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Fixed point theorem for a new SF -GF -contraction mappings in metric
space with supportive applications
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Abstract. This manuscript has for goal to present a new type of contraction, namely SF -GF -contraction,
based on the simulation function and the Geraghty function. Some existence and uniqueness results of
fixed point in complete metric spaces have been shown with this contraction. Our results generalize and
unify several existing results in the literature. Moreover, we illustrated these results with some examples
and applications.

1. Introduction

In recent years, fixed point theory has become one of the most important tools for solving certain prob-
lems in various fields like in nonlinear analysis, physics, biology and game theory. Banach provided the
first fixed point theorem in complete metric spaces, which was generalized in different fields, and one of
these generalizations was given by Berinde [1], where he introduced the concept of quasicontraction as a
generalization of the weak contraction, in the sense of Berinde. Subsequently, several results were obtained,
for example, see [2, 2–5, 18, 22, 24]. Recently, Babu et al.[6] introduced a contractive condition, namely
”condition (B)”, and they proved important results of a fixed point for this contractive condition mappings,
similarly, Ćirić et al.[7] introduced the concept of generalized quasi-contraction condition and shown some
results of existence of fixed point in ordered metric spaces. Samet et al. [10] introduced a class of functions,
namely α-admissible and they proved some results of existence of fixed point for α-ψ-contractive maps.
We refer the reader to [11–13] for more results about this class of functions. In 2016, by combining the ideas
of [25] and [14], Karapinar [8] introduced the concept of α-admissibleZ-contraction to obtain certain fixed
point results in metric spaces.

Motivated by the above works, we present a new type of contraction, namely type SF -GF -contraction.
In addition, we show some results concerning the existence and uniqueness of fixed points for this SF -GF -
contraction mappings, Our results unify several well-known type of contractions and generalize several
existing results in the literature. Moreover, we can describe these results with some exemples and applic-
tions. In 2012, B. Samet and Erdal Karapinar [23] originated the concept of α-admissibility presented in
[14].
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Definition 1.1. [14] Let α : Σ × Σ −→ R+ be a function and Q : Σ −→ Σ be a self-mapping. We say that Q is a
α-admissible if

α(ϑ, η) ≥ 1 =⇒ α(Qϑ,Qη) ≥ 1 for all ϑ, η ∈ Σ. (1)

Example 1.2. [14] Let Σ = R∗+. Define Q : Σ −→ Σ and α : Σ×Σ −→ R+, as follows Qϑ = ln(ϑ) for all ϑ ∈ Σ and

α(ϑ, η) =
{

0 if ϑ < η,
2 if ϑ ≥ η.

Let ϑ, η ∈ R+ such that α(ϑ, η) ≥ 1, then ϑ ≥ η and thus ln(ϑ) ≥ ln(η), implies that Qϑ ≥ Qη. So,
α(Qϑ,Qη) = 2 ≥ 1. Then, Q is α-admissible.

Example 1.3. [14] We define

Q :R+ −→ R+

ϑ 7−→ Qϑ =
√

ϑ

and

α : R2
+ −→ R

+

(ϑ, η) 7−→ α(ϑ, η) =
{

0 if ϑ < η,
eϑ−η if ϑ ≥ η.

Let ϑ, η ∈ R+ such that α(ϑ, η) ≥ 1, then ϑ ≥ η and thus
√
ϑ ≥

√
η, implies that Pϑ ≥ Pη. So, α(Pϑ,Pη) =

eϑ−η ≥ 1. Then, P is α-admissible.

Definition 1.4. [15] Let α : Σ × Σ −→ R+ be a function and Q : Σ → Σ be a mapping. We say that Q is an
extended-α-admissible if

α(η,Qη) ≥ 1 =⇒ α(Qη,Q2η) ≥ 1.

Definition 1.5. [16] An α-admissible map Q is called triangular α-admissible if α(ϑ, σ) ≥ 1 and α(σ, η) ≥ 1 implies
α(ϑ, η) ≥ 1, for all ϑ, η, σ ∈ Υ.

A new concept of contractions with the simulation functions has been introduced by Khojasteh et al[25].

Definition 1.6. [25] The functionΨ : R+×R+ −→ R is said to be a simulation function, if the following conditions
hold
(Ψ1) Ψ(τ, θ) = 0 if and only if τ = θ = 0;
(Ψ2) Ψ(τ, θ) < θ − τ for all τ, θ > 0;
(Ψ3) if {θn}, {τn} two real positive sequences such that lim

n→∞
τn = lim

n→∞
θn > 0,

then lim
n→∞

supΨ(τn, θn) < 0.

For more details the reader can see [19, 25]. We denote by SF the set of all simulation functions.

Definition 1.7. [21] Let β : R+ →]0, 1[ such that

for every {bm} ⊂ R
+ and lim

m→∞
β(bm) = 1, implies lim

m→∞
bm = 0+

such a function is said a Geraghty function.

The set of all Geraghty functions will be denoted by GF .

Definition 1.8. [25] Let Q : Σ→ Σ be a self-mapping over a metric space (Σ, δ) and let Ψ ∈ SF . We say that Q is
a SF -contraction with respect toΨ, if the following condition holds

Ψ(δ(Qη,Qθ), δ(η, θ)) ≥ 0 for all η, θ ∈ Σ. (2)

Theorem 1.9. [25] Let (Σ, δ) be a complete metric space andQ : Σ→ Σ be aSF -contraction with respect toΨ ∈ SF .
Then Q has a unique fixed point in Σ and for every σ0 ∈ Σ the Picard sequence {σn}, where σn = Qσn−1 for all n ∈N,
converges to the fixed point of Q.
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2. Main results

In this section we present our main results, to do this we start with the following definition.

Definition 2.1. Let (Σ, δ) be a metric space and α : Σ × Σ −→ R+ be a function. We say that Q : Σ −→ Σ is a
SF -GF -contraction if there areΨ ∈ SF , β ∈ GF and L ≥ 0 such that

α(η, θ) ≥ 1⇒ Ψ(δ(Qη,Qθ), β(M(η, θ))M(η, θ) + LN(η, θ)) ≥ 0, (3)

where

N(η, θ) = min{δ(η,Qη), δ(θ,Qθ), δ(η,Qθ), δ(y,Qx)};

M(η, θ) = max{δ(η, θ),
δ(η,Qη) + δ(θ,Qθ)

2
,
δ(η,Qθ) + δ(θ,Qη)

2
}

for all η, θ ∈ Σ.

According to this definition, we have

Theorem 2.2. Let (Σ, δ) be a complete metric space and let Q : Σ −→ Σ be a SF -GF -contraction. In addition we
assume that the following conditions

(C1) Q is a triangular α-admissible;
(C2) there is σ0 ∈ Σ with α(σ0,Qσ0) ≥ 1;
(C3) Q is continuous;

hold. Then there is γ ∈ Σ with Qγ = γ.

Proof. Condition (C2) ensure the existence of σ0 ∈ Σ, with α(σ0,Qσ0) ≥ 1. Now let {σn} be an iterative
sequence in Σ given by

σn+1 = Qσn for all n ∈N.

If there is m ∈ N such that σm = Qσm the proof is obvious. Assume that σn+1 , σn for all n ∈ N. Combine
both conditions (C1) and (C2), we have

α(σ0, σ1) = α(σ0,Qσ0) ≥ 1 implies that α(Qσ0,Qσ1) = α(σ1, σ2) ≥ 1,

and so on by recurrence, we find

α(σn, σn+1) ≥ 1, for all n ∈N. (4)

From (3) and (4) with p = σn and q = σn−1, we obtain

0 ≤ Ψ(δ(Qσn,Qσn−1), β(M(σn, σn−1))M(σn, σn−1) + LN(σn, σn−1))
= Ψ(δ(σn+1, σn), β(M(σn, σn−1))M(σn, σn−1) + LN(σn, σn−1))
< M(σn, σn−1) + LN(σn, σn−1) − δ(σn, σn+1), (5)

where

N(σn, σn−1) = min{δ(σn,Qσn), δ(σn−1,Qσn−1), δ(σn,Qσn−1), δ(σn−1,Qσn)}
= min{δ(σn−1, σn), δ(σn, σn+1), δ(σn−1, σn+1, δ(σn, σn))}
= 0 (6)



A. Taqbibt et al. / Filomat 37:23 (2023), 7955–7971 7958

and

M(σn−1, σn) = max{δ(σn, σn−1),
δ(σn,Qσn) + δ(σn−1,Qσn−1)

2
,

δ(σn,Qσn−1) + δ(σn−1,Qσn)
2

}

= max{δ(σn, σn−1),
δ(σn, σn+1) + δ(σn−1, σn)

2
,
δ(σn−1, σn+1)

2
}

≤ max{δ(σn, σn−1),
δ(σn, σn+1) + δ(σn−1, σn)

2
}

≤ max{δ(σn, σn−1), δ(σn, σn+1)}. (7)

By (5), (4), (6) and (7), we get

δ(σn, σn+1) < max{δ(σn, σn−1), δ(σn, σn+1)}

for all n ≥ 1.
Now, if max{δ(σn, σn−1), δ(σn, σn+1)} = δ(σn, σn+1) for some n ≥ 1. Then from the above inequality, we get

δ(σn, σn+1) < δ(σn, σn+1),

which constitutes a contradiction. Therefore

max{δ(σn−1, σn), δ(σn, σn+1)} = δ(σn, σn−1) for all n ≥ 1. (8)

Hence

δ(σn, σn+1) < δ(σn, σn−1) for all n ≥ 1. (9)

Consequently, we conclude that {δ(σn, σn−1)} is a decreasing sequence of positive real numbers. Thus, there
is r ≥ 0 such that lim

n→∞
δ(σn, σn−1) = r ≥ 0. We claim that

lim
n→∞

δ(σn, σn−1) = 0. (10)

On contrary if r > 0. From (9) it follows that

lim
n→∞

δ(σn, σn+1) = r. (11)

Now, if we take the sequences {δn = δ(σn, σn+1)} and {τn = δ(σn, σn−1)} and considering (11), then
lim
n→∞

δn = lim
n→∞

τn = r therefore by (Ψ3), we get that

0 ≤ lim
n→∞

supΨ(δ(σn, σn+1), δ(σn, σn−1)) < 0 (12)

which constitutes a contradiction, we conclude that r = 0.

In the next step, let us prove that {σn} is a Cauchy sequence in Σ. On contrary, assume that {σn} is not
a Cauchy sequence. So, there exists ϵ > 0, for every N ∈ N, there are n,m ∈ N such that N < m < n and
δ(σm, σn) > ϵ. In account of (10), there exists n0 ∈Nwith

δ(σn, σn+1) < ϵ for every n > n0. (13)

We can find subsequences {σmk } and {σnk } of {σn} such that mk > nk ≥ n0 and

δ(σmk , σnk ) > ϵ, for all k. (14)
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where mk is the smallest integer that satisfies the formula (14). Then

δ(σmk−1 , σnk ) ≤ ϵ for every k, (15)

Now, using (14), (15) and the triangular inequality, we obtain

ϵ < δ(σmk , σnk ) ≤ δ(σmk , σmk−1) + δ(σmk−1, σnk )
≤ δ(σmk , σmk−1) + ϵ (16)

Letting k→∞ and using Equation (10), we derive that

lim
n→∞

δ(σmk , σnk ) = ϵ. (17)

Again, by the triangular inequality, we have

δ(σmk , σnk ) ≤ δ(σmk , σmk+1) + δ(σmk+1, σnk+1) + δ(σnk+1, σnk ) for all k. (18)

Also, we have

δ(σmk+1, σnk+1) ≤ δ(σmk+1, σmk ) + δ(σmk , σnk ) + δ(σnk , σnk+1) for all k. (19)

By passing to the limit as k→∞ in (19), (18) and (10) we conclude that

lim
n→∞

δ(σmk+1, σnk+1) = ϵ. (20)

Based on the same reasoning as above, we can write

lim
n→∞

δ(σmk , σnk+1) = lim
n→∞

δ(σmk+1, σnk ) = ϵ. (21)

As Q is a triangular α-admissible, we have

α(σmk , σnk ) ≥ 1. (22)

As well, since Q is a SF -GF -contraction, we get

0 ≤ Ψ(δ(Qσmk ,Qσnk ), β(M(σmk , σnk ))M(σmk , σnk ) + LN(σmk , σnk ))
= Ψ(δ(σmk+1, σnk+1), β(M(σmk , σnk ))M(σmk , σnk ) + LN(σmk , σnk ))
< β(M(σmk , σnk ))M(σmk , σnk ) + LN(σmk , σnk ) − δ(σmk+1, σnk+1). (23)

Hence

0 < δ(σmk+1, σnk+1) < β(M(σmk , σnk ))M(σmk , σnk ) + LN(σmk , σnk )
< M(σmk , σnk ) + LN(σmk , σnk ). (24)

for all k ≥ n1. Where

M(σmk , σnk ) = max{δ(σmk , σnk ),
δ(σmk ,Qσmk ) + δ(σnk ,Qσnk )

2
,

δ(σmk ,Qσnk ) + δ(σnk ,Qσmk )
2

}

= max{δ(σmk , σnk ),
δ(σmk , σmk+1) + δ(σnk , σnk+1)

2
,

δ(σmk , σnk+1) + δ(σnk , σmk+1)
2

} (25)
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and

N(σmk , σnk )
= min{δ(σmk ,Qσmk ), δ(σnk ,Qσnk ), δ(σmk ,Qσnk ), δ(σnk ,Qσmk )}
= min{δ(σmk , σmk+1), δ(σnk , σnk+1), δ(σmk , σnk+1), δ(σnk , σmk+1)} (26)

Taking the limit as k tends to +∞ in (26) and (25), by (17), (10), (21) and (20) we get

lim
k→∞

M(σmk , σnk ) = ϵ (27)

and

lim
k→∞

N(σmk , σnk ) = 0. (28)

From (28), (24) and (27), we derive that
µnk = δ(σmk+1, σnk+1) and νnk = M(σmk , σnk ) + LN(σmk , σnk ), we have lim

k→∞
µnk = lim

k→∞
νnk = ϵ. Therefore by

(Ψ3), we get

0 ≤ lim
k→∞

supΨ(δ(σmk+1, σnk+1),M(σmk , σnk ) + LN(σmk , σnk ) < 0,

which gives a contradiction. So {σn} is a Cauchy sequence in (Σ, δ). Therefore, there is γ ∈ Σ satisfies

lim
n→∞

δ(σn, γ) = 0, (29)

the continuity of Q implies that

lim
n→∞

δ(σn+1,Qγ) = lim
n→∞

δ(Qσn,Qγ) = 0. (30)

By using (30), (29), we conclude that Qγ = γ.

Theorem 2.3. Let (Σ, δ) be a complete metric space and let Q : Σ → Σ be a SF -GF -contraction mappings verifies
the following assumptions

C1) Q is a triangular α-admissible;
(C2) there exists σ0 ∈ Σ with α(σ0,Qσ0) ≥ 1;
(C3) if {σn} is a sequence in Σ with

α(σn, σn+1) ≥ 1 for every n and lim
n→∞

σn = p ∈ Σ,

then there is a subsequence {σn(k)} of {σn} such that α(σn(k), p) ≥ 1 for every k.

Then, Q posses a fixed point.

Proof. We adopt the same reasoning as in the proof of the previous theorem, we can show that σn+1 = Qσn
for all n ≥ 0 is a Cauchy sequence in Σ. Since (Σ, δ) is complete, there is γ ∈ Σ satisfies lim

n→∞
σn = γ. By

(4) and the assumption (C3), there is a subsequence {σn(k)} of {σn} such that α(σn(k), γ) ≥ 1 for every k ∈ N.
According to the contration given in (3), we obtain

0 ≤ Ψ(δ(Qσn(k),Qγ), β(M(σn(k), γ))M(σn(k), γ) + LN(σn(k), γ))
= Ψ(δ(σn(k)+1,Qγ), β(M(σn(k), γ))M(σn(k), γ) + LN(σn(k), γ))
< β(M(σn(k), γ))M(σn(k), γ) + LN(σn(k), γ) − δ(σn(k)+1,Qγ).
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Hence

δ(σn(k)+1,Qγ) < β(M(σn(k), γ))M(σn(k), γ) + LN(σn(k), γ)
< M(σn(k), γ) + LN(σn(k), γ) (31)

where

M(σn(k), γ) = max{(δ(σn(k), γ),
δ(σn(k), σn(k)+1) + δ(γ,Qγ)

2
,

δ(σn(k),Qγ) + δ(γ, σn(k)+1)
2

}

N(σn(k), γ) = min{(δ(σn(k), σn(k)+1), δ(γ,Qγ), δ(σn(k),Qγ), δ(γ, σn(k)+1)}.

By passing to the limite as k→∞, we get

lim
k→∞

M(σn(k), γ) =
δ(z,Qγ)

2
(32)

lim
k→∞

N(σn(k), γ) = 0. (33)

Suppose that δ(γ,Qγ) > 0. By (31), it yields

δ(σn(k)+1,Qγ) < M(σn(k), γ) + LN(σn(k), γ)

Now, by passing to the limite as k→∞, thank’s to (33) and (32), we obtain

δ(γ,Qγ) ≤
δ(γ,Qγ)

2

a contradiction and hence δ(γ,Qγ) = 0, that is γ = Qγ.

To ensure the uniqueness we need in addition to the following condition
(C) α(η, θ) ≥ 1 for every η, θ ∈ Fix(Q), where Fix(Q) denotes the set of all fixed points of Q.

Theorem 2.4. Suppose that the assumptions of Theorem 2.2 (resp. Theorem 2.3) satisfied, if in addition (C) holds,
then Q posses a unique fixed point.

Proof. Assume that there are two distinct points γ, γ∗ ∈ Σ with γ = Qγ and γ∗ = Qγ∗. According to (C), we
can write

α(γ, γ∗) ≥ 1.

And thus, from (3) and (Ψ2), it follows that

0 ≤ Ψ(δ(Qγ,Qγ∗), β(M(γ, γ∗))M(γ, γ∗) + LN(γ, γ∗))
= Ψ(δ(γ, γ∗), β(M(γ, γ∗))M(γ, γ∗) + LN(γ, γ∗))
< β(M(γ, γ∗))M(γ, γ∗) + LN(γ, γ∗) − δ(γ, γ∗)
< M(γ, γ∗) + LN(γ, γ∗) − δ(γ, γ∗). (34)
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Where

M(γ, γ∗) = max{δ(γ, γ∗),
δ(γ,Qγ) + δ(γ∗,Qγ∗)

2
,
δ(γ,Qγ∗) + δ(γ∗,Qγ)

2
}

= max{δ(γ, γ∗),
δ(γ, γ) + δ(γ∗, γ∗)

2
,
δ(γ, γ∗) + δ(γ∗, γ)

2
}

= δ(γ, γ∗) (35)

and

N(γ, γ∗) = min{δ(γ,Qγ), δ(γ∗,Qγ∗), δ(γ,Qγ∗), δ(γ∗,Qγ)}
= min{δ(γ, γ), δ(γ∗, γ∗), δ(γ, γ∗), δ(γ∗, γ)}
= 0 (36)

From (34), (36) and (35) we deduce that

0 < δ(γ, γ∗) − δ(γ, γ∗).

So,

δ(γ, γ∗) < δ(γ, γ∗)

which is a contradiction. Hence γ = γ∗.

Example 2.5. LetΣ = [0, 1
4 ] endowed with the metric induced by absolute value. ConsiderΨ1 : [0,∞)×[0,∞) −→ R

be defined by Ψ1(τ, s) = s
2 − τ, and let β : R+ → [0, 1), β(τ) = 1

1+τ , ∀τ > 0, β(0) = 1
2 and L be a positive real

number.
We define the mappings Q : Σ −→ Σ and α : Σ × Σ −→ [0,∞), as follows

Qη =
η

3
, for every η ∈ Σ,

and

α(η, θ) =
{

1 if η, θ ∈ [0, 1
4 ],

0 otherwise.

We have

Ψ1

(
δ(Qη,Qθ), β(M(η, θ))M(η, θ) + LN(η, θ)

)
=

β(M(η, θ))M(η, θ) + LN(η, θ)
2

− δ(Qη,Qθ)

=
M(η, θ)

2(1 +M(η, θ))
+

LN(η, θ)
2

− δ(Qη,Qθ).

Let p, q ∈ Σ, we have

δ(Qη,Qθ) = | Qη − Qθ |

≤
1
3

max{δ(η, θ),
δ(η,Qη) + δ(θ,Qθ)

2
,
δ(η,Qθ) + δ(θ,Qη)

2
}

=
1
3

M(η, θ).
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Then,

Ψ1

(
δ(Qη,Qθ), β(M(η, θ))M(η, θ) + LN(η, θ)

)
=
β(M(η, θ))M(η, θ) + LN(η, θ)

2
− δ(Qη,Qθ)

≥
M(η, θ)

2(1 +M(η, θ))
+

LN(η, θ)
2

−
1
3

M(η, θ)

=
M(η, θ) − 2M2(η, θ)

6(1 +M(η, θ))

+
LN(η, θ)

2
.

On the other hand, we have ∀η, θ ∈ Σ, M(η, θ) ∈ [0, 1
4 ]. So

M(η, θ) − 2M2(η, θ) ≥ 0.

Finally

Ψ1

(
δ(Qη,Qθ), β(M(η, θ))M(η, θ) + LN(η, θ)

)
≥ 0.

Example 2.6. Let Σ = [0, 3] endowed with the metric induced by absolute value. We define the mapping 1 : Σ −→ Σ
by

1η =
η
7 +

1
9 , ∀η ∈ Σ.

and the simulation function defined by

Ψ2(τ, s) = s −
τ + 2
τ + 1

τ, ∀s, τ ≥ 0.

Define the mapping α : Σ × Σ −→ [0,∞) by

α(η, θ) =
{

1 if η , θ,
0 otherwise.

Let η, θ ∈ Σ with η , θ, we have

Ψ2

(
δ(1η, 1θ), β(M(η, θ))M(η, θ) + LN(η, θ)

)
= β(M(η, θ))M(η, θ) + LN(η, θ)

− δ(1η, 1θ)
δ(1η, 1θ) + 2
δ(1η, 1θ) + 1

=
M(η, θ)

1 +M(η, θ)
+ LN(η, θ)

− δ(1η, 1θ)
δ(1η, 1θ) + 2
δ(1η, 1θ) + 1
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and

δ(1η, 1θ) = | 1η − 1θ |

≤
1
7

max{δ(η, θ),
δ(η, 1θ) + δ(θ, 1θ)

2
,
δ(η, 1θ) + δ(θ, 1θ)

2
}

=
1
7

M(η, θ).

Then,

Ψ2

(
δ(1η, 1θ), β(M(η, θ))M(η, θ) + LN(η, θ)

)
= β(M(η, θ))M(η, θ) + LN(η, θ)

− δ(1η, 1θ)
δ(1η, 1θ) + 2
δ(1η, 1θ) + 1

≥
M(η, θ)

1 +M(η, θ)
+ LN(η, θ)

−
1
7

M(η, θ)

≥
M(η, θ)

1 +M(η, θ)
+ LN(η, θ)

−
1
7

M(η, θ)

=
6M(η, θ) −M2(η, θ)

7(1 +M(η, θ))
+ LN(η, θ).

On the other hand, we have ∀η, θ ∈ Σ, M(η, θ) ∈ [0, 3]. So

6M(η, θ) −M2(η, θ) ≥ 0.

Finally

Ψ2

(
δ(1η, 1θ), β(M(η, θ))M(η, θ) + LN(η, θ)

)
≥ 0.

3. Consequences

In this section, several classical fixed point results can be easily deduced using our main results.

Corollary 3.1. (See E. Karapinar and V. M. L. Hima Bindu[26]) Let (Σ, δ) be a complete metric space, Q : Σ → Σ
be a mapping and

α : Σ × Σ −→ [0,∞)

be an admissible function. Assume that there existΨ ∈ SF , β ∈ GF and a constant L ≥ 0 such that

α(η, θ) ≥ 1⇒ Ψ(δ(Qη,Qθ), β(δ(η, θ))δ(η, θ) + LN(η, θ)) ≥ 0, ∀η, θ ∈ Σ,

where

N(η, θ) = min{δ(η,Qη), δ(θ,Qθ), δ(η,Qθ), δ(θ,Qη)}.

Furthermore, we suppose that

(i) Q is a triangular α-admissible;
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(ii) there is σ0 ∈ Σ with α(σ0,Qσ0) ≥ 1;
(iii) either, Q is continuous, or

(iii)′ if {σn} is a sequence in Σ with α(σn, σn+1) ≥ 1 for every n and

lim
n→∞

σn = p ∈ Σ,

then is a subsequence {σn(k)} of {σn} such that α(σn(k), η) ≥ 1 for every k;
(iv) ∀η, θ ∈ Fix(Q) we have α(η, θ) ≥ 1.

Then there exists γ ∈ Σ such that Qγ = γ.

Proof. We choose the mapping M(η, θ) = δ(η, θ) in Theorems 2.2, 2.3 and 2.4.

Corollary 3.2. We define over the complete metric space (Σ, δ) a self-mapping Q. Assume that there are Ψ ∈ SF ,
β ∈ GF , such that

Ψ(δ(Qη,Qθ), β(M(η, θ))M(η, θ) + LN(η, θ)) ≥ 0, for every η, θ ∈ Σ,

where

N(η, θ) = min{δ(η,Qη), δ(θ,Qθ), δ(η,Qθ), δ(y,Qx)};

M(η, θ) = max{δ(η, θ),
δ(η,Qη) + δ(θ,Qθ)

2
,
δ(η,Qθ) + δ(θ,Qη)

2
}.

Then there is γ ∈ Σ with Qγ = γ.

Proof. Let us consider the mapping α : Σ × Σ −→ [0,∞) with α(η, θ) = 1, for every η, θ ∈ Σ in Theorems 2.2,
2.3 and 2.4.

Corollary 3.3. Let Q : Σ −→ Σ be a given mapping over a complete metric space. Assume that there are Ψ ∈ SF ,
β ∈ GF such that

Ψ(δ(Qη,Qθ), β(M(η, θ))M(η, θ))) ≥ 0, for every η, θ ∈ Σ,

where

M(η, θ) = max{δ(η, θ),
δ(η,Qη) + δ(θ,Qθ)

2
,
δ(η,Qθ) + δ(θ,Qη)

2
}.

Then there is γ ∈ Σ with Qγ = γ.

Proof. Taking α(η, θ) = 1, for every η, θ ∈ Σ and L = 0 in Theorems 2.2, 2.3 and 2.4.

Theorem 3.4. Let Q be a self-mapping defined on a complete metric space (Σ, δ). Assume that there is ψ : R+ → R+

be an upper semi-continuous mapping with{
ψ(τ) < τ, if τ > 0;
ψ(τ) = 0, if τ = 0, (37)

and β ∈ GF , such that

δ(Qη,Qθ) ≤ ψ(K(η, θ)), for every η, θ ∈ Σ. (38)

where

K(η, θ) = β(M(η, θ))M(η, θ) + LN(η, θ);
N(η, θ) = min{δ(η,Qη), δ(θ,Qθ), δ(η,Qθ), δ(y,Qx)};

M(η, θ) = max{δ(η, θ),
δ(η,Qη) + δ(θ,Qθ)

2
,
δ(η,Qθ) + δ(θ,Qη)

2
}.

Then there is γ ∈ Σ with Qγ = γ.

Proof. Taking α(η, θ) = 1, for every η, θ ∈ Σ, and let

Ψ(τ, s) = ψ(s) − τ, ∀τ, s ≥ 0.

It is clearΨ ∈ SF . What needed to be shown from Theorems 2.2, 2.3 and 2.4.
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4. Applications

I) We consider the Caputo-Fabrizio fractional differential equation{
(CF
D

r
0x)(t) = f

(
τ, x(τ), (CF

D
r
0x)(τ)

)
; τ ∈ J = [0,T],

x(0) = σ0 ,
(39)

where T > 0, f : J × R × R → R is a given continuous function, CF
D

r
0 is the Caputo-Fabrizio fractional

derivative at order r ∈ (0, 1), and u0 ∈ R.

Lemma 4.1. [27]The porblem (39) is equivalent to the following equation

x(τ) = θ + ηrh(τ) + δr

∫ τ

0
h(s)ds,

where h ∈ C(J) with h(τ) = f (τ, x(τ), h(τ)) and

θ = σ0 + ηrh(0),

ηr =
2(1 − r

(2 − r)M(r)
,

δr =
2r

(2 − r)M(r)
.

Consider the complete metric space (C(J), δ), such that δ is given by

δ : C(J) × C(J) → R+

(x, y) 7→ δ(z, y) = sup
τ∈J
| z(τ) − y(τ) | .

Let Φ denote the class of all continuous and increasing functions φ : R+ → [0, 1) satisfying

φ(bτ) ≤ bφ(τ) for b ≥ 1 and τ ≥ 0.

The following hypotheses will be used in the sequel.

(A1) There exist φ ∈ Φ and a function ν : C(J) × C(J)→ R and u0 ∈ C(J) with

ν
(
u0(τ), θ + ηrh(τ) + δr

∫ τ

0
h(s)ds

)
≥ 0,

h ∈ C(J), with h(τ) = f (τ,u0(τ), h(τ)).

(A2) There exist ϑ : C(J) × C(J)→]0,∞[ and γ : J→ (0, 1) such that for each z, y, σ1, y1 ∈ C(J) and τ ∈ J

| f (τ, z, y) − f (t, σ1, y1) |≤ ϑ(z, y) | z − σ1 | +γ(t) | y − y1 |,

with

∥ 1 + 2ηr
ϑ(z, y)
1 − γs

+ δr

∫ t

0

ϑ(z, y)
1 − γs

∥∞≤
1
4
φ(∥ z − y ∥∞),

where γs = sup
τ∈J
| γ(τ) |.
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(A3) For each τ ∈ J and z, y ∈ C(J), we have

ν
(
z(τ) , y(τ)

)
≥ 0⇒

ν
(
θ1 + ηr1(τ) + δr

∫ τ

0
1(s)ds, θh + ηrh(τ) + δr

∫ τ

0
h(s)ds

)
≥ 0,

where h, 1 ∈ C(J), with h(τ) = f (τ, y(τ), h(τ), 1(τ) = f (τ, z(τ), h(τ))) andθh = y0+ηrh(0), θ1 = σ0+ηr1(0).

(A4) If (pn)n∈N ⊂ C(J) such that lim
n→∞

pn = p and ν(pn, pn+1) ≥ 0, then ν(pn, p) ≥ 0.

(A5) If u, v two fiexd solutions of problem (39), either

ν(u, v) ≥ 0 or ν(v,u) ≥ 0.

Theorem 4.2. Under assumptions (A1)-(A5), the problem (39) has a unique solution.

Proof. Consider the maping Q : C(J)→ C(J) with

Q : C(J) → C(J)

x 7→ Qx(t) = θ + ηrh(t) + δr

∫ t

0
h(s)ds,

where h ∈ C(J), such that h(τ) = f (τ, x(τ), h(τ)) and θ = σ0 + ηrh(0).

Using Lemma 4.1, it is therefore sufficient to show that Q has a fixed point.

Let a function α : C(J) × C(J)→ [0,∞) defined by

α(z, y) =
{

1 if ν(z(τ), y(τ)) ≥ 0 τ ∈ J,
0 otherwise.

We have to prove that Q is a SF -GF -contraction
Lets z, y ∈ C(J) and τ ∈ J, we have

| Qz(τ) − Qy(τ) |≤| θ1 − θh | +ηr | 1(τ) − h(τ) | +δr

∫ t

0
| 1(s) − h(s) | ds,

where h, 1 ∈ C(J), such that h(τ) = f (τ, y(τ), h(τ)), 1(τ) = f (τ, z(τ), 1(τ)) and θ1 = σ0 +ηr1(0), θh = y0 +ηrh(0).
By (A1), we get

| 1(τ) − h(τ) | = | f (τ, x(τ), 1(τ)) − f (τ, y(τ), h(τ)) |
≤ ϑ(z, y) | z(τ) − y(τ) | +γ(τ) | 1(τ) − h(τ) | .

Thus,

∥ 1 − h ∥∞≤
ϑ(z, y)
1 − γs

∥ z − y ∥∞ .
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Next, let us write

| Qz(τ) − Qy(τ) | ≤∥ z − y ∥∞ +2ηr
ϑ(η, θ)
1 − γs

∥ z − y ∥∞

+ δr

∫ τ

0

ϑ(z, y)
1 − γs

∥ z − y ∥∞ ds

≤∥ z − y ∥∞
[
1 + 2ηr

ϑ(z, y)
1 − γs

+ δr

∫ t

0

ϑ(η, θ)
1 − γs

ds
]

≤∥ z − y ∥∞
1
4
φ(∥ z − y ∥∞)

≤
1
4
δ(x, y)φ(δ(z, y)).

Then

δ(Qz,Qy) ≤
1
4
δ(z, y)φ(δ(z, y)).

And thus

α(z, y)δ(Qz(τ) − Qy(τ)) ≤ α(z, y)
1
4
δ(z, y)φ(δ(z, y))

≤
1
4

M(z, y)φ(M(z, y)) + LN(z, y), where L ≥ 0.

Hence

Ψ
(
δ
(
Qz(τ) − Qy(τ)

)
,M(z, y)φ(M(z, y)) + LN(z, y)

)
≥ 0 where L ≥ 0,

whereΨ(τ, s) = s
4 − τ and β(τ) = φ(τ).

So, Q is SF -GF -contraction.
Lets z, y ∈ C(J) such that α(a,Qy) ≥ 1. Thus, for each τ ∈ J, we get

ν(a(τ),Qy(t)) ≥ 0.

By (A3), this implies that
ν(Qz(τ),Q2y(τ)) ≥ 0,

then
α(Qz,Q2y) ≥ 1.

Hence, Q is an extended-α-admissible.

From A2, ther exists u0 ∈ C(J) such that

α(u0,Qu0) ≥ 1.

Finally, if (pn)n∈N ⊂ C(J) such that lim
n→∞

pn = p and α(pn, pn+1) ≥ 1, then by(A4), we have α(pn, p) ≥ 1.

So, from Theorem 2.3, we conclude that Q has a fixed point in C(J) which is a solution of problem (39).
From (A5), if v and u two fixed points of Q, then either ν(u, v) ≥ 0 or ν(v,u) ≥ 0. This implies that either
α(u, v) ≥ 1 or α(v,u) ≥ 1. So, by Theorem 2.4, the problem (39) has the uniqueness solution.
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II) Consider the folllowing integral equation

u(τ) = 1(τ) +
∫ 1

0
h(τ, s) f (λ,u(λ))dλ for all τ ∈ [0, 1]. (40)

LetΨ denote the set of all non-decreasing functions φ : R+ → [0, 1) satisfying

φ(bτ) ≤ btφ(τ) for all b ≥ 1 and τ ≥ 0.

To evaluate the intergal equation (40) we will take into consideration the following assumptions

(H1) 1 : [0, 1]→ R is a continuous function.

(H2) f : [0, 1] ×R→ R is a continuous function, f (τ,u) ≥ 0 and there exists φ ∈ Ψ such that

| f (τ,u) − f (τ, v) |≤
1
3
φ(| u − v |), with lim

n→∞
φ(τn) = 1⇒ lim

n→∞
τn = 0.

(H3) h : [0, 1]2
→ R is a continuous function, h(τ, s) ≥ 0 and∫ 1

0
h(τ, s)ds ≤ 1.

Let E = C([0, 1]), with the usual metric given by

ϱ(u, v) = sup
τ∈[0,1]

|u(τ) − v(τ)| for every u, v ∈ E.

Next, we define

δ(u, v) =
1
2
ϱ(u, v) for every u, v ∈ E.

We know that ϱ is a usual metric on E and that (E, ϱ) is a complete space. Since δ = 1
2ϱ, therefore (E, δ) is a

complete metric space.

Theorem 4.3. Under assumptions (H1)-(H3), equation (40) has a unique solution in E.

Proof. Consider the maping P : E→ E defined by

Pu(τ) = 1(τ) +
∫ 1

0
h(τ, λ) f (λ,u(λ))dλ for all τ ∈ [0, 1]

It is clair P is well defined (this means that if u ∈ E, then Pu ∈ E). Also, for u, v ∈ E, we have

| Pu(τ) − Pv(τ) | = | 1(τ) +
∫ 1

0
h(τ, λ) f (λ,u(λ))dλ − 1(τ)

+

∫ 1

0
h(τ, λ) f (λ, v(λ))ds |

= |

∫ 1

0
[h(τ, λ) f (λ,u(λ)) − h(τ, λ) f (λ, v(λ))]ds |

≤

∫ 1

0
h(τ, λ) | f (λ,u(λ)) − f (λ, v(λ)) | ds

≤

∫ 1

0
h(τ, λ)

1
3
φ
(
| u(λ) − v(λ) |

)
ds.
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Since φ is non-decreasing, we obtain

φ
(
| u(λ) − v(λ) |

)
≤ φ
(

sup
λ∈[0,1]

| u(λ) − v(λ) |
)

= φ(ϱ(u, v)).

Therefore,

| Pu(τ) − Pv(τ) |≤
1
3
φ(ϱ(u, v)).

On the other hand, we have

δ(Pu,Pv) =
1
2
ϱ(Pu,Pv)

=
1
2

sup
t∈[0,1]

| Pu(s) − Pv(s) |

≤
1
2

1
3
φ(ϱ(u, v))

=
1
2

1
3
φ(2δ(u, v))

≤
1
3
δ(u, v)φ(δ(u, v))

≤
1
3

[
M(u, v)φ(M(u, v)) + LN(u, v)

]
where L ≥ 0.

Then

Ψ
(
δ(Pu,Pv), β(M(u, v))M(u, v) + LN(u, v)

)
≥ 0,

where β(τ) = φ(τ) and Ψ(τ, s) = s
3 − τ. By corollary 3.2, equation (40) has a solution in E and the proof is

finished.
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