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The maximum signless Laplacian spectral radius of graphs with
forbidden subgraphs
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Abstract. The Brualdi-Solheid-Turán type problem has attracted wide attention recently. Let F be a set
of graphs. A graph G is F -free if it does not contain any element of F as a subgraph. In this paper, when
F1 = {W5,C6} and F2 = {F5}, we determine the maximum signless Laplacian spectral radius of Fi-free graph
with n vertices, respectively and depict the corresponding extremal graph for i = 1, 2.

1. Introduction

Let G = (V(G),E(G)) be a simple undirected graph with vertex set V(G) and edge set E(G), where n =
|V(G)| is the order of G. For v ∈ V(G), the neighbour set of vertex v is denoted by N(v) = {u ∈ V(G) | uv ∈ E(G)}
and the closed neighbour set of vertex v is defined as N[v] = N(v) ∪ {v}. d(v) = |N(v)| is called the degree of
vertex v. Let ∆(G) denote the maximum degree of the graph G.

The adjacency matrix of G is defined as the matrix A(G) = (as,t)s,t∈V(G) with as,t = 1 if s, t are adjacent in
G, and as,t = 0 otherwise. Let D(G) denote the diagonal matrix of vertex degrees of G. The signless Laplacian
matrix of G is defined as Q(G) = D(G)+A(G). Moreover, we call the largest eigenvalue of A(G) or Q(G) is the
spectral radius or signless Laplacian spectral radius of G, denoted by ρ(G) or q(G), respectively. Note that Q(G)
is a non-negative matrix. Using Perron-Frobenius theorem, there exists a non-negative unit eigenvector
X of Q(G) corresponding to q(G). Such eigenvector is called the Perron vector of Q(G). Particularly, if G is
connected, then Q(G) is irreducible, and thus its Perron vector is a positive vector.

Since the signless Laplacian spectra perform better in comparison to spectra of other commonly used
graph matrices, van Dam and Haemers [8] stated that among matrices associated with a graph, the signless
Laplacian seems to be the most convenient for use in studying graph properties. Therefore, on the studying
of the signless Laplacian spectral theory has been widely concerned by researchers [5–7].

For any S,T ⊆ V(G) with S ∩ T = ∅, let e(S,T) denote the number of the edges of G with one end vertex
in S and the other in T. Particularly, let e(S) := e(S,S). Let G[S] denote the subgraph of G induced by S. Let
G−v and G−uv denote the graphs obtained from G by deleting the vertex v ∈ V(G) and the edge uv ∈ E(G),
respectively. Given two graphs G and H, let G∇H denote the graph obtained from G ∪ H by joining each
vertex of G to each vertex of H. As usual, Kn, Pn and Cn denote respectively the complete graph, the path
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and the cycle on n vertices. A double star S(a, b) is the graph obtained by joining the center of a star with a
leaves to a center of a star with b leaves by an edge. A fan Fn is the graph obtained by joining Pn−1 with an
additional vertex and a wheel Wn is the graph obtained by joining Cn−1 with an additional vertex.

The Turán-type problem arises in extremal graph theory of determining ex(n,F) and characterizing
extremal graph. Let F be a set of graphs. A graph G is F -free if it does not contain any graph of F as a
subgraph. When the set F is a singleton, say {F}, we say that G is F-free. The Turán number of a graph F,
denoted by ex(n,F), is the maximum number of edges in a F-free graph of order n. A F-free graph of order
n with ex(n,F) edges is said to be an extremal graph with respect to F.

In 2010, Nikiforov [17] proposed a Brualdi-Solheid-Turán type problem: determine the maximal spectral
radius of a F-free graph of order n, and characterize those graphs which attain the maximum spectral radius.
For the adjacent spectral radius, the Brualdi-Solheid-Turán type problem has been investigated for various
kinds of F, such as {∪k

i=1Pi} [3], {Kr} [15], {Ks,t} [18], {C6} [23] and so on. For the signless Laplacian spectral
radius, the Brualdi-Solheid-Turán type problem has also been studied for a variety of F, such as {Pk} [19],
{C2k} [20], {C2k+1} [22], {Fk} [24] and so on.

Let Sn,k be the graph obtained by joining each vertex of Kk to each vertex of an independent set of order
n− k, i.e., Sn,k = Kk ▽ (n− k)K1. Also, let S+n,k be the graph obtained by adding an edge to Sn,k, where n− k ≥ 2.

In 2015, Nikiforov and Yuan studied the maximum signless Laplacian spectral radius of forbidden even
cycles with n vertices, and gave the following result.

Theorem 1.1. [20] Let k ≥ 2, n ≥ 400k2, and let G be a graph of order n. If G has no cycle of length 2k + 2, then
q(G) < q(S+n,k), unless G = S+n,k.

Based on Theorem 1.1, it is easy to get that if G is C6-free graph, then q(G) ≤ q(S+n,2) for n ≥ 1600. For
n < 1600, whether the result holds? It is not easy to solve this problem. Therefore, in this paper, we focus
on the maximum signless Laplacian spectral radius of {W5,C6}-free graph with n vertices, and prove that

Theorem 1.2. Let G be a graph of order n. If n ≥ 10 and G is {W5,C6}-free graph, then q(G) ≤ q(S+n,2), equality if
and only if G � S+n,2.

Recently, Wang and Zhai ensured the maximum signless Laplacian spectral radius of F2k+1-free with n
vertices, and obtained the following result.

Theorem 1.3. [21] Let k ≥ 2 and n ≥ 36k6. If G is a F2k+1-free graph of order n, then q(G) ≤ q(Sn,k), with equality if
and only if G � Sn,k.

According to Theorem 1.3, when k = 2, the result holds for n ≥ 2304. In this paper, we improve the
result for k = 2.

Theorem 1.4. If n ≥ 6 and G is F5-free graph, then q(G) ≤ n+2+
√

n2+4n−12
2 , equality if and only if G � Sn,2.

2. Preliminary Lemmas

In order to prove our main results, we state several known conclusions, all of which are used in following
sections.

Lemma 2.1. [2] If 3 ≤ k ≤ n− 3, then Hn,k, the graph obtained from the star K1,n−1 by joining a vertex of degree 1 to
k + 1 other vertices of degree 1, is the unique connected graph that maximum signless Laplacian spectral radius over
all connected graphs with n vertices and n + k edges.

We shall need the following classical lemma which has been developed by Erdős and Gallai.

Lemma 2.2. [10] Let k ≥ 1. If G is a graph of order n with no Pk+2, then e(G) ≤ kn
2 , with equality holding if and only

if G is a union of disjoint copies of Kk+1.
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Lemma 2.3. [16] Let k ≥ 1 and let the vertices of a graph G be partitioned into two sets A and B. If

2e(A) + e(A,B) > (2k − 1) | A | +k | B |,

then there exists a path of order 2k + 1 with both end-vertices in A.

In this subsection, we introduce some known bounds on q(G). The first one can be traced back to Merris
[14], while the case of equality has been established in [11].

Lemma 2.4. If G is a connected graph, then

q(G) ≤ max{d(u) +
1

d(u)

∑
v∈N(u)

d(v) : u ∈ V(G)},

with equality if and only if G is either a regular graph or a semiregular bipartite graph.

Lemma 2.5. [9] Let G be a graph with n vertices and m edges. Then

q(G) ≤
2m

n − 1
+ n − 2,

with equality holding if and only if G is either complete, or is a star, or is a complete graph with one isolated vertex.

Lemma 2.6. [4] Let G be a connected graph and G′ be a proper subgraph of G. Then q(G) > q(G′

).

Lemma 2.7. [13] Let G be a connected graph, X be the Perron vector of Q(G) with xi corresponding to the vertex
vi ∈ V(G), and {v1, . . . , vs} ⊆ NG(v) \NG(u) for some two vertices u, v of G. Let G∗ be the graph obtained from G by
deleting the edges vvi and adding the edges uvi for 1 ≤ i ≤ s. If xu ≥ xv, then q(G∗) > q(G).

Let M be a real matrix of order n, and let N = {1, 2, . . . ,n}. Given a partition π: N = X1 ∪ X2 ∪ · · · ∪ Xk,
the matrix M can be accordingly partitioned as

M =


M11 M12 · · · M1k
M21 M22 · · · M2k
...

...
. . .

...
Mk1 Mk2 · · · Mkk

 .
The quotient matrix of M with respect toπ is defined as the k×k matrix Bπ = (bi j)k

i, j=1, where bi j is the average
value of all row sums of Mi j. If each block Mi j of M has constant row sum bi j, for all i, j ∈ {1, 2, . . . , k}, then
the partition π is called an equitable partition of M, and the matrix Bπ = (bi j)k

i, j=1 is called an equitable quotient
matrix of M.

Lemma 2.8. [1] Let M be a real symmetric matrix, and let Bπ be an equitable quotient matrix of M. Then the
eigenvalues of Bπ are also eigenvalues of M. Furthermore, if M is nonnegative and irreducible, then

λ1(M) = λ1(Bπ),

where λ1(M) and λ1(Bπ) are the largest eigenvalues of matrices M and Bπ, respectively.

Lemma 2.9. [12] If n ≥ 4, then

q(Sn,2) =
n + 2 +

√

n2 + 4n − 12
2

> n + 2 −
4

n + 1
.

Lemma 2.10. Let G be a graph having the maximum signless Laplacian spectral radius among all F -free graphs of
order n, where F ∈ {{W5,C6}, {F5}}. Then G is connected.

Proof. We only give the proof for F = {W5,C6}, the rest cases can be proved by a similar discussion, whose
procedures are omitted here.

Suppose to the contrary that G is disconnected. Let G1,G2, . . . ,Gr be the connected components of G.
Then we can add r − 1 edges to G so that the obtained graph G∗ is connected and {W5,C6}-free. By using
the Rayleigh quotient and the Perron-Frobenius theorem, we can deduce that q(G∗) > q(G), contrary to the
maximality of q(G).
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3. Proof of Theorem 1.2

In this section, before proving the Theorem 1.2, we first formulate an auxiliary result that is very
important case for proving the Theorem 1.2. In this lemma as well as in the sequel, we shall assume that X
is the Perron vector of Q(G) with coordinate xw corresponding to vertex w ∈ V(G).

Lemma 3.1. Let G be a graph of order n ≥ 6. If G is {W5,C6}-free graph and ∆(G) = n − 1, then q(G) ≤ q(S+n,2), the
equality holds if and only if G = S+n,2.

Proof. Assume that G is a graph attaining the maximum signless Laplacian spectral radius among all
{W5,C6}-free graphs of order n ≥ 6 with ∆(G) = n−1. In view of Lemma 2.10, we obtain that G is connected.
Since Sn,2 is a proper subgraph of S+n,2 and by Lemma 2.6, we have

q(Sn,2) < q(S+n,2). (1)

Since ∆(G) = n − 1, there exists a vertex u ∈ V(G) such that d(u) = n − 1. As S+n,2 is {W5,C6}-free graph
and ∆(S+n,2) = n − 1, combining Lemma 2.5 with Lemma 2.9, we get

n + 2 −
4

n + 1
< q(S+n,2) ≤ q(G) ≤

2e(G)
n − 1

+ n − 2,

which implies

e(G) > 2n − 4 +
4

n + 1
.

Thus, we can obtain

e(N(u)) = e(G) − d(u) > 2n − 4 +
4

n + 1
− n + 1 = n − 3 +

4
n + 1

,

and so e(N(u)) ≥ n − 2 = d(u) − 1, which implies that G[N(u)] contains at most one tree component.
When G[N(u)] contains no cycle, we can find that G[N(u)] is a tree. Moreover, since G is C6-free,

the graph G[N(u)] contains no P5. And so G[N(u)] is a star or double star. If G[N(u)] is a star, then
G = Sn,2. Therefore, we conclude that q(G) < q(S+n,2) by (1), contrary to our assumption. Thus G[N(u)]
is a double star S(a, b). Let z and v be the center vertices of S(a, b), NG[N(u)](z) = {v, z1, z2, . . . , za} and
NG[N(u)](v) = {z, v1, v2, . . . , vb}, where a, b ≥ 1. Without loss of generality, we may assume xz ≥ xv. Let
G1 = G + {viz | i = 1, 2, . . . , b} − {viv | i = 1, 2, . . . , b}. Then q(G) < q(G1) from Lemma 2.7. On the other hand,
note that G1 = Sn,2. Then by (1), we derive that q(G1) < q(S+n,2). Hence, we conclude that q(G) < q(S+n,2),
which contradicts our hypothesis.

Therefore, the graph G[N(u)] contains cycles. Since G is {W5,C6}-free graph, G[N(u)] is {C4,P5}-free
graph. Let K1,r+ e be the graph obtained by adding an edge in an independent set of the star K1,r. Therefore,
G[N(u)] must contains K1,r + e as a subgraph, where r ≥ 2. Then d(u) − 1 ≤ e(N(u)) ≤ d(u). Now we proceed
by considering the following two cases.

Case 1. G[N(u)] contains a tree component T.
In this case, G[N(u)] consists of a tree and some unicyclic graphs K1,ri + e for ri ≥ 2. Hence, we will divide

it into the following three subcases according to the type of T.
Subcase 1.1. T is an isolated vertex, say w.
Denote by u0 the maximal degree vertex of K1,ri + e for some ri ≥ 2. Let G2 be the graph obtained from

G by connecting w and u0. Clearly, G2 is also {W5,C6}-free graph and ∆(G2) = n − 1. Note that G is a proper
subgraph of G2. Therefore, by Lemma 2.6, we attain q(G) < q(G2), contradicting the choice of G.

Subcase 1.2. T is a star K1,t.
Let H be the family of components of G[N(u)], each of which contains C3 as a subgraph, and let

xu∗ = max{xi | i ∈ V(H)}. Note that the vertex u∗ is the maximum degree vertex in H . Denote by
V(K1,t) = {y, y1, . . . , yt} with dN(u)(y) = t. Notice that xy = max{xi | i ∈ V(K1,t)}. If xu∗ ≥ xy, then let
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G3 = G − {yy j | 1 ≤ j ≤ t} + {u∗y j | 1 ≤ j ≤ t}. Clearly, G3 is {W5,C6}-free and ∆(G3) = n − 1. According
to Lemma 2.7, we can see that q(G3) > q(G), a contradiction. If xu∗ < xy, then let G4 = G − {u∗w | w ∈
N(u∗)\{u}} + {yw | w ∈ N(u∗)\{u}}. Note that G4 is {W5,C6}-free and ∆(G4) = n − 1. Thus q(G4) > q(G) from
Lemma 2.7, a contradiction.

Subcase 1.3. T is a double star S(a, b).
Assume that V(T) = {z1, . . . , za, z, v, v1, . . . , vb}, where NT(z) = {z1, . . . , za, v} and NT(v) = {v1, . . . , vb, z}.

Without loss of generality, we may assume xz ≥ xv. Let G5 = G + {viz | i = 1, 2, . . . , b} − {viv | i = 1, 2, . . . , b}.
Obviously, G5 is {W5,C6}-free and ∆(G5) = n − 1. From Lemma 2.7, we attain q(G5) > q(G), a contradiction.

Case 2. G[N(u)] contains no tree component.
In this case, G[N(u)] is a union of disjoint K1,ri +e, where ri ≥ 2. Now we assert that G must have vertex of

degree two. Otherwise, each connected component of G[N(u)] is a triangle, i.e., G = K1▽ ( n−1
3 )C3. According

to the structure of graph G, Q(G) has the equitable quotient matrix

Bπ =
(
n − 1 n − 1

1 5

)
.

By a simple calculation, the characteristic polynomial of Bπ is equal to

fBπ (x) = x2
− (n + 4)x + 4n − 4.

Thus, we obtain q(G) = λ1(Bπ) = n+4+
√

n2−8n+32
2 by Lemma 2.8. For n ≥ 6, it is easy to verify that

q(G) =
n + 4 +

√

n2 − 8n + 32
2

<
n + 2 +

√

n2 + 4n − 12
2

= q(Sn,2). (2)

Thus, we have q(G) < q(Sn,2), which implies that q(G) < q(S+n,2), a contradiction. Therefore, the graph G[N(u)]
must contain K1,r + e as a connected component, where r ≥ 3.

Next we conclude that the graph G[N(u)] contains no triangle component. Suppose to the contrary that
the graph G[N(u)] contains C3 as a component. Let V(C3) = {w1,w2,w3}. Note that q(G)xi = (Q(G)X)i =
d(i)xi +

∑
j∈N(i) x j for any vertex i. By using eigenvalue equations of Q(G) on w1 and w2, we see that

q(G)xw1 = 3xw1 + xw2 + xw3 + xu, (3)
q(G)xw2 = 3xw2 + xw1 + xw3 + xu. (4)

Subtract (4) from (3) to get

(q(G) − 2)(xw1 − xw2 ) = 0.

Recall that q(G) > q(Sn,2) > n + 2 − 4
n+1 > 2 for n ≥ 2. Then we have xw1 = xw2 . Similarly, we can get

xw1 = xw2 = xw3 . Let V(C3) = {u1,u2,u3} in some K1,ri + e (ri ≥ 3), where u1 is the dominating vertex. Notice
that xu1 > xu2 = xu3 . From the eigenvalue equations of Q(G) with respect to w1 and u2, we can get

q(G)xw1 = 5xw1 + xu,

q(G)xu2 = 4xu2 + xu1 + xu > 5xu2 + xu.

It is easy to verify that (q(G) − 5)(xu2 − xw1 ) > 0. Since q(G) > n + 2 − 4
n+1 > 5 for n ≥ 4, we obtain xu2 > xw1 .

Thus xu1 > xw1 . Let G6 = G + {u1wi | i = 1, 2, 3} − {wiw j | 1 ≤ i < j ≤ 3}. Obviously, G6 is {W5,C6}-free and
∆(G6) = n − 1. On the other hand, we have

q(G6) − q(G) ≥ XTQ(G6)X − XTQ(G)X =
3∑

i=1

(xu1 + xwi )
2
−

∑
1≤i< j≤3

(xwi + xw j )
2 > 0, (5)

and so we get q(G6) > q(G), which contradicts the choice of G. This contradiction shows that G[N(u)]
contains components only the type K1,r + e, where r ≥ 3.
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Finally, we show that G[N(u)] has only one K1,r + e component, where r ≥ 3. Otherwise, we assume
that H1 = K1,r1 + e1 and H2 = K1,r2 + e2 are connected components of G[N(u)], where r1, r2 ≥ 3. Let u′ and
u′′ be the dominating vertices in H1 and H2, respectively. Noting that xu′ = max{xw | w ∈ V(H1)} and
xu′′ = max{xw | w ∈ V(H2)}. Without loss of generality, we assume that xu′ ≥ xu′′ . Let G7 be the graph
obtained from G by removing all edges of H2 and joining all vertices of H2 to u′. In this way H1 and H2 are
replaced by a connected component K1,r1+r2+1 + e1. Then by a similar analysis to (5), we gain q(G7) > q(G),
contradicting the choice of G. Therefore, we obtain G = S+n,2.

It completes the proof of Lemma 3.1.

Now we give the proof of Theorem 1.2.

Proof of Theorem 1.2. Assume that G is a graph attaining the maximum signless Laplacian spectral radius
among all {W5,C6}-free graphs of order n ≥ 10. In view of Lemma 2.10, we know that G is connected. Based
on Lemma 3.1, the result of Theorem 1.2 holds for ∆(G) = n − 1. So, in what follows, we can assume that
∆(G) ≤ n − 2. By Lemma 2.9, we have

q(G) ≥ q(S+n,2) > q(Sn,2) =
n + 2 +

√

n2 + 4n − 12
2

> n + 2 −
4

n + 1
.

Let w be a vertex of G such that

d(w) +
1

d(w)

∑
v∈N(w)

d(v) = max{d(u) +
1

d(u)

∑
v∈N(u)

d(v) : u ∈ V(G)}. (6)

Take A = N(w) and B = V(G) \ N[w]. Notice that | A |= d(w) and | B |= n − d(w) − 1. We proceed by
distinguishing the following three cases.

Case 1. d(w) ≤ 3.
In this case, using Lemma 2.4, for n ≥ 4, we obtain

q(G) ≤ d(w) +
1

d(w)

∑
v∈A

d(v) ≤ d(w) + ∆(G) ≤ n + 1 < n + 2 −
4

n + 1
< q(S+n,2),

a contradiction.
Case 2. 4 ≤ d(w) ≤ n − 3.
Let Gw be the graph induced by the set V(G)\{w}. Since G is C6-free, Gw is also C6-free, which implies

that Gw does not contain a path P5 with both end-vertices in A. Hence, by Lemma 2.3, we get

2e(A) + e(A,B) ≤ 3 | A | +2 | B |= d(w) + 2(n − 1). (7)

Combining Lemma 2.4 with (7), we see that

q(G) ≤ d(w) + 1 +
2e(A) + e(A,B)

d(w)

≤ d(w) + 1 +
d(w) + 2(n − 1)

d(w)

= d(w) + 2 +
2(n − 1)

d(w)
.

Let f (x) = x + 2(n−1)
x . It is easy to see that the function f (x) is convex for 4 ≤ x ≤ n − 3 and its maximum in

any closed interval is attained at one of the ends of this interval. Thus,

q(G) ≤ max{ f (4), f (n − 3)} + 2 <
n + 2 +

√

n2 + 4n − 12
2

< q(S+n,2)
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for n ≥ 10, a contradiction.
Case 3. d(w) = n − 2.
In this case, | B |= 1. Let B = {u}. According to Lemma 2.4, we have

q(G) ≤ d(w) + 1 +
2e(A) + e(A,B)

d(w)

≤ d(w) + 1 +
2e(A) + d(w) | B |

d(w)

= n +
2e(A)
n − 2

.

Recall that q(G) > n + 2 − 4
n+1 . Then we get

n + 2 −
4

n + 1
< n +

2e(A)
n − 2

,

and so e(A) > n− 4+ 6
n+1 . Thus, we can obtain e(A) ≥ n− 3 = d(w)− 1, which indicates that G[A] contains at

most one tree component.
When G[A] contains no cycle, we can find that G[A] is a tree. Moreover, since G is C6-free, the graph G[A]

contains no P5. Then G[A] is a star or double star. If G[A] is a star K1,r for some r ≥ 7, then G[A] has exactly
one vertex-disjoint copy of P3. Denote by V(K1,r) = {v, v1, . . . , vr} with dA(v) = r. Let V(P3) = {v, v1, v2}. In
order to avoid W5, u is adjacent to at most two vertices of {v, v1, v2}. In order to avoid C6, u is adjacent to at
most one vertex of {v1, . . . , vr}. Therefore, e(A,B) ≤ 2. By Lemma 2.4, we have

q(G) ≤ d(w) + 1 +
2(d(w) − 1) + 2

d(w)
≤ n + 1 < n + 2 −

4
n + 1

< q(S+n,2), (8)

a contradiction.
If G[A] is a double star S(a, b), since G is C6-free, we see that u is adjacent only to one vertex of S(a, b).

Thus e(A,B) = 1. Based on Lemma 2.4, we get

q(G) ≤ d(w) + 1 +
2(d(w) − 1) + 1

d(w)
≤ n + 1 −

1
n − 2

< n + 2 −
4

n + 1
< q(S+n,2),

a contradiction.
Now suppose that G[A] contains cycles. Since G is {W5,C6}-free graph, G[A] is {C4,P5}-free graph.

Hence, we have d(w)− 1 ≤ e(A) ≤ d(w) and G[A] has K1,r + e as a subgraph, where r ≥ 2. Particularly, let k be
the number of vertex-disjoint copies of P3 in G[A]. If e(A) = d(w) − 1, then G[A] contains a tree component
T, which implies that k = 1. Otherwise, suppose to the contrary that k ≥ 2. Since G is a W5-free graph, u is
adjacent to at most two vertices of any P3 of G[A]. Thus, by Lemma 2.4 we have

q(G) ≤ d(w) + 1 +
2(d(w) − 1) + (d(w) − k) | B |

d(w)

≤ d(w) + 1 +
2(d(w) − 1) + d(w) − 2

d(w)

= d(w) + 4 −
4

d(w)

= n + 2 −
4

n − 2
< n + 2 −

4
n + 1

< q(S+n,2),

which is impossible by above arguments. Since G[A] has exactly one vertex-disjoint copy of P3, G[A] =
K1,r + e ∪ T, where T is either a isolated vertex or a path P2. To avoid {W5,C6}, we have e(A,B) ≤ 2. Hence,
by (8), we obtain

q(G) < n + 2 −
4

n + 1
< q(S+n,2),
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which contradicts the hypothesis.
Hence, we have e(A) = d(w). Then G[A] is a union of disjoint K1,ri + e, where ri ≥ 2. Similarly, to avoid

{W5,C6}, we obtain e(A,B) ≤ 2. By Lemma 2.4, we have

q(G) ≤ d(w) + 1 +
2d(w) + 2

d(w)
≤ n + 1 +

2
n − 2

< n + 2 −
4

n + 1
< q(S+n,2)

for n ≥ 7, a contradiction.
This completes the proof of Theorem 1.2.

4. Proof of Theorem 1.4

Before proving the Theorem 1.4, it is enough to get the following lemma which show a crucial case of
Theorem 1.4.

Lemma 4.1. Let G be a F5-free graph of order n ≥ 6. If ∆(G) = n − 1, then q(G) ≤ q(Sn,2), the equality holds if and
only if G � Sn,2.

Proof. Since ∆(G) = n − 1, there exists a vertex u ∈ V(G) such that d(u) = n − 1. If 4 ≤ e(N(u)) ≤ n − 2,
according to Lemma 2.1, then Hn,e(N(u))−1 is the unique connected graph attaining the maximum signless
Laplacian spectral radius among all connected graphs with n vertices and n + e(N(u)) − 1 edges. Note that
Sn,2 is F5-free. Since Hn,e(N(u))−1 is a proper subgraph of Sn,2 for 4 ≤ e(N(u)) ≤ n − 3 and Hn,e(N(u))−1 = Sn,2 for
e(N(u)) = n − 2, we get that Sn,2 is the unique connected graph that maximum signless Laplacian spectral
radius over all the F5-free graphs of order n ≥ 6.

Next, let us consider the two cases e(N(u)) ≤ 3 and e(N(u)) ≥ n − 1.
Case 1. e(N(u)) ≤ 3.
Notice that e(G) = n − 1 + e(N(u)) ≤ n + 2. By Lemmas 2.5 and 2.9 we have

q(G) ≤
2(n + 2)

n − 1
+ n − 2 < n + 2 −

4
n + 1

< q(Sn,2)

for n ≥ 6. So q(G) < q(Sn,2).
Case 2. e(N(u)) ≥ n − 1.
Since G is F5-free graph, the graph G[N(u)] contains no P4. Using Lemma 2.2, we can get e(N(u)) ≤ n− 1,

which implies that e(N(u)) = n − 1. Then the equality of Lemma 2.2 holds. So applying Lemma 2.2, we
deduce that G[N(u)] is a union of disjoint triangles which shows that G = K1 ▽ ( n−1

3 )C3. By (2), we get
q(G) < q(Sn,2) for n ≥ 6. Therefore, it completes the proof of Lemma 4.1.

In this section, we discuss the proof of Theorem 1.4.

Proof of Theorem 1.4. Assume that G is a graph attaining the maximum signless Laplacian spectral radius
among all F5-free graphs of order n ≥ 6. According to Lemma 2.10, we obtain that G is connected. If
∆(G) = n− 1, then we can get the result from Lemma 4.1. Thus, suppose that ∆(G) ≤ n− 2 for the rest of the
proof.

Let w ∈ V(G) be a vertex which satisfies (6). Take A = N(w) and B = V(G) \ N[w]. Since Sn,2 is F5-free,
according to Lemma 2.9 we have

q(G) ≥ q(Sn,2) =
n + 2 +

√

n2 + 4n − 12
2

> n + 2 −
4

n + 1
. (9)

Notice that
∑

v∈A d(v) = d(w) + 2e(A) + e(A,B), then by Lemma 2.4 we have

q(G) ≤ d(w) +
1

d(w)

∑
v∈A

d(v) = d(w) + 1 +
2e(A)
d(w)

+
e(A,B)
d(w)

. (10)
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Together with (9) and (10), we get

d(w) +
1

d(w)

∑
v∈A

d(v) > n + 2 −
4

n + 1
. (11)

Note that | A |= d(w) and | B |= n − d(w) − 1. Thus

e(A,B)
d(w)

≤
| A || B |
| A |

=| B |= n − d(w) − 1,

which implies that

d(w) +
1

d(w)

∑
v∈A

d(v) ≤ d(w) + 1 +
2e(A)
d(w)

+ n − d(w) − 1 = n +
2e(A)
d(w)

. (12)

Therefore, combining (11), (12) with d(w) ≤ n − 2, we obtain

e(A) > d(w) −
2d(w)
n + 1

≥ d(w) −
2(n − 2)

n + 1
= d(w) − 2 +

6
n + 1

> d(w) − 2,

and so

e(A) ≥ d(w) − 1, (13)

which implies that G[A] contains at most one tree component.
Suppose that G[A] contains no cycle. Then based on (13) we know that G[A] is a tree and e(A) = d(w)−1.

Since G is F5-free, the graph G[A] is P4-free, and so it is a star K1,r for some integer r ≥ 0, where K1,0 is an
isolated vertex.

If r = 0, then d(w) = 1. Recall that ∆(G) ≤ n − 2. Thus e(A,B) ≤ n − 3. By (10) we get

q(G) ≤ 1 + 1 + n − 3 = n − 1 < n + 2 −
4

n + 1
< q(Sn,2),

which contradicts (9).
If r = 1, then d(w) = 2, e(A) = 1. As ∆(G) ≤ n − 2, e(A,B) ≤ 2(n − 4). By (10) we have

q(G) ≤ 2 + 1 +
2 + 2(n − 4)

2
= n < n + 2 −

4
n + 1

< q(Sn,2),

which contradicts (9).
If r = 2, then d(w) = 3 and e(A) = 2. Since G is F5-free, each vertex in B is either joined to the center

vertex only, or joined to the other vertices except the center vertex. So e(A,B) ≤ 2(n − 4). By (10) we obtain

q(G) ≤ 3 + 1 +
4 + 2(n − 4)

3
=

2n + 8
3
< n + 2 −

4
n + 1

< q(Sn,2)

for n ≥ 5, which contradicts (9).
If r ≥ 3, it implies that d(w) ≥ 4. Since G is F5-free, each vertex in B is either joined to the center vertex

only, or joined to other vertices except the center vertex of K1,r. Hence, we conclude that

e(A,B) ≤ (d(w) − 1)(n − d(w) − 1). (14)

Depending on the value of d(w), we divide the proof into the following two cases.
Case 1. 4 ≤ d(w) ≤ n − 3.



D. Chen, X. Ma / Filomat 37:24 (2023), 8319–8330 8328

Note that e(A) = d(w) − 1. Substituting (14) into (10), we derive that

q(G) ≤ d(w) + 1 +
2(d(w) − 1) + (d(w) − 1)(n − d(w) − 1)

d(w)

= n + 3 −
n + 1
d(w)

≤ n + 3 −
n + 1
n − 3

<
n + 2 +

√

n2 + 4n − 12
2

= q(Sn,2)

for n ≥ 4, a contradiction.
Case 2. d(w) = n − 2.
In this case, |A| = n − 2 and |B| = 1. According to (14), we have

e(A,B) ≤ d(w) − 1 = n − 3. (15)

For e(A,B) ≤ n − 4, plugging (15) into (10), we have

q(G) ≤ d(w) + 1 +
2(d(w) − 1) + n − 4

d(w)

= n + 2 −
4

n − 2
< n + 2 −

4
n + 1

< q(Sn,2),

a contradiction. It is worth noting that |A| = n − 2, |B| = 1 and G[A] = K1,r, where r ≥ 3. If e(A,B) = n − 3,
then G is a graph as shown in Fig.1. Clearly, the partition V(G) = {w,u} ∪A\{u} ∪ B is an equitable partition
(see Fig.1). Thus, Q(G) has the equitable quotient matrix

Bπ =

n − 1 n − 3 0
2 3 1
0 n − 3 n − 3

 .
By a simple calculation, the characteristic polynomial of Bπ is equal to

fBπ (x) = det(xI − Bπ) = x3 + (1 − 2n)x2 + (n2
− n)x + 12 − 4n.

Since fBπ (x) > 0 for x ≥ n+2+
√

n2+4n−12
2 , we get λ1(Bπ) < n+2+

√

n2+4n−12
2 = q(Sn,2), which gives that q(G) =

λ1(Bπ) < q(Sn,2) by Lemma 2.8, a contradiction.

r r
r

r
r

w

u'
&

$
%A

�
 �	B

r · · ·

Figure 1: The graph G.

Therefore, G[A] contains cycles. Recall that G[A] is P4-free. Then we deduce that G[A] = aC3
⋃

bK1,r,
where a, b are positive integers and a ≥ 1, 0 ≤ b ≤ 1, r ≥ 0. Let w1,w2,w3 be the vertices of a triangle in
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G[A]. Clearly, to avoid F5, every vertex in B may be joined to at most one of the vertices w1,w2,w3. This
requirement leads to the bound on e(A,B) as follows

e(A,B) ≤ d(w)(n − d(w) − 1) − 2(n − d(w) − 1).

Hence, by (10) we have

q(G) ≤ d(w) + 1 +
2e(A) + d(w)(n − d(w) − 1) − 2(n − d(w) − 1)

d(w)

= n + 2 +
2e(A)
d(w)

−
2(n − 1)

d(w)
.

In view of (9), we get

n + 2 −
4

n + 1
< n + 2 +

2e(A)
d(w)

−
2(n − 1)

d(w)
.

Notice that d(w) ≤ n − 2. It is easy to verify that

e(A) > n − 1 −
2d(w)
n + 1

≥ n − 1 −
2(n − 2)

n + 1
= n − 3 +

6
n + 1

,

which implies that e(A) ≥ n − 2. Note that the graph G[A] contains no P4. Using Lemma 2.2, we can get
e(A) ≤ d(w), with equality holding if and only if G[A] is a union of disjoint triangles. Then we see that
d(w) = n − 2 and e(A) = n − 2, and so G[A] is a union of disjoint triangles. At this time, | B |= 1. Let B = {v}.
Notice that v may be joined to at most one vertex of each triangle of A, and so e(A,B) ≤ n−2

3 . By (10) we
obtain

q(G) ≤ n − 2 + 1 +
2(n − 2) + n−2

3

n − 2
= n +

4
3
< n + 2 −

4
n + 1

< q(Sn,2)

for n ≥ 6, a contradiction.
It completes the proof of Theorem 1.4.

5. Conclusion

In this paper, we concentrate our attention on the signless Laplacian spectral extremal results with
forbidding subgraphs. Though we also investigate the maxima of the signless Laplacian spectral radius
of forbidding subgraphs, the whole proof process and conclusions are simple and objective, especially the
number of vertices of graphs of considering is very different to that in [20] and [21]. Hence, the main
conclusions of this paper are to supplements and complements the known results.
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