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Some extended fractional integral inequalities with applications
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Abstract. Here, an extended fractional integral identity has been established to construct some extended
Simpson-type inequalities for differentiable convex functions and differentiable concave functions con-
nected to Hermite-Hadamard inequality. Some applications to means, f−divergence measure, probability
density function and approximate error to some quadrature rules are given.

1. Introduction

Fractional calculus, as a very useful tool, shows its significance to implement differentiation and inte-
gration of real or complex number orders. This topic has attracted much attention from researchers who
focus on the study of partial differential equations during the last few decades. The fractional integral
provides several functional tools for various problems involving special functions of mathematical science
as well as their extensions and generalizations in one and more variables [3, 4, 14, 17, 26, 27]. For recent
results related to this subject, we refer to some studies by Sohail et al. [32], Hameed et al. [13], and Khan
et al. [18, 19]. Among a lot of the fractional integral operators growed, the Riemann Liouville fractional
integral operator has been extensively studied, because of applications in many fields of sciences, such as
differential equations, differential geometry and physics science. An important generalization of Riemann
Liouville fractional integrals was considered by Raina [31]. One of the important applications of fractional
integrals is Hermite-Hadamard integral inequality [16, 34]. It provides a lower and an upper estimation
for the integral average of any convex function defined on a closed interval, involving the midpoint and
the endpoints of the domain. The following inequality is known as classical Hermite-Hadamard inequality
[12] for a convex function f on a real interval I

f
(

a + b
2

)
≤

1
b − a

∫ b

a
f (x)dx ≤

f (a) + f (b)
2

,

for a, b ∈ I. Hadamard’s inequality is not merely a consequence of convexity, but also characterizes it if a
continuous function satisfies either its left or its right hand side on any subinterval of the domain, then
the function is convex. The Hermite-Hadamard’s inequality is significant in its rich geometry and hence
there are many studies on it to demonstrate its new proofs, refinements, extensions and generalizations
[1, 2, 9, 21, 23–25, 28, 29]. Integral inequalities have played an important role to calculate error of some
quadrature rules. For instance, Simpson’s inequality [15, 20] provides an error bound for the Simpson’s
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rule [8]. Midpoint inequality provides an error bound for the midpoint rule [6] and Trapezoidal inequality
provides an error bound for the trapezoidal rule [7]. The Simpson type inequalities have been the subject
of intensive research since many important inequalities can be obtained from the Simpson inequality. The
following inequality is well known as Simpson’s inequality.

Theorem 1.1. [8] Let f : [a, b]→ R be a four times differentiable function on (a, b) and ∥ f (4)
∥∞ := supx∈(a,b) | f

(4)
|(x) <

∞, then the following inequality holds∣∣∣∣∣∣13
[

f (a) + f (b)
2

+ 2 f
(

a + b
2

)]
−

1
b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣ ≤ ∥ f (4)
∥∞(b − a)4

2880
.

The only drawback of Simpson’s inequality was it can not be applied on derivatives of less than fourth
order but Dragomir reduced this difficulty by expressing the Simpson’s inequality in terms of derivatives
lower than the fourth one.

Theorem 1.2. [10] Suppose f : [a, b] → R is a differentiable mapping whose derivative is continuous on (a, b) and
f ′ ∈ L[a, b], then∣∣∣∣∣∣13

[
f (a) + f (b)

2
+ 2 f

(
a + b

2

)]
−

1
b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣ ≤ b − a
3
|| f ′||1

provided that: ∥ f ′∥1 =
∫ b

a | f
′(x)|dx < ∞.

Theorem 1.3. [11] Let f : [a; b]→ R be a differentiable function on (a, b). If | f ′| is convex on [a, b], then we have∣∣∣∣∣∣ f (a) + f (b)
2

−
1

b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣ ≤ b − a
8

[| f ′(a)| + | f ′(b)|]

which is the trapezoid inequality provided that | f ′| is convex on [a, b].

Theorem 1.4. [11] Let f : [a, b] → R be a differentiable function on (a, b) and q ≥ 1. If the mapping | f ′|q is convex
on [a, b], then∣∣∣∣∣∣ f

(
a + b

2

)
−

1
b − a

∫ b

a
f (x)dx

∣∣∣∣∣∣ ≤ b − a
4

q

√
| f ′(a)|q + | f ′(b)|q

2

which is the midpoint inequality provided | f ′|q is convex on [a, b].

The main purpose of this paper is to establish some extended fractional Simpson’s type inequality, providing
some applications to some special means, quadrature rules, f−divergence measures and probability density.
This paper is organized in the following way: After this Introduction in Section 2 some basic concepts and
assumptions are discussed, in Section 3 main results relating to the topic and in Section 4 applications of
the derived results are discussed.

2. Preliminaries and Assumptions

Definition 2.1. [22] Let I ⊆ (0,∞) be a real interval and 0 , p ∈ R. A function f : I → R is said to be p−convex
function, if

f
(

p
√

txp + (1 − t)yp
)
≤ t f (x) + (1 − t) f (y),

provided that x, y ∈ I and t ∈ [0, 1]. If the inequality is reversed, the f is said to be p−concave function. The function,
f : (0,∞)→ (0,∞) defined by f (x) = xp for p > 0, is p−convex.



S. Hussain, J. Khalid / Filomat 37:27 (2023), 9145–9167 9147

Definition 2.2. [29] Let [a, b] be a finite interval on the real axis and f ∈ [a, b]. The right-hand side and the left-hand
side Riemann-Liouville fractional integrals Jα

a+ f and Jα
b− f of order α > 0, respectively, are defined by:

(
J
α
a+ f

)
(x) =

1
Γ(α)

∫ x

a
(x − t)α−1 f (t)dt, x > a, (1)

(
J
α
b− f

)
(x) =

1
Γ(α)

∫ b

x
(t − x)α−1 f (t)dt, x < b. (2)

Raina [31] introduced a class of functions as follows:

Fσρ,λ(x) = Fσ(0),σ(1),...
ρ,λ (x) =

∞∑
k=0

σ(k)
Γ(ρk + λ)

xk, ρ, λ ∈ R+; |x| < R, (3)

where the coefficients σ(k) ∈ R+, k ∈ N0 form a bounded sequence. By using (3) Raina and Agarwal et al.
[5, 31] defined, respectively, the left-side and right-sided fractional integral operators:(

Jσρ,λ,a+;wϕ
)

(x) =
∫ x

a
(x − t)λ−1Fσρ,λ[w(x − t)ρ]ϕ(t)dt, x > a, (4)

(
Jσρ,λ,b−;wϕ

)
(x) =

∫ b

x
(t − x)λ−1Fσρ,λ[w(t − x)ρ]ϕ(t)dt, x < b, (5)

where w ∈ R and ϕ is a function such that the integrals on right hand sides exit. It is easy to verify that
Jσρ,λ,a+;wϕ(x) andJσ

ρ,λ,b−;wϕ(x) are bounded integral operators on L(a, b),provided thatM := Fσρ,λ+1[w(b−a)ρ] <
∞. In fact, for ϕ ∈ L(a, b), we have∥∥∥∥Jσρ,λ,a+;wϕ

∥∥∥∥
1
≤M(b − a)λ∥ϕ∥1;

∥∥∥∥Jσρ,λ,b−;wϕ
∥∥∥∥

1
≤M(b − a)λ∥ϕ∥1.

By setting λ = α; σ(0) = 1 and w = 0 in (4) and (5), respectively, (1) and (2) are recaptured. Before starting
the main results, we consider some following assumptions to make the representation easier and compact.
Throughout the discussion, let 0 , p ∈ R and ϵ ≥ 0

L1,ϵ(x, y, a, b) :=
∫ bp

ap
|κϵ(t)|

bp
− t

bp − ap t
1−p

p dt; L2,ϵ(x, y, a, b) :=
∫ bp

ap
|κϵ(t)|

t − ap

bp − ap t
1−p

p dt.

κϵ(t) :=



(t − ap)β

×Fσρ,β+1

[
w (xp

− ap)ρ (t − ap)ρ
]

tϵ, ap
≤ t < xp;

(t − αbp
−αap+2ap

2 )β

×Fσρ,β+1[w( ap+bp
−2xp

2 )ρ(t − αbp
−αap+2ap

2 )ρ]tϵ, xp
≤ t < ap+bp

2 ;
−(αap

−αbp+2bp

2 − t)β

×Fσρ,β+1[w( 2yp
−ap
−bp

2 )ρ(αap
−αbp+2bp

2 − t)ρ]tϵ, ap+bp

2 ≤ t < yp;
−(bp

− t)β

×Fσρ,β+1[w(bp
− yp)ρ(bp

− t)ρ]tϵ, yp
≤ t ≤ bp.

(6)

h1,p(t) :=


t − ap, ap

≤ t < xp;
(1 − 2α)t + 3apα+αbp

−2ap

2 , xp
≤ t < ap+bp

2 ;
(2α − 1)t + 2bp

−3bpα−αap

2 , ap+bp

2 ≤ t < yp;
bp
− t, yp

≤ t ≤ bp.

h0,p(t) :=


t − ap, ap

≤ t < xp;
t − αbp

−αap+2ap

2 , xp
≤ t < ap+bp

2 ;
t − αap

−αbp+2bp

2 , ap+bp

2 ≤ t < yp;
t − bp, yp

≤ t ≤ bp.
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h2,p(t) :=
{

t − αbp
−αap+2ap

2 , ap
≤ t < ap+bp

2 ;
t − αap

−αbp+2bp

2 , ap+bp

2 ≤ t ≤ bp.

J1(x, y, a, b)

:=
1

(bp − ap)3

∫ bp

ap
h1,p(t)(bp

− t)t
2−p

p dt

=
1

(bp − ap)3

{
p

2p + 2

[
a2+2p

− x2+2p + b2+2p
− y2+2p + (2α − 1)

×

2

 p

√
ap + bp

2

2+2p

− x2+2p
− y2+2p


 + p

2
bp

[
a2+p
− apx2 + b2+p

− bpy2

+
3apα + αbp

− 2ap

2


 p

√
ap + bp

2

2

− x2

 + 2bp
− 3bpα − αap

2

×

y2
−

 p

√
ap + bp

2

2
 + p

p + 2
[(bp + ap)(x2+p

− a2+p) − 2b2+2p + 2bpy2+p

+

(
bp(1 − 2α) −

3apα + αbp
− 2ap

2

) 
 p

√
ap + bp

2

2+p

− x2+p


+

(
bp(2α − 1) −

2bp
− 3bpα − αap

2

) y2+p
−

 p

√
ap + bp

2

2+p



J2(x, y, a, b)

:=
1

(bp − ap)3

∫ bp

ap
h1,p(t)(t − ap)t

2−p
p dt

=
1

(bp − ap)3

{
p

2p + 2

[
x2+2p

− a2+2p
− b2+2p + y2+2p + (1 − 2α)

×

2

 p

√
ap + bp

2

2+2p

− x2+2p
− y2+2p


 + p

2
ap[apx2

− a2+p
− b2+p + bpy2

−
3apα + αbp

− 2ap

2


 p

√
ap + bp

2

2

− x2

 − 2bp
− 3bpα − αap

2

×

y2
−

 p

√
ap + bp

2

2
 + p

p + 2
[2a2+2p

− 2apx2+p + (ap + bp)(b2+p
− y2+p)

+

(
3apα + αbp

− 2ap

2
− ap(1 − 2α)

) 
 p

√
ap + bp

2

2+p

− x2+p


+

(
2bp
− 3bpα − αap

2
− ap(2α − 1)

) y2+p
−

 p

√
ap + bp

2

2+p



A(x, y, a, b)

:=
1

(bp − ap)3

∫ bp

ap
h1,p(t)(bp

− t)t
1−p

p dt
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=
1

(bp − ap)3

{
p

2p + 1

[
a1+2p

− x1+2p + b1+2p
− y1+2p

− (1 − 2α)

×

2

 p

√
ap + bp

2

1+2p

− x1+2p
− y1+2p


 + pbp

[
a1+p
− apx + b1+p

− bpy

+
3apα + αbp

− 2ap

2

 p

√
ap + bp

2
− x

 + 2bp
− 3bpα − αap

2y −
p

√
ap + bp

2

 + p
p + 1

[
(bp + ap)(y1+p

− a1+p) − 2b1+2p + 2bpy1+p

+

(
bp(1 − 2α) −

3apα + αbp
− 2ap

2

) 
 p

√
ap + bp

2

1+p

− x1+p


+

(
bp(2α − 1) −

2bp
− 3bpα − αap

2

) y1+p
−

 p

√
ap + bp

2

1+p


B(x, y, a, b)

:=
1

(bp − ap)3

∫ bp

ap
h1,p(t)(t − ap)t

1−p
p dt

=
1

(bp − ap)3

{
p

2p + 1

[
x1+2p

− a1+2p
− b1+2p + y1+2p + (1 − 2α)

×

2

 p

√
ap + bp

2

1+2p

− x1+2p
− y1+2p


 + pap

[
apx − a1+p

− b1+p + bpy

−
3apα + αbp

− 2ap

2

 p

√
ap + bp

2
− x

 − 2bp
− 3bpα − αap

2

y −
p

√
ap + bp

2


+

p
p + 1

[
2a1+2p

− 2apx1+p + (ap + bp)(b1+p
− y1+p)

+

(
3apα + αbp

− 2ap

2
− ap(1 − 2α)

) 
 p

√
ap + bp

2

1+p

− x1+p


+

(
2bp
− 3bpα − αap

2
− ap(2α − 1)

) y1+p
−

 p

√
ap + bp

2

1+p



A(x, y, a, b) +B(x, y, a, b)

=
1

(bp − ap)2

∫ bp

ap
h1,p(t)t

1−p
p dt

=
1

(bp − ap)2

{
p

p + 1

[
x1+p + y1+p

− a1+p
− b1+p + (1 − 2α)

×

2

 p

√
ap + bp

2

1+p

− x1+p
− y1+p


 + p[b1+p + a1+p

− bpy − apx

+

 p

√
ap + bp

2
− x

 [αap + bp

2
− (1 − α)ap

]
+

y −
p

√
ap + bp

2
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×

[
(1 − α)bp

− α
ap + bp

2

]]}
J1(x, y, a, b) + J2(x, y, a, b)

:=
1

(bp − ap)2

∫ bp

ap
h1,p(t)t

2−p
p dt

=
1

(bp − ap)2

{
p

p + 2

[
x2+p + y2+p

− a2+p
− b2+p + (1 − 2α)

×

2

 p

√
ap + bp

2

2+p

− x2+p
− y2+p




+
p
2

b2+p + a2+p
− bpy2

− apx2 +
3apα + αbp

− 2ap

2


 p

√
ap + bp

2

2

− x2


+

2bp
− 3bpα − αap

2

y2
−

 p

√
ap + bp

2

2



C(x, y, a, b) :=

2α − 1
12

∫
ϕ

(ψ(x) + χ(x))3
− 4χ3(x) − 4ψ3(x)

(χ(x) − ψ(x))2

∣∣∣∣∣∣ f ′
(
ψ(x)
χ(x)

)∣∣∣∣∣∣ dµ(x)

+
1 − α

2

∫
ϕ
χ(x)

∣∣∣∣∣∣ f ′
(
ψ(x)
χ(x)

)∣∣∣∣∣∣ dµ(x) +
∫
ϕ

∣∣∣∣∣∣ f ′
(
ψ(x)
χ(x)

)∣∣∣∣∣∣
×

(2ψ(x) − 5αχ(x) − 3αψ(x) + 2χ(x))(χ2(x) + 2ψ(x)χ(x) − 3ψ2(x))
16(χ(x) − ψ(x))2 dµ(x)

+

∫
ϕ

(7αχ(x) − 4χ(x) + αψ(x))(3χ2(x) − 2ψ(x)χ(x) − ψ2(x))
16(χ(x) − ψ(x))2

∣∣∣∣∣∣ f ′
(
ψ(x)
χ(x)

)∣∣∣∣∣∣ dµ(x) (7)

D(x, y, a, b) :=

2α − 1
12

∫
ϕ

|(ψ(x) + χ(x))3
− 4χ3(x) − 4ψ3(x)|

|ψ(x) − χ(x)|2
dµ(x) +

1 − α
2

∫
ϕ
ψ(x)dµ(x)

+

∫
ϕ

(2ψ(x) − 5αψ(x) − 3αχ(x) + 2χ(x))(3χ2(x) − ψ2(x) − 2ψ(x)χ(x))
16(ψ(x) − χ(x))2 dµ(x)

+

∫
ϕ

(7αψ(x) − 4ψ(x) + αχ(x))(χ2(x) − 3ψ2(x) + 2ψ(x)χ(x))
16(ψ(x) − χ(x))2 dµ(x) (8)

3. Results

Lemma 3.1. Let f : I ⊆ R+ → R be a differentiable function on I◦, interior of I, a, b ∈ I◦ with a < b; ρ, β > 0;
0 ≤ α ≤ 1 and w ∈ R; let 1(ξ) = p√ξ, ξ > 0, then

Ω(x, y, a, b) := p

(xp
− ap)βFσρ,β+1[w(xp

− ap)2ρ] −
[

2(xp
− ap) − α(bp

− ap)
2

]β

×Fσρ,β+1

[
w

(
ap + bp

− 2xp

2

)ρ (2(xp
− ap) − α(bp

− ap)
2

)ρ]}
f (x)
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+p

(bp
− yp)βFσρ,β+1[w(bp

− yp)2ρ] −
[

2(bp
− yp) − α(bp

− ap)
2

]β

×Fσρ,β+1

[
w

(
2yp
− ap
− bp

2

)ρ (2(bp
− yp) − α(bp

− ap)
2

)ρ]}
f (y)

+p
{
Fσρ,β+1

[
w

(
ap + bp

− 2xp

2

)ρ (
(1 − α)

bp
− ap

2

)ρ]

+Fσρ,β+1

[
w

(
2yp
− ap
− bp

2

)ρ (
(1 − α)

bp
− ap

2

)ρ]} [
(1 − α)

bp
− ap

2

]β

× f

 p

√
ap + bp

2

 − p
{(
Jσρ,β,xp−;w(xp−ap)ρ f ◦ 1

)
(ap)

+

(
Jσ
ρ,β, ap+bp

2 −;w
(

ap+bp
−2xp

2

)ρ f ◦ 1
) (
αbp
− αap + 2ap

2

)

−

(
Jσ
ρ,β,xp−;w

(
ap+bp

−2xp
2

)ρ f ◦ 1
) (
αbp
− αap + 2ap

2

)

+

Jσρ,β, ap+bp
2 +;w

(
2yp
−ap
−bp

2

)ρ f ◦ 1

 (αap
− αbp + 2bp

2

)

+

Jσρ,β,yp−;w
(

2yp
−ap
−bp

2

)ρ f ◦ 1

 (αap
− αbp + 2bp

2

)

+
(
Jσρ,β,yp+;w(bp−yp)ρ f ◦ 1

)
(bp)

}
=

∫ bp

ap
κ0(t)t

1−p
p f ′

(
p√
t
)

dt (9)

provided that κ0(t) is defined by (6).

Proof. Integrating by parts and change of variable technique

I1 :=
∫ xp

ap
(t − ap)βFσρ,β+1

[
w (xp

− ap)ρ (t − ap)ρ
]

t
1−p

p f ′
(

p√
t
)

dt

=

∫ xp

ap
(t − ap)βFσρ,β+1

[
w (xp

− ap)ρ (t − ap)ρ
] [ xp

− t
xp − ap ap +

t − ap

xp − ap xp
] 1−p

p

× f ′
 p

√
xp − t

xp − ap ap +
t − ap

xp − ap xp

 dt

= p(t − ap)βFσρ,β+1[w(xp
− ap)ρ(t − ap)ρ] f

 p

√
xp − t

xp − ap ap +
t − ap

xp − ap xp

∣∣∣∣∣∣
xp

ap
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−p
∫ xp

ap
(t − ap)β−1Fσρ,β[w(xp

− ap)ρ(t − ap)ρ] f

 p

√
xp − t

xp − ap ap +
t − ap

xp − ap xp

 dt

= p(xp
− ap)βFσρ,β+1[w(xp

− ap)2ρ] f (x)

−p
∫ xp

ap
(u − ap)β−1Fσρ,β[w(xp

− ap)ρ(u − ap)ρ]( f ◦ 1)(u)du

= p(xp
− ap)βFσρ,β+1[w(xp

− ap)2ρ] f (x) − p(Jσρ,β,xp−;w(xp−ap)ρ f ◦ 1)(ap) (10)

I2 :=
∫ ap+bp

2

xp

(
t −

αbp
− αap + 2ap

2

)β
t

1−p
p f ′

(
p√
t
)

×Fσρ,β+1

[
w

(
ap + bp

− 2xp

2

)ρ (
t −

αbp
− αap + 2ap

2

)ρ]
dt

=

∫ ap+bp
2

xp

(
t −

αbp
− αap + 2ap

2

)β [ ap + bp
− 2t

ap + bp − 2xp xp +
(t − xp)(ap + bp)

ap + bp − 2xp

] 1−p
p

×Fσρ,β+1

[
w

(
ap + bp

− 2xp

2

)ρ (
t −

αbp
− αap + 2ap

2

)ρ]

× f ′
 p

√
ap + bp − 2t

ap + bp − 2xp xp +
(t − xp)(ap + bp)

ap + bp − 2xp

 dt

= p
(
t −

αbp
− αap + 2ap

2

)β
Fσρ,β+1

[
w

(
ap + bp

− 2xp

2

)ρ (
t −

αbp
− αap + 2ap

2

)ρ]

× f

 p

√
ap + bp − 2t

ap + bp − 2xp xp +
(t − xp)(ap + bp)

ap + bp − 2xp


∣∣∣∣∣∣∣

ap+bp
2

xp

−p
∫ ap+bp

2

xp

(
t −

αbp
− αap + 2ap

2

)β−1

Fσρ,β

[
w

(
ap + bp

− 2xp

2

)ρ (
t −

αbp
− αap + 2ap

2

)ρ]

× f

 p

√
ap + bp − 2t

ap + bp − 2xp xp +
(t − xp)(ap + bp)

ap + bp − 2xp

 dt

= p
{
Fσρ,β+1

[
w

(
ap + bp

− 2xp

2

)ρ
((1 − α)

bp
− ap

2
)ρ
]

×

[
(1 − α)

bp
− ap

2

]β
f

 p

√
ap + bp

2

 − [
2(xp
− ap) − α(bp

− ap)
2

]β

×Fσρ,β+1

[
w

(
ap + bp

− 2xp

2

)ρ (2(xp
− ap) − α(bp

− ap)
2

)ρ]
f (x)

}
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−p
∫ ap+bp

2

xp

(
u −

αbp
− αap + 2ap

2

)β−1

×Fσρ,β

[
w

(
ap + bp

− 2xp

2

)ρ (
u −

αbp
− αap + 2ap

2

)ρ]
( f ◦ 1)(u)du.

⇒ I2 = p


(
(1 − α)

bp
− ap

2

)β
Fσρ,β+1

[
w

(
ap + bp

− 2xp

2

)ρ (
(1 − α)

bp
− ap

2

)ρ]

× f

 p

√
ap + bp

2

 − [
2(xp
− ap) − α(bp

− ap)
2

]β

×Fσρ,β+1

[
w

(
ap + bp

− 2xp

2

)ρ (2(xp
− ap) − α(bp

− ap)
2

)ρ]
f (x)

}

−p
(
Jσ
ρ,β, ap+bp

2 −;w
(

ap+bp
−2xp

2

)ρ f ◦ 1
) (
αbp
− αap + 2ap

2

)

+p
(
Jσ
ρ,β,xp−;w

(
ap+bp

−2xp
2

)ρ f ◦ 1
) (
αbp
− αap + 2ap

2

)
(11)

I3 := −

∫ yp

ap+bp
2

(
αap
− αbp + 2bp

2
− t

)β
t

1−p
p f ′

(
p√
t
)

×Fσρ,β+1

[
w

(
2yp
− ap
− bp

2

)ρ (
αap
− αbp + 2bp

2
− t

)ρ]
dt

= −

∫ yp

ap+bp
2

(
αap
− αbp + 2bp

2
− t

)β

×Fσρ,β+1

[
w

(
2yp
− ap
− bp

2

)ρ (
αap
− αbp + 2bp

2
− t

)ρ]

×

[
2t − ap

− bp

2yp − ap − bp yp +
(yp
− t)(ap + bp)

2yp − ap − bp

] 1−p
p

× f ′
 p

√
2t − ap − bp

2yp − ap − bp yp +
(yp − t)(ap + bp)

2yp − ap − bp

 dt

= −p
(
αap
− αbp + 2bp

2
− t

)β

×Fσρ,β+1

[
w(

2yp
− ap
− bp

2
)ρ(
αap
− αbp + 2bp

2
− t)ρ

]
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× f

 p

√
2t − ap − bp

2yp − ap − bp yp +
(yp − t)(ap + bp)

2yp − ap − bp


∣∣∣∣∣∣∣∣
yp

ap+bp
2

−p
∫ yp

ap+bp
2

(
αap
− αbp + 2bp

2
− t

)β−1

×Fσρ,β

[
w

(
2yp
− ap
− bp

2

)ρ (
αap
− αbp + 2bp

2
− t

)ρ]

× f

 p

√
2t − ap − bp

2yp − ap − bp yp +
(yp − t)(ap + bp)

2yp − ap − bp

 dt

= p

−
[

2(bp
− yp) − α(bp

− ap)
2

]β

×Fσρ,β+1

[
w

(
2yp
− ap
− bp

2

)ρ (2(bp
− yp) − α(bp

− ap)
2

)ρ]
f (y)

+

[
(1 − α)

bp
− ap

2

]β
Fσρ,β+1

[
w

(
2yp
− ap
− bp

2

)ρ (
(1 − α)

bp
− ap

2

)ρ]

× f

 p

√
ap + bp

2


 − p

∫ yp

ap+bp
2

(
αap
− αbp + 2bp

2
− u

)β−1

×Fσρ,β

[
w

(
2yp
− ap
− bp

2

)ρ (
αap
− αbp + 2bp

2
− u

)ρ]
( f ◦ 1)(u)du

= p

−
[

2(bp
− yp) − α(bp

− ap)
2

]β

×Fσρ,β+1

[
w

(
2yp
− ap
− bp

2

)ρ (2(bp
− yp) − α(bp

− ap)
2

)ρ]
f (y)

+

[
(1 − α)

bp
− ap

2

]β
Fσρ,β+1

[
w

(
2yp
− ap
− bp

2

)ρ (
(1 − α)

bp
− ap

2

)ρ]

× f

 p

√
ap + bp

2


 − p

(
Jσ
ρ,β, ap+bp

2 +;w( 2yp
−ap
−bp

2 )ρ
f ◦ 1

) (
αap
− αbp + 2bp

2

)

−p
(
Jσ
ρ,β,yp−;w( 2yp

−ap
−bp

2 )ρ
f ◦ 1

) (
αap
− αbp + 2bp

2

)
(12)
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Integrating by parts and change of variable technique

I4 := −
∫ bp

yp
(bp
− t)βFσρ,β+1

[
w

(
bp
− yp)ρ (bp

− t)ρ
]

t
1−p

p f ′
(

p√
t
)

dt

= −

∫ bp

yp
(bp
− t)βFσρ,β+1

[
w

(
bp
− yp)ρ (bp

− t)ρ
] [ bp

− t
bp − yp yp +

t − yp

bp − yp bp
] 1−p

p

× f ′
 p

√
bp − t

bp − yp yp +
t − yp

bp − yp bp

 dt

= −p(bp
− t)βFσρ,β+1

[
w(bp

− yp)ρ(bp
− t)ρ

]
f

 p

√
bp − t

bp − yp yp +
t − yp

bp − yp bp


∣∣∣∣∣∣∣
bp

yp

−p
∫ bp

yp
(bp
− t)β−1Fσρ,β

[
w(bp

− yp)ρ(bp
− t)ρ

]
f

 p

√
bp − t

bp − yp yp +
t − yp

bp − yp bp

 dt

= p(bp
− yp)βFσρ,β+1

[
w(bp

− yp)2ρ
]

f (y)

−p
∫ bp

yp
(bp
− u)β−1Fσρ,β

[
w(bp

− yp)ρ(bp
− u)ρ

]
( f ◦ 1)(u)du

= p(bp
− yp)βFσρ,β+1

[
w(bp

− yp)2ρ
]

f (y) − p
(
Jσρ,β,yp+;w(bp−yp)ρ f ◦ 1

)
(bp) (13)

Addition of (10)-(13) yields the desired identity (9).

Note 3.2. It may be noted that for β, σ(0) = 1, w = 0, identity (9) reduces to

Υ(x, y, a, b) := αp
f (x) + f (y)

2
+ p(1 − α) f

 p

√
ap + bp

2

 − p
bp − ap

∫ bp

ap
( f ◦ 1)(u)du

=
1

bp − ap

∫ bp

ap
h0,p(t)t

1−p
p f ′

(
p√
t
)

dt, (14)

and hence for p = 1, it reduces to identity (2.4) in [11]. For x = a and y = b, it reduces to

Z(a, b; p) := αp f (a)+ f (b)
2 + p(1 − α) f

(
p
√

ap+bp

2

)
−

p
bp−ap

∫ bp

ap ( f ◦ 1)(u)du

=
1

bp − ap

∫ bp

ap
h2,p(t)t

1−p
p f ′

(
p√
t
)

dt.

Theorem 3.3. Let f : I ⊆ R+ → R be a differentiable function on I◦, interior of I, a, b ∈ I◦ with a < b such that | f ′|
is p−convex and ρ, β > 0; let 1(ξ) = p√ξ, ξ > 0; 0 ≤ α ≤ 1, then

|Ω(x, y, a, b)| ≤ L1,0| f ′(a)| + L2,0| f ′(b)|



S. Hussain, J. Khalid / Filomat 37:27 (2023), 9145–9167 9156

Proof. By p−convexity of | f ′| and properties of modulus to (9)

|Ω(x, y, a, b)| =

∣∣∣∣∣∣
∫ bp

ap
κ0(t)t

1−p
p f ′

(
p√
t
)

dt

∣∣∣∣∣∣
≤

∫ bp

ap
|κ0(t)|

∣∣∣∣ f ′ ( p√
t
)∣∣∣∣ t 1−p

p dt

=

∫ bp

ap
|κ0(t)|

∣∣∣∣∣∣∣ f ′
 p

√
bp − t

bp − ap ap +
t − ap

bp − ap bp


∣∣∣∣∣∣∣ t 1−p

p dt

≤

∫ bp

ap
|κ0(t)|

{
bp
− t

bp − ap

∣∣∣ f ′(a)
∣∣∣ + t − ap

bp − ap

∣∣∣ f ′(b)
∣∣∣} t

1−p
p dt.

This completes the proof.

Corollary 3.4. Let f : I ⊆ R+ → R be a differentiable function on I◦, a, b ∈ I◦ such that | f ′| is p−convex; let
1(ξ) = p√ξ for ξ > 0 and 0 ≤ α ≤ 1, then

|Υ(x, y, a, b)| ≤ (bp
− ap)

[
A(x, y, a, b)| f ′(a)| +B(x, y, a, b)| f ′(b)|

]
(15)

Proof. The proof directly follows from Theorem 3.3 for β, σ(0) = 1, w = 0, that is, by properties of modulus,
p−convexity of | f ′| and identity (14), we have

|Υ(x, y, a, b)| =
1

bp − ap

∣∣∣∣∣∣
∫ bp

ap
h0,p(t)t

1−p
p f ′

(
p√
t
)

dt

∣∣∣∣∣∣
≤

1
bp − ap

∫ bp

ap
|h0,p(t)|

∣∣∣∣ f ′ ( p√
t
)∣∣∣∣ t 1−p

p dt

=
1

bp − ap

∫ bp

ap
|h0,p(t)|

∣∣∣∣∣∣∣ f ′
 p

√
bp − t

bp − ap ap +
t − ap

bp − ap bp


∣∣∣∣∣∣∣ t 1−p

p dt

≤
1

bp − ap

∫ bp

ap
h1,p(t)

{
bp
− t

bp − ap | f
′(a)| +

t − ap

bp − ap | f
′(b)|

}
t

1−p
p dt.

This completes the proof.

Theorem 3.5. Let f : I ⊆ R+ → R be a differentiable function on I◦, interior of I, a, b ∈ I◦ with a < b such that | f ′|s

is p−convex and s > 1 such that r = s
s−1 ; let 1(ξ) = p√ξ, ξ > 0; 0 ≤ α ≤ 1 and ρ, β > 0, then

|Ω(x, y, a, b)| ≤
s

√
(bp − ap)(| f ′(a)|s + | f ′(b)|s)

2
r

√∫ bp

ap
|κ0(t)|rt

r(1−p)
p dt

Proof. By Hölder inequality, p−convexity of | f ′|s properties of modulus to (14)

|Ω(x, y, a, b)|

=

∣∣∣∣∣∣
∫ bp

ap
κ0(t)t

1−p
p f ′

(
p√
t
)

dt

∣∣∣∣∣∣
≤

∫ bp

ap
|κ0(t)|

∣∣∣∣ f ′ ( p√
t
)∣∣∣∣ t 1−p

p dt

≤
r

√∫ bp

ap
|κ0(t)|rt

r(1−p)
p dt s

√√√∫ bp

ap

∣∣∣∣∣∣∣ f ′
 p

√
bp − t

bp − ap ap +
t − ap

bp − ap bp


∣∣∣∣∣∣∣
s

dt
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≤
r

√∫ bp

ap
|κ0(t)|rt

r(1−p)
p dt

s

√∫ bp

ap

{
bp − t

bp − ap | f
′(a)|s +

t − ap

bp − ap | f
′(b)|s

}
dt

This completes the proof.

Theorem 3.6. Let f : I ⊆ R+ → R be a differentiable function on I◦, interior of I, a, b ∈ I◦ with a < b such that | f ′|s

is p−convex and s ≥ 1; let 1(ξ) = p√ξ, ξ > 0; 0 ≤ α ≤ 1 and ρ, β > 0, then

|Ω(x, y, a, b)| ≤ (L1,0(x, y, a, b) + L2,0(x, y, a, b))

×
s

√
L1,0(x, y, a, b)| f ′(a)|s + L2,0(x, y, a, b)| f ′(b)|s

L1,0(x, y, a, b) + L2,0(x, y, a, b)

Proof. By power-mean inequality, p−convexity of | f ′|s and properties of modulus to (9)

|Ω(x, y, a, b)|

=

∣∣∣∣∣∣
∫ bp

ap
κ0(t)t

1−p
p f ′

(
p√
t
)

dt

∣∣∣∣∣∣
≤

∫ bp

ap
|κ0(t)|

∣∣∣∣ f ′ ( p√
t
)∣∣∣∣ t 1−p

p (1− 1
s +

1
s )dt

≤

[∫ bp

ap
|κ0(t)|t

1−p
p dt

] s−1
s

s

√√√∫ bp

ap
|κ0(t)|

∣∣∣∣∣∣∣ f ′
 p

√
bp − t

bp − ap ap +
t − ap

bp − ap bp


∣∣∣∣∣∣∣
s

t
1−p

p dt

≤

[∫ bp

ap
|κ0(t)|t

1−p
p dt

] s−1
s

s

√∫ bp

ap
|κ0(t)|

{
bp − t

bp − ap | f
′(a)|s +

t − ap

bp − ap | f
′(b)|s

}
t

1−p
p dt

= (L1,0(x, y, a, b) + L2,0(x, y, a, b))
s−1

s

×
s
√
L1,0(x, y, a, b)| f ′(a)|s + L2,0(x, y, a, b)| f ′(b)|s.

This completes the proof.

Corollary 3.7. Let f : I ⊆ R+ → R be a differentiable function on I◦, interior of I, a, b ∈ I◦ with a < b such that | f ′|s

is p−convex and s ≥ 1; let 1(ξ) = p√ξ, ξ > 0; 0 ≤ α ≤ 1, then

|Υ(x, y, a, b)| ≤ (bp
− ap)(A(x, y, a, b) +B(x, y, a, b))

s−1
s

×
s
√
A(x, y, a, b)| f ′(a)|s +B(x, y, a, b)| f ′(b)|s. (16)

Proof. The proof directly follows from Theorem 3.6 for β, σ(0) = 1, w = 0, that is, by power-mean inequality,
p−convexity of | f ′|s and properties of modulus to identity (14), we have

|Υ(x, y, a, b)|

=
1

bp − ap

∣∣∣∣∣∣
∫ bp

ap
h0,p(t)t

1−p
p f ′

(
p√
t
)

dt

∣∣∣∣∣∣
≤

1
bp − ap

∫ bp

ap
|h0,p(t)|

∣∣∣∣ f ′ ( p√
t
)∣∣∣∣ t 1−p

p (1− 1
s +

1
s )dt

≤
1

bp − ap

[∫ bp

ap
h1,p(t)t

1−p
p dt

] s−1
s

×
s

√√√∫ bp

ap
h1,p(t)

∣∣∣∣∣∣∣ f ′
 p

√
bp − t

bp − ap ap +
t − ap

bp − ap bp


∣∣∣∣∣∣∣
s

t
1−p

p dt
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≤
1

bp − ap

[∫ bp

ap
h1,p(t)t

1−p
p dt

] s−1
s

×
s

√∫ bp

ap
h1,p(t)

{
bp − t

bp − ap | f
′(a)|s +

t − ap

bp − ap | f
′(b)|s

}
t

1−p
p dt.

This completes the proof.

Theorem 3.8. Let f : I ⊆ R+ → R be a differentiable function on I◦, interior of I, a, b ∈ I◦ with a < b such that | f ′|
is p−concave for 0 < p; let 1(ξ) = p√ξ, ξ > 0; 0 ≤ α ≤ 1 and ρ, β > 0, then

|Ω(x, y, a, b)| ≤ [L1,0(x, y, a, b) + L2,0(x, y, a, b)]

×

∣∣∣∣∣∣∣ f ′
L1, 1

p
(x, y, a, b) + L2, 1

p
(x, y, a, b)

L1,0(x, y, a, b) + L2,0(x, y, a, b)


∣∣∣∣∣∣∣

Proof. By p−concavity of | f ′|, properties of modulus to (9) and Jensen’s integral inequality [30]:

|Ω(x, y, a, b)| =

∣∣∣∣∣∣
∫ bp

ap
κ0(t)t

1−p
p f ′

(
p√
t
)

dt

∣∣∣∣∣∣
≤

∫ bp

ap
|κ0(t)|| f ′

(
p√
t
)
|t

1−p
p dt

≤

[∫ bp

ap
t

1−p
p |κ0(t)|dt

] ∣∣∣∣∣∣∣∣∣ f ′

∫ bp

ap t
1−p

p |κ 1
p
(t)|dt∫ bp

ap t
1−p

p |κ0(t)|dt


∣∣∣∣∣∣∣∣∣ .

This completes the proof.

Corollary 3.9. Let f : I ⊆ R+ → R be a differentiable function on I◦, interior of I, a, b ∈ I◦ with a < b such that | f ′|
is p−concave for 0 < p; let 1(ξ) = p√ξ, ξ > 0; 0 ≤ α ≤ 1, then

|Υ(x, y, a, b)| ≤ (bp
− ap)[A(x, y, a, b) +B(x, y, a, b)]

×

∣∣∣∣∣∣ f ′
(
J1(x, y, a, b) + J2(x, y, a, b)
A(x, y, a, b) +B(x, y, a, b)

)∣∣∣∣∣∣ . (17)

Proof. The proof directly follows from Theorem 3.8 for β, σ(0) = 1, w = 0, that is, by Jensen’s integral
inequality, p−concavity of | f ′| and properties of modulus to (14)

|Υ(x, y, a, b)| =
1

bp − ap

∣∣∣∣∣∣
∫ bp

ap
h0,p(t)t

1−p
p f ′

(
p√
t
)

dt

∣∣∣∣∣∣
≤

1
bp − ap

∫ bp

ap
|h0,p(t)|

∣∣∣∣ f ′ ( p√
t
)∣∣∣∣ t 1−p

p dt

≤
1

bp − ap

[∫ bp

ap
t

1−p
p h1,p(t)dt

] ∣∣∣∣∣∣∣∣ f ′

∫ bp

ap t
2−p

p h1,p(t)dt∫ bp

ap t
1−p

p h1,p(t)dt


∣∣∣∣∣∣∣∣ .

This completes the proof.

Note 3.10. 1. It may be noted that for p = 1, x = a, y = b Corollary 3.7 coincides with

• [11, Corollary 2.5].

• [11, Remarks 2.6, 2.7] for α = 1
3 ,

1
2 .
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• [30, Theorems 1, 2] for α = 1, 0.

2. For p = 1, Corollaries 3.7 and 3.9 coincide with [11, Theorems 2.3, 2.12].
3. For p = 1, x = a, y = b Corollary 3.9 coincides with

• [11, Remarks 2.15, 2.16] for α = 1
3 ,

1
2 .

• trapezoid, midpoint inequalities in [30, Theorems 3] for α = 1, 0.

4. For α = 1, x = 3a+b
4 and y = a+3b

4 Corollary 3.9 coincides with the second inequality in [12, Theorem 1.1]

4. Applications

Here, in this section, we provide some applications on means, f−divergence measure, probability
density function and some quadrature rules by using the results proved in Section 3.

4.1. Application for special means

Here, We shall consider the following special means:

• The arithmetic mean: A(a, b) := a+b
2 , a, b ≥ 0.

• The p−power mean:

Mp(a, b) :=
p

√
ap + bp

2
, a, b > 0.

• The p−logarithmic mean:

Lp(a, b) :=

 a, a = b;
p
√

bp+1−ap+1

(p+1)(b−a) , a , b; a, b > 0; R ∋ p , −1.

Proposition 4.1. Let f (t) = t1−p

1−p ; p > 1 so that | f ′(t)| is p−concave and 1 ≡ J, identity function, then all the conditions
of Corollary 3.9 are satisfied and hence the following inequality holds:∣∣∣∣αA(a1−p, b1−p) + (1 − α)M1−p

p (a, b) − L1−p
1−p(ap, bp)

∣∣∣∣
≤

1 − p
bp − ap

 (Mp+1
p (a, b) − A(ap+1, bp+1))(2 − 4α)

p + 1

+(Mp(a, b) − a)(αA(ap, bp) − (1 − α)ap) + (Mp(a, b) − b)(αA(ap, bp) − (1 − α)bp)
}p+1

×

 (Mp+2
p (a, b) − A(ap+2, bp+2))(2 − 4α)

p + 2

+
(3αbp + αap

− 2bp)(M2
p(a, b) − b2) + (3αap + αbp

− 2ap)(M2
p(a, b) − a2)

4


−p
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4.2. Applications on quadrature rules

Let In be a partition of the interval [ap, bp] such that: (ap =)rp
0 < rp

1 < ... < rp
n(= bp) and dp

i = rp
i+1 − rp

i ,

ξp
i ∈

[
rp

i ,
rp

i +rp
i+1

2

]
, ζp

i ∈

[
rp

i +rp
i+1

2 , rp
i+1

]
, 0 ≤ i ≤ n − 1. Let Sα( f , In, ξ, ζ) be the extended fractional Simpson

quadrature formula and Rα( f , In, ξ, ζ) be the associated error of Iα( f ◦ 1, In, ξ, ζ) by Sα( f , In, ξ, ζ) for α ∈ [0, 1],
then

Iα( f ◦ 1, In, ξ, ζ) = Sα( f , In, ξ, ζ) + Rα( f , In, ξ, ζ), (18)

provided that:

Sα( f , In, ξ, ζ) :=
n−1∑
i=0


(ξp

i − rp
i

)β
Fσρ,β+1

[
w

(
ξp

i − rp
i

)2ρ
]
−

2(ξp
i − rp

i ) − αdp
i

2

β

× Fσρ,β+1

w  rp
i + rp

i+1 − 2ξp
i

2

ρ 2(ξp
i − rp

i ) − αdp
i

2

ρ
 f (ξi)

+

(rp
i+1 − ζ

p
i )βFσρ,β+1

[
w

(
rp

i+1 − ζ
p
i

)2ρ
]
−

2(rp
i+1 − ζ

p
i ) − αdp

i

2

β

× Fσρ,β+1

w 2ζp
i − rp

i − rp
i+1

2

ρ 2(rp
i+1 − ζ

p
i ) − αdp

i

2

ρ
 f (ζi)

+

Fσρ,β+1

w  rp
i + rp

i+1 − 2ξp
i

2

ρ ((1 − α)
dp

i

2
)ρ


+Fσρ,β+1

w 2ζp
i − rp

i − rp
i+1

2

ρ  (1 − α)dp
i

2

ρ


 (1 − α)dp
i

2

β f

 p

√
rp

i + rp
i+1

2


 , (19)

Iα( f ◦ 1, In, ξ, ζ) :=
n−1∑
i=0

dp
i

{(
Jσ
ρ,β,ξ

p
i −;w(ξp

i −rp
i )ρ

f ◦ 1
)

(rp
i )

+

Jσρ,β, r
p
i +r

p
i+1

2 −;w
(

r
p
i +r

p
i+1−2ξ

p
i

2

)ρ f ◦ 1


αrp

i+1 − αrp
i + 2rp

i

2



−

Jσρ,β,ξp
i −;w

(
r
p
i +r

p
i+1−2ξ

p
i

2

)ρ f ◦ 1


αrp

i+1 − αrp
i + 2rp

i

2



+

Jσρ,β, r
p
i +r

p
i+1

2 +;w
(

2ζ
p
i −r

p
i −r

p
i+1

2

)ρ f ◦ 1


αrp

i − αrp
i+1 + 2rp

i+1

2
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+

Jσρ,β,ζp
i −;w

(
2ζ

p
i −r

p
i −r

p
i+1

2

)ρ f ◦ 1


αrp

i − αrp
i+1 + 2rp

i+1

2


+

(
Jσ
ρ,β,ζ

p
i +;w(rp

i+1−ζ
p
i )
ρ f ◦ 1

) (
rp

i+1

)}
(20)

Rα( f , In, ξ, ζ) :=
n−1∑
i=0

dp
i

p

∫ rp
i+1

rp
i

κ0(t)t
1−p

p f ′
(

p√
t
)

dt. (21)

For α = 0, 1
3 , 1 in identity (18) we have the following special formulae.

• The generalized fractional mid point formula

S0( f , In, ξ, ζ) :=
n−1∑
i=0

[{(
ξp

i − rp
i

)β
Fσρ,β+1

[
w

(
ξp

i − rp
i

)2ρ
]
− (ξp

i − rp
i )β

×Fσρ,β+1

w  (rp
i + rp

i+1 − 2ξp
i )(ξp

i − rp
i )

2

ρ
 f (ξi)

+
{
(rp

i+1 − ζ
p
i )βFσρ,β+1

[
w

(
rp

i+1 − ζ
p
i

)2ρ
]
− (rp

i+1 − ζ
p
i )β

×Fσρ,β+1

w  (2ζp
i − rp

i − rp
i+1)(rp

i+1 − ζ
p
i )

2

ρ
 f (ζi) +

Fσρ,β+1

w  rp
i + rp

i+1 − 2ξp
i

4
dp

i

ρ

+ Fσρ,β+1

w 2ζp
i − rp

i − rp
i+1

4
dp

i

ρ

dp

i

2

β f

 p

√
rp

i + rp
i+1

2


 ,

• The generalized fractional trapezoid formula

S1( f , In, ξ, ζ) :=
n−1∑
i=0


(ξp

i − rp
i

)β
Fσρ,β+1

[
w

(
ξp

i − rp
i

)2ρ
]
−

2ξp
i − 2rp

i − dp
i

2

β

×Fσρ,β+1

w  (rp
i + rp

i+1 − 2ξp
i )(2ξp

i − 2rp
i − dp

i )

4

ρ
 f (ξi)

+

(rp
i+1 − ζ

p
i )βFσρ,β+1

[
w

(
rp

i+1 − ζ
p
i

)2ρ
]
−

2rp
i+1 − 2ζp

i − dp
i

2

β

×Fσρ,β+1

w  (2ζp
i − rp

i − rp
i+1)(2rp

i+1 − 2ζp
i − dp

i )

4

ρ
 f (ζi)
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• The generalized fractional Simpson formula

S 1
3
( f , In, ξ, ζ) :=

n−1∑
i=0


(ξp

i − rp
i

)β
Fσρ,β+1

[
w

(
ξp

i − rp
i

)2ρ
]
−

6ξp
i − 6rp

i − dp
i

6

β

×Fσρ,β+1

w  (rp
i + rp

i+1 − 2ξp
i )(6ξp

i − 6rp
i − dp

i )

12

ρ
 f (ξi)

+

(rp
i+1 − ζ

p
i )βFσρ,β+1

[
w

(
rp

i+1 − ζ
p
i

)2ρ
]
−

6rp
i+1 − 6ζp

i − dp
i

6

β

×Fσρ,β+1

w  (2ζp
i − rp

i − rp
i+1)(6rp

i+1 − 6ζp
i − dp

i )

12

ρ
 f (ζi)

+

Fσρ,β+1

w  rp
i + rp

i+1 − 2ξp
i

6
dp

i

ρ

+Fσρ,β+1

w 2ζp
i − rp

i − rp
i+1

6
dp

i

ρ

dp

i

3

β f

 p

√
ξp

i + ζ
p
i

2


 ,

Theorem 4.2. Let the condition of Theorem 3.6 be satisfied. Let Sα( f , In, ξ, ζ), Iα( f , In, ξ, ζ) and Rα( f , In, ξ, ζ) be
defined by (19), (20) and (21) respectively, then

|Rα( f , In, ξ, ζ)| ≤ max{| f ′(a)|, | f ′(b)|}
n−1∑
i=0

dp
i

L1,0(ξi, ζi, ri, ri+1) + L2,0(ξi, ζi, ri, ri+1)
p

.

Proof. Application of Theorem 3.6 to the subinterval [rp
i , r

p
i+1], yields the following:∣∣∣Rα( f , In, ξ, ζ)

∣∣∣
=

∣∣∣∣∣∣∣
n−1∑
i=0

dp
i

p

∫ rp
i+1

rp
i

κ0(t)t
1−p

p f ′(
p√
t)dt

∣∣∣∣∣∣∣
≤

n−1∑
i=0

dp
i

p
s

√√√√√∫ rp
i+1

rp
i

|κ0(t)|t
1−p

p

∣∣∣∣∣∣∣∣ f ′
 p

√
rp

i+1 − t

rp
i+1 − rp

i

rp
i +

t − rp
i

rp
i+1 − rp

i

rp
i+1


∣∣∣∣∣∣∣∣
s

dt

×

∫ rp
i+1

rp
i

|κ0(t)|t
1−p

p dt


s−1

s

≤

n−1∑
i=0

dp
i

p
s

√√∫ rp
i+1

rp
i

|κ0(t)|

 rp
i+1 − t

rp
i+1 − rp

i

| f ′(ri)|s +
t − rp

i

rp
i+1 − rp

i

| f ′(ri+1)|s
 t

1−p
p dt
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×

∫ rp
i+1

rp
i

|κ0(t)|t
1−p

p dt


s−1

s

=

n−1∑
i=0

dp
i

p
[
L1,0(ξi, ζi, ri, ri+1) + L2,0(ξi, ζi, ri, ri+1)

] s−1
s

×
s
√
L1,0(ξi, ζi, ri, ri+1)| f ′(ri)|s + L2,0(ξi, ζi, ri, ri+1)| f ′(ri+1)|s.

=

n−1∑
i=0

dp
i

L1,0(ξi, ζi, ri, ri+1) + L2,0(ξi, ζi, ri, ri+1)
p

×
s

√
L1,0(ξi, ζi, ri, ri+1)| f ′(ri)|s + L2,0(ξi, ζi, ri, ri+1)| f ′(ri+1)|s

L1,0(ξi, ζi, ri, ri+1) + L2,0(ξi, ζi, ri, ri+1)
.

This completes the proof.

Theorem 4.3. Let the condition of Theorem 3.8 be satisfied. Let Sα( f , In, ξ, ζ), Iα( f , In, ξ, ζ) and Rα( f , In, ξ, ζ) be
defined by (19), (20) and (21) respectively, then

|Rα( f , In, ξ, ζ)| ≤
n−1∑
i=0

dp
i

L1,0(ξi, ζi, ri, ri+1) + L2,0(ξi, ζi, ri, ri+1)
p

×

∣∣∣∣∣∣∣ f ′
L1, 1

p
(ξi, ζi, ri, ri+1) + L2, 1

p
(ξi, ζi, ri, ri+1)

L1,0(ξi, ζi, ri, ri+1) + L2,0(ξi, ζi, ri, ri+1)


∣∣∣∣∣∣∣

Proof. Application of Theorem 3.8 to the subinterval [rp
i , r

p
i+1], yields the following:

|Rα( f , In, ξ, ζ)| =

∣∣∣∣∣∣∣
n−1∑
i=0

dp
i

p

∫ rp
i+1

rp
i

κ0(t)t
1−p

p f ′
(

p√
t
)

dt

∣∣∣∣∣∣∣
≤

n−1∑
i=0

dp
i

p

∫ rp
i+1

rp
i

|κ0(t)|

∣∣∣∣∣∣∣∣ f ′
 p

√
rp

i+1 − t

rp
i+1 − rp

i

rp
i +

t − rp
i

rp
i+1 − rp

i

rp
i+1


∣∣∣∣∣∣∣∣ t 1−p

p dt

≤

n−1∑
i=0

dp
i

p

∫ rp
i+1

rp
i

|κ0(t)|t
1−p

p dt

∣∣∣∣∣∣∣∣∣∣ f ′

∫ rp

i+1

rp
i

t
1−p

p |κ 1
p
(t)|dt∫ rp

i+1

rp
i

t
1−p

p |κ0(t)|dt


∣∣∣∣∣∣∣∣∣∣

=

n−1∑
i=0

dp
i

L1,0(ξi, ζi, ri, ri+1) + L2,0(ξi, ζi, ri, ri+1)
p

×

∣∣∣∣∣∣∣ f ′
L1, 1

p
(ξi, ζi, ri, ri+1) + L2, 1

p
(ξi, ζi, ri, ri+1)

L1,0(ξi, ζi, ri, ri+1) + L2,0(ξi, ζi, ri, ri+1)


∣∣∣∣∣∣∣

Note 4.4. For α = 0, 1
3 , 1 in Theorems 4.2, 4.3, we get some generalisations of results in [11, 30]



S. Hussain, J. Khalid / Filomat 37:27 (2023), 9145–9167 9164

4.3. f−divergence measures
Let the set ϕ and the σ finite measure µ be given, and let the set of all probability densities on µ to

be defined on Ω := {χ|χ : ϕ → R, χ(ϖ) > 0,
∫
ϕ
χ(ϖ)dµ(ϖ) = 1}. Let f : (0,∞) → R be given mapping and

consider D f (χ,ψ) defined by:

D f (χ,ψ) :=
∫
ϕ
χ(ϖ) f

[
ψ(ϖ)
χ(ϖ)

]
dµ(ϖ), χ, ψ ∈ Ω. (22)

If f is convex, then (22) is called as the Csisźar f−divergence. Consider the following Hermite-Hadamard
(HH) divergence:

D f
HH(χ,ψ) :=

∫
ϕ
χ(ϖ)

∫ ψ(ϖ)
χ(ϖ)

1 f (t)dt
ψ(ϖ)
χ(ϖ) − 1

dµ(ϖ), χ, ψ ∈ Ω, (23)

where f is convex on (0,∞) with f (1) = 0. Note that D f
HH(χ,ψ) ≥ 0 with the equality holds if and only if

χ = ψ.

Proposition 4.5. Let f : I ⊆ R+ → R be a differentiable function on I◦, a, b ∈ I◦ such that | f ′| is convex and f (1) = 0,
then ∣∣∣∣∣∣α2 D f

(
χ,ψ

)
+ (1 − α)

∫
ϕ
χ(ϖ) f

(
ψ(ϖ) + χ(ϖ)

2χ(ϖ)

)
dµ(ϖ) −D f

HH(χ,ψ)

∣∣∣∣∣∣
≤ C + D| f ′(1)|, (24)

C and D are defined by (7) and (8) respectively.

Proof. Let Φ1 := {ϖ ∈ ϕ : ψ(ϖ) > χ(ϖ)}; Φ2 := {ϖ ∈ ϕ : ψ(ϖ) < χ(ϖ)} and Φ3 := {ϖ ∈ ϕ : ψ(ϖ) = χ(ϖ)}.
Obviously, if ϖ ∈ Φ3, then equality holds in (24). Now, if ϖ ∈ Φ1, then for x = a = 1, p = 1; b = ψ(ϖ)

χ(ϖ) ; 1 ≡ I,
identity function, in Corollary 3.4, multiplying both sides to the obtained result by χ(ϖ) and integrating
over Φ1, we have∣∣∣∣∣∣(1 − α)

∫
Φ1

χ(ϖ) f
(
ψ(ϖ) + χ(ϖ)

2χ(ϖ)

)
dµ(ϖ) +

α
2

∫
Φ1

χ(ϖ) f
(
ψ(ϖ)
χ(ϖ)

)
dµ(ϖ)

−

∫
Φ1

χ(ϖ)

∫ ψ(ϖ)
χ(ϖ)

1 f (t)dt
ψ(ϖ)
χ(ϖ) − 1

dµ(ϖ)

∣∣∣∣∣∣∣∣∣ ≤ [A1| f ′(1)| + B1], (25)

provided that:

A1 :=
2α − 1

12

∫
Φ1

(ψ(ϖ) + χ(ϖ))3
− 4χ3(ϖ) − 4ψ3(ϖ)

(ψ(ϖ) − χ(ϖ))2 dµ(ϖ)

+
1 − α

2

∫
Φ1

ψ(ϖ)dµ(ϖ) +
∫
Φ1

(2ψ(ϖ) − 5αψ(ϖ) − 3αχ(ϖ) + 2χ(ϖ))(ψ2(ϖ) + 2ψ(ϖ)χ(ϖ) − 3χ2(ϖ))
16(ψ(ϖ) − χ(ϖ))2 dµ(ϖ

+

∫
Φ1

(7αψ(ϖ) − 4ψ(ϖ) + αχ(ϖ))(3ψ2(ϖ) − 2ψ(ϖ)χ(ϖ) − χ2(ϖ))
16(ψ(ϖ) − χ(ϖ))2 dµ(ϖ)

B1 :=
2α − 1

12

∫
Φ1

[(ψ(ϖ) + χ(ϖ))3
− 4χ3(ϖ) − 4ψ3(ϖ)]

(χ(ϖ) − ψ(ϖ))2

∣∣∣∣∣∣ f ′
(
ψ(ϖ)
χ(ϖ)

)∣∣∣∣∣∣ dµ(ϖ)
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+
1 − α

2

∫
Φ1

χ(ϖ)

∣∣∣∣∣∣ f ′
(
ψ(ϖ)
χ(ϖ)

)∣∣∣∣∣∣ dµ(ϖ) +
∫
Φ1

∣∣∣∣∣∣ f ′
(
ψ(ϖ)
χ(ϖ)

)∣∣∣∣∣∣
×

(2ψ(ϖ) − 5αχ(ϖ) − 3αψ(ϖ) + 2χ(ϖ))(χ2(ϖ) + 2ψ(ϖ)χ(ϖ)) − 3ψ2(ϖ)
16(χ(ϖ) − ψ(ϖ))2 dµ(ϖ)

+

∫
Φ1

(7αχ(ϖ) − 4χ(ϖ) + αψ(ϖ))(3χ2(ϖ) − ψ2(ϖ) − 2ψ(ϖ)χ(ϖ))
16(χ(ϖ) − ψ(ϖ))2

∣∣∣∣∣∣ f ′
(
ψ(ϖ)
χ(ϖ)

)∣∣∣∣∣∣ dµ(ϖ)

Similarly, if ϖ ∈ Φ2, then for y = b = 1, p = 1; a = ψ(ϖ)
χ(ϖ) ; 1 ≡ I, identity function, in Corollary 3.4, multiplying

both sides to the obtained result by χ(ϖ) and integrating over Φ2, we have∣∣∣∣∣∣(1 − α)
∫
Φ2

χ(ϖ) f
(
ψ(ϖ) + χ(ϖ)

2χ(ϖ)

)
dµ(ϖ) +

α
2

∫
Φ2

χ(ϖ) f
(
ψ(ϖ)
χ(ϖ)

)
dµ(ϖ)

−

∫
Φ2

χ(ϖ)

∫ ψ(ϖ)
χ(ϖ)

1 f (t)dt
ψ(ϖ)
χ(ϖ) − 1

dµ(ϖ)

∣∣∣∣∣∣∣∣∣ ≤ [A2 +B2| f ′(1)|], (26)

provided that:

A2 :=
2α − 1

12

∫
Φ2

(ψ(ϖ) + χ(ϖ))3
− 4χ3(ϖ) − 4ψ3(ϖ)

(χ(ϖ) − ψ(ϖ))2

∣∣∣∣∣∣ f ′
(
ψ(ϖ)
χ(ϖ)

)∣∣∣∣∣∣ dµ(ϖ)

+
1 − α

2

∫
Φ2

χ(ϖ)

∣∣∣∣∣∣ f ′
(
ψ(ϖ)
χ(ϖ)

)∣∣∣∣∣∣ dµ(ϖ) +
∫
Φ2

∣∣∣∣∣∣ f ′
(
ψ(ϖ)
χ(ϖ)

)∣∣∣∣∣∣
×

(2ψ(ϖ) − 5αχ(ϖ) − 3αψ(ϖ) + 2χ(ϖ))(χ2(ϖ) + 2ψ(ϖ)χ(ϖ) − 3ψ2(ϖ))
16(χ(ϖ) − ψ(ϖ))2 dµ(ϖ)

+

∫
Φ2

(7αχ(ϖ) − 4χ(ϖ) + αψ(ϖ))(3χ2(ϖ) − 2ψ(ϖ)χ(ϖ) − ψ2(ϖ))
16(χ(ϖ) − ψ(ϖ))2

∣∣∣∣∣∣ f ′
(
ψ(ϖ)
χ(ϖ)

)∣∣∣∣∣∣ dµ(ϖ)

B2 :=
1 − 2α

12

∫
Φ2

(ψ(ϖ) + χ(ϖ))3
− 4χ3(ϖ) − 4ψ3(ϖ)∣∣∣ψ(ϖ) − χ(ϖ)

∣∣∣2 dµ(ϖ)

+
1 − α

2

∫
Φ2

ψ(ϖ)dµ(ϖ)

+

∫
Φ2

(2ψ(ϖ) − 5αψ(ϖ) − 3αχ(ϖ) + 2χ(ϖ))(3χ2(ϖ) − ψ2(ϖ) − 2ψ(ϖ)χ(ϖ))

16
∣∣∣ψ(ϖ) − χ(ϖ)

∣∣∣2 dµ(ϖ)

+

∫
Φ2

(7αψ(ϖ) − 4ψ(ϖ) + αχ(ϖ))(χ2(ϖ) − 3ψ2(ϖ) + 2ψ(ϖ)χ(ϖ))

16
∣∣∣ψ(ϖ) − χ(ϖ)

∣∣∣2 dµ(ϖ)

Adding inequalities (25) and (26), and utilizing triangular inequality, we get the desired result (24).
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4.4. Probability density functions

Let 1 : [a, b] → [0, 1] be the probability density function of a continuous random variable X with the
cumulative distribution function, F, given by:

F(ϱ) = Pr(X ≤ ϱ) =
∫ ϱ

a
1(t)dt and E(X) =

∫ b

a
tdF(t) = b −

∫ b

a
F(t)dt. (27)

Then, from Corollary 3.4 for 1 ≡ J, identity function, p = 1, y = b, x = a, we have the following result:∣∣∣∣∣∣α2 + (1 − α)Pr
(
X ≤

a + b
2

)
−

1
b − a

(b − E(X))

∣∣∣∣∣∣ ≤ E|1(a)| + F|1(b)|,

provided that:

E :=
(2α − 1)[(a + b)3

− 4a3
− 4b3] + 6b(b − a)2(1 − α)

12(b − a)2

+
(2b − 5bα − 3aα + 2a)(b2 + 2ab − 3a2) + (7bα − 4b + aα)(3b2

− a2
− 2ab)

16(b − a)2

F :=
[(a + b)3

− 4a3
− 4b3](1 − 2α) + 6a(b − a)2(α − 1)

12(b − a)2

+
(7aα + αb − 4a)(b2 + 2ab − 3a2) + (2b − 3bα − 5aα + 2a)(3b2

− a2
− 2ab)

16(b − a)2
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