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Abstract. In this work we construct the concept based on the extension of n-quasi-p-isometric operators
of a single operator studied in [11, 14] to the multi-dimentional operators. we are introducing some
new interesting results of these family of tuples of operators that are expanding some results of recently
published works based on a single operator.

1. Introduction

Let X (resp. Y) be a complex Banach (resp. Hilbert) space and B[X] (resp. B[Y]) be the algebra of
bounded operators onX (resp.Y) and say IX (resp. IY) be the identity ofB[X] (resp.B[Y]), then an operator
A ∈ B[Y], its range, kernel and adjoint of A represent by R(A), ker(A) and A∗ respectively.

Any A ∈ B[Y] is called p-isometry for p > 0 if

p∑
l=0

(−1)p−l
(
p
l

)
A∗lAl = 0, (1.1)

or equivalently,

p∑
l=0

(−1)p−l
(
p
l

)
∥Alx∥2 = 0 ∀ x ∈ Y, (1.2)

where
(
p
l

)
=

p!
l!(p − l)!

[1–3].

Such p-isometry was represent by Authors [1–3]. Several properties have been studied as nilpotent per-
turbations, products and tensor products of such operators (see [2, 3]. The extension of these family of
operators to (p, q)-isometry on general Banach spaces has been studied by Sid Ahmed [13], Bayart [4] and
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Hoffman et al. [9]. Given p ∈N and q ∈ (0,∞), an operator A ∈ B[X] is called an (p, q)-isometry if and only
if

p∑
l=0

(−1)p−l
(
p
l

)
∥Alx∥q = 0 (∀ x ∈ X (see [4, 15]).

In [14], the authors has construct the concept of the family of n-quasi-p-isometry operators on Hilbert space
which extended the family of p-isometry operators. An operator A ∈ B[Y] is called n-quasi-p-isometry if it
hold the following inequalities

A∗n
( p∑

l=0

(−1)p−l
(
p
l

)
A∗lAl

)
An = 0,

or if
p∑

l=0

(−1)p−l
(
p
l

)
∥Al+nx∥2 = 0, ∀ x ∈ Y.

We find in [11] that the products of some n-quasi-p-isometry are p-isometry, the powers of an n-quasi-
p-isometry are n-quasi-p-isometry and the perturbation of n-quasi-p-isometry by nilpotent operators are
n-quasi-p-isometries.

Recently, we have seen the concept of n-quasi-(p, q)-isometries on a Banach spaces has been introduced in
[10] which gives and extension of these family of (p, q)-isometry on Banach spaces as follows: An A ∈ B[X]
is called an n-quasi-(p, q)-isometry if it is hold the relation

p∑
l=0

(−1)p−l
(
p
l

)
∥Al+nx∥q = 0, ∀ x ∈ Y,

for some positive integers n, p and real q ∈ (0,∞).

For d ∈ Z+, let A = (A1, · · · ,Ad) ∈ B[X]d be c.t.o. (abbreviated c.t.o.) and γ = (γ1, · · · , γd) ∈ Zd
+ (multi-

indices) and set γ! := γ1! · · ·γd!. Further, we define Aγ := Aγ1

1 Aγ2

2 · · ·A
γd

d where Aγ j

j is represent the product
of A j times itself γ j times.

In [7], the authors has construct the family of p-isometry c.t.o. on a Hilbert space. An S = (S1, · · · ,Sd) ∈ B[Y]d

is called p-isometry c.t.o. if

p∑
l=0

(−1)p−l
(
p
l

) ∑
|γ|=l

l!
γ!

S∗γSγ
 = 0 (1.3)

or

p∑
l=0

(−1)p−l
(
p
l

) ∑
|γ|=l

l!
γ!
∥Sγx∥2

 = 0 for all x ∈ X. (1.4)

An extension of p-isometry c.t.o. to (n1, · · · ,nd)-quasi-p-isometry c.t.o. was construct in [5] as follows. If
A =

(
A1, · · · ,Ad) ∈ B[Y]d be an (n1, · · · ,nd)-quasi-p-isometry c.t.o. if

d∏
j=1

A∗n j

j

( p∑
l=0

(−1)l
(
p
l

)∑
|γ|=l

l!
γ!

A∗γAγ
) d∏

j=1

An j

j = 0,

or
p∑

l=0

(−1)l
(
p
l

)(∑
|γ|=l

l!
γ!
∥Aγ+ñx∥2

)
= 0,
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for all x ∈ Y,where ñ = (n1, · · · ,nd).

In this work, we see an extension of the n-quasi-(p, q)-isometry operators to the multi-dimensional operator
theory on Banach spaces.

This work based on the family of multivariable operators on Banach space which shows a extended of
n-quasi-(p, q)-isometry operators and the concept of (n1, · · · ,nd)-quasi-(p, q)-isometry c.t.o.

2. (n1, · · · , nd)-quasi- (p, q)-isometric tuples

On Banach space, the idea of a (n1, · · · ,nd)-quasi-(p, q)-isometry-(c.t.o.) has been developed

Definition 2.1. Let A = (A1, · · · ,Ad) ∈ B[X]d, ñ = (n1, · · · ,nd) ∈ Zd
+ and p is a positive integer. A is called

(n1, · · · ,nd)-quasi-(p, q)-isometry c.t.o. if

p∑
l=0

(−1)p−l
(
p
l

)(∑
|γ|=l

l!
γ!
∥Aγ+ñx∥q

)
= 0. (2.1)

If d = 1, then (2.1) coincides with (1.3).

Remark 2.2. (1) If R(Anl
l ) ⊂ ker(Ank

k ) for nlnk , 0, for some l and k, then A is a (n1, · · · ,nd)-quasi-(p, q)-isometry
c.t.o.

(2) Every (p, q)-isometric c.t.o. is an ñ-quasi-(p, q)-isometry c.t.o. for (n1, · · · ,nd) ∈Nd.

Remark 2.3. Let A = (A1,A2) ∈ B[X]2 be a c.t.o. Then we observe that

(i) A is (1, 1)-quasi-(1,q)-isometry c.t.o. if

∥A1A2x∥q − ∥A2
1A2x∥q − ∥A1A2

2x∥q = 0.

(ii) A is an (1, 1)-quasi-(2, q)-isometry c.t.o. if

∥A1A2x∥q − 2
(
∥A2

1x∥q + ∥A2
2x∥q − ∥A2

1A2
2x∥q

)
+ ∥A3

1x∥q + ∥A3
2x∥q = 0.

Remark 2.4. Let A = (A1, · · · ,Ad) ∈ B[X]d be c.t.o. Then

(i) A is an (1, · · · , 1)-quasi-(1,q)-isometry c.t.o. if and only if

∥A1 · · ·Adx∥q −
d∑

j=1

∥A1 · · ·A j−1A j+1 · · ·AdA2
j x∥

q = 0.

(ii) A is an (1, · · · , 1)-quasi-(2, q)-isometry c.t.o.e if and only if

∥A1 · · ·Adx∥q − 2
d∑

j=1

∥A1 · · ·A j−1A j+1 · · ·AdA2
j x∥

q +

d∑
j=1

∥A1 · · ·A j−1A j+1 · · ·AdA3
j x∥

q

+
∑

1≤ j,l≤d

∥A1 · · ·A2
j−1A2

j+1 · · ·A
2
l−1A2

l+1 · · ·AdA2
l A2

j x∥
q = 0.
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(iii) A is an ñ = (n1, · · · ,nd)-quasi-(2, q)-isometry c.t.o. if and only if

∥Añx∥q − 2
d∑

j=1

∥AñA jx∥q +
d∑

j=1

∥AñA2
j x∥

q + 2
∑

1≤ j<l≤d

∥AñAlA jx∥q = 0. (2.2)

(iv) A is an ñ = (n1, · · · ,nd)-quasi-(1, q)-isometry c.t.o. if and only if

∥Añx∥q −
d∑

j=1

∥A jAñx∥q = 0. (2.3)

Example 2.5. Let A = (A1,A2) ∈ B[R3]2, where

A1 =

 0 0 1
0 −1 0
1 0 0

 and A2 =

 0 0 0
−1 0 −1
−1 0 0

 .
by showing that ∥x∥ = |x1| + |x2| + |x3|. Direct calculations show that

∥A1x0∥ + ∥A2x0∥ − ∥x0∥ , 0, for some x0 ∈ R
3.

Moreover

∥A1A2x∥ − ∥A2
1A2x∥ − ∥A1A2

2x∥ = 0,∀ x ∈ R3.

Therefore A = (A1,A2) is a (1, 1)-quasi-(1, 1)-isometry, but A is not a (1, 1)-isometry.

Remark 2.6. From the above example, we observe that the family of ñ-quasi-(p, q)-isometry contain the family of
(p, q)-isometry c.t.o. as a proper subfamily.

Example 2.7. Let A ∈ B[X] be an n-quasi (p, q)-isometry and set A =
(

1
q√

d
A, · · · 1

q√
d
A
)
, then A is an

(
n, · · · n

)
-quasi-
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(p, q)-isometry.

p∑
l=0

(−1)l
(
p
l

)∑
|γ|=l

l!
γ!

∥∥∥∥∥( 1
q√
d

A
)γ1+n

, · · · ,
( 1

q√
d

A
)γd+n

x
∥∥∥∥∥q

=

p∑
l=0

(−1)l
(
p
l

)∑
|γ|=l

l!
γ!

∥∥∥∥∥( 1
q√
d

A
)|γ|+nd

x
∥∥∥∥∥q

=

p∑
l=0

(−1)l
(
p
l

)∑
|γ|=l

l!
γ!

∥∥∥∥∥( 1
q√
d

A
)l( 1

q√
d

A
)nd

x
∥∥∥∥∥q

=

p∑
l=0

(−1)l
(
p
l

)
dl
∥∥∥∥∥( 1

q√
d

A
)l( 1

q√
d

A
)nd

x
∥∥∥∥∥q

=

p∑
l=0

(−1)l
(
p
l

)(
q√

d
)ld∥∥∥∥∥( 1

q√
d

A
)l( 1

q√
d

A
)nd

x
∥∥∥∥∥q

=

p∑
l=0

(−1)l
(
p
l

)∥∥∥∥∥Al
( 1

q√
d

A
)nd

x
∥∥∥∥∥q

=

p∑
l=0

(−1)l
(
p
l

)∥∥∥∥∥Al
( 1

q√
d

)nd

Andx
∥∥∥∥∥q

=

p∑
l=0

(−1)l
(
p
l

)∥∥∥∥∥Al+nA(n)(d−1)
( 1

q√
d

)nd

x
∥∥∥∥∥q

=

p∑
l=0

(−1)l
(
p
l

)∥∥∥∥∥Al+ny
∥∥∥∥∥q

= 0.

where y = A(n)(d−1)
(

1
q√

d

)nd

x. Therefore A is an
(
n, · · · n

)
-quasi-(p, q)-isometry tuple as required.

Proposition 2.8. Let A = (A1, · · · ,Ad) ∈ B[X]d, is an (n1, · · · ,nd)-quasi-(p, q)-isometry c.t.o., if and only if A is
an (p, q)-isometry on R(Añ).

Proof. Let A = (A1, · · · ,Ad) ∈ B[X]d, A is an (n1, · · · ,nd)-quasi-(p, q)-isometry c.t.o. if and only if, ∀ x ∈ X.

0 =

p∑
l=0

(−1)l
(
p
l

)∑
|γ|=l

l!
γ!
∥Aγ+ñx∥q

=

p∑
l=0

(−1)l
(
p
l

)∑
|γ|=l

l!
γ!
∥Aγ(Añx)∥q

=

p∑
l=0

(−1)l
(
p
l

)∑
|γ|=l

l!
γ!
∥Aγx∥q, ∀x ∈ R(Añ).

Equivalently, A is an (p, q)-isometry on R(Añ).

For ñ = (n1, · · · ,nd), ñ′ = (n′1, · · · ,n
′

d) ∈ Zd
+, we will say that ñ ≤ ñ′ , if ni ≤ n′i , i = 1, · · · , d.
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Proposition 2.9. Let A = (A1, · · · ,Ad) ∈ B[X]d be an ñ-quasi-(p, q)-isometry c.t.o., then A is an ñ′ -quasi-(p, q)-
isometry c.t.o., ∀ ñ′ ≥ ñ.

Proof. Consider A is an ñ-quasi-(p, q)-isometry c.t.o. By Proposition 2.8, we shows that A is an (p, q)-isometry
c.t.o. on R(Añ). It is obvious that

R(Añ) ⊃ R(Añ
′

) ∀ ñ
′

≥ ñ.

This shows that A is an (p, q)-isometry c.t.o. on R(Añ
′

). Hence, A is an ñ′ -quasi-(p, q)-isometry c.t.o.
∀ ñ′ ≥ ñ.

The following theorem extended [10, Theorem 2.2].

Theorem 2.10. Let A = (A1, · · · ,Ad) ∈ B[X]d be an ñ-quasi-(p, q)-isometry c.t.o., then A is an ñ-quasi-(p + l, q)-
isometry c.t.o., ∀ l.

Proof. we need to show that that A is an ñ-quasi-(p + 1, q)-isometry c.t.o. .

Indeed, we have
p+1∑
l=0

(−1)l
(
p + 1

l

) ∑
|γ|=k

l!
γ!
∥AγAñx∥q

= ∥Añx∥q+
p∑

l=0

(−1)l
[(p

l

)
+

(
p

l − 1

)]∑
|γ|=l

l!
γ!
∥AγAñx∥q−(−1)p

∑
|γ|=p+1

(p + 1)!
γ!

∥AγAñx∥q

=

p∑
l=0

(−1)l
(
p
l

)∑
|γ|−l

l!
γ!
∥AγAñx∥q −

p−1∑
l=0

(−1)l
(
p
l

) ∑
|γ|=l+1

(l + 1)!
γ!
∥AγAñx∥q

−(−1)p
∑
|γ|=p+1

(p + 1)!
γ!

∥AγAñx∥q

= −

p−1∑
l=0

(−1)l
(
p
l

) ∑
|γ|=l+1

l!(γ1 + · · · + γd)
γ1!.γ2! · · ·γd!

∥AγAñx∥q

−(−1)p
∑
|γ|=p+1

p!(γ1 + · · · + γd)
γ1!.γ2! · · ·γd!

∥AγAñx∥q

= −

d∑
j=1

p−1∑
l=0

(−1)l
(
p
l

) ∑
|γ|=l+1

(−1)l
(
p
l

)
l!γ j

γ1!.γ2! · · ·γd!
∥Aγ1 · · ·Aγ j−1

j Aγ j+1

j+1 · · ·A
γd

d A jAñx∥q

−(−1)p
d∑

j=1

∑
|γ|=p+1

p!γ j

γ1!.γ2! · · ·γd!
∥Aγ1 · · ·Aγ j−1

j Aγ j+1

j+1 · · ·A
γd

d A jAñx∥q

= −

d∑
j=1

p−1∑
l=0

(−1)l
(
p
l

)∑
|δ|=l

(−1)l
(
p
l

)
l!
δ!
∥AδA jAñx∥q

−(−1)p
d∑

j=1

∑
|γ|=p

p!
δ!
∥AδA jAñx∥q

= −

d∑
j=1

p∑
l=0

(−1)l
(
p
l

)∑
|δ|=l

l1
δ!
∥AδA jAñx∥q

= 0.
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Proposition 2.11. Let Sd be a symmetry group on d symbols {1, 2, ..., d} and let A = (A1, · · · ,Ad) ∈ B[X]d.
If A is an ñ = (n1, · · · ,nd)-quasi-(p, q)-isometry c.t.o., then for every σ ∈ Sd, Aσ := (Aσ(1), · · · ,Aσ(d)) is an
ñσ = (nσ(1), · · · ,nσ(d))-quasi-(p, q)-isometry c.t.o.

Proof. It follows from the condition that
d∏

j=1

A j =

d∏
j=1

Aσ( j) and the identity

p∑
l=0

(−1)l
(
p
l

)∑
|α|=l

l!
γ!
∥Aσγ+ñσx∥q

p∑
l=0

(−1)l
(
p
l

)∑
|α|=l

l!
γ!
∥Aγ+ñx∥q

= 0.

The following theorem describe the condition under which an (n1, · · · ,nd)-quasi-(p, q)-isometry c.t.o. to be
any (1, · · · , 1)-quasi-(p, q)-isometry c.t.o.

Theorem 2.12. If A = (A1, · · · ,Ad) ∈ B[X]d is an ñ-quasi-(p, q)-isometric c.t.o. such that R(A j) = R(An j

j ) for each
j, 1 ≤ j ≤ d, then A is an quasi-(p, q)-isometric c.t.o.

Proof. Since A is an ñ-quasi-(p, q)-isometric c.t.o. for j = 1, · · · , d, then we have

p∑
l=0

(−1)l
(
p
l

)∑
|γ|=l

l!
γ!
∥Aγ+ñx∥q = 0

⇒

p∑
l=0

(−1)l
(
p
l

)∑
|γ|=l

l!
γ!
∥AγA1

n1 · · ·Ad
nd x∥q = 0

⇒

p∑
l=0

(−1)l
(
p
l

)∑
|γ|=l

l!
γ!
∥AγA1

n1 · · ·Ad−1
nd−1 Ady∥q = 0

⇒

p∑
l=0

(−1)l
(
p
l

)∑
|γ|=l

l!
γ!
∥AγAdA1

n1 · · ·Ad−1
nd−1 y∥q = 0

⇒
...

⇒

p∑
l=0

(−1)l
(
p
l

)∑
|γ|=l

l!
γ!
∥AγA1 · · ·Adx∥q = 0.

Hence, A is an quasi-(p, q)-isometric c.t.o.

Corollary 2.13. If A = (A1, · · · ,Ad) ∈ B[X]d is an ñ-quasi-(p, q)-isometric c.t.o. such that each A2
j = A j for

j = 1, · · · , d, then A is a quasi-(p, q)-isometric c.t.o.

Proof. Each A2
j = A j, then R(A j) = R(An j

j ) ∀ j = 1, ......, d. Hence the prove is consequence Theorem 2.12.
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Proposition 2.14. Let A = (A1, · · · ,Ad) ∈ B[X]d be an ñ-quasi-(2, q)-isometry c.t.o., then the following axioms are
true.

∑
|γ|=l

l!
γ!
∥Aγ+ñx∥q = (1 − l)∥Añx∥q + l

( d∑
j=1

∥AñA jx∥q
)
, ∀ x ∈ X, ∀ l ∈N. (2.4)

d∑
j=1

∥AñA jx∥q ≥
l

l − 1
∥Añx∥q ∀ x ∈ X, l ∈N, l , 1. (2.5)

d∑
j=1

∥AñAn j x∥q ≥ ∥Añx∥q ∀ x ∈ X. (2.6)

lim
l→∞

(∑
|γ|=l

l!
γ!
∥Aγ+ñx∥q

) 1
l

= 1. (2.7)

Proof. We us induction on l to prove inequality (2.4). For l ∈ {0, 1} it is obvious. presume that (2.4) hold l
and prove it for l + 1. In view of [9, Lemma 2.1 ], it follows that

Therefore by the induction hypothesis, we get∑
|γ|=l+1

(l + 1)!
γ!
∥Aα+ñx∥q

= (1 − l)
d∑

i=1

∥AiAñx∥q + l
d∑

i=1

( d∑
j=1

∥A jAiAñx∥q
)

= (1 − l)
d∑

i=1

∥AiAñx∥q + k
d∑

j=1

∥A2
j A

ñx∥q + 2l
( ∑

1≤ j,i≤d

∥A jAiAñx∥q
)
.

Since A is an ñ-quasi-(2, q)-isometry c.t.o., it follows from (2.2)∑
|γ|=l+1

(l + 1)!
γ!
∥Aα+ñx∥q

= (1 − l)
d∑

i=1

∥AiAñx∥q + l
(
− ∥Añx∥q + 2

d∑
i=1

∥AñAix∥q
)

= −l∥Añx∥q + (l + 1)
( ∑

1≤i≤d

∥AiAñx∥q
)
,

so that (2.4) holds for l + 1.

The inequality (2.5) follows from (2.4) and the inequality (2.6) follows from (2.5) by taking l −→ ∞. To proof
(2.7), it follows from (2.4)

lim
l→∞

sup
(∑
|γ|=l

l!
γ!
∥Aγ+ñx∥q

) 1
l

≤ 1.
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However according to (2.6),
(∑
|γ|=l

l!
γ!
∥Aγ+ñx∥q

) 1
l

is monotonically increasing, so that

lim
l→∞

inf
(∑
|γ|=l

l!
γ!
∥Aγ+ñx∥q

) 1
l

≥ lim
l→∞

(
∥Aγ+ñx∥q

)
= 1.

Definition 2.15. Let A = (A1, · · · ,Ad) ∈ B[X]d be a c.t.o. Then A is called bounded if

sup
{∑
|γ|=l

l!
γ!

∥∥∥Aγx∥q , ∀ l ∈N
}
< ∞

for all x ∈ X.

Theorem 2.16. Let A = (A1, · · · ,Ad) be an ñ-quasi-(p, q)-isometry c.t.o. and bounded. Then

d∑
i=1

∥AiAñx∥q = ∥Añx∥q,

i.e., A is an ñ-quasi-(1, q)-isometry c.t.o.

Proof. Since A is an ñ-quasi-(p, q)-isometry c.t.o., then A is an (p, q)-isometric on R(Añ) (Proposition 2.8).
Therefore∑

|γ|=l

l!
γ!
∥AγAñx∥q =

p∑
j=1

(
l
j

)
Ψ j(A,Añx)

Hence there exist real numbers δ0(x), δ1(x), ..., δp−1(x) such that

d∑
i=1

∥Al
iA

ñx∥q =
p−1∑
j=0

δ j(x) l j. (2.8)

Since A is power bounded, for x ∈ X,

M = sup
{∑
|γ|=l

l!
α!
∥Aγx∥l, l = 0, 1, 2, ...

}
< ∞.

Then we have

0 ≤ sup
{ p−1∑

j=0

δ j(x)l j : l = 0, 1, 2, ...
}
≤Mq.

From the fact that l is arbitrary, we obtain δ1(x) = δ2(x) = · · · = δp−1(x) = 0. Hence

d∑
i=0

∥Al
iA

ñx∥q = ∥Añx∥q.

Since l is arbitrary, by showing l = 1 we get equality. Hence A is an ñ-quasi-(1, q)-isometry c.t.o. by (2.4).
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3. Spectral properties of ñ-quasi-(p, q)-isometry

In this section we study some spetral properties of c.t.o. Our inspiration can be from referred to
[6–8, 12, 15].

Definition 3.1. ([6]). Let A = (A1, · · · ,Ad) ∈ B[X]d be any c.t.o. on complex Banach space X.
Let µ = (µ1, · · · , µd) ∈ Cd, then µ is said to be point eigenvalue of A if

d⋂
j=1

ker(A j − µ j) , 0,

the set of all joint spectrum of A by σp(A).

Definition 3.2. ([6]).Let A = (A1 · · · ,Ad) ∈ B[X]d be c.t.o, A number µ = (µ1, · · · , µd) ∈ Cd is in the joint
approximate point spectrum σap(A) if

∃ (xn)n ∈ X, ∥xn∥ = 1

such that
(A j − µ j)xn −→ 0 as n −→ ∞ for every j = 1, · · · , d.

We denote by

Bq(Cd) := {µ = (µ1, · · · , µd) ∈ Cd / ∥µ∥q =
( d∑

j=1

|µ j|
q
) 1

q

< 1 }

and

∂Bq(Cd) := {µ = (µ1, ..., µd) ∈ Cd / ∥µ∥q =
( d∑

j=1

|µ j|
q
) 1

q

= 1 }

Theorem 3.3. Let A = (A1 · · · ,Ad) ∈ B[X]d be an ñ-quasi-(p, q)-isometry c.t.o. Then σap(A) ⊂
[
0
]
∪

{
(µ1, · · · , µd) ∈

Cd/
( d∑

l=1

|µl|
q
) 1

q
= 1

}
. where

[
0
]

:= {(µ1, · · · , µd) ∈ Cd :
d∏

l=1

µl = 0}.

Proof. Let µ = (µ1, · · · , µd) ∈ σap(A), then ∃ {x j} j≥1 ⊂ X, with ||x j|| = 1 such that (A j − µ jI)x j −→ 0 for all
j = 1, 2, ..., d. Since for γ j > 1,

Aγ j

j − µ
γ j

j = (A j − µ j)
γ j∑

l=1

µl−1
j Aγ j−l

j

By induction, for γ ∈ Zd
+, we have

(Aγ − µγI) =
d∑

l=0

(∏
i≤l

µγi

i

)(
Aγ j

j − µ
γi

j

)∏
i>l

Aγi

i .
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0 =

p∑
l=0

(−1)l
(
p
l

)∑
|α|=l

l!
α!
∥Aγ+ñx j∥

q

=

p∑
l=0

(−1)l
(
p
l

)∑
|α|=l

l!
α!
∥(Aγ+ñ

− µγ+ñ)x j + µ
γ+ñx j∥

q
∀ j

=

p∑
l=0

(−1)l
(
p
l

)∑
|α|=l

l!
α!
∥µγ+ñ

∥
q

= |µ|qñ
p∑

l=0

(−1)l
(
p
l

)∑
|α|=l

l!
α!
|µ|qγ

0 = |µ|qñ
(
1 −

( d∑
l=1

|µ|q
) 1

q
)γ
.

Therefore µ = (µ1, · · · , µd) ∈ [0] or (µ1, · · · , µd) ∈ Cd/
( d∑

l=1

|µl|
q
) 1

q
= 1

}
.

Theorem 3.4. If A = (A1 · · · ,Ad) ∈ B[X]d is an ñ-quasi-(p, q)-isometry c.t.o. Then r(A) = 1. In particular

σ(A) ⊂
[
0
]

or σ(A) ⊂
[
0
]
∪

{
(µ1, · · · , µd) ∈ Cd/

( d∑
l=1

|µl|
q
) 1

q
= 1

}
.

Proof. From Theorem 3.3, we obtain σa(A) ⊂ ∂Bq(Cd) .From which it follows that r(A) = 1.On the other hand,
ρ(A) ∩ Bq(Cd) is both open and closed subset of the domain Bq(Cd). Consequently we find σ(A) ⊂ ∂Bq(Cd)
or σ(A) = Bq(Cd).

Acknowledgment. This work was funded by the Deanship of Scientific Research at Jouf University under
grant No (DSR-2021-03-0335).

The authors would like to extend their thanks to the Editor and the Reviewer for the devoted time and
efforts on our manuscript.

References

[1] J. Agler and M. Stankus, m-Isometric transformations of Hilbert space I, Integral Equ. Oper. Theory, 21(1995), 383-429.
[2] J. Agler M. Stankus, m-Isometric transformations of Hilbert space. II. Integral Equ. Oper. Theory, 23(1)(1995), 1-48.
[3] J. Agler M. Stankus, m-Isometric transformations of Hilbert space. III. Integral Equ. Oper. Theory, 24(4) (1996), 379-421.
[4] F. Bayart, m-isometries on Banach spaces, Math. Nachr. 284 (2011), 2141–2147.
[5] M.Chō O. B. El Moctar, O. A. Mahmoud Sid Ahmed, (n1, · · · ,np)-quasi-m-isometric commuting tuple of operators on a Hilbert space,

Annals of Functional Analysis (2021) 12:4 https://doi.org/10.1007/s43034-020-00093-7
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