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Abstract. The present article is in the continuation of our previous work [26], where we have improved
the order of approximation of α−Bernstein Păltănea operators. In the given note, we study the bivariate
extension of first order modification of these operators and their approximation properties such as conver-
gence, error of approximation in terms of complete and partial modulus of continuity and their asymptotic
formula. We present numerical examples to show the convergence of functions of two variables with the
help of MATLAB software. Also, we construct the GBS operators associated to the bivariate extension and
present their approximation behavior.

1. Introduction

The famous advantageous proof of Weierstrass approximation theorem was proved by S. N. Bernstein,
named as Bernstein operators. Due to its useful properties, many generalizations have been carried out
[8, 9, 19, 30, 35]. The rate of convergence of well known Bernstein operators and its generalizations is
slow, so different approaches are available to improve their order of convergence. Butzer [15] initiated it
by employing linear combination of Bernstein operators. Micchelli [28] presented another procedure in
which he used iterative combinations of Bernstein operators. Recently, Khosravian-Arab [27] propounded
another process for improving the order of approximation by perturbing the recurrence formula satisfied
by Bernstein polynomials. Using this new approach, many operators have been modified in a very short
period of time as we can see [1, 3, 21, 23]. Similarly, in [26], we have modified the summation-integral
operators presented by Kajla and Goyal [25] having Păltănea basis function [31] in integral depending on
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a parameter ρ > 0 given as below:

Jαn,ρ(1; y) =

n∑
j=0

pα,1n, j (y)
∫ 1

0
µ
ρ
n, j(r)1(r) dr, y ∈ [0, 1], α ∈ [0, 1], (1)

where pα,1n, j (y) = a(y,n) pαn−1, j(y) + a(1 − y,n) pαn−1, j−1(y), 0 ≤ j ≤ n − 1,

such that pαn, j(y) =

[(
n − 2

j

)
y(1 − α) +

(
n − 2
j − 2

)
(1 − y)(1 − α) +

(
n
j

)
αy(1 − y)

]
y j−1(1 − y)n− j−1,

n ≥ 2,

and µ
ρ
n, j(r) =

r jρ(1 − r)(n− j)ρ

B( jρ + 1, (n − j)ρ + 1)
. (2)

B(m,n) is the beta function and a(y,n) = a1(n)y + a0(n). The sequences a0(n) and a1(n) are to be determined
in an appropriate way. It can be easily observed that for the sequences a1(n) = −1, a0(n) = 1, operators
(1) reduce to the original operators given in [25]. In order to keep the operators Jαn,ρ(1; y) positive, we will
assume the conditions on these sequences ai(n), i = 0, 1

2a0(n) + a1(n) = 1, a0(n) ≥ 0 and a0(n) + a1(n) ≥ 0.

Now onwards, we will denote ei = yi and ei j = yiz j, i = 0, 1, 2, · · · , j = 0, 1, 2, · · · .

Lemma 1.1. [26] The moments of the operators (1) are given as:

Jαn,ρ(e0; y) = 1;

Jαn,ρ(e1; y) = y +
(1 − 2y)(ρ + 1 − ρa0(n))

nρ + 2
;

Jαn,ρ(e2; y) = y2 +
1

(nρ + 2)(nρ + 3)

[
nρy{(1 + ρ)(3 − 5y) − 2a0(n)ρ(1 − 2y)} + ρ2(1 − 2y(1 − y)(1 + α))

+3ρ(1 − 2y) + 2(1 − 3y2) − a0(n)ρ(ρ(4y2
− 4y + 1) + 3(1 − 2y))

]
.

Lemma 1.2. [26] For the operators (1), we have the central moments as:

Jαn,ρ(r − y; y) =
(1 − 2y)(ρ + 1 − ρa0(n))

nρ + 2
;

Jαn,ρ((r − y)2; y) =
1

(nρ + 2)(nρ + 3)

[
nρ(1 + ρ)y(1 − y) − y(1 − y){6(1 + 2ρ) + 2ρ2(1 + α)}

+ (ρ + 1)(ρ + 2) + a0(n)ρ(ρ + 3)(4y(1 − y) − 1)
]

;

Jαn,ρ((r − y)4; y) =
3ρ2(1 + ρ)2y2(1 − y)2n2

(nρ + 2)(nρ + 3)(nρ + 4)(nρ + 5)
+O

( 1
n3

)
.

In dealing with many real life problems i.e. cost of a product, profit of a store, etc., we need more than
one particular factor. Thus, Mathematical modeling of these problems requires functions of two or several
variables. Moreover, these functions and their approximations are used in every field such as Economics,
Continuum Mechanics, Thermo Dynamics, Fluid Dynamics etc. In order to approximate the functions of
two and several variables, the initialization of new positive linear operators, defined in two as well as
several dimensions in the approximation theory, is to be done by Stancu [37]. The operators defined in two
variables, are popularly known as bivariate operators. In [11], Bărbosu obtained the results of the bivariate
extension of Stancu generalization of q−Bernstein operators. Following that, there was a lot of work done
on the approximation of positive linear operators in two variables [6, 17, 20, 24, 36, 38]. Agrawal and
Goyal [4] presented the bivariate extensions of the different operators in their work, which contain discrete
and summation integral type operators. Motivated by this literature and applications of two-dimensional
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operators, we provide the bivariate extension of the above defined operators Jαn,ρ(.; y) in the present article.
The format of the current article is as follows: we will start by defining the bivariate extension of the
operators (1) followed by some preliminary findings like moments and central moments as well as some
required definitions. In section 3, we present our results such as convergence of operators, Voronovskaja
type asymptotic results, error of operators from the Lipschitz continuous functions and in form of approx-
imation tools as complete and partial modulus of continuity, second order modulus of continuity. In the
next section 4, we will display some graphs of certain functions to verify our above proved theoretical
results. In the last section, we discuss the concept of Bögel continuity and its related terms and define the
Generalized Boolean Sum operators associated with the operators Jαn,ρ(.; y) (1) and study their results.

2. Construction of the operators

Let I2 = [0, 1] × [0, 1], and C(I2) be the space of all continuous functions on I2,with the norm defined as:

∥1∥ = sup
(y,z)∈I2

| 1(y, z) | .

The bivariate extension of the operators (1) is defined as:

Jα1,α2
n,m,ρ1,ρ2

(1; y, z) =
n∑

i=0

m∑
j=0

pα1,1
n,i (y) pα2,1

m, j (z)
∫ 1

0

∫ 1

0
µ
ρ1

n,i(r)µρ2

m, j(s) 1(r, s) ds dr, (3)

where µρ1

n,i(r), µρ2

m, j(s) are same as in (2) and

pα1,1
n,i (y) = a(y,n) pα1

n−1,i(y) + a(1 − y,n) pα1
n−1,i−1(y),

pα2,1
m, j (z) = b(z,m) pα2

m−1, j(z) + b(1 − z,m) pα2
m−1, j−1(z).

For any f (y), 1(z) ∈ C(I), our operators (3) satisfy the following relationship:

Jα1,α2
n,m,ρ1,ρ2

( f (y).1(z); y, z) = Jα1,α2
n,m,ρ1,ρ2

( f (y); y, z).Jα1,α2
n,m,ρ1,ρ2

(1(z); y, z).

Lemma 2.1. For the operators (3) and test functions ei j, we have the following:

Jα1,α2
n,m,ρ1,ρ2

(e00; y, z) = 1;

Jα1,α2
n,m,ρ1,ρ2

(e10; y, z) = y +
(1 − 2y)(ρ1 + 1 − ρ1a0(n))

nρ1 + 2
;

Jα1,α2
n,m,ρ1,ρ2

(e01; y, z) = z +
(1 − 2z)(ρ2 + 1 − ρ2b0(m))

mρ2 + 2
;

Jα1,α2
n,m,ρ1,ρ2

(e20; y, z) = y2 +
1

(nρ1 + 2)(nρ1 + 3)
[
nρ1y{(1 + ρ1)(3 − 5y) − 2a0(n)ρ1(1 − 2y)}

+ ρ1
2(1 − 2y(1 − y)(1 + α1)) + 3ρ1(1 − 2y) + 2(1 − 3y2)

−a0(n)ρ1(ρ1(4y2
− 4y + 1) + 3(1 − 2y))

]
;

Jα1,α2
n,m,ρ1,ρ2

(e02; y, z) = z2 +
1

(mρ2 + 2)(mρ2 + 3)
[
mρ2z{(1 + ρ2)(3 − 5z) − 2b0(m)ρ2(1 − 2z)}

+ ρ2
2(1 − 2z(1 − z)(1 + α2)) + 3ρ2(1 − 2z) + 2(1 − 3z2)

−b0(m)ρ2(ρ2(4z2
− 4z + 1) + 3(1 − 2z))

]
.
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Lemma 2.2. For the operators (3), we have the following central moments:

Jα1,α2
n,m,ρ1,ρ2

(r − y; y, z) =
(1 − 2y)(ρ1 + 1 − ρ1a0(n))

nρ1 + 2
;

Jα1,α2
n,m,ρ1,ρ2

(s − z; y, z) =
(1 − 2z)(ρ2 + 1 − ρ2b0(m))

mρ2 + 2
;

Jα1,α2
n,m,ρ1,ρ2

((r − y)2; y, z) =
1

(nρ1 + 2)(nρ1 + 3)

[
nρ1(1 + ρ1)y(1 − y) − y(1 − y){6(1 + 2ρ1) + 2ρ1

2(1 + α1)}

+ (ρ1 + 1)(ρ1 + 2) + a0(n)ρ1(ρ1 + 3)(4y(1 − y) − 1)
]

;

Jα1,α2
n,m,ρ1,ρ2

((s − z)2; y, z) =
1

(mρ2 + 2)(mρ2 + 3)

[
mρ2(1 + ρ2)z(1 − z) − z(1 − z){6(1 + 2ρ2) + 2ρ2

2(1 + α2)}

+ (ρ2 + 1)(ρ2 + 2) + b0(m)ρ2(ρ2 + 3)(4z(1 − z) − 1)
]

;

Jα1,α2
n,m,ρ1,ρ2

((r − y)4; y, z) =
3ρ1

2(1 + ρ1)2y2(1 − y)2n2

(nρ1 + 2)(nρ1 + 3)(nρ1 + 4)(nρ1 + 5)
+O

( 1
n3

)
;

Jα1,α2
n,m,ρ1,ρ2

((s − z)4; y, z) =
3ρ2

2(1 + ρ2)2z2(1 − z)2m2

(mρ2 + 2)(mρ2 + 3)(mρ2 + 4)(mρ2 + 5)
+O

( 1
m3

)
.

Corollary 2.3. From the Lemma 2.2, we can easily get:

Jα1,α2
n,m,ρ1,ρ2

((r − y)2; y, z) ≤
1 + ρ1

nρ1 + 2

[
y(1 − y) +

2 + ρ1

nρ1 + 2

]
,

Jα1,α2
n,m,ρ1,ρ2

((s − z)2; y, z) ≤
1 + ρ2

mρ2 + 2

[
z(1 − z) +

2 + ρ2

mρ2 + 2

]
.

Now, we define some definitions related to bivariate functions:

Definition 2.4. Complete Modulus of Continuity: ([7], p.80) For any 1 ∈ C(I2), we have:

ω(1; δ1, δ2) = sup{| 1(v,w) − 1(y, z) |; (v,w), (y, z) ∈ I2 & | v − y |≤ δ1, | w − z |≤ δ2},

or ω(1; δ) = sup{| 1(v,w) − 1(y, z) |;
√

(v − y)2 + (w − z)2 ≤ δ, (v,w), (y, z) ∈ I2
},

with the following properties:

i) ω(1; δ1, δ2)→ 0 as δ1, δ2 → 0.

ii) | 1(v,w) − 1(y, z) |≤ ω(1; δ1, δ2)
(
1 +
| v − y |
δ1

) (
1 +
| w − z |
δ2

)
.

Definition 2.5. Partial Modulus of Continuity: ([7], p.81) For any 1 ∈ C(I2), the partial modulus of continuity
is defined by:

ω1(1; δ1) = sup{| 1(y1, z) − 1(y2, z) |; z ∈ I, | y1 − y2 |≤ δ1},

and ω2(1; δ2) = sup{| 1(y, z1) − 1(y, z2) |; y ∈ I, | z1 − z2 |≤ δ2}.

Definition 2.6. Lipschitz Condition: ([5], p.377) A function 1 satisfies Lipschitz condition i.e. 1 ∈ LipM(ζ, η) is
defined as

| 1(r, s) − 1(y, z) |<M | r − y |ζ| s − z |η,

where ζ, η ∈ (0, 1].
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Let C2(I2) be the space of all functions 1 ∈ C(I2) such that
∂i1

∂yi ,
∂i1

∂zi ∈ C(I2), i = 1, 2.

The norm on the space C2(I2) is defined as:

∥1∥C2(I2) = ∥1∥ +

2∑
i=1

(∥∥∥∥∥∥∂i1

∂yi

∥∥∥∥∥∥ +
∥∥∥∥∥∥∂i1

∂zi

∥∥∥∥∥∥
)
.

Definition 2.7. K−functional: Peetre [32] introduced the K−functional for 1 ∈ C(I2):

K(1; δ) = inf{∥1 − f ∥ + δ∥ f ∥C2(I2); f ∈ C2(I2)}.

Definition 2.8. Second order modulus of smoothness: ([2], p.5558) For 1 ∈ C(I2):

ω2(1; δ) = sup{|1(y + 2v, z + 2w) − 21(y + v, z + w) + 1(y, z)|; (y, z), (y + 2v, z + 2w) ∈ I2, | v |≤ δ2, | w |≤ δ2
}.

Also, K-functional and second order modulus of continuity are related by the following relation[16]:

K(1; δ) ≤ C
[
ω2(1;

√

δ) +min(1, δ)∥1∥
]
. (4)

3. Approximation Results

Theorem 3.1. Let 1 ∈ C(I2), the operators Jα1,α2
n,m,ρ1,ρ2

(1; y, z) converge uniformly to 1(y, z).

Proof. By Lemma 2.1, we can calculate:

lim
n,m→∞

Jα1,α2
n,m,ρ1,ρ2

(e10; y, z) = y;

lim
n,m→∞

Jα1,α2
n,m,ρ1,ρ2

(e01; y, z) = z;

lim
n,m→∞

Jα1,α2
n,m,ρ1,ρ2

(e20 + e02; y, z) = y2 + z2.

Now, by using Volkov’s result for bivariate functions, we get that the operators Jα1,α2
n,m,ρ1,ρ2

(1; y, z) converge
uniformly to 1(y, z).

Theorem 3.2. (Voronovskaja type result) For any 1 ∈ C2(I2) and (y, z) ∈ I2 we obtain:

lim
n→∞

n(Jα1,α1
n,n,ρ1,ρ1

(1; y, z) − 1(y, z)) =
(ρ1 + 1 − ρ1a0(n))

ρ1

[
(1 − 2y)1y(y, z) + (1 − 2z)1z(y, z)

]
+

(1 + ρ1)
2ρ1

[
y(1 − y)1yy(y, z) + z(1 − z)1zz(y, z)

]
.

Proof. Using the Taylor’s formula for a fixed point (y, z) ∈ I2:

1(r, s) = 1(y, z) + 1y(y, z)(r − y) + 1z(y, z)(s − z) +
1
2

[
1yy(y, z)(r − y)2

+ 21yz(y, z)(r − y)(s − z) + 1zz(y, z)(s − z)2
]
+ Θ(r, s){(r − y)2 + (s − z)2

},
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where lim
(r,s)→(y,z)

Θ(r, s) = 0 and (y, z) ∈ I2.

Applying the operators and using its linearity property:

n
(
Jα1,α1
n,n,ρ1,ρ1

(1; y, z) − 1(y, z)
)
= n

(
1y(y, z)Jα1,α1

n,n,ρ1,ρ1
(r − y; y, z) + 1z(y, z)Jα1,α1

n,n,ρ1,ρ1
(s − z; y, z)

+
1
2

{
1yy(y, z)Jα1,α1

n,n,ρ1,ρ1
((r − y)2; y, z)

+ 21yz(y, z)Jα1,α1
n,n,ρ1,ρ1

((r − y)(s − z); y, z)

+ 1zz(y, z)Jα1,α1
n,n,ρ1,ρ1

((s − z)2; y, z)
}

+Jα1,α1
n,n,ρ1,ρ1

(Θ(r, s){(r − y)2 + (s − z)2
}; y, z)

)
. (5)

Apply Holder’s inequality to the last term of right hand side of (5):
nJα1,α1

n,n,ρ1,ρ1
(Θ(r, s){(r − y)2 + (s − z)2

}; y, z)

≤ n
[
Jα1,α1
n,n,ρ1,ρ1

(Θ2(r, s); y, z)
] 1

2 .
[
Jα1,α1
n,n,ρ1,ρ1

(((r − y)2 + (s − z)2)2; y, z)
] 1

2

≤

[
Jα1,α1
n,n,ρ1,ρ1

(Θ2(r, s); y, z)
] 1

2

×

√

2n
[
Jα1,α1
n,n,ρ1,ρ1

((r − y)4; y, z) + Jα1,α1
n,n,ρ1,ρ1

((s − z)4; y, z)
] 1

2 . (6)

[∵ (a + b)2
≤ 2(a2 + b2)]

By using Theorem 3.1, we get:
lim
n→∞

Jα1,α1
n,n,ρ1,ρ1

(Θ2(r, s); y, z) = 0.

With the help of central moments of order 4 in Lemma 2.2, we get:

lim
n→∞

n Jα1,α1
n,n,ρ1,ρ1

(Θ(r, s){(r − y)2 + (s − z)2
}; y, z) = 0.

Using Lemma 2.2, (5) and (6), we get our required result.

Theorem 3.3. For any 1 ∈ C(I2), the operators Jα1,α2
n,m,ρ1,ρ2

(1; y, z) satisfy the following relation:

| Jα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) | ≤ 4ω(1; δ1(y), δ2(z)),

where δ1(y) :=
√

Jα1,α2
n,m,ρ1,ρ2

((r − y)2; y, z) and δ2(z) :=
√

Jα1,α2
n,m,ρ1,ρ2

((s − z)2; y, z).

Proof. By using linearity of the operators (3), we have:

| Jα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) | ≤ Jα1,α2
n,m,ρ1,ρ2

(| 1(r, s) − 1(y, z) |; y, z).

With the help of the relation (ii) of complete modulus of continuity:

| Jα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) | ≤ ω(1; δ1(y), δ2(z))

1 +
Jα1,α2
n,m,ρ1,ρ2

(| r − y |; y, z)

δ1(y)


.

1 +
Jα1,α2
n,m,ρ1,ρ2

(| s − z |; y, z)

δ2(z)

 . (7)

By applying the Cauchy-Schwarz’s inequality, we obtain:

Jα1,α2
n,m,ρ1,ρ2

(| r − y |; y, z) ≤

[
Jα1,α2
n,m,ρ1,ρ2

((r − y)2; y, z)
] 1

2 .1 := δ1(y),
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and

Jα1,α2
n,m,ρ1,ρ2

(| s − z |; y, z) ≤

[
Jα1,α2
n,m,ρ1,ρ2

((s − z)2; y, z)
] 1

2 .1 := δ2(z).

Now, substituting the above two inequalities in (7), we obtain the result.

Theorem 3.4. For 1 ∈ C(I2), the operators (3) have the following inequality:

| Jα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) |≤ 2
[
ω1(1; δ1(y)) + ω2(1; δ2(z))

]
,

where δ1(y) and δ2(z) are defined as in Thm 3.3.

Proof. With the help of linearity and partial modulus of continuity, we get:

| Jα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) | ≤ Jα1,α2
n,m,ρ1,ρ2

(| 1(r, s) − 1(y, z) |; y, z)

≤ Jα1,α2
n,m,ρ1,ρ2

(| 1(r, z) − 1(y, z) |; y, z) + Jα1,α2
n,m,ρ1,ρ2

(| 1(r, s) − 1(r, z) |; y, z)

≤ Jα1,α2
n,m,ρ1,ρ2

(ω1(1; | r − y |); y, z) + Jα1,α2
n,m,ρ1,ρ2

(ω2(1; | s − z |); y, z). (8)

As we know the relation of modulus of continuity ω(λδ) ≤ (1 + λ)ω(δ), for λ > 0, then, using this
relation in (8), we obtain:

| Jα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) | ≤ Jα1,α2
n,m,ρ1,ρ2

((
1 +
| r − y |
δ1(y)

)
ω1 (
1; δ1(y)

)
; y, z

)
+Jα1,α2

n,m,ρ1,ρ2

((
1 +
| s − z |
δ2(z)

)
ω2 (
1; δ2(z)

)
; y, z

)
.

With the help of Cauchy-Schwarz inequality the above term reduces to:

| Jα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) | ≤ ω1(1; δ1(y))

1 +

√
Jα1,α2
n,m,ρ1,ρ2

((r − y)2; y, z)

δ1(y)


+ω2(1; δ2(z))

1 +

√
Jα1,α2
n,m,ρ1,ρ2

((s − z)2; y, z)

δ2(z)

 .
On choosing

√
Jα1,α2
n,m,ρ1,ρ2

((r − y)2; y, z) := δ1(y) and
√

Jα1,α2
n,m,ρ1,ρ2

((s − z)2; y, z) := δ2(z), the proof is done.

Theorem 3.5. Let 1 ∈ LipM(ζ, η), then we have the following inequality:

| Jα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) |≤M(δ1(y))ζ.(δ2(z))η,

where M is a positive constant and δ1(y) and δ2(z) are same as defined in Thm 3.3.

Proof. As 1 ∈ LipM(ζ, η), then it gives:

| 1(r, s) − 1(y, z) |≤M| r − y |ζ| s − z |η.

Now,

| Jα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) | ≤ Jα1,α2
n,m,ρ1,ρ2

(| 1(r, s) − 1(y, z) |; y, z)

≤ Jα1,α2
n,m,ρ1,ρ2

(M| r − y |ζ| s − z |η; y, z)

= MJα1,α2
n,m,ρ1,ρ2

(| r − y |ζ; y, z).Jα1,α2
n,m,ρ1,ρ2

(| s − z |η; y, z). (9)
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Using Holder’s inequality

Jα1,α2
n,m,ρ1,ρ2

(| r − y |ζ; y, z) ≤
[
Jα1,α2
n,m,ρ1,ρ2

((r − y)2; y, z)
] ζ

2
= (δ1(y))ζ.

Similarly,

Jα1,α2
n,m,ρ1,ρ2

(| s − z |η; y, z) ≤
[
Jα1,α2
n,m,ρ1,ρ2

((s − z)2; y, z)
] η

2
= (δ2(z))η.

Now by using these inequalities in (9), we attain the desired outcome.

Theorem 3.6. For 1 ∈ C(I2), we get the error estimation in terms of first and second order modulus of continuity:

| Jα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) | ≤ 4C
[
ω2

(
1;

1
2

√
Vn,m(y, z)

)
+min

(
1,

1
4

Vn,m(y, z)
)]

+ω(1;µn,m(y, z)),

where Vn,m(y, z) =
1
2

(δ1(y))2 +

(
(1 − 2y)(ρ1 + 1 − ρ1a0(n))

nρ1 + 2

)2

+ (δ2(z))2 +

(
(1 − 2z)(ρ2 + 1 − ρ2b0(m))

mρ2 + 2

)2 ,
and µn,m(y, z) =

( (1 − 2y)(ρ1 + 1 − ρ1a0(n))
nρ1 + 2

)2

+

(
(1 − 2z)(ρ2 + 1 − ρ2b0(m))

mρ2 + 2

)2
1
2

,

where C > 0 is a constant and δ1(y) and δ2(z) are same as defined in Thm 3.3.

Proof. Firstly, we define an auxiliary operators for (y, z) ∈ I2 :

J̃α1,α2
n,m,ρ1,ρ2

(1; y, z) = Jα1,α2
n,m,ρ1,ρ2

(1; y, z) + 1(y, z)

−1

(
y +

(1 − 2y)(ρ1 + 1 − ρ1a0(n))
nρ1 + 2

, z +
(1 − 2z)(ρ2 + 1 − ρ2b0(m))

mρ2 + 2

)
.

By using this definition, we get:

J̃α1,α2
n,m,ρ1,ρ2

(r − y; y, z) = 0; J̃α1,α2
n,m,ρ1,ρ2

(s − z; y, z) = 0.

For h ∈ C2(I2),we consider
| Jα1,α2

n,m,ρ1,ρ2
(1; y, z) − 1(y, z) |

≤

∣∣∣Jα1,α2
n,m,ρ1,ρ2

(1; y, z) − J̃α1,α2
n,m,ρ1,ρ2

(1; y, z)
∣∣∣ + ∣∣∣ J̃α1,α2

n,m,ρ1,ρ2
(1; y, z) − J̃α1,α2

n,m,ρ1,ρ2
(h; y, z)

∣∣∣
+

∣∣∣ J̃α1,α2
n,m,ρ1,ρ2

(h; y, z) − h(y, z)
∣∣∣ + ∣∣∣h(y, z) − 1(y, z)

∣∣∣
=

∣∣∣∣∣∣1
(
y +

(1 − 2y)(ρ1 + 1 − ρ1a0(n))
nρ1 + 2

, z +
(1 − 2z)(ρ2 + 1 − ρ2b0(m))

mρ2 + 2

)
− 1(y, z)

∣∣∣∣∣∣
+

∣∣∣ J̃α1,α2
n,m,ρ1,ρ2

(1 − h; y, z)
∣∣∣ + ∣∣∣ J̃α1,α2

n,m,ρ1,ρ2
(h; y, z) − h(y, z)

∣∣∣ + ∣∣∣h(y, z) − 1(y, z)
∣∣∣ . (10)

Now, by Taylor’s polynomial for h(r, s) ∈ C2(I2), we have:

h(r, s) = h(y, z) + (r − y)
∂h(y, z)
∂y

+

∫ r

y
(r − v)

∂2h(v, z)
∂v2 dv + (s − z)

∂h(y, z)
∂z

+

∫ s

z
(s − w)

∂2h(y,w)
∂w2 dw.
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Applying the operators J̃α1,α2
n,m,ρ1,ρ2

(.; y, z) :∣∣∣ J̃α1,α2
n,m,ρ1,ρ2

(h; y, z) − h(y, z)
∣∣∣

≤

∣∣∣∣∣∣ J̃α1,α2
n,m,ρ1,ρ2

(∫ r

y
(r − v)

∂2h(v, z)
∂v2 dv; y, z

)∣∣∣∣∣∣ +
∣∣∣∣∣∣ J̃α1,α2

n,m,ρ1,ρ2

(∫ s

z
(s − w)

∂2h(y,w)
∂w2 dw; y, z

)∣∣∣∣∣∣
≤ Jα1,α2

n,m,ρ1,ρ2

(∣∣∣∣∣∣
∫ r

y
|r − v|

∣∣∣∣∣∣∂2h(v, z)
∂v2

∣∣∣∣∣∣ dv

∣∣∣∣∣∣ ; y, z
)

+

∣∣∣∣∣∣∣
∫ y+ (1−2y)(ρ1+1−ρ1a0(n))

nρ1+2

y

∣∣∣∣∣y + (1 − 2y)(ρ1 + 1 − ρ1a0(n))
nρ1 + 2

− v
∣∣∣∣∣
∣∣∣∣∣∣∂2h(v, z)
∂v2

∣∣∣∣∣∣ dv

∣∣∣∣∣∣∣
+Jα1,α2

n,m,ρ1,ρ2

(∣∣∣∣∣∣
∫ s

z
|s − w|

∣∣∣∣∣∣∂2h(y,w)
∂w2

∣∣∣∣∣∣ dw

∣∣∣∣∣∣ ; y, z
)

+

∣∣∣∣∣∣∣
∫ z+ (1−2z)(ρ2+1−ρ2b0(m))

mρ2+2

z

∣∣∣∣∣z + (1 − 2z)(ρ2 + 1 − ρ2b0(m))
mρ2 + 2

− w
∣∣∣∣∣
∣∣∣∣∣∣∂2h(y,w)
∂w2

∣∣∣∣∣∣ dw

∣∣∣∣∣∣∣
≤

Jα1,α2
n,m,ρ1,ρ2

((r − y)2; y, z) +
(

(1 − 2y)(ρ1 + 1 − ρ1a0(n))
nρ1 + 2

)2

+ Jα1,α2
n,m,ρ1,ρ2

((s − z)2; y, z) +
(

(1 − 2z)(ρ2 + 1 − ρ2b0(m))
mρ2 + 2

)2 ∥h∥C2(I2).

With the values of δ1(y) and δ2(z), we have:∣∣∣ J̃α1,α2
n,m,ρ1,ρ2

(h; y, z) − h(y, z)
∣∣∣ ≤ Vn,m(y, z)∥h∥C2(I2).

By using the definition of operators J̃α1,α2
n,m,ρ1,ρ2

(1; y, z), we obtain:

| J̃α1,α2
n,m,ρ1,ρ2

(1; y, z) |≤ 3∥1∥C(I2).

Thus, the equation (10) becomes:

| Jα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) | ≤ 4∥1 − h∥C(I2) + Vn,m(y, z)∥h∥C2(I2)

+ω
(
1;µn,m(y, z)

)
= 4

{
∥1 − h∥C(I2) +

1
4

Vn,m(y, z)∥h∥C2(I2)

}
+ ω(1;µn,m(y, z)).

Taking the infimum over h ∈ C2(I2) and using the relation (4), we get our desired result.

4. Numerical Verification

In this section, we provide an example with various values of parameters and sequences ai(n), i = 0, 1 to
support our previously proven theoretical findings. For this purpose, we take into the account the function
1(y, z) = y4z2

− 2y2z3 + yz2.

Firstly, we present the convergence of the operators Jα1,α2
n,m,ρ1,ρ2

(1; y, z) with specific values of parameters to

the function 1(y, z) in Fig. 1 having sequences a1(n) =
1
n
, a0(n) =

n − 1
2n
, b1(m) =

1
m
, b0(m) =

m − 1
2m

.

Also, we give their error estimation, which is Eα1,α2
n,m,ρ1,ρ2

(1; y, z) = | Jα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) | for the
particular values of parameters in Fig. 2.

We can see in both images that when the values of n,m increase, the operators converge quicker to the
specified function and the error term decrease rapidly.
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Figure 1: Approximation Process

Figure 2: Error estimation

In Fig. 3, we show the effect of the different sequences ai(n), i = 0, 1 in the convergence of the operators
with specific parameters n = m = 30, α1 = α2 = 0.3, ρ1 = ρ2 = 4. For the operators Jα1,α2

n,m,ρ1,ρ2
(1; y, z), we have

chosen the different sets of sequences with different rate of convergence:

a1(n) =
n − 1

n
, a0(n) =

1
2n
, b1(m) =

m − 1
m
, b0(m) =

1
2m

;

a1(n) =
1 − n2

n2 , a0(n) =
2n2
− 1

2n2 , b1(m) =
1 −m2

m2 , b0(m) =
2m2
− 1

2m2 ;

a1(n) = −1, a0(n) = 1, b1(m) = −1, b0(m) = 1.

Also, we have presented the error of approximation of the given function from the operators in Fig. 4.
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Figure 3: Approximation Process

1(y, z)(Blue), [a1(n) = 1, a0(n) = −1, b1(m) = −1, b0(m) = −1](Red),[
a1(n) =

n − 1
n
, a0(n) =

1
2n
, b1(m) =

m − 1
m
, b0(m) =

1
2m

]
(Cyan)[

a1(n) =
1 − n2

n2 , a0(n) =
2n2
− 1

2n2 , b1(m) =
1 −m2

m2 , b0(m) =
2m2
− 1

2m2

]
(Me1anta)

5. Generalized Boolean Sum (GBS) operators

Bögel [13, 14] proposed the concept of B-continuous and B-differentiable functions in 1934 and 1935.
The approximation results concerning these functions were firstly introduced by Dobrescu and Matei
[18]. Badea and Cottin [10] established the Korovkin type theorem for B-continuous functions, which is
also famous as test function theorem. In 2013, Miclăuş [29] studied the approximation results of GBS
of Bernstein-Stancu operators. Agrawal and İspir [5] studied the degree of approximation for bivariate
Chlodowsky-Szasz-Charlier type operators. Similarly, Bŏrbosu et al. [12] proposed the GBS Durrmeyer
operators based on q−integers. The authors studied convergence and degree of approximation of these
variants. A lot of research on these operators is going on as we can see [22, 33, 34]. Inspired by these papers,
we define the GBS operators associated with the operators (3).
Firstly, we present some definitions that are required in subsequent work defined as in [13, 14].
Let Y and Z are compact subsets of real numbers.

Definition 5.1. A function f : Y×Z→ R is said to be B-continuous or Bögel continuous at a point (y, z) ∈ Y×Z if

lim
(r,s)→(y,z)

∆ f [(r, s), (y, z)] = 0,

where ∆ f [(r, s), (y, z)] = f (r, s) − f (y, s) − f (r, z) + f (y, z).

The space of all B-continuous functions is denoted by Cb(Y × Z).

Definition 5.2. A function f : Y × Z→ R is called B-differentiable at (y, z) ∈ Y × Z if

lim
(r,s)→(y,z)

∆ f [(r, s), (y, z)]
(r − y)(s − z)

exists and finite. It is denoted by DB f (y, z).

The space of all B-differentiable functions is denoted by Db(Y × Z).
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Figure 4: Error estimation

[a1(n) = 1, a0(n) = −1, b1(m) = −1, b0(m) = −1](Red),[
a1(n) =

n − 1
n
, a0(n) =

1
2n
, b1(m) =

m − 1
m
, b0(m) =

1
2m

]
(Cyan)[

a1(n) =
1 − n2

n2 , a0(n) =
2n2
− 1

2n2 , b1(m) =
1 −m2

m2 , b0(m) =
2m2
− 1

2m2

]
(Me1anta)

Definition 5.3. A function f : Y × Z→ R is called B-bounded on Y × Z if there exists a constant M > 0 such that

| ∆ f [(r, s), (y, z)] |≤M,

for every (r, s), (y, z) ∈ Y × Z.

Definition 5.4. For any f ∈ Cb(I2), the mixed modulus of continuity ωmixed : [0,∞) × [0,∞)→ R is defined as:

ωmixed( f ; σ1, σ2) = sup{| ∆ f [(r, s), (y, z)] |; | r − y |< σ1, | s − z |< σ2}

for all (y, z), (r, s) ∈ I2.

It satisfies the property:

ωmixed(1;λ1σ1, λ2σ2) ≤ (1 + λ1) (1 + λ2)ωmixed(1; σ1, σ2), (11)

where λ1, λ2 > 0.
Bb(Y × Z) denotes the space of all B-bounded functions having the norm

∥ f ∥B = sup
(r,s),(y,z)∈Y×Z

| ∆ f [(r, s), (y, z)] | .

5.1. Construction of GBS operators
Let 1 ∈ Cb(I2). The GBS operators Kα1,α2

n,m,ρ1,ρ2
(1; y, z) associated to the operators Jα1,α2

n,m,ρ1,ρ2
(1; y, z) is defined

as follows:

Kα1,α2
n,m,ρ1,ρ2

(1; y, z) = Jα1,α2
n,m,ρ1,ρ2

[1(r, z) + 1(y, s) − 1(r, s); y, z], (y, z) ∈ I2. (12)

Theorem 5.5. For every 1 ∈ Cb(I2), the operators (12) satisfy the following inequality:

| Kα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) |≤Mωmixed

1; 1√
nρ1 + 2

,
1√

mρ2 + 2

 ,
where M > 0 is a constant depending only on ρ1 and ρ2.
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Proof. As we know:

∆1[(r, s), (y, z)] = 1(y, z) − 1(y, s) − 1(r, z) + 1(r, s),
then 1(y, s) + 1(r, z) − 1(r, s) = 1(y, z) − ∆1[(r, s), (y, z)].

Applying the operators (3) and using eq. (11), we have:

| Kα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) | ≤ Jα1,α2
n,m,ρ1,ρ2

(| ∆1[(r, s), (y, z)] |; y, z)

≤ Jα1,α2
n,m,ρ1,ρ2

((
1 +
| r − y |
σ1

) (
1 +
| s − z |
σ2

)
ωmixed(1; σ1, σ2); y, z

)
≤

{
1 + σ−1

1

[
Jα1,α2
n,m,ρ1,ρ2

((r − y)2; y, z)
] 1

2
+ σ−1

2

[
Jα1,α2
n,m,ρ1,ρ2

((s − z)2; y, z)
] 1

2

+ σ−1
1 σ

−1
2

[
Jα1,α2
n,m,ρ1,ρ2

((r − y)2; y, z).Jα1,α2
n,m,ρ1,ρ2

((s − z)2; y, z)
] 1

2
}
ωmixed(1; σ1, σ2).

By using Corollary 2.3, we can get:

Jα1,α2
n,m,ρ1,ρ2

((r − y)2; y, z) ≤
2(1 + ρ1)
nρ1 + 2

& Jα1,α2
n,m,ρ1,ρ2

((s − z)2; y, z) ≤
2(1 + ρ2)
mρ2 + 2

.

Also, by choosing σ1 =
1√

nρ1 + 2
and σ2 =

1√
mρ2 + 2

, the proof is completed.

Theorem 5.6. Let 1 ∈ Db(I2) with DB(1) ∈ B(I2). Then for every (y, z) ∈ I2, we get:

| Kα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) |≤
M√

nρ1 + 2.
√

mρ2 + 2

∥DB1∥ + ωmixed

DB1;
1√

nρ1 + 2
,

1√
mρ2 + 2

 .
Proof. For 1 ∈ Db(I2),

∆1[(r, s), (y, z)] = (r − y)(s − z)DB1(ζ, η) with y < ζ < r, z < η < s,
where DB1(ζ, η) = ∆DB1[(ζ, η), (y, z)] +DB1(ζ, z) +DB1(y, η) −DB1(y, z).

By using this relation and DB1 ∈ B(I2),we get:

| Kα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) | = | Jα1,α2
n,m,ρ1,ρ2

(∆1[(r, s), (y, z)]; y, z) |

= | Jα1,α2
n,m,ρ1,ρ2

((r − y)(s − z)DB1(ζ, η); y, z) |

= | Jα1,α2
n,m,ρ1,ρ2

((r − y)(s − z){∆DB1[(ζ, η), (y, z)] +DB1(ζ, z) +DB1(y, η)
−DB1(y, z)}; y, z) |

≤ Jα1,α2
n,m,ρ1,ρ2

(| r − y || s − z || ∆DB1[(ζ, η), (y, z)] |; y, z)

+Jα1,α2
n,m,ρ1,ρ2

(| r − y || s − z | {| DB1(ζ, z) | + | DB1(y, η) |
+ | DB1(y, z) |}; y, z)

≤ Jα1,α2
n,m,ρ1,ρ2

(| r − y || s − z | ωmixed(DB1; | r − y || s − z |); y, z)

+3∥DB1∥Jα1,α2
n,m,ρ1,ρ2

(| r − y || s − z |; y, z)

≤

[
Jα1,α2
n,m,ρ1,ρ2

(| r − y || s − z |; y, z)

+σ1
−1 Jα1,α2

n,m,ρ1,ρ2
((r − y)2

| s − z |; y, z)

+σ2
−1 Jα1,α2

n,m,ρ1,ρ2
(| r − y | (s − z)2; y, z)

+ σ1
−1σ2

−1 Jα1,α2
n,m,ρ1,ρ2

((r − y)2(s − z)2; y, z)
]
ωmixed(DB1; σ1, σ2)

+3∥DB1∥Jα1,α2
n,m,ρ1,ρ2

(| r − y || s − z |; y, z).
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With the help of Cauchy-Schwarz inequality, it turns out to be:

| Kα1,α2
n,m,ρ1,ρ2

(1; y, z) − 1(y, z) | ≤
[√

Jα1,α2
n,m,ρ1,ρ2

((r − y)2(s − z)2; y, z)

+σ1
−1

√
Jα1,α2
n,m,ρ1,ρ2

((r − y)4(s − z)2; y, z)

+σ2
−1

√
Jα1,α2
n,m,ρ1,ρ2

((r − y)2(s − z)4; y, z)

+σ1
−1σ2

−1 Jα1,α2
n,m,ρ1,ρ2

((r − y)2(s − z)2; y, z)
]
ωmixed(DB1; σ1, σ2)

+3∥DB f ∥
√

Jα1,α2
n,m,ρ1,ρ2

((r − y)2(s − z)2; y, z).

Using Corollary 2.3, we obtain:

Jα1,α2
n,m,ρ1,ρ2

((r − y)2; y, z) ≤
2(1 + ρ1)
nρ1 + 2

and Jα1,α2
n,m,ρ1,ρ2

((s − z)2; y, z) ≤
2(1 + ρ2)
mρ2 + 2

.

Now, by choosing σ1 =
1√

nρ1 + 2
and σ2 =

1√
mρ2 + 2

and Lemma 2.2, we get our result.
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Nacional de Pesquidas, Rio de Janeiro 39 (1968).
[33] O. T. Pop, Approximation of B-differentiable functions by GBS operators, Anal. Univ. Oradea Fasc. Mat. 14 (2007), 15–31.
[34] O. T. Pop, The approximation of bivariate functions by bivariate operators and GBS operators, Rev. Anal. Numér. Théorie. Approximation.
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