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Abstract. This work discusses the existence of weak solutions for a system of Kirchhoff-type involving
variable exponent (α1(m), α2(m))-Laplacian operators and under the Dirichlet boundary conditions. Under
appropriate hypotheses on the nonlinear terms and the Kirchhoff functions, the existence of weak solutions
is obtained on the spaces W1,α1(m)

0 (D) ×W1,α2(m)
0 (D). The proof of the main result is based on a topological

degree argument for a class of demicontinuous operators of (S+)-type.

1. Introduction

The study of Kirchhoff-type systems is an active area of research in nonlinear analysis and mathematical
physics, such as the propagation of waves in media with variable density, stationary thermorheological
viscous flows, electrorheological fluids and the dynamics of thin elastic plates [42, 43, 35, 37, 32, 33]. The
survey of these systems involves the use of various techniques from nonlinear analysis, such as variational
methods, critical point theory, and bifurcation theory. We mention that Kirchhoff [24] studied an extension
of the D’Alembert wave equation for free vibrations of elastic strings, of the form

ρ
∂2v
∂t2 −

(ρ0

h
+

E
2L

∫ L

0

∣∣∣∣ ∂v∂m ∣∣∣∣2dm
) ∂2v
∂m2 = 0,

given a specific set of physical parameters, including mass density ρ, initial tension ρ0, area of cross-
section h, Young modulus of the material E, and length of the string L, for more information we refer to
[16, 20, 8, 19, 34, 3].

In this paper, we aim to investigate the existence of weak solutions for a nonlinear elliptic system
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involving the (α1(m), α2(m))-Kirchhoff-Laplacian operator of the form

−K1

( ∫
D

I
α1
u dm

)(
∆α1(m)u − |u|α1(m)−2u

)
+ δ1|u|p(m)−2u = λ1 f1(m,u,∇u) + µ1 f2(m,u) inD,

−K2

( ∫
D

I
α2
v dm

)(
∆α2(m)v − |v|α2(m)−2v

)
+ δ2|v|q(m)−2v = λ211(m, v,∇v) + µ212(m, v) inD,

u = v = 0 on ∂D,

(1.1)

where Iα1
u and Iα2

v are given by

I
α1
u :=

|∇u|α1(m) + |u|α1(m)

α1(m)
and I

α2
v :=

|∇v|α2(m) + |v|α2(m)

α2(m)
,

withD is a bounded smooth domain in RN(N ≥ 2) and λi, δi, µi (i = 1, 2) are reel parameters, Ki, fi, 1i(i =
1, 2) are functions that test hypotheses that will be defined at a later stage.

The α(m)-Laplacian operator ∆α(m)u := div(|∇u|α(m)−2
∇u) is a nonlinear partial differential operator that

generalizes the classical α-Laplacian operator (see [29, 30, 11, 12, 13, 10]). The α-Laplacian is a well-known
operator in mathematical analysis that has many important applications in various fields, including physics,
engineering and finance. Motivated by [26, 28, 1, 27, 31, 36, 6, 5], our main object is to establish the existence
of weak solutions for a nonlocal elliptic system involving the (α1(m), α2(m))-Kirchhoff-Laplacian operators
depending on six real parameters under Dirichlet boundary condition with convection term, by using
another approach based on a topological degree of Berkovits in the framework of Sobolev space with
variable exponent.

Let us quickly summarize the contents of the paper. In the Section 2, we briefly review some basic
preliminaries on the functional framework and we present several types of generalized (S+) operators,
together with the topological Berkovits degree. At last, in the Section 3, we state our assumptions together
with technical lemmas and we also prove the main result.

2. Preliminaries

2.1. Variable exponent Sobolev spaces

In order to start discussing problem (1.1), we need some theories on spaces W1,α(m)(D) which we call
generalized Sobolev spaces. Let us shortly recall some basic facts about the setup for generalized Lebesgue-
Sobolev spaces, for more information see for instance [22, 25, 40, 14] and [41]. Let

C+(D) =
{
α : α ∈ C(D) , α(y) > 1 for every y ∈ D

}
.

For any α ∈ C+(D), we establish

α+ := max
{
α(y), y ∈ D

}
, α− := min

{
α(y), y ∈ D

}
.

For any α ∈ C+(D) we define the generalized Lebesgue spaces Lα(m)(D) by

Lα(m)(D) =
{
v : D→ R measurable fanction,

∫
D

|v(m)|α(m)dm < +∞
}
.

We define the so-called Luxemburg norm, on this space by the formula

|v|α(m) = inf
{
k > 0 | ρα(m)

(v
k

)
≤ 1
}
,
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where, the modular ρα(m) : Lα(m)(D)→ R defiend by

ρα(m)(v) =
∫
D

|v(m)|α(m)dm, ∀v ∈ Lα(m)(D),

and verify some useful properties listed below.

Proposition 2.1. [22, 9] Let (vk) and v ∈ Lα(m)(D), then

|v|α(m) < 1(resp. = 1;> 1) ⇔ ρα(m)(v) < 1(resp. = 1;> 1) , (2.1)

|v|α(m) > 1 ⇒ |v|α
−

α(m) ≤ ρα(m)(v) ≤ |v|α
+

α(m), (2.2)

|v|α(m) < 1 ⇒ |v|α
+

α(m) ≤ ρα(m)(v) ≤ |v|α
−

α(m), (2.3)

lim
k→∞
|vk − v|α(m) = 0 ⇔ lim

k→∞
ρα(m)(vk − v) = 0. (2.4)

Remark 2.2. Notice that, by (2.2), (2.3), we can infer the inequalities

|v|α(m) ≤ ρα(m)(v) + 1, (2.5)

ρα(m)(v) ≤ |v|α
−

α(m) + |v|
α+

α(m). (2.6)

Proposition 2.3. [25, 17] Lα(m)(D) is a separable and reflexive Banach spaces.

Proposition 2.4. [25, 15] Define Lα′(m)(D) as the space conjugate of Lα(m)(D), where 1
α(m) +

1
α′(m) = 1 for all m ∈ D.

For any f ∈ Lα(m)(D) , and 1 ∈ Lα′(m)(D), we have the Hölder inequality∣∣∣∣ ∫
D

f1 dm
∣∣∣∣ ≤ (

1
α−
+

1
α′−

)| f |α(m)|1|α′(m) ≤ 2| f |α(m)|1|α′(m). (2.7)

Remark 2.5. If α1, α2 ∈ C+(D) with α1(m) ≤ α2(m) for any m ∈ D, then there exists the continuous embedding
Lα2(m)(D) ↪→ Lα1(m)(D).

New, we defien the spaces W1,α(m)(D) by

W1,α(m)(D) =
{
v ∈ Lα(m)(D)

∣∣∣∣ |∇v| ∈ Lα(m)(D)
}
,

equipped with the norm

||v||α(m) = |v|α(m) + |∇v|α(m).

We indicate by W1,α(m)
0 (D) the closure of C∞0 (D) respect to the norm of W1,α(m)(D).

Proposition 2.6. [38] If the exponent α(m) satisfies the log-Hölder continuity condition, i.e. ∃ τ > 0 such that for

each a, b ∈ D, a , b with |a − b| ≤
1
2

, we have

|α(a) − α(b)| ≤
τ

− log |a − b|
, (2.8)

then there exists a constant CG,α > 0 such that

|v|α(m) ≤ CG,α|∇v|α(m), ∀ v ∈W1,α(m)
0 (D). (2.9)
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We could use the following equivalent norm on W1,α(m)
0 (D)

|v|1,α(m) = |∇v|α(m),

is equivalent to ∥v∥α(m).

Proposition 2.7. [25, 21] The spaces W1,α(m)(D) and W1,α(m)
0 (D) are separable and reflexive Banach spaces.

Remark 2.8. The dual space of W1,α(m)
0 (D) denoted W−1,α′(m)(D), is equipped with the norm

|v|−1,α′(m) = inf
{
|v0|α′(m) +

N∑
j=1

|v j|α′(m)

}
,

where the infinimum is performed on all possible separations v = v0−divLwith v0 ∈ Lα′(m)(D) andL = (v1, . . . , vN) ∈
(Lα′(m)(D))N.

In the following discussions, we will use the product space

W
α1(m),α2(m)
0 :=W1,α1(m)

0 (D) ×W1,α2(m)
0 (D),

which is equipped with the norm

∥(u, v)∥
W
α1(m),α2(m)
0

= max
{
∥u∥α1(m), ∥v∥α2(m)

}
,

where ∥ · ∥α1(m) is the norm of W1,α1(m)
0 (D) and ∥ · ∥α2(m) is the norm of W1,α2(m)

0 (D).

The space
(
W
α1(m),α2(m)
0

)∗
is the dual space of Wα1(m),α2(m)

0 corresponding to the Orlicz–Sobolev space

W−1,α′1(m)
0 (D) ×W−1,α′2(m)

0 (D) equipped with the norm

∥ · ∥(
W
α1(m),α2(m)
0

)∗ := max{∥ · ∥−1,α′1(m), ∥ · ∥−1,α′2(m)}.

The continuous pairing between the dual spacesWα1(m),α2(m)
0 and

(
W
α1(m),α2(m)
0

)∗
given by

⟨ · , · ⟩α1,α2 = ⟨ · , · ⟩1,α1(m) + ⟨ · , · ⟩1,α2(m).

2.2. Topological degree theory
Now, we would like to review a few definitions and fundamental characteristics of Berkovits degree

theory for demicontinuous operators in a real reflexive space.
Let G be a real separable reflexive Banach space and E be a nonempty subset of G. The symbol ⟨ · , · ⟩G
means what the usual dual paring between G∗ and G.

Definition 2.9. Let E be a second real Banach space. A mappingA : E ⊂ G → E is

• bounded, If it transforms any bounded set into a bounded set.

• demicontinuous, if for any (vk) ⊂ E, vk → v thenA(vk)⇀ A(v) .

• compact, ifA is continuous and for any A ⊂ G bounded we haveA(A) is relatively compact.

Definition 2.10. An operatorA : E ⊂ G → G∗ is called

• of type (S+), if for any (vk) ⊂ E with vk ⇀ v and lim sup
k→∞

⟨A(vk), vk − v⟩ ≤ 0, we will have vk → v.
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• quasimonotone, if for any sequence (vk) ⊂ E with vk ⇀ v, we will have lim sup
k→∞

⟨A(vk), vk − v⟩ ≥ 0.

Definition 2.11. Let Z : E1 ⊂ G → G
∗ be a bounded mapping with E ⊂ E1. For any operatorA : E ⊂ G → G, we

claim that

• A satisfies condition (S+)Z, if for any (vk) ⊂ Ewith vk ⇀ v, uk := Z(vk)⇀ u and lim sup
k→∞

⟨A(vk), uk−u⟩ ≤ 0,

we have vk → v.

• A possess the property (QM)Z, if for any sequence (vk) ⊂ E with vk ⇀ v, uk := Z(vk) ⇀ u, we have
lim sup

k→∞
⟨A(vk),u − uk⟩ ≥ 0.

In the follow-up, we take into account the following groups of operators:

T1(E) :=
{
A : E → G∗ | A is bounded, demicontinuous and of type (S+)

}
,

TZ(E) :=
{
A : E → G | A is demicontinuous, satifies condition (S+)Z

}
,

TZ,B(E) :=
{
A : E → G | A is bounded, demicontinuous and satifies condition(S+)Z

}
,

for any E ⊂ D(A) , where D(A) indicates the domain ofA, and any Z ∈ T1(E).
Let Θ be the collection of all bounded open sets in G.

T (G) := {A ∈ TZ(θ) | θ ∈ Θ, Z ∈ T1(θ)},

where, Z ∈ T1(θ) is known as essential inner map toA.

Lemma 2.12. [23] Let Z ∈ T1(θ) is continuous andJ : D(J) ⊂ G∗ → G is demicontinuous such that Z(θ) ⊂ D(J),
where θ is a bounded open set in a real reflexive Banach space G. Therefore, the assertions below are correct:

• If J is quasimonotone, then I +J ◦ Z ∈ TZ(θ), where the identity operator is indicated by I.

• If J is of class (S+), then J ◦ Z ∈ TZ(θ).

Definition 2.13. Consider that θ is bounded open subset of a real reflexive Banach spaceG, Z ∈ T1(θ) is continuous
and letA,J ∈ TZ(θ). The affine homotopyH : [0, 1] × θ→ G defined by

H(t, v) := (1 − t)Av + tJv, for (t, v) ∈ [0, 1] × θ

is called an admissible affine homotopy with the common continuous essential inner map Z.

Remark 2.14. [23, 18] The above affine homotopy satisfies condition (S+)Z.

Next, as in [23] we present the topological degree for the class T (G).

Theorem 2.15. Let
D =

{
(J , θ, h)

∣∣∣∣ θ ∈ Θ, Z ∈ T1(θ), J ∈ TZ,B(θ), h < J(∂θ)
}
.

Hence, there exists a unique degree function d : D −→ Z that satisfies the following properties:

1. (Normalization) For any h ∈ J(θ), we find that

d(I, θ, h) = 1.
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2. (Homotopy invariance) If H : [0, 1] × θ → G is a bounded admissible affine homotopy with a common
continuous essential inner map and h: [0, 1] → G is a continuous path in G such that h(t) < H(t, ∂θ) for all
t ∈ [0, 1], then

d(H(t, ·), θ, h(t)) = C for all t ∈ [0, 1].

3. (Existence) If d(J , θ, h) , 0, then the equation Jv = h has a solution in θ.

Definition 2.16. [23] The above degree is defined as follows:

d(J , θ, h) := dB(J|θ0
, θ0, h),

where dB is the Berkovits degree [2] and θ0 is any open subset of θ with J−1(h) ⊂ θ0 and J is bounded on θ0.

3. Hypotheses and Main results

In this section, we will discuss the existence of a weak solution of (1.1). To do so, we give the hypotheses
related to our problem. Assumed D ⊂ RN(N ≥ 2) to be a bounded domain with a Lipschitz boundary. In
addition, we suppose that α1, α2,∈ C+(D) satisfying (2.8) and p, q ∈ C+(D) with 2 ≤ p− ≤ p(m) ≤ p+ < α−1
and 2 ≤ q− ≤ q(m) ≤ q+ < α−2 . For more detais we suppose the following assumptions:
(A1) f1, 11 : D×R×RN

→ R and f2, 12 : D×R→ R are four functions satisfying the Carathéodory condition.
(A2) There exists C1,C2 > 0 and γ1, γ2 ∈ Lα1(m)(D) such that

| f1(m, η, ϖ)| ≤ C1(γ1(m) + |η|r1(m)−1 + |ϖ|r1(m)−1) and | f2(m, η)| ≤ C2(γ2(m) + |η|r2(m)−1),

for a.e. m ∈ D and all (η, ϖ) ∈ R ×RN, where 2 ≤ r−1 ≤ r1(m) ≤ r+1 < α
−

1 and 2 ≤ r−2 ≤ r2(m) ≤ r+2 < α
−

1 .
(A3) There exists C′1,C

′

2 > 0 and γ′1, γ
′

2 ∈ Lα1(m)(D) such that

|11(m, η, ϖ)| ≤ C′1(γ′1(m) + |η|s1(m)−1 + |ϖ|s1(m)−1) and |12(m, η)| ≤ C′2(γ′2(m) + |η|s2(m)−1),

for a.e. m ∈ D and all (η, ϖ) ∈ R ×RN, where 2 ≤ s−1 ≤ s1(m) ≤ s+1 < α
−

2 and 2 ≤ s−2 ≤ s2(m) ≤ s+2 < α
−

2 .
(M0) We suppose that the Kirchhoff functionsKi : [0,+∞)→ [0,+∞) (i = 1, 2) are continuous and increasing
functions such that

a1tc1(m)−1
≤ K1(t) ≤ a2tc1(m)−1,

b1tc2(m)−1
≤ K2(t) ≤ b2tc2(m)−1,

where ai, bi(i = 1, 2) are real numbers such that a1 ≤ a2, b1 ≤ b2, and c1(m), c2(m) ≥ 1.
In this paper, we will use the definition of the weak solution of (1.1) in the following sense:

Definition 3.1. We say that (u, v) ∈ Wα1(m),α2(m)
0 is a weak solution of (1.1) if

K1

( ∫
D

I
α1
u dm

) ∫
D

(
|∇u|α1(m)−2

∇u∇ϑ + |u|α1(m)−2u ϑ
)
dm +K2

( ∫
D

I
α2
v dm

) ∫
D

(
|∇v|α2(m)−2

∇v∇ζ + |v|α2(m)−2v ζ
)
dm

=

∫
D

(
− δ1|u|p(m)−2u + λ1 f1(m,u,∇u) + µ1 f2(m, v)

)
ϑdm +

∫
D

(
− δ2|v|q(m)−2v + λ211(m, v,∇v) + µ212(m, v)

)
ζdm,

for each (ϑ, ζ) ∈ Wα1(m),α2(m)
0 .

We now present a lemma and a proposition that will be utilized in demonstrating the main result.

Lemma 3.2. If (M0) holds, then the operator S :Wα1(m),α2(m)
0 →

(
W
α1(m),α2(m)
0

)∗
defined by

⟨S(u, v), (ϑ, ζ)⟩

= K1

( ∫
D

I
α1
u dm

) ∫
D

(
|∇u|α1(m)−2

∇u∇ϑ + |u|α1(m)−2u ϑ
)
dm +K2

( ∫
D

I
α2
v dm

) ∫
D

(
|∇v|α2(m)−2

∇v∇ζ + |v|α2(m)−2v ζ
)
dm,

is continuous, bounded, strictly monotone, coercive, and is of type (S+).
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Proof. Let (u, v) ∈ Wα1(m),α2(m)
0 , the functional Ψ Defined onWα1(m),α2(m)

0 by

Ψ (u, v) := K̂1

( ∫
D

I
α1
u dm

)
+ K̂2

( ∫
D

I
α2
v dm

)
where K̂i(s) =

∫ s

0
Ki(τ)dτ, (i=1,2) is continuously Gateaux differentiable whose Gâteaux derivative at the

point (u, v) ∈ Wα1(m),α2(m)
0 is the functional S := Ψ ′(u, v) ∈

(
W
α1(m),α2(m)
0

)∗
, given by

⟨S(u, v), (ϑ, ζ)⟩ = ⟨Sα1 (u), (ϑ)⟩ + ⟨Sα2 (v), (ζ)⟩,
where

⟨Sα1 (u), ϑ⟩ = K1

( ∫
D

I
α1
u dm

) ∫
D

(
|∇u|α1(m)−2

∇u∇ϑ + |u|α1(m)−2u ϑ
)
dm,

⟨Sα2 (v), ζ⟩ = K2

( ∫
D

I
α2
v dm

) ∫
D

(
|∇v|α2(m)−2

∇v∇ζ + |v|α2(m)−2v ζ
)
dm.

So, S is continuons, bounded and since Sα1 and Sα2 are strictly monotone (see [7, Theorem 2.1]), then S is
strictly monotone.
Let us show that S is coercive. By using (2.5) and (2.6), we have

⟨S(u, v), (u, v)⟩
∥(u, v)∥

=

K1

( ∫
D

I
α1
u dm

) ∫
D

(
|∇u|α1(m) + |u|α1(m)

)
∥(u, v)∥

dm +
K2

( ∫
D

I
α2
v dm

) ∫
D

(
|∇v|α2(m) + |v|α2(m)

)
∥(u, v)∥

dm

≥

a1

(α+1 )c−1 −1 min
(
∥u∥
α−1 (c−1−1)
α1(m) , ∥u∥

α1+(c−1−1)
α1(m)

)
min
(
∥u∥α

−

1
α1(m), ∥u∥

α+1
α1(m)

)
∥(u, v)∥

+

b1

(α+2 )c−2 −1 min
(
∥v∥
α−2 (c−2−1)
α2(m) , |v∥

α+2 (c−2−1)
α2(m)

)
min
(
∥v∥α

−

2
α2(m), ∥v∥

α+2
α2(m)

)
∥(u, v)∥

.

This shows that, lim∥(u,v)∥→+∞
⟨S(u,v),(u,v)⟩
∥(u,v)∥ = +∞, then S is coercive onWα1(m),α2(m)

0 .
Now, we will show that the operator S is of type (S+).
Let (uk, vk) ⊂ Wα1(m),α2(m)

0 with (uk, vk) ⇀ (u, v) and lim
k−→∞

⟨S (uk, vk) − S(u, v), (uk − u, vk − v)⟩ ⩽ 0, we show

that (uk, vk)→ (u, v).
If (uk, vk)⇀ (u, v) and limk−→∞ ⟨S (uk, vk) − S(u, v), (uk − u, vk − v)⟩ ⩽ 0, then

lim
k→∞
⟨S (uk, vk) − S(u, v), (uk − u, vk − v)⟩ = 0.

Therefore, 〈
Sα1 (uk) − Sα1 (u),uk − u

〉
+
〈
Sα2 (vk) − Sα2 (v), vk − v

〉
→ 0.

Since Sα1 and Sα2 are monotone, then〈
Sα1 (uk) − Sα1 (u),uk − u

〉
→ 0,

〈
Sα2 (vk) − Sα2 (v), vk − v

〉
→ 0. (3.1)

Arguing as in [7], we obtain〈
Sα1 (uk) − Sα1 (u),uk − u

〉
≥ K1

( ∫
D

I
α1
u dm

)( ∫
D

1
2

(
|∇uk|

α1(m)−2
− |∇u|α1(m)−2

) (
|∇uk|

2
− |∇u|2

)
dm
)

+K1

( ∫
D

I
α2
v dm

)( ∫
D

1
2

(
|uk|
α1(m)−2

− |u|α1(m)−2
) (
|uk|

2
− |u|2

)
dm
)

≥ 0.
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With this information and (3.1), ∇uk(m) → ∇u(m) and uk(m) → u(m) for a.e. m ∈ D. Using Fatou’s lemma,
we get

lim
k→∞

∫
D

(
|∇uk|

α1(m) + |uk|
α1(m)
)

α1(m)
dm ≥

∫
D

(
|∇u|α1(m) + |u|α1(m)

)
α1(m)

dm. (3.2)

In the same way, we can obtain

lim
k→∞

∫
D

(
|∇vk|

α2(m) + |vk|
α2(m)
)

α2(m)
dm ≥

∫
D

(
|∇v|α2(m) + |v|α2(m)

)
α2(m)

dm. (3.3)

However, we also have

lim
k→∞

〈
Sα1 (uk) ,uk − u

〉
+
〈
Sα2 (vk), vk − v

〉
= lim

k→∞
⟨S (uk, vk) , (uk, vk) − (u, v)⟩

= lim
k→∞
⟨S(uk, vk) − S(u, v), (uk, vk) − (u, v)⟩ = 0.

We can see using Young’s inequality that,〈
Sα1 (uk),uk − u

〉
+
〈
Sα2 (vk), vk − v

〉
= K1

( ∫
D

|∇uk|
α1(m) + |uk|

α1(m)

α1(m)
dm
)( ∫

D

(
|∇uk|

α1(m) + |uk|
α1(m)
)

dm −
∫
D

(
|∇uk|

α1(m)−2
∇uk · ∇u + |uk|

α1(m)−2uku
)
dm
)

+K2

( ∫
D

|∇vk|
α2(m) + |vk|

α2(m)

α2(m)
dm
)( ∫

D

(|∇vk|
α2(m) + |vk|

α2(m))dm −
∫
D

(
|∇vk|

α2(m)−2
∇vk.∇v + |vk|

α2(m)−2vkv
)

dm
)

≥ K1

( ∫
D

|∇uk|
α1(m) + |uk|

α1(m)

α1(m)
dm
)( ∫

D

|∇uk|
α1(m) + |uk|

α1(m)

α1(m)
dm −

∫
D

|∇u|α1(m) + |u|α1(m)

α1(m)
dm
)

+K2

( ∫
D

|∇vk|
α2(m) + |vk|

α2(m)

α2(m)
dm
)( ∫

D

|∇vk|
α2(m) + |vk|

α2(m)

α2(m)
dm −

∫
D

|∇v|α2(m) + |v|α2(m)

α2(m)
dm
)

≥
a1(
α+1
)c−1−1

( ∫
D

(
|∇uk|

α1(m) + |uk|
α1(m)
)

dm
)c−1−1( ∫

D

|∇uk|
α1(m) + |uk|

α1(m)

α1(m)
dm −

∫
D

|∇u|α1(m) + |u|α1(m)

α1(m)
dm
)

+
b1(
α+2
)c−2−1

( ∫
D

|∇vk|
α2(m) + |vk|

α2(m) dm
)c−2−1( ∫

D

|∇vk|
α2(m) + |vk|

α2(m)

α2(m)
dm −

∫
D

|∇v|α2(m) + |v|α2(m)

α2(m)
dm
)
.

Combining (3.2) and (3.3) we get

lim
k→∞

∫
D

(
|∇uk|

α1(m) + |uk|
α1(m)
)

α1(m)
dm =

∫
D

(
|∇u|α1(m) + |u|α1(m)

)
α1(m)

dm,

and

lim
k→∞

∫
D

(
|∇vk|

α2(m) + |vk|
α2(m)
)

α2(m)
dm =

∫
D

(
|∇v|α2(m) + |v|α2(m)

)
α2(m)

dm.

Then

lim
n→∞

∫
D

(
|∇uk|

α1(m) + |uk|
α1(m)
)

dm =
∫
D

(
|∇u|α1(m) + |u|α1(m)

)
dm,

and

lim
n→∞

∫
D

(
|∇vk|

α2(m) + |vk|
α2(m)
)

dm =
∫
D

(
|∇v|α2(m) + |v|α2(m)

)
dm.
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Using a technique comparable to that of [22], we find that

lim
n→∞

∫
D

(
|∇uk − ∇u|α1(m) + |uk − u|α1(m)

)
dm = 0,

and

lim
n→∞

∫
D

(
|∇vk − ∇v|α2(m) + |vk − v|α2(m)

)
dm = 0.

Therefore, (uk, vk)→ (u, v), i.e S is of type (S+).

Proposition 3.3. Under the assumptions (A1) − (A3), the operator C :Wα1(m),α2(m)
0 →

(
W
α1(m),α2(m)
0

)∗
defined by

⟨C(u, v), (ϑ, ζ)⟩ = −
( ∫
D

(−δ1|u|p(m)−2u + λ1 f1(m,u,∇u) + µ1 f2(m,u))ϑ

+ (−δ2|v|q(m)−2v + λ211(m, v,∇v) + µ212(m, v))ζdm
)
,

is compact.

Proof. In order to prove this lemma, we proceed in four steps.
Step 1 : Let Υ f1,11 : Wα1(m),α2(m)

0 → Lα
′

1(m)(D) × Lα′2(m)(D) be an operator defined by

Υ f1,11 (u, v) = (−λ1 f1(m,u,∇u),−λ211(m, v,∇v)) = (Υ f1 (u),Υ12 (v))

In this step, we prove that the operator Υ f1,11 is bounded and continuous.
First, let (u, v) ∈ Wα1(m),α1(m)

0 , we have

|Υ f1,11 (u, v)|
Lα
′

1(m)
×Lα

′

2(m) = max
(∣∣∣∣ − λ1 f1(m,u,∇u)

∣∣∣∣
α′1(m)
,
∣∣∣∣ − λ211(m, v,∇v)

∣∣∣∣
α′2(m)

)
≤

∣∣∣∣ − λ1 f1(m,u,∇u)
∣∣∣∣
α′1(m)
+
∣∣∣∣ − λ211(m, v,∇v)

∣∣∣∣
α′2(m)
.

With (2.5), (2.6), (A2) and (A3), we get

|Υ f1,11 (u, v)|
Lα
′

1(m)
×Lα

′

2(m) ≤

∫
D

∣∣∣∣ − λ1 f1(mu,∇u)
∣∣∣∣α′1(m)

dm +
∫
D

∣∣∣∣ − λ211(m, v,∇v)
∣∣∣∣α′2(m)

dm + 2

≤ C
(
|λ1|

α′−1 + |λ1|
α′+1
)(
ρα′1(m)(γ1) + ρe1(m)(u) + ρe1(m)(∇u)

)
+ C
(
|λ2|

α′−2 + |λ2|
α′+2
)(
ρα′2(m)(γ′1) + ρz1(m)(v) + ρz1(m)(∇v)

)
+ 2

≤ C
(
|γ1|

α′+1
α1(m) + |u|

e+1
e1(m) + |u|

e−1
e1(m) + |∇u|e

+
1

e1(m) + |∇u|e
−

1
e1(m)

)
+ C
(
|γ′1|

α′+2
α2(m) + |v|

z+1
z1(m) + |v|

z−1
z1(m) + |∇v|z

+
1

z1(m) + |∇v|z
−

1
z1(m)

)
+ 2,

where e1(m) = (r1(m) − 1)α′1(m) < α1(m), z1(m) = (s1(m) − 1)α′2(m) < α2(m). Using Lα1(m) ↪→ Le1(m), Lα2(m) ↪→
Lz1(m) and (2.9), we find

|Υ f1,11 (u, v)|
Lα
′

1(m)
×Lα

′

2(m) ≤ C
(
|γ1|

α′+1
α1(m) + |u|

e+1
1,α1(m) + |u|

e−1
1,α1(m)

)
+ C
(
|γ′1|

α′+2
α2(m) + |v|

z+1
1,α2(m) + |v|

z−1
1,α2(m)

)
+ 2

≤ Cmax

(
|γ1|

α′+1
α1(m) + |u|

e+1
1,α1(m) + |u|

e−1
1,α1(m) + |γ

′

1|
α′+2
α2(m) + |v|

z+1
1,α2(m) + |v|

z−1
1,α2(m)

)
+ 2,

then, Υ f1,11 is bounded onWα1(m),α2(m)
0 (D).

Let us also show that Υ f1,11 is continuous. Let (un, vn) → (u, v) inWα1(m),α2(m)
0 (D), therefore, there exists a

subsequence (uk, vk) of (un, vn) and (ϱ1, ϱ2) in Lα1(m)(D) × Lα2(m)(D), (ϱ3, ϱ4) in (Lα1(m)(D) × Lα2(m)(D))N with

uk(m)→ u(m), vk(m)→ v(m) and ∇uk(m)→ ∇u(m),∇vk(m)→ ∇v(m), (3.4)
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|uk(m)| ≤ ϱ1(m), |vk(m)| ≤ ϱ2(m) and |∇uk(m)| ≤ |ϱ3(m)|, |∇vk(m)| ≤ |ϱ4(m)|. (3.5)

So, using (A1) and (3.4), we obtain, as k −→ ∞(
f1(m,uk(m),∇uk(m)), 11(m, vk(m),∇vk(m))

)
−→ ( f1(m,u(m),∇u(m)), 11(m, v(m),∇v(m))) (3.6)

a.e. m ∈ D.
Furthermore, according to (A2), (A3), and (3.5) we get

| f1(m,uk(m),∇uk(m))| ≤ C1(γ1(m) + |ϱ1(m)|r1(m)−1 + |ϱ3(m)|r1(m)−1)),

|11(m, vk(m),∇vk(m))| ≤ C′1(γ′1(m) + |ϱ2(m)|s1(m)−1 + |ϱ4(m)|s1(m)−1).

Since

γ1 + |ϱ1|
r1(m)−1 + |ϱ3(m)|r1(m)−1

∈ Lα1(m)(D),

γ2 + |ϱ2|
s1(m)−1 + |ϱ4(m)|s1(m)−1

∈ Lα2(m)(D),

and

ρα1(m)(Υ f1 (uk) − Υ f1 (u)) =
∫
D

|λ1 f1(m,uk(m),∇uk(m)) − λ1 f1(m,u(m),∇u(m))|α1(m)dm,

ρα2(m)(Υ11 (vk) − Υ11 (v)) =
∫
D

|λ211(m, vk(m),∇vk(m)) − λ211(m, v(m),∇v(m))|α2(m)dm.

Then, by Lebesgue’s theorem and (2.4), we have

Υ f1 (uk)→ Υ f1 (u) in Lα1(m)(D) and Υ11 (vk)→ Υ11 (v) in Lα2(m)(D).

Then Υ f1,11 is continuous.
Step 2 : We define the operator Φ : Wα1(m),α2(m)

0 → Lα
′

1(m)(D) × Lα′2(m)(D) by

Φ(u, v) = (δ1|u|p(m)−2u, δ2|v|q(m)−2v).

We will prove that Φ is bounded and continuous.
It is clear that Φ is continuous. Next we show that Φ is bounded.
Let (u, v) ∈ Wα1(m),α2(m)

0 , using (2.5) and (2.6), we obtain

|Φ(u, v)|
Lα
′

1(m)
×Lα

′

2(m) ≤

∫
D

|δ1|u|p(m)−2u|α
′

1(m)dm +
∫
D

|δ2|v|q(m)−2v|α
′

2(m)dm + 2

≤

(
|δ1|
α′−1 + |δ1|

α′+1
)
ρl1(m)(u) +

(
|δ2|
α′−2 + |δ2|

α′+2
)
ρl2(m)(v) + 2

≤

(
|δ1|
α′−1 + |δ1|

α′+1
)(
|u|l

−

1
l1(m) + |u|

l+1
l1(m)

)
+
(
|δ2|
α′−2 + |δ2|

α′+2
)(
|v|l

−

2
l2(m) + |v|

l+2
l2(m)

)
+ 2,

where l1(m) = (p(m) − 1)α′1(m) and l2(m) = (q(m) − 1)α′2(m).
Hence, we deduce from Lα1(m) ↪→ Ll1(m), Lα2(m) ↪→ Ll2(m) and (2.9) that

|Φ(u, v)|
Lα
′

1(m)
×Lα

′

2(m) ≤ C
(
|u|l

−

1
1,α1(m) + |u|

l+1
1,α1(m)

)
+ C
(
|v|l

−

2
1,α2(m) + |v|

l+2
1,α2(m)

)
+ 2.

Then Φ is bounded onWα1(m),α2(m)
0 .

Step 3: Let Υ f2,12 : Wα1(m),α2(m)
0 → Lα

′

1(m)(D) × Lα′2(m)(D) be an operator defined by

Υ f2,12 (u, v) = (−µ1 f2(m,u),−µ212(m, v)) = (Υ f2 (u),Υ12 (v)).
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In this step, we prove that the operator Υ f2,12 is bounded and continuous.
First, let (u, v) ∈ Wα1(m),α1(m)

0 , we have

|Υ f2,12 (u, v)|
Lα
′

1(m)
×Lα

′

2(m) = max
(∣∣∣∣ − µ1 f2(m,u)

∣∣∣∣
α′1(m)
,
∣∣∣∣ − µ212(m, v)

∣∣∣∣
α′2(m)

)
≤

∣∣∣∣ − µ1 f2(m,u)
∣∣∣∣
α′1(m)
+
∣∣∣∣ − µ212(m, v)

∣∣∣∣
α′2(m)
.

With (2.5), (2.6), (A2) and (A3), we get

| Υ f2,12 (u, v)|
Lα
′

1(m)
×Lα

′

2(m) ≤

∫
D

∣∣∣∣ − µ2 f2(m, v)
∣∣∣∣α′1(m)

dm +
∫
D

∣∣∣∣ − µ112(m, v)
∣∣∣∣α′2(m)

dm + 2

≤ C
(
|µ1|

α′−1 + |µ1|
α′+1
)(
ρα′1(m)(γ2) + ρe2(m)(u)

)
+ C
(
|µ2|

α′−2 + |µ2|
α′+2
)(
ρα′2(m)(γ′2) + ρz2(m)(v)

)
+ 2

≤ C
(
|γ2|

α′+1
α1(m) + |u|

e+2
e2(m) + |u|

e−2
e2(m)

)
+ C
(
|γ′2|

α′+2
α2(m) + |v|

z+2
z2(m) + |v|

z−2
z2(m)

)
+ 2,

where e2(m) = (r2(m) − 1)α′1(m) < α1(m), z2(m) = (s2(m) − 1)α′2(m) < α2(m). Using Lα1(m) ↪→ Le2(m), Lα2(m) ↪→
Lz2(m) and (2.9), we find

|Υ f2,12 (u, v)|
Lα
′

1(m)
×Lα

′

2(m) ≤ C
(
|γ1|

α′+1
α1(m) + |u|

e+
1,α1(m) + |u|

e−
1,α1(m)

)
+ C
(
|γ2|

α′+2
α2(m) + |v|

z+
1,α2(m) + |v|

z−
1,α2(m)

)
+ 2

≤ Cmax

(
|γ2|

α′+1
α1(m) + |u|

e+
1,α1(m) + |u|

e−
1,α1(m) + |γ

′

2|
α′+2
α2(m) + |v|

z+2
1,α2(m) + |v|

z−2
1,α2(m)

)
+ 2,

according to this, Υ f2,12 is bounded onWα1(m),α2(m)
0 (D).

Let us also show that Υ f2,12 is continuous. Let (un, vn) → (u, v) inWα1(m),α2(m)
0 (D), therefore, there exists a

subsequence (uk, vk) of (un, vn) and (ω1, ω2) in Lα1(m)(D) × Lα2(m)(D), with

uk(m)→ u(m) and vk(m)→ v(m), (3.7)

|uk(m)| ≤ ω1(m) and |vk(m)| ≤ ω2(m). (3.8)

So, as a (A1) and (3.7) , we obtain, as k −→ ∞(
f2(m,uk(m)), 12(m, vk(m))

)
−→ ( f2(m,u(m)), 12(m, v(m)))

a.e. m ∈ D.
Furthermore, according to (A2), (A3) and (3.8) we get

| f2(m,uk(m))| ≤ C2(γ2(m) + |ω1(m)|r2(m)−1),

|12(m, vk(m))| ≤ C′2(γ′2(m) + |ω2(m)|s2(m)−1).

Since

γ2 + |ω1|
r2(m)−1

∈ Lα1(m)(D), γ′2 + |ω2|
s2(m)−1

∈ Lα2(m)(D),

and

ρα1(m)(Υ f2 (uk) − Υ f2 (u)) =
∫
D

|µ1 f2(m,uk(m)) − µ1 f2(m,u(m))|α1(m)dm,

ρα2(m)(Υ12 (vk) − Υ12 (v)) =
∫
D

|µ212(m, vk(m)) − µ212(m, v(m))|α2(m)dm.
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Then, by Lebesgue’s theorem and (2.4), we have

Υ f2 (uk)→ Υ f2 (u) in Lα1(m)(D) and Υ12 (vk)→ Υ12 (v) in Lα2(m)(D).

Then Υ f2,12 is continuous.
Step 4:
Let I∗ : Lα1(m)(D) × Lα2(m)(D)→

(
W
α1(m),α2(m)
0 (D)

)∗
be the adjoint operator for the embedding

I :Wα1(m),α2(m)
0 (D)→ Lα1(m)(D) × Lα2(m)(D).

We then define

I∗ ◦ Υ f1,11 :Wα1(m),α2(m)
0 (D)→

(
W
α1(m),α2(m)
0 (D)

)∗
,

I∗ ◦Φ :Wα1(m),α2(m)
0 (D)→

(
W
α1(m),α2(m)
0 (D)

)∗
,

and

I∗ ◦ Υ f2,12 :Wα1(m),α2(m)
0 (D)→

(
W
α1(m),α2(m)
0 (D)

)∗
.

Since I the embedding is compact, it is known that the adjoint operator I∗ is also compact. Therefore, the
operators I∗ ◦ Υ f1,11 , I∗ ◦Φ and I∗ ◦ Υ f2,12 are compact, that means C = I∗ ◦ Υ f1,11 + I∗ ◦Φ + I∗ ◦ Υ f2,12 is
compact.

We now provide our main result.

Theorem 3.4. Under the assumptions (A1) − (A3) and (M0), the system (1.1) has a weak solutions (u, v) in
W
α1(m),α2(m)
0 .

Proof. First, (u, v) ∈ Wα1(m),α2(m)
0 (D) is a weak solution of (1.1) if and only if

S(u, v) = −C(u, v), (3.9)

the operators S :Wα1(m),α2(m)
0 (D) −→

(
W
α1(m),α2(m)
0 (D)

)∗
and C :Wα1(m),α2(m)

0 (D) −→
(
Wα1(m)

0 (D)×Wα2(m)
0 (D)

)∗
are defined in Lemmas 3.2 and 3.3 respectively.
As a result of characteristics of the operator S presented in Lemma 3.2 also considering the Minty-Browder
Theorem (see [39, Theorem 26 A], the inverse operator

U := S−1 :
(
W
α1(m),α2(m)
0 (D)

)∗
→W

α1(m),α2(m)
0 (D),

is bounded, continuous and of class (S+).
Secondly, the operator C is bounded, continuous, and quasimonotone (see Proposition 3.3). Due to this,
equation (3.9) is equivalent to

(u, v) =U(ϑ, ζ) and (ϑ, ζ) + (C ◦U)(ϑ, ζ) = 0 and (ϑ, ζ) ∈
(
W
α1(m),α2(m)
0 (D)

)∗
. (3.10)

Use of the topological degree theory in subsection 2.2 To solve (3.10). For this, create

M :=
{
(ϑ, ζ) ∈

(
W
α1(m),α2(m)
0 (D)

)∗
: ∃ t ∈ [0, 1] such that (ϑ, ζ) + t(C ◦U)(ϑ, ζ) = 0

}
.

Afterward, we prove thatM is bounded in
(
W
α1(m),α2(m)
0 (D)

)∗
.

Let (ϑ, ζ) ∈ M and put (u, v) :=U(ϑ, ζ), then
∥U(ϑ, ζ)∥

W
α1(m),α2(m)
0

= ∥(u, v)∥
W
α1(m),α2(m)
0

= max{∥u∥α1(m), ∥v∥α2(m)}. Taking into account that ∥ · ∥α1(m) = |∇ · |α1(m).
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Case 1: If ∥U(ϑ, ζ)∥
W
α1(m),α2(m)
0

= ∥u∥α1(m) = |∇u|α1(m).
Case 1.1: If |∇u|α1(m) ≤ 1 then ∥U(ϑ, ζ)∥

W
α1(m),α2(m)
0

is bounded.
Case 1.2: If |∇u|α1(m) > 1, then by (2.2), (A2), (2.1), (2.6) and the Young inequality, we get

∥U(ϑ, ζ)∥α
−

1 = |∇u|α1−

α1(m)

≤ ρα1(m)(∇u)
≤ ⟨Su,u⟩
= ⟨ϑ,Uϑ⟩

= −t⟨(C ◦U)ϑ,Uϑ⟩

= t
∫
D

(
− δ1|u|p(m)−2u + λ1 f1(x,u,∇u) + µ1 f2(x,u)

)
udm

≤ Cmax

(
ρp(m)(u) +

∫
D

|γ1(m)u(m)|dm + ρr1(m)(u) +
∫
D

|∇u|r1(m)−1
|u|dm +

∫
D

|γ2(m)u(m)|dm + ρr2(m)(u)
)

≤ Cmax

(
|u|p

−

p(m) + |u|
p+

p(m) + |γ1|α1(m)|u|α1(m) + |u|
r+1
r1(m) + |u|

r−1
r1(m) + |u|

r+2
r2(m) + |u|

r−2
r2(m)

+
1

r′−1
ρr1(m)(∇u) +

1
r1−
ρr1(m)(u) + |γ2|α1(m)|u|α1(m)

)
≤ Cmax

(
|u|p

−

p(m) + |u|
p−

p(m) + |u|α1(m) + |u|
r+2
r2(m) + |u|

r−2
r2(m) + |u|

r+1
r1(m) + |u|

r−1
r1(m) + |∇u|r

+
1

r1(m)

)
.

By (2.9), Lα1(m) ↪→ Lp(m) , Lα1(m) ↪→ Lr1(m) and Lα1(m) ↪→ Lr2(m), we obtain

∥U(ϑ, ζ)∥
α−1

W
α1(m),α2(m)
0

≤ C
(
|U(ϑ)|p

+

1,α1(m) + |U(ϑ)|1,α1(m) + |U(ϑ)|r
+
2

1,α1(m) + |U(ϑ)|
r+1
1,α1(m)

)
,

then ∥U(ϑ, ζ)∥
W
α1(m),α2(m)
0

is bounded.
Case 2: If ∥U(ϑ, ζ)∥

W
α1(m),α2(m)
0

= ∥v∥α2(m) = |∇v|α2(m).
Case 2.1: If |∇v|α2(m) ≤ 1, then ∥U(ϑ, ζ)∥

W
α1(m),α2(m)
0

is bounded,
Case 2.2: If |∇v|α2(m) > 1, then in the same way by (2.2), (A3), (2.1), (2.6) and the Young inequality, we find
that

∥U(ϑ, ζ)∥α
−

2

W
α1(m),α2(m)
0

≤ C
(
|U(ζ)|q

+

1,α2(m) + |U(ζ)|1,α2(m) + +|U(ζ)|s
+
2

1,α2(m) + |U(ζ)|
s+1
1,α2(m)

)
.

So, we infer that
{
U(ϑ, ζ)|(ϑ, ζ) ∈ M

}
is bounded.

Since the operator C is bounded, and by (3.10), there exists R > 0 such that

∥(ϑ, ζ)∥
(Wα1(m),α2(m)

0 (D))∗
< R for all (ϑ, ζ) ∈ M.

Therefore

(ϑ, ζ) + t(C ◦U)(ϑ, ζ) , 0 for all (ϑ, ζ) ∈ ∂MR(0) and all t ∈ [0, 1],

whereMR(0) is the ball of center 0 and radius R in
(
W
α1(m),α2(m)(D)

)∗
.

Moreover, from Lemma 2.12 we have also

I + C ◦U ∈ TU(MR(0)) and I = S ◦U ∈ TU(MR(0)).

Next, we define the homotopyH : [0, 1] ×MR(0)→
(
W
α1(m),α2(m)
0 (D)

)∗
by

H(t, (ϑ, ζ)) := (ϑ, ζ) + t(C ◦U)(ϑ, ζ).
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By Theorem 2.15(homotopy invariance), we conclude that the value of d(H(t, ·),MR(0), 0) is constant for all
t ∈ [0, 1].

SinceH(1, ·) = I + C ◦U andH(0, ·) = I, then

d(I + C ◦U,MR(0), 0) = d(I,MR(0), 0). (3.11)

Applying also the normalization properties of the degree d as in Theorem 2.15, we have

d(I,MR(0), 0) = 1. (3.12)

Combining (3.11) and (3.12) we get

d(I + C ◦U,MR(0), 0) = d(I,MR(0), 0) = 1 , 0.

Since d(I + C ◦ U,MR(0), 0) , 0, then by the existence property of the degree d stated in Theorem 2.15, we
find (ϑ, ζ) ∈ MR(0) such as

(ϑ, ζ) + (C ◦U)(ϑ, ζ) = 0.

At last, we deduce that (u, v) =U(ϑ, ζ) is a weak solution of (1.1). The proof is completed.
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