T, NX) =S5
where T is a subspace of C" of dimension s < r = rank(A), and S is a subspace of C" of dimension m — s.

Note that AT @ S = C" if and only if A(TZ)S exists [3]. For a given A € C"*" and appropriately chosen T, S, the
notation C7'5" ={A e O™ : AT® S =C"} C C™" will be used.
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Denoteby {3y, . g, therelation rank(H;) = - - - = rank(Hy) between the matrices Hy, . .., Hy of appropriate

order. For A € C"™" F € C"™* and H € C*™, consider the sets

ARgep, = (X € C™" : XAX = X, R(X) = R(E)};
AR} = {X € €™ 1 XAX = X, N(X) = N(H))}.

Evidently, the set {X € C*": XAX = X, R(X) = R(F), N(X) = N(H)} contains only one element A REWNH)"

If A Z)F) N(H) is an inner inverse of A, it will be denoted by Agéi N The expressions Cy:= F(HAF)VH are
important generalizations of A%EF) ) a8 presented in Proposition 1.1, summarized from [3] .

Proposition 1.1. (Urquhart formula). For arbitrary A € C™", F € C™*, H € C™™ and a fixed but arbitrary
element (HAF)V € (HAF){1}, it follows

2
A(R()F) . = Ounarr;

@) _
Ci:= FHAF)VH = Azé/)\/(H) = UP(I;F,H, . o
g(p; NH) T YHAEEH;

AR(P) NEH) T Ouarcna,

where ARy € Al2lrm,. and A%, € ARY. n.

(2
R(F)+

with known only kernel when {54y, and becomes the

According to Proposition 1.1, the expression C1 = F(HAF)(1 H is an outer inverse A with known

only range when (Jp,y p, an outer inverse A(z) ")

outer inverse with defined both range and null space AR(F) e f Onare OF Onaren,A-

Recall that, for A € C™", the unique solver of the system: AXA = A, XAX = X, (AX)" = AX and
(XA)* = XA is the Moore-Penrose inverse A" of A [3, 26]. The system: ARIX = A XAX = X and AX = XA,
where A € C™" and k = ind(A), has the unique solution called the Drazin inverse AP of A [3, 26]. For recent
results related to the Moore-Penrose and Drazin inverses see [1, 2, 4, 6-8, 13, 14, 23, 28, 29, 31, 32].

Several partial orders were presented and investigated in terms of generalized inverses [9, 15-17, 27, 30].
For A, B € C"™", we say that A is below B with respect to the minus partial order (and denote as A <~ B) if
there exists A~ € A{l} satisfying AA™ = BA” and A”A = A"B [12].

A G-Drazin inverse for a square matrix was defined by Wang and Liu in [25]. Let A € C™" and
k =ind(A). A matrix D € C"™" is a G-Drazin inverse of A if it satisfies the system

ADA = A, DAM!' = AF and AMID = Ak 2)
Recall that (2) is equivalent to the system:
ADA=A, DAAP=AP and APAD = AP. (3)

The symbol A{GD} will stand for the set of all G-Drazin inverses of A. More interesting results related to
G-Drazin inverses can be found in [5, 10, 11, 20].

A G-outer inverse was introduced for a rectangular matrix in [18] extending the G-Drazin inverse using
outer inverse with prescribed range and null space. Precisely, D € C™™ is defined as a G-outer (Go-)
(T, S)-inverse of A € C7¢" when it realizes

- @ _ 2@ @ )
ADA=4, DAAY =AY, and  ADAD =AY @)

We use the notation A{Go, T, S} for the set of Go-(T, S)-inverses of A. Obviously, A{Go, T, S} € A{1}. Further
results about Go inverses can be found in [21].
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The so-called Go-(T, S)-partial order was defined on C”’X” [18] based on G-outer (T, S)-inverses. For

Ae C’”X” and B € C"™", A is below B with respect to the go (T, S)-partial order (denoted by A <9075 B) if
there are C1,C; € A{Go, T, S} satisfying AC; = BC; and C,A = C;B.

The left and right Go-inverses were introduced [22] as weakened versions of Gp-inverses. A left G-outer
(I-G-outer shortly) (T, S)-inverse of A € CTTH,EH is a matrix D € C"™" such that

— @ _ 2@
ADA=A and  DAAj;=Apg.
A right G-outer (r-G-outer shortly) (T, S)-inverse of A € C7¥" is a matrix D € €™ satisfying
- @ - A®
ADA=A and A7 AD=Ap..

The class of left (or right) Go-(T, S)-inverses of A is marked as A{l, Go, T, S} (Alr, Go, T, S}). In the particular
choice m = n and A(I%)s = AP, the left (resp. right) Go-(T, S)-inverse reduces to the left (resp. right) G-Drazin
inverse [22].

2. Preliminaries and motivation

Under the assumptions C € C™", B € C"%, A € C iy« and A{Go, R(B), N(C)} # 0, the general solution

to the system with unknown matrix D (termed as G-(B, C) system)

ADA=A, DAB=B and CAD=C (5)
was presented using a G-outer (R(B), N(C))-inverse of A and corresponding inner inverses in [19]. Notice
that, by [18, Theorem 2.2], the system (4) is equivalent to the system (5) when A(T AE/?()B LN() Also, the

system (3) is a particular case B = C = AP of the system (5).

Motivated by recent investigations about G-outer, I-G-outer and r-G-outer inverses, our research presents
extensions of these inverses without the hypothesis related to the existence of corresponding outer inverse.
Precisely, the following results are proved in this paper.

(1) The first aim of this research is to solve the system (5) for matrices A € C"™", C € C™" and B € C"?.
Thus, we present necessary and sufficient conditions for the solvability of the system (5) without the
assumptions A € Cz i\ and A{Go, R(B), N(C)} # 0. In particular, the general solution to the system (5)
is given in terms of inner inverses of A, AB and CA, omitting a G-outer (R(B), N (C))-inverse of A.

(2) A generalization of G-outer inverse, called a G-(B, C) inverse of A, is introduced as a solution to the
system (5) in the case A € C"™", C € C™" and B € C™?. Replacing B and C in (5) with arbitrary C € C™",

a G-C inverse of A is defined as a solution of the obtained system. Remark that for C = A(T2,)s' the G-C

inverse is equal to the Go-(T, S)-inverse of A [18], and when m = n and C = AP, the G-C inverse reduces to
G-Drazin inverse of A [25]. So, the G-(B, C) inverse, as well as its particular case - the G-C inverse, present
new classes of generalized inverses and extend the notion of the G-outer inverse.

(3) The set of all G-(B, C) inverses is described (and as consequences sets of Go-(T, S)-inverses and G-
Drazin inverses, respectively) based on adequate inner inverses. We prove that the G-outer (T, S)-inverse

of A exists if A(z) exists.

(4) By the Urquhart formula (1), the expression Ci:= FHAF)MH is equal to outer inverses A‘R(F) y AE,ZI)V(H)

and Af}?(F) N(H) under additional assumptions. This fact inspired us to investigate G-(; inverses as new

extensions of G-outer inverses. Furthermore, for (HAF)® e (HAF){2} and C, := F(HAF)®H, it is interesting
to study G- C, inverses as generalizations of G-outer inverses.

(5) One-sided versions of G-(B, C) inverse are defined as weaker kinds of G-(B, C) inverses and investi-
gated as new generalized inverses. Precisely, I-G-B inverses and r-G-C inverses are proposed as solutions of
systems obtained omitting the third equation or the second equation in (5). Notice that one-sided versions
of G-(B, C) inverse present extensions of one-sided kinds of G-outer inverse.
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(6) Based on the G-(B, C) inverse and its one-sided versions, we introduce three kinds of partial orders
on the corresponding subsets of C"™*". These new relations generalize the concepts of G-outer (T, S)-partial
order from [18] and one-sided G-outer (T, S)-partial orders from [22].

A global content of involved sections and subsections is described now. After the survey of necessary
facts in Section 1, some preliminary results and a detailed motivation are given in Section 2. Extensions
of G-outer inverses are proposed and considered in Section 3. Solvability of system (5) is considered
in Subsection 3.1. Definitions and characterizations of G-(B, C) inverse and G-, inverse are proved in
Subsection 3.2. Subsection 3.3 investigates properties of g-C1 and Q—C2 inverses. Extensions of one-
sided G-outer inverses are introduced and considered in Section 4. The sets of 1-G-B and r-G-C inverses
are studied in Subsection 4.1, while Subsection 4.2 gives characterizations of one-sided G-Cy and G-C»
inverses. Examples in the numerical and symbolic form are presented in Section 5. In Section 6, partial
orders defined employing the G-(B, C) inverse and its one-sided versions are introduced and investigated.
Final remarks are stated in Section 7.

3. Extensions of G-outer inverse

Solving the G-(B, C) system (5) leads to the definition of new classes of generalized inverses which
extend the notions of G-outer and G-Drazin inverses.
3.1. Solvability of G-(B,C) system

In this subsection, our intent is to solve the system (5) for A € C"™**, C € C7" and B € C*?, and without

the conditions A € C%XB’;/N(C) or A{Go, R(B), N(C)} # 0.

The following result will be very useful in solving certain systems of matrix equations. In further, M~
is used to denote arbitrary M~ € M{1}.

Lemma 3.1. [3, p. 52] The matrix equation AYB = C that involves arbitrary A € C"", B € CP1 and C € C"™,
possesses a solution Y € C™* if and only if AA~CB™B = C for some A~ and B~. In addition, the general solution is
Y =A"CB™ +Z—-A"AZBB~ for arbitrary Z € C™.

A necessary and sufficient condition for the solvability of system (5) is established in Theorem 3.2 as

well as the general solution of this system employing corresponding inner inverses. To simplify notation,
the common situation A € C™", B € C* and C € C™" will be denoted by {A, B, C} € Cl""»/l,

Theorem 3.2. Let {A, B, C} € CI""P4l, Then the G-(B, C) system (5) has a solution if and only if
B(I-(AB)"AB) =0 and (I-CA(CA)C =0, (6)
for some inner inverses (AB)™ and (CA)~. Furthermore, the general solution to (5) is equal to

D = A AA™ +(I- A"A)B(AB)™ + (CA)"C(I — AA™)
+K — (CA)"CAK(I - AA™) — (I - A~A)KAB(AB)™ — A"AKAA~, 7)

for arbitrary K € C™™ and A~.
Proof. If D is a solution to the system (5), it can be verified

B(AB)"AB = D(AB(AB)"AB) = DAB = B,
CA(CA)™C = (CA(CA)"CA)D = CAD =C,

which implies (6).
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If (6) is satisfied, we conclude that D = A"AA™ + (I — A"A)B(AB)™ + (CA)"C(I — AA™) is a solution to the
system (5) by
ADA = AATAAA=A,
DAB=A"AB+(I-A"A)B(AB"AB=A"AB+(I-A"A)B =B,
CAD = CAA™ +CA(CA CI-AA")=CAA+C(I-AA") =C.

In order to obtain the general solution to the system (5), firstly, using Lemma 3.1, notice that the general
solution to the equation ADA = A is of the form

D=A"AA" +Z - A AZAA", 8)
for arbitrary Z € C"™. A substitution of (8) in DAB = B leads to

(I-A"A)ZAB=(1-A"A)B. )
ByI-A"A € (I- A"A){1}, (6) and Lemma 3.1, the general solution to (9) is represented by

Z=(I-A"A)BAB) +Y—-(I-A"A)YAB(AB)~ (10)
for arbitrary Y € C™". From CAD = C, (8) and (10), we obtain

CAY(I-AA")=C(I—-AA"). (11)
According to I — AA™ € (I - AA7){1}, (6) and Lemma 3.1, the general solution to (11) is expressed by

Y =(CA) C(I-AA")+ K- (CA)"CAK(I - AA"), (12)

for arbitrary K € C™. Applying (8), (10) and (12), we deduce that (7) is the general solution to the system
(5). O

Computationally effective conditions of the constraints (6) follow results obtained in [24].

Corollary 3.3. [24] Let {A, B, C} € ClmmpAl,
(a) The subsequent statements are mutually equivalent for arbitrary (AB)~:

(i) BI - (AB)"AB) =0;
(ii) N(B) = N(AB);
(i) Tapp
(iv) there exists Y € CP*" satisfying BYAB = B;
(V) there exists A,(Ii()B)/* = B(AB)” = BY.
(b) The subsequent statements are mutually equivalent for arbitrary (CA)~:
(i) I-CA(CA)")C =0;
(i) R(C) = R(CA);
(iii) Ocacs
(iv) there exists ¥ € C™ satisfying CAYC = C;

(v) there exists Afj{,(c) = (CA)C = WC.
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According to Corollary 3.3 and Theorem 3.2, a set of equivalent conditions for the solvability of system
(5) can be obtained by corresponding conjunctions of equivalent conditions. Some of them are presented
in Corollary 3.4.

Corollary 3.4. Let {A, B,C} € C™"P4). Then the following statements are equivalent for some (AB)~ and (CA)™:
(i) the G-(B, C) system (5) is solvable;
(if) N(B) = N(AB) and R(C) = R(CA);
(iii) Oapp a1d Oca,c:
(iv) there exists Y € CP*™ satisfying BYAB = B and ¥ € C™ satisfying CAYC = C;

(v) there exist A;ggB)ﬁ = B(AB)™ = BY and ASL(C) = (CA)C = WC.

In the particular case C = B = Cin Theorem 3.2, we obtain the existence criterion for solvability and the
general solution of the next system of matrix equations.

Corollary 3.5. Let A € C"™" and C € C™™. Then the system
ADA=A, DAC=C and CAD=C (13)
has a solution if and only if
C(r-CyaC)=0 and  (1-CACA))C =0,
for some (AC)~ and (CA)~. Afterwards, an arbitrary solution D is of the form

D=A"AA"+(1-A"ACAC) +(CACu-A44)
+K—-(CA)"CAK(I - AA™) — (I - A~A)KAC(AC)” - A"AKAA~,

for arbitrary K € C™" and A~.
For ( = A" in Corollary 3.5, we get the solution of the next system of equations.
Corollary 3.6. Let A € C"™". Then the system
ADA=A, DAA"=A" and A'AD=A"
has a solution of the form

D=A"AA™ + (I - A" A)A(AA") + (A"A) A'(I - AA")
+ K — (A"A)A*AK(I - AA™) — (I - A"A)KAA(AA") — A"AKAA™,

for arbitrary K € C™" and A=, and for some (AA*)~ and (A*A)~. In addition, DAD = A*.

Remark that, by Corollary 3.6, A" is the unique solution to the system DAD = D, ADA = A, DAA* = A*
and A"AD = A"
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3.2. G-(B, C) inverses

Considering the system (5) imposes us to define two new classes of generalized inverses. Precisely, we
generalize the G-outer and G-Drazin inverses presenting broader classes of generalized inverses.

Definition 3.7. Let {A, B, C} € CI"mmp4l. A matrix D € C™™ js:
(i) a G-(B, C) inverse of A if it satisfies (5);
(i) a G-C inverse of A if it satisfies (13).

Theorem 3.2 implies that G-(B, C) inverse is not uniquely determined. So, it is convenient to denote by
A{G, B, C} (or A{G, (}) the set of G-(B, C) (G-() inverses of A. Evidently, A{G, B,C} C A{l}.

Applying Theorem 3.2, the set A{G, B, C} can be described in terms of one parameter K or two parameters
L and M.

Corollary 3.8. Let A € C"™", B € C"™" and C € C7". If (6) is satisfied, then

A{G,B,C} = {A"AA™ + (I - A~A)B(AB)™ + (CA)"C(I - AA™)
+ (I - (CA)"CAK(I-AA")—(I-A"A)K(I - AB(AB)")
—(I-AA)K(I-AA"): K e C™™ is arbitrary} (14)
= {A"AA™ + (I - A"A)B(AB)™ + (CA)"C(I — AA")
+(I - (CA)CA)L(I - AA™) — (I - A~AYM(I — AB(AB)") :
L,M € C™" are arbitrary}. (15)

Proof. The equality (14) follows from (7) and direct calculations.

ForK = L(I-AA™)+(I-A"A)Min (14), where L, M € C"™" are arbitrary, we observe that (15) is satisfied.
Choosing L = Kand M = (I - A"A)K — K(I - AA7) in (15), when K € C™" is arbitrary, we obtain (14). O
Corollary 3.9. Let {A,B,C} € CI""PAl. If (6) is satisfied, then

 (A-AA- - 4@ @ -

AlG,B,Cl= [A"AA” + (I - A"A)AQ, + AR (- AA7)
@ - - @

+(1- A%, A K - AA7) - (I - A" AK (I - AAT )
—(I-ATAK(I-AA"): KeC™"isarbitrary}

= {A"AA™ + (- A"A)BY + WC(I - AA™)
+(I-WCAKI-AAT)-(I-A"AKI-ABY)—(I-AAK(I-AA"):
K e C™™ is arbitrary, Y € C™",BYAB =B, ¥ € C"™, CAYC = C}

A~ AA- ) @ -
= [ATAA™ +(I- A M)A, + A% (- AAY)

" _ - @ .
+(I = A oDLU - AAT) = (I - A"AM (- AAR(B),*) '

L,M € C™™ are arbitrary}.

Proof. Follows from the replacements Ag()B) , = B(AB)™ = BY and A?/)V(C) = (CA)"C = WC in Corollary 3.8,

which is ensured after the application of Corollary 3.4. [
Corollary 3.10. Suppose that {A, B, C} € CU""P4l and (6) is satisfied. Then
AlGg,B,C} = Alg, P, Q},
where P and Q are arbitrary matrices satisfying N(P) = N(AP), R(Q) = R(QA), R(P) = R(B) and N(Q) = N(C).
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Proof. On the basis of Corollary 3.4, it follows that the system G-(P, Q) is solvable and the next identities
hold:

- (2 @ _ -.
PAP)” = A, = AR = B(AB);

-0 = 4@ — 2@ _ -
(QA) Q= A*,N(Q) = A*/N(C) = (CA)C.

(16)

Further, Corollary 3.8 in common with (16) implies A{G, B,C} = A{G, P, Q}. O

Specializing B, C and ( in Definition 3.7, some important cases can be obtained.

(i) When C = A(TZ)S, the G-C inverse reduces to the G-outer (T, S)-inverse of A [18], which implies

AlG, AL} = AlGo, T, S).

(ii) Provided m = nand (C = AP, the G-C inverse coincides with the G-Drazin inverse of A [25], which
implies A{G, AP} = A{G, A¥} = A{Go, A¥, AF} = A{Go, AP, AP}, k = ind(A).

For C = A(TZ?S orC =APin Corollary 3.5, we describe the sets A{Go, T, S} and A{GD} in terms of adequate
inner inverses.

Corollary 3.11. Suppose that A € C™".
i) If A(T%)S exists, then
AlGo, T, S} = {A"AA™ + (I - A"A)AT) + AT (I - AAT)
+K - AR AK(I - AA7) — (I - A"A)KAAY), — A"AKAA™ :
K e C™" is arbitrary}.
(ii) If m = nand ind(A) = k, then

A{GD} = {A"AA™ + (I - A"A)AP + AP(1 - AA")
+ K- APAK(I - AA™) — (I - A"A)KAAP — A"AKAA™ :
K e C™™ is arbitrary}
={A"AA™ + (I - A~ A)AKA) ™ + (A1)~ AN1 - AA™) — A“AKAA™
K — (AN AMIK(I - AA7) — (I - A=A KA (A~ .
K e C™" is arbitrary}.

Proof. (i) For (AADY)™ = AAT) € (AADL)(1} and (ASLA)™ = ATLA € (ADLA)1), it follows
ADL (1 (AAT) AAD,) = ADLAAD) (T- (AAT) AAD) =0

and
(1- AZAADA))AD) = (1- ADAASLA)) ADLAAT, = 0.
The rest is clear by Corollary 3.5 when ( = AT S
(ii) In the cases C = AP or C = A in Corollary 3.5, we prove this part. O

Remark that, when A(T2 )s exists, A{Go, T, S} # 0, i.e., the G-outer (T, S)-inverse of A exists.
Theorem 3.12 investigates a necessary and sufficient condition for the existence of a G-(B, C) inverse.
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Theorem 3.12. For {A,B,C} € C""4l and D € C"™", the following statements are equivalent:
(i) D € AlG,B,C);
(if) ADA = A, R(B) € R(DA) and N(AD) € N(C).
Proof. (i) = (ii): It is obvious.
(ii) = (i): The conditions ADA = A, R(B) € R(DA) and N(AD) € N(C) imply R(B) € R(DA) = N(I-DA)
and R(I — AD) = N(AD) € N(C). Therefore, DAB = B and CAD = C, thatis, D is a G-(B, C) inverse of A. [

For arbitrary G-(B, C) inverses D; and D, of A, Theorem 3.13 confirms that D;AD; is a G-(B, C) inverse
of A.

Theorem 3.13. For {A, B, C} € CI""P4l the next inclusions hold:

Proof. Let D1,D; € A{G,B,C} and D = D1AD;. Then

ADA = (AD1A)D,A = AD,A = A,
DAB = D;A(D,AB) = D1AB = B,
CAD = (CAD:)AD, = CAD, = C,

which is equivalent with D € A{G, B,C}. O
One characterization of G-(B, C) invertible matrices can be given in terms of appropriate idempotents.
Theorem 3.14. For {A, B, C} € CmnpAl there is equivalence between the subsequent assertions:
(i) A{G,B,C}#0;
(ii) there are two idempotents T € C"™" and T, € C"™" such that

R(T1) =R@A), N(I2) =N(), RB)<SR(T) and N(T:) € N(C).

Subsequently, T,A™ T € A{G, B, C} for arbitrary A~, which implies
T, - A{1}- T, € A{G, B, C}.

Proof. (i) = (ii): For D € A{G,B,C}, if T1 = AD and T, = DA, we observe by ADA = A, that Ty = T%,
T, = T3, R(T1) = R(A), and N(T2) = N(A). Since DAB = B and CAD = C, we deduce R(B) C R(T>) and
N(T7) € N(C).

(ii) = (i): Note that, for A~ € A{1}, the assumption R(T1) = R(A) gives A = T1A and T; = AA™T;. From
N(A) = N(T), it follows A = AT, and T, = ToA~A. The conditions R(B) € R(T2) and N(T1) € N(C) imply
B =T,B and C = CTj. If we take D = T,A™ T, notice that

ADA = (AT,)A™(T1A) = AA™A = A,
DAB = T,bA™(T1A)B = (T.A"A)B = T,B = B,
CAD = C(AT,)A™T; = C(AA™Ty) = CT; = C.

Thus, D € A{G,B,C}. O

Taking C = B = C in Theorem 3.12, Theorem 3.13 and Theorem 3.14, we obtain corresponding results
for G-C inverse, which reveal appropriate results from [18] in the complex matrix case.
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3.3. G-Cq and G-(C, inverses

In this subsection, let A € C"™", F € C™*, H € C™" and let (HAF)V € (HAF){1} and (HAF)® € (HAF){2}
be fixed but arbitrary. If we state C; := FIHAF)VH or (, := F(HAF)?H instead of ( in Definition 3.7(ii) of
the G-( inverse, we obtain G-C; and G-C, inverses.

Under extra assumptions, by Urquhart formula (1), the expression C; := F(HAF)VH is equal to AR

R(E)+*
AiZ))V(H) or Ag(F) NH Accordmg to this fact, G-(1 inverses can be considered as new extensions of G-outer
inverses.

Theorem 3.15. The set of G-C; inverses of A satisfies

AlG A F)*} AlG,E (1}, Ounarr;
A{G, C1} = JAlG, A% vy =AlG, Ci H), Onarn;
AlGo,R(F), N(H)} = AlG,F H}, Ownarrn.

Proof. By Proposition 1.1, an arbitrary D € A{G, C} satisfies
. 2
() Onarr = D € AlG, A;{()p),*};
(i) Opary = D € AlG, *N(H)}'

(i) Onaren = D € AlGo, R(F), N(H)),

which confirms mentioned equalities. According to [18, Theorem 2.2], note that (3 ,rry gives A{G, F, H} =
AlGo, R(F), NH)}. O

As a consequence of Theorem 3.15, we obtain the next result about G-C, inverses.

Corollary 3.16. If P and Q be suitable Hermitian idempotents satisfying (HAF)® = Q(PHAFQ)'P, then

Alg, A%(PQ)*} AlG, FQ, Cl UPHAFQ,FQ}
AlG, Co) = Alg AizN(pH } = AlG, C1, PH}, Oprharo,pi;

Al{Go, R(FQ), N(PH)} = A{G,FQ,PH}, Opnargro,rh-

Proof. Notice that, by [3], Z € (HAF){2} if and only if Z = (PHAFQ)', where P and Q are suitable Hermitian
idempotents. In this case, (HAF)® = (PHAFQ)" = Q(PHAFQ)" = (PHAFQ)'P. An application of Theorem
3.15 implies that an arbitrary G-C, inverse D of A satisfies

. (2 .
(0) Opuargro = D € AlG, Agirg )i

.. 2)

(1) Opnargen = D € A{ng( N

(iil) Opuargrorn = D € AlGo, R(FQ), N(PH)}.
The proof follows immediately. [

Because (, := F(HAF)?H is an outer inverse of A, we have the following characterizations of G-Ca
inverses.

Theorem 3.17. For D € C™", the following statements are equivalent:

(ii) ADA = A and DAC, = C,AD;
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(iii) ADA = A, DAC,A = CoA and AC, = ACLAD.

Proof. (i) = (ii): This implication is clear by the definition of a G-, inverse.

(ii) = (iii): Since ADA = A and DA(C, = (,AD, then DAC,A = (C2(ADA) = (A and ACL,AD =
(ADA)(C, = AC».

(iii) = (i): Assume that ADA = A, DAC,A = C,A and AC, = ACL,AD. Because (, € A2}, we get

C2 = (C24)C. = DA(C2AC,) = DAC,

and

C2 = C2(AC,) = (C2AC2)AD = (LAD.
Hence, D € A{G, C,). O

4. Extensions of one-sided G-outer inverses

Considering weaker versions of the system (5), we introduce one-sided kinds of G-(B, C) inverses and
generalize -G-outer and r-G-outer inverses.

4.1. L- G-B and r- G-C inverses

By omitting the second or third equation involved in the system (5), we present two classes of novel
generalized inverses that represent weaker versions of G-(B, C) invertibility. By Corollary 3.3, Theorem 4.1
can be verified by a similar procedure as in the verification of Theorem 3.2.

Theorem 4.1. Then the following statements hold for {A, B, C} € ClmmrAl;
(a) The system (termed as L-G-B system)

ADA=A and DAB=B (17)
has a solution if and only if one of the following two conditions is satisfied:

(i) B({I - (AB)"AB) =0, for some (AB)~

18
(i) BYAB=B, Y eCr™. (18)
Furthermore, the general solution to (17) is equal to

D=A"AA"+(I-A ABAB) +Y - (I - A"A)YAB(AB)” — A" AYAA™
=AAA +(I-A ABY+Y—(I-A AYAY - A AYAA~, BYAB = B, Y € C/"

for arbitrary Y € C™" and A~.
(b) The system (termed as R-G-C system)

ADA=A and CAD=C (19)
has a solution if and only if one of the following two conditions is satisfied:

(i) (I-CA(CA))C =0, for some (CA)~

20
(i) CAYC=C WeC™,. (20)
Furthermore, the general solution is equal to

D=A"TAA" +(CA) CI-AA)+Y - (CA) CAY(I - AA™) - ATAYAA™
=ATAAT+VC(I-AAT)+Y - WCAY(I- AA™) - AAYAA™, CAYC=C, ¥ e C™

for arbitrary Y € C™" and A™.
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Definition 4.2. The following definitions are valid for {A, B, C} € ClmmrAl;
(a) a matrix D € C™" satisfying (17) is a left G-B (I-G-B) inverse of A;
(b) a matrix D € C"™"satisfying (19) is a right G-C (r-G-C) inverse of A.

We will write A{l, G, B} (or A{r,G,C}), respectively, as labels for the set of I-G-B (r-G-C) inverses of
A. Observe the inclusions A{G, B,C} € A{l,G, B}, A{G,B,C} € Alr,G,C} and the equality A{G,B,C} =
A{l,G,B} N Afr,G,C}.

For B = A(Tz)s (or B = AP), al-G-B inverse of A reduces to the I-G-outer (T, S)-inverse (I-G-Drazin inverse)

of A. Analogously, for C = A(T2 )s (or C = AP), a r-G-C inverse of A reduces to the r-G-outer (T, S)-inverse
(r-G-Drazin inverse) of A.
Some set identities can be verified as in Corollary 3.10.

Corollary 4.3. Suppose that {A, B, C} € Cl"pAl,
(a) If (18) is satisfied, we have

All,G, Bl = A{l,G, P},
where P is an arbitrary matrix satisfying N (P) = N(AP) and R(P) = R(B).
(b) If (20) is satisfied, we have
Alr,G,Cl = Alr,G,Ql,
where Q is an arbitrary matrix satisfying R(Q) = R(QA) and N(Q) = N(C).

Applying Theorem 4.1, the sets of one-sided G-outer as well as G-Drazin inverses are characterized as
in Corollary 3.11.

Corollary 4.4. Let A € C"™.
@ If A(TZ)S exists, then

All,Go, T, S} = {A"AA™ + (I - AA)AD. + Y — (I - A"A)YAAD) — A"AYAA™:
Y € C™™ is arbitrary}

and
Alr,Go, T, S} = {ATAA~ + ALL(1 - AAT) + Y - ARLAY(I - AA) - ATAYAA™ :

Y € C™" is arbitrary}
for A~ € A{1}.
(ii) If m = nand ind(A) = k, then
A{l,GD} = {A"AA” + (I - A A)AP + Y — (1 - A"A)YAAP — A"AKAA™ :
Y € C™™ is arbitrary}
= {ATAA” + (I - A" AAF A +Y — (I - A"A)YAH (AR — A“AYAA™ -
Y € C™" is arbitrary}

and
Alr,GD} = {A"AA™ + AP(I = AA") + Y — APAY(I1 - AA™) - A"AYAA™ :

Y € C™" is arbitrary}
= {ATAA + (AN AFI - AAT) + Y — (A1) AMY(I - AA™) - A"AYAA™ :
Y € C™" is arbitrary}

for A~ € A{1} and (AF1)~ e (AF1){1}.



D. Mosic et al. / Filomat 37:22 (2023), 7407-7429 7419

Theorem 4.5 gives the subsequent characterizations of 1-G-B and r-G-C inverses, as a continuation of
Theorem 3.12.

Theorem 4.5. Let {A, B, C} € Cl"mPal gnd D e €™,
(a) The next statements are equivalent:

(i) D e A{l,G,BY;
(ii) ADA = A and R(B) € R(DA).
(b) The next statements are mutually equivalent:
(i) DeAlr,G,C)
(i) ADA = Aand N(AD) € N(C).

In Theorem 4.6, we check some additional inclusions for the 1-G-B and r-G-C inverses as in Theorem
3.13.

Theorem 4.6. Let {A, B, C} € C"7pAl The next inclusions hold:
A{ZIQIB} “A- A{l/ g/ B} c A{l/ gl B} and A{T’, g/ C} “A- A{T’,g, C} c A{l’, gl C}

Identities included in Corollary 4.7 follow immediately from corresponding definitions, Theorem 3.13
and Theorem 4.6.

Corollary 4.7. The next identities hold for {A, B,
(@A-AlG B Cl-A=A-AlLG B}-A=A-A{
(b) AlG,B,C}-AB = A{l,G,B} - AB
=A{G,B,C}-A-AlG B,C}-AB=Al{l,G B}-A-A{l, G B} - AB
=B;
(c)CA-A{G,B,C} =CA-Alr,G,C}
=CA-A{G B,C}-A-A{G B,C}=CA-Alr,G, C}-A-Alr,G,C}
=C

C} € Clmnpal;
G CH-A=4;

Some characterizations for A{l, G, B} and A{r, G, C} that involve idempotents are introduced in Theorem
4.8.

Theorem 4.8. Consider {A,B,C} € Clmmral,
(a) The next claims are mutually equivalent:

(i) All,G, B} #0;
(ii) there are idempotents T1 € C™" and T, € C™" satisfying
R(A) = R(T1), NA)=N(Tp) and R(B) C R(Ty).
Moreover, for arbitrary A~ € A{1}, it follows T,A™ Ty € A{l, G, B}, which implies
T, - A{1}- T, € A{l,G, B).

(b) The subsequent claims are mutually equivalent:

(i) Alr, G, Cl #0;
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(ii) there are idempotents T1 € C"™" and T, € C™" satisfying

R(A) =R(T1), NA)=N(Tp) and N(T1) € N(O).

Furthermore, for any A~ € A{1}, we have T,A™ Ty € Alr, G, C}, which implies
T,-A{l}- T, € Alr,G,C}.
Theorem 4.9. For {A, B, C} € CI""P4l, there is equivalence between the subsequent assertions:
(i) D1 € All,G, B}, D, € Alr,G, C} and D1AD, = D,ADy;
(ii) D1, D, € A{G, B,C}, AD, = AD; and D1A = D,A.
Proof. (i) = (ii): Multiplying the equality D1AD, = D,AD; by A from the left (or right) hand side, we get

AD, = AD; (D1A = D,A). Since B = (D1A)B = D,AB and C = CAD, = CAD;, we deduce Dy, D, € A{G, B, C}.
(ii) = (i): It is clear by D;(AD,) = (D1A)D; = D,AD;. [

4.2. One-sided G-Cy and G-C, inverses

Consider A € C"™", F € €™, H € C*" and fixed but arbitrary (HAF)? € (HAF){1}, and (HAF)® €
(HAF){2} in this subsection. It is interesting to state C; := F(HAF)VH or (, := F(HAF)?H instead of B
and C in the definition of the 1-G-B inverse and r-G-C inverse and characterize one-sided G-C; and G-C»
inverses.

Applying Urquhart formula (1), I- and r-G-C; inverses are additional extensions of 1- and r-G-outer
inverses.

Theorem 4.10. (a) Arbitrary element D € A{l, G, Cy) satisfies:
(i) Ouaer = D€ AlLG, A%EF)/*};

() Opary = D € AlLG, A% ),
(iii) UHAF,F,H = De A{l/gO/ R(F)/ N(H)}
(b) Arbitrary element D € Alr, G, Ci} satisfies:

() Opaer = D € Alr, g,A;ggF)ﬁ},-

(1) Oparn = D € Alr, g’AE,Z))V(H)};
(ili) Onaren = D € Alr,Go, R(F), N(H))}.

Corollary 4.11. The following set equalities are valid:
AlLG ARy ) = AlLG ), Oparr;
(@) AlLG, C1) =S AlLG, A% ), Oharm;
Al Go, R(F), N(H)}, Onaren

2
Alr, G, A(R()F),*}, Ounarr;

{
() Afr, G, Ci) = JAln G, A% 1)) = Al G H), Ohags;
A{V, gO/ R(F)/ N(H)}/ UHAF,F,H-
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Corollary 4.12. If P and Q be suitable Hermitian idempotents satisfying (HAF)® = Q(PHAFQ)'P, then it follows:
Afl, Q,Ag()p@,*} = All,G,FQ}, Opnaroro;

@ Al G, Cal = JAlLG, Af/)v(pH) b Orharo,ph;
A{l,Go, R(FQ), N(PH)}, Oprargrorn-
Alr, G, A%fp@,*}, Opruaroro;

(b) A{T, g/ CZ} = A{rl gl Ai/Z/)V(pH)} = A{rr g/ PH}r UPHAFQ,PH;
Alr,Go, R(FQ), N(PH)}, Opuargror.

Proof. (a) Similarly as in Corollary 3.16, we verify using Theorem 4.10 that an arbitrary element D €
All, G, C,) satisfies:

. @ .
(0) Opuargrg = D € AlL.G, Agiro) b

() Opmargpn = D € AlL G, A%y );
(iii) UPHAFQ,FQ,PH = De A{l/ gO/ R(FQ), N(PH)}

(b) Arbitrary element D € Afr, G, C,) satisfies:
. 2
(i) Opriargro = D € ARG ARlo, )

(1) Opuargprn = D € Alr,G, AE,ZKI(PH)}’.
(iil) Opuarororn = D € Alr,Go, R(FQ), N(PH)}.
The rest of the proof is evident. [J

The next characterizations of I- and r-G-(, inverses are proposed in Theorem 3.17.

Theorem 4.13. Let D € C™™,
(a) Then the next claims are equivalent:

(i) De A{lL,G, Cal;
(i) ADA = A and DAC,A = C,A.
(b) Then the next claims are equivalent:
() D eAfr,G,Ca),
(ii) ADA = Aand AC, = AC,AD.

5. Examples in numerical and symbolic form

Example 5.1. Let

_ a b _ 1 0 _ 1 0 2%2
a-foo r[in] aelh ofees

where a, b # 0 are unassigned variables. Unknown matrix D is of the general form

d d
D= [ dm dm ]/ dip,dip,do1,d20 € C.
21 d22
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Since F and H satisfy rank(AF) = rank(F) = rank(HA) = rank(H) = 1, Corollary 3.3 implies solvability of the
system (5). The form of general solution to the system

ADA=A, DAF=F HAD=H

gives

a+b b

1
AlG,EH) = {[ atb 91_ ]: szeC}.

Further, the general solution to
ADA =A, DAF=F
gives

A{l/ng}={[ u{b d' ]Z d1/1,d2/2€C}.
a+bh 2,2

Finally, the general solution to
ADA=A, HAD =H

is equal to
dip  dip
AlnG HY = §| 1mady _adiy |* di1,d12€Cp.
b b
Further, for

a5 0
C1 = F(HAF)'H = [ 1 ]

a+b
the general solution to
ADA = A, DAC, =(,, CiaD=(,
gives AlG, Ci} = AlG, E H} = A{Go, R(F), N(H)). In this case, rank(HAF) = rank(H) = rank(F) = rank(A) = 1,

so that Cq = Agéz N which is a verification of Theorem 3.15, part (iii). Further, the general solution to

ADA=A, DAC:=(,

gives A{l, G, Ci) = A{l, G F) = All, Go, R(F), N(H)}, which is a confirmation of Theorem 4.10, part (a)(iii). Finally,
the general solution to
ADA=A, (1AD = (,

gives Afr, G, Ci) = Alr,G, H) = Alr, Go,R(F), N(H)}, which is a confirmation of Theorem 4.10, part (b)(iii) and
Corollary 4.3.

Example 5.2. Consider

8§ 8 4
12 13 17
A=12122,F=121317,H=121569.
8§ 8 4 18 20 25 8§ 2 0 8
8§ 8 2
Let us mention that rank(HAF) = rank(H) = rank(F) = rank(A) = 2, so that C; = Al? Unknown matrix

R(F),N(H)"
D is in symbolic form
dig dip dig dig
dog dop doz dog
d31 dzp d3z dag

D= ,dl',]‘EC.

The general solution to
ADA = A, DAF =F, HAD = H
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defines the set

dip 1 1
dia di —dig+ 5 -1 3212
— d .
A{g/ F/H} - _dl,l - % % - d1,2 d1/1 — % + % 2d1/ - % . dl,l/ d1,2 eC;.
4 _3a _1 75
7 49 49 98

Further, the general solution to the matrix system
ADA=A, DAF=F

is equal to

dp 1 1
dip dip —dip+ 5 -5 g 241

All,G, Ft =1| doy drp —dog + ?_2 B 11_6 % —2dyy |:dijeC
ds1 dap —dai+ 2 +1 —2d3p -1
and the general solution to

is
di,1 di di3 d14
AlrnGH ={| —din—-} &=-dip #—ds —dia—75 |:dijeCy.
4 —22 5 75
7 19 1 98
For
1l 4 13 _ 41
3@ 1% 32
Ci = F(HAF)'H = _54 _37:& _% _ng ,
7 9 T %
symbolic calculation gives
A{G, C1) = AlG, E H) = AlGo, R(F), N(H)},
All,G,Ci} = AlL G, F} = All, Go, R(F), N(H)},
A{T,g, Cl} = A{rlng} = A{T’,QO,R(F), N(H)}/

which is a verification of Theorem 3.15, part (iii) and Theorem 4.10, parts (a)(iii) and (b)(iii) and Corollary 4.3.

Example 5.3. Let

i g é 5 2 20 3 0 6 30
3 3 2 00 0 0O
A‘g‘é‘é(l)'F‘ooo'H‘1021o
6 10 12 2 3 3 2 00 0 0O
Unknown matrix D is of the general form
dip dip dig diga dis dig
D= dog dop doz dos dos dog ,d;; e C.

dS,l d3,2 d3,3 d3,4 d3,5 d3,6
d4,1 d4,2 d4,3 d4,4 d4,5 d4,6

Matrices F and H satisfy rank(AB) = rank(B) and rank(CA) = rank(C). So, according to Corollary 3.3, the system
(5) is solvable. The general solution to

ADA =A, DAF =F, HAD =H,
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corresponding to (5), is given as

dl,l d1,2 d1,3
_ dZ,l d2,2 2 (—Zdu + 2d1,2 + d1/3 + dz,l — dz/z)
AlG.EH) = ds; d3p Adyy — 4dip — 2d 5 + 2d51 — 2d;, + 3
_dl/l - 6d2,1 - 6d3,1 + :1; —dl,z -6 (dz,z + d3/2) —d1/3 - 12d2/1 + 12(12,2 - 12d3]1 + 12d3/2 - %
% (—8d1,1 - 22d1,2 + 4d1,3 + 7)

1 (16dyy — 1641, — 8dy5 — 10d1 + 10d,, + 1) 2 (=16d1,1 + 16d1 5 + 8415 — 30d,, — 1)

1 (=16dy, + 16dy + 8d1 5 — 10d5; +10d3, — 1) 55 (16d1 1 — 16dy, — 8d1 5 — 30d5, + 1)
2”{7“ - 2‘% + “T” +12dpy = 12dpp + 1231y — 1235 + 1t 5 (8dy,1 + 22dy 5 — 4dy 5 + 1804, + 180d3, — 7)

Simplification in symbolic computation gives
A-AlG FH}-A-A=A{G FH)-AF-F=HA-A{G F H} - H = {0}.

Further, the general solution to
ADA =A, DAF=F

is given by

diy  dip di3

dry  dop 2 (—de + 2d1/2 +diz+ dZ/] - dz,z)
d3/1 d3,2 4d1,1 - 4(11/2 - 2d1/3 + 2d3/1 - 2d3,2 + }1
dyy  dap  2d1y —2d1p —dig+2dsy —2dy, — %

—% (d1,1 - d1,2 + 2d1'3 + 1) % (—8d1,1 - 22d1,2 + 4d1,3 + 7)
% (16[11,1 - 16[11,2 - 8d173 - 10[12,1 + 10d2,2 + 1) % (—16{11,1 + 16d1/2 + 8d1/3 - 30d2/2 - 1)
% (—16d1,] + 16d1/2 + 8d1,3 - 10d3/] + 10d3/2 - 1) 31—0 (16d1,1 - 16d1,2 - 8d],3 - 30d3,2 + 1)
% (—8d1,1 + 8d1/2 + 4d1,3 - 10d4/1 + 10d4/2 + 7) % (Sd],l - 8d1,2 - 4d1/3 - 30(14,2 - 7)

All,G, F} =

and the general solution to
ADA=A, HAD =H

is
dl,l dl,z d1,3
_ drq dy 2 (—2d1,1 +2d1p +diz+dy — dz,z)
A{T, g’ H} - d3/1 d3/2 4d1,1 — 4(11,2 - 2d1/3 + 2d3/1 - 2d3/2 + ‘11
_dl,l - 6d2/1 - 65[3[1 + % —dl,z -6 (dz/z + d3/2) —d1,3 - 12d2/1 + 12d2/2 - 12d3,1 + 12613,2 — 2
d1/4 d1,5
4d1/1 - 4d1/2 + 2d1/4 - 2d2,1 + 2d2,2 +1 2d1,2 + 2d1/5 - dz,z - %
—4d1/1 + 4d1,z — 2d1,4 - 2d3/] + 2d3/2 -1 —2d1/2 — 2d1,5 — d3/2 + %
—d174 + 12612[1 - 12[12/2 + 12d3/1 - 12d3/2 + % 6 (dz/z + d3,2) - d1,5
Further,
46 92 46
w1 O s ot O
8 g L& 8
Cl — F(HAF)‘I'H — 1881 1881 1881
0O 0 O 0 O
83 166 83
ms1 O st st U

Ranks relevant in view of Proposition 1.1 satisfy rank(HAF) = 1 = rank(H) < 2 = rank(F) < 3 = rank(A), so that
Ci= Aiz/)v(H)' The general solution to the matrix system

ADA = A, DAC, =(Cy, C1AD=C(;4



D. Mosic et al. / Filomat 37:22 (2023), 7407-7429 7425

is equal to
dig dip di
A{g C } = d2,1 d2,2 2 (—2d1,1 + 2d1,2 + d1,3 + d2,1 — d2,2)
s U1l d3,1 d3,2 4d1,1 - 4d1'2 — 2d1,3 + 2d3,1 — 2d3,2 + }E

_dl,l - 6d2,1 - 6(13,1 + % —d1,2 -6 (dz/z + d3,2) —d1,3 - 12d2,1 + 12d2,2 — 12d3,1 + 12d3'2 — g
p 590, 1 —682d, ,—332d; 3-627d; 4+46
14 1272
4d1,1 - 4d1[2 + 2d1,4 - 2d2,1 + 2d2,2 +1 6% (—590d1/1 + 590(11,2 — 332{11/3 - 627(11,4 — 636(12/2 - 272)
—4d],1 + 4d],2 — 2d1/4 — 2d3/] + 2d3/2 -1 (590[11,1 — 590{1]/2 + 332[11,3 + 627d1/4 - 636(13,2 + 272)

590d; 1+682d1 +332d7 3+627d1 4+7632dy > +7632d3 , —46
—d1,4 + 12d2,1 - 12d2/2 + 12d3,1 — 12d3,2 + % L 12 L3 12721'4 22 22

L
636

Further, the general solution to
ADA=A, DAC:=C

gives
dig dip dis
_ dyy dyo 2(=2dry +2dvp +dis+ oy —dap)
A{ll g’ Cl} - d3,1 d3,2 4d1,1 - 4d1,2 — 2d1,3 + 2d3,1 — 2[13,2 + }1
—d1,1 — 6d2/1 — 6d3,1 + :13 _dl,Z -6 (dz,z + d3/2) —d1,3 — 12[12,1 + 12(12,2 — 12d3,] + 12d3,2 — g
d1,4 d1,5

4d1,1 — 4d1,2 + 2d1,4 — 2d2,1 + 2d2,2 +1 2d1,2 + 2d1,5 — dz/z — %
—4d1,1 + 4d1,2 — 2d1/4 — 2d3,1 + 2d3,2 -1 —2[11,2 — 2d1,5 — d3,2 + %
—d1,4 + 12d2,] - 12d2,2 + 12d371 — 12[13,2 + % 6 (dz,z + d3,2) - d1,5

Finally, the general solution to
ADA =A, C1AD = (4

gives
Alr,G,Ci) = Alr, G, H) = Alr, G, A2, ),
which confirms part (ii) of Theorem 4.10 because of Oy sr g and Corollary 4.3.

6. G-(B, C) partial orders

In this section, suppose that A € C"™", B € C"™? and C € C™". Based on the G-(B, C) inverse, 1-G-B
inverse and r-G-C inverse, we present three new binary relations on C"™*". We can observe that these
new relations generalized the concepts of G-outer (T, S)-partial order proposed in [18] and I- and r-G-outer
(T, S)-partial orders given in [22].

Definition 6.1. Let E € C"™*", Then

(a) A is below E with respect to the G-(B, C) relation (marked as A <SC E) if there is D1, D, € A{G, B, C} such
that
AD] = EDl and DzA = DzE;

(b) A is below E with respect to the I-G-B relation (marked as A <GB E) if there is D1, Dy € A{l, G, B} such that
ADl = ED1 and DzA = DzE;
(c) A is below E with respect to the r-G-C relation (marked as A <"9CE) if there is D1, D, € A{r, G, C} such that

AD1 = ED1 and DQA = DzE

Several necessary and sufficient conditions to fulfilling the relation A <9C E are developed.
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Theorem 6.2. For E € C"™", the next statements are equivalent one to another:
(i) A <9BCE;
(ii) thereis D € A{G, B, C} such that

AD =ED and DA = DE;

(iii) there is D € A{G, B, C} such that
ADE = A = EDA;
(iv) there are idempotents T1 € C™™ and T, € C™" satisfying

R(T1) = R(A), N(T2) = N(A), R(B) € R(T2), N(T1) € N(C) and TH.E = A = ET>.

Proof. (i) = (ii): Observe that A <9BC E implies the existence of D1, D, € A{G, B, C} such that AD; = ED; and
DyA = DyE. By Theorem 3.13, D = D1AD, € A{G, B, C}. We observe that AD = (AD1)AD;, = E(D1AD,) = ED
and in a same way DA = DE.

(ii) = (iii): For D € A{G, B, C}, the equalities AD = ED and DA = DE yield A = (AD)A = EDA and
A = A(DA) = ADE.

(iii) = (i): If ADE = A = EDA for D € A{G, B, C}, it follows D’ = DAD € A{G, B, C}. Also,

AD’ = (ADA)D = AD = E(DAD) = ED/

and similarly D’A = D’E.

(ii) = (iv): Assume that AD = ED and DA = DE for some D € A{G, B, C}. Using Theorem 3.14 for
Ty = AD and T, = DA, one can see R(T7) = R(A), N(T2) = N(A), R(B) € R(T,), and N(T;) € N(C). Further,
T\E = A(DE) = ADA = A = E(DA) = ET,.

(iv) = (ii): According to Theorem 3.14, we obtain D = T,A™ T € A{G, B, C}, where A~ € A{1}. Therefore,
AD = (AT»)A™T, = AAT) = E(TA™ Th) = ED and analogously DA = DE. OO

Similarly as in Theorem 6.2, we characterize 1-G-B and r-G-C relations.

Corollary 6.3. Let E € C"™".
(a) The subsequent claims are mutually equivalent:

(i) A <'9BE;

(ii) thereis D € A{l, G, B} satisfying
AD =ED and DA = DE;

(iii) thereis D € A{l, G, B} satisfying
A = ADE = EDA;

(iv) there are idempotents T1 € C™™ and T, € C™" satisfying
R(A) = R(T1), NA) =N(Ty), RB)<R(IT) and TE=A=ET),.
(b) The subsequent claims are mutually equivalent:
(i) A<"6CE;
(ii) thereis D € Alr, G, C} satisfying

AD =ED and DA = DE;
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(iii) thereis D € Alr, G, C} satisfying
A = ADE = EDA;

(iv) there are idempotents T1 € C"™" and T, € C™" satisfying

R(A) =R(T1), NA)=N(Tr), NT)<SNEC) and TE=A=ET,.

Under the hypothesis A <95 E, we verify that arbitrary G-(B, C) inverse of E is G-(B, C) inverse of A.
The analog results hold for 1- and r-G-(B, C) inverses.

Theorem 6.4. The following implications are valid for E € C™":
(a) A <9%C E = E{G,B,C} C AlG,B,C};
(b) A<'9P E= E(,G, B} C All,G,B);
(c) A<"9CE = Efr,G,C} C Alr,G,C}.

Proof. (a) The hypothesis A <95C E and Theorem 6.2 imply the existence of D € A{G, B, C} satisfying
AD = ED and DA = DE. If F € E{G, B, C}, then

EFE=E, FEB=B and CEF=C,

which give
AFA = A(DA)F(AD)A = AD(EFE)DA = A(DE)DA = ADADA = A,
FAB = F(AD)AB = FE(DAB) =FEB =B
CAF = CA(DA)F = (CAD)EF = CEF = C.

Thus, F € A{G, B, C}, which yields B{G, B, C} € A{G, B, C}.
Similarly, we can verify the parts (b) and (c). O

In the next theorem, we check that partial orders on C"*" are relations G-(B, C), I-G-B and r-G-C.

Theorem 6.5. The G-(B, C), I-G-B and r-G-C relations are partial orders, respectively, on {A € C"™" : A{G,B,C} #
0}, {A e C™": A{l,G, B} # 0} and {A € C"™" : Alr,G,C} + 0}.

Proof. We will prove that the G-(B, C) is a partial order, because the rest follows in a similar way. It is clear
that <95C is reflexive.

If A,E € C™" satisfy A <9PC E and E <95C A, then A <~ E and E <~ A. Because the relation <~ is
antisymmetric, we deduce that A = B and so <95 is antisymmetric.

To prove that <95C is transitive, assume the existence of A,E,G € C"™" satisfying A <9PC E and
E <9BC G, Applying Theorem 6.2, there are D € A{G,B,C} and F € E{(G, B, C} satisfying AD = ED,
DA = DE, EF = GF and FE = FG. According to Theorem 6.4, it follows F € A{G, B, C}. Now, by

A = A(DA) = ADE = ADE(FE) = (ADE)FG = AFG,
A = (AD)A = EDA = (EF)EDA = GF(EDA) = GFA

and Theorem 6.2(iii), we conclude that A <98C€ G. O
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7. Conclusion

The system of matrix equations (5) involving A € C"™", C € C™™ and B € C™? is investigated. This
system is an atypical combination of the equation AXA = A corresponding to inner inverses and the
equations XAB = B, CAX =C used in the characterization of outer inverses. Firstly, equivalent conditions
for solvability of system (5) are given. The general solution of (5) is determined in terms of inner inverses

of A, AB, and CA. So, we omit the conditions A € C%g NO) and A{Go, R(B), N(C)} # 0 which appeared in

[19], and prove that the hypothesis A{Go, R(B), N(C)} # 0 is satisfied when A € C%;’)" NO) holds.

Our contributions are some extensions of G-outer and G-Drazin inverses which are proposed as solutions
of the system (5) and its particular cases. Precisely, we define and characterize a G-(B, C) and G-C inverses as
new classes of generalized inverses. Using Urquhart formula, for C; := F(HAF)YH and C, := F(HAF)®H,
G-C1 and G-, inverses are also new generalizations of G-outer inverses.

One-sided versions of G-(B,C) inverse are introduced as weaker versions of G-(B,C) inverses and
extensions of one-sided kinds of G-outer inverse from [22]. We also characterize one-sided G-Cy and G-C»
inverses.

Tree new kinds of partial orders on the adequate subsets of C"*" are presented using the G-(B, C) inverse
and its one-sided versions. Notice that these partial orders generalize the concepts of G-outer (T, S)-partial
order [18] and one-sided G-outer (T, S)-partial orders [22].
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