
Filomat 37:4 (2023), 1155–1166
https://doi.org/10.2298/FIL2304155C

Published by Faculty of Sciences and Mathematics,
University of Niš, Serbia
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Abstract. This article is devoted to prove the basic Chen’s inequalities for slant submanifolds in Riemannian
space forms equipped with Golden structure. The equality case and some particular cases of derived
inequalities are discussed.

1. Introduction

The concept of polynomial structures on a manifold came to discussion in [12] and it paved the foun-
dation of Golden structure [8]. The study of invariant submanifolds for their different properties in a
Riemannian manifold equipped with Golden structure appeared in [13] and results related to integrability
in the same ambient manifold were proved in [11]. On the other side, the concept of Golden maps was
proposed and harmonicity was established for such maps due to Sahin and Akyol in [18]. As far as warped
product structures are concerned on Golden Riemannian manifold, their study was carried out in [2]. The
Golden structure on Semi-Riemannian manifolds has also been investigated in recent years ([16],[17]).

The theory of slant submanifolds came into picture due to [3] and later researched in ([20],[19]). Recently,
slant submanifolds were took into investigation due to Bahadir and Uddin [1] in Riemannian manifolds
with Golden structure.

On the other hand, in 1993, Chen considered submanifolds of real space form [4] and introduced the
basic idea for the sharp relationships between the intrinsic and extrinsic invariants. Later on, Chen-like
inequalities were also studied in many other ambient spaces [5],[14],[15],[9],[10] and the references therein.

Inspired by all the above developments in the field, we establish sharp inequalities for golden Rieman-
nian space forms.

2. Preliminaries

Consider any Riemannian manifold (M̃m, 1) with dimension equal to m and assume Mn to be any
Riemannian manifold isometrically immersing in M̃. Identify with the help of∇, the covariant differentiation
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induced on M and with ∇⊥, the normal connection induced by ∇ on TM⊥. When σ describes the second
fundamental form, one can note down that

∇̃Y1 Y2 = ∇Y1 Y2 + σ(Y1,Y2), ∇̃Y1 V = −AVY1 + ∇
⊥

Y1
V, ∀Y1,Y2 ∈ Γ(TM), ∀V ∈ Γ(TM⊥).

Following link also hold

1(AVY1,Y2) = 1(σ(Y1,Y2),V).

One writes Gauss equation as

R̃(Y1,Y2,Y3,Y4) = R(Y1,Y2,Y3,Y4) − 1(σ(Y1,Y4), σ(Y2,Y3)) + 1(σ(Y1,Y3), σ(Y2,Y4)). (1)

Let us fix local orthonormal frame field {e1, . . . , en, en+1, . . . , em} on M. Then, one may estimate

H(p) =
n∑

i=1

1
n
σ(ei, ei), σs

i j = 1(σ(ei, e j), es), 1 ≤ i, j ≤ n; n + 1 ≤ s ≤ m.

We recall.

Lemma 2.1. When one represents by u1, . . . ,ut, v the (t + 1), t ≥ 2 real numbers provided [4]

( t∑
k=1

uk

)2
= (t − 1)

( t∑
k=1

u2
k + v

)
,

then, 2u1u2 ≥ v and equality holds if and only if u1 + u2 = u3 = · · · = ut.

We have the following set to explain the relative null space of M in M̃

Lp = {Y1 ∈ TpM | σ(Y1,Y2) = 0, ∀ Y2 ∈ TpM}, p ∈M.

Let π ⊂ TpM represents a plane section and K(π) be standing for the sectional curvature of M. We estimate

τ(p) =
∑
i< j

K(ei ∧ ei), p ∈M.

We also have

(inf K)(p) = inf{K(π)|π ⊂ TpM,dim π = 2}, δM(p) = τ(p) − (inf K)(p).

In our case δM(p) is used for Chen first invariant.
Next, we identify by L′ the subspace of TpM of dimension equal to q with q ≥ 2 and its orthonormal

basis by {e1, . . . , eq}. We have

τ(L′) =
∑
α<β

K(eα ∧ eβ),

L′ represents q-plane section. Now, we move on by considering µ-tuples (λ′1 . . . λ
′
µ) of integers ≥ 2 in the

form of a set S(λ′, µ) holding for the following inequality

λ′1 < λ
′, λ′1 + · · · + λ

′

µ ≤ λ
′,

for any integer µ ≥ 0. In addition, let us fix a λ′ and consider unordered µ-tuples in the form of a set S(λ′).
In this way, we note down the Riemannian invariant as

δ(λ′1 . . . λ
′

µ)(p) = τ(p) − S(λ′1 . . . λ
′

µ)(p), ∀(λ′1 . . . λ
′

µ) ∈ S(λ′),
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where S(λ′1 . . . λ
′
µ)(p) = inf{τ(L′1) + · · · + τ(L′µ)}, here, L′1 . . . L

′
µ varies for all µ mutually orthogonal subspaces

of TpM having dimL′i = λ
′

i , i ∈ {1, . . . , µ}. Set the following real constants

d(λ′1, . . . , λ
′

µ) =
1
2

(λ′ + µ − 1 −
∑µ

i=1 λ
′

i )

(λ′ + µ −
∑µ

i=1 λ
′

i )
λ′2

and

b(λ′1, . . . , λ
′

µ) =
1
2

[λ′(λ′ − 1) −
k∑

i=1

λ′i (λ
′

i − 1)].

3. Golden Riemannian manifolds

Assume any (1, 1)-tensor field X on any Riemannian manifold M̃m. Then, X produces a polynomial
structure on M̃ if [1, 8, 12]

P(Y) = Yn + anYn−1 + ... + a2Y + a1I = 0,

here, I is taken for identity (1, 1)-tensor field and at p ∈ M̃, I,Xn−1(p),Xn−2(p), ...,X(p) are linearly independent.
In present case, P(Y) is known as structure polynomial.
Any (1, 1)-tensor field φ produces structure of Golden type on (M̃m, 1) provided [1, 7, 12]

φ2
− φ − I = 0,

I, in the present situation is used for identity transformation. Furthermore, ∀Y1,Y2 ∈ Γ(TM̃), φ-compatible
Riemannian metric 1 satisfies

1(φY1,Y2) = 1(Y1, φY2). (2)

(M̃, 1) equipped with Golden structure φ is termed as Golden Riemannian manifold [1, 8] provided Rie-
mannian metric 1 satisfies (2). Substituting φY1 in place of Y1 in (2), creates the following

1(φY1, φY2) = 1(φ2Y1,Y2) = 1(φY1,Y2) + 1(Y1,Y2).

Any (1, 1)-tensor fieldX produces an almost product structure on any differentiable manifold, provided
[1]

X
2 = I, X , ±I,

in this case, I is allocated for identity transformation. Additionally, ifX also supports the following relation

1(XY1,Y2) = 1(Y1,XY2),

(M̃, 1) turns to be almost product Riemannian manifold .
In case, φ is a structure of Golden type, it produces an almost product structure [8]

X =
1
√

5
(2φ − I), (3)

and X produces a structure of Golden type

φ =
1
2

(I +
√

5X). (4)

We identify a submanifold M as

• totally umbilical provided
σ(Y1,Y2) = 1(Y1,Y2)H,

in this situation, ∀Y1,Y2 ∈ Γ(TM),
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• totally umbilical submanifold becomes totally geodesic provided the second fundamental form van-
ishes identically.

Let (M̃, 1, φ) stands for Golden Riemannian manifold and (M, 1) be any Riemannian manifold.
One calls M as slant submanifold of M̃ provided slant angle θ(Y) between TM and φY is independent

of p ∈M and a nonzero vector Y tangent to M at p.
A slant submanifold becomes

• φ-invariant with θ = 0;

• φ-anti-invariant when θ = π
2 ;

• proper θ-slant (if neither invariant nor anti-invariant).

Also, ∀Y ∈ Γ(TM), one might express
φY = TY +QY,

here, TY stands for tangent component and QY for normal component of φY.

Lemma 3.1. Any submanifold (M, 1) of (M̃, 1, φ), is recognized as slant if and only if ∃ λ ∈ [0, 1] and the following
relation is satisfied [1]

T2 = λ(φ + I).

Additionally, when θ is used to denote slant angle of M, one observes that

λ = cos2 θ.

Lemma 3.2. For slant submanifold (M, 1) of (M̃, 1, φ), notice that [1]

1(TY1,TY2) = cos2 θ(1(Y1,Y2) + 1(Y1,TY2)).

Example 3.3. Assume that E4 denotes an Euclidean 4-space with standard coordinates (a1, a2, a3, a4) and φ
be (1, 1)-tensor field [1]

φ(a1, a2, a3, a4) = ((1 − ψ)a1, ψa2, (1 − ψ)a3, ψa4)

∀(a1, a2, a3, a4) ∈ E4, in this case ψ = 1+
√

5
2 and 1 − ψ = 1−

√
5

2 represent roots of t2 = t + 1. This implies

φ2(a1, a2, a3, a4) = ((1 − ψ)2a1, ψ
2a2, (1 − ψ)2a3, ψ

2a4)
= ((1 − ψ)a1, ψa2, (1 − ψ)a3, ψa4) + (a1, a2, a3, a4)

implying φ2 = φ + I. In addition, we have

< φ(a1, a2, a3, a4), (a
′

1, a
′

2, a
′

3, a
′

4) >=< (a1, a2, a3, a4), φ(a
′

1, a
′

2, a
′

3, a
′

4) >

for each vector field (a1, a2, a3, a4) and (a′1, a
′

2, a
′

3, a
′

4) in E4, here <,> is used for standard metric on E4. This
shows that (E4, <, >, φ) is a Golden Riemannian manifold. Further, assume any submanifold M in E4

satisfying

t(z1, z2) = ((1 − ψ)z1, pψz2, (1 − ψ)z1, pψz2)

for p , 0, 1.Now, we see E1 = (1−ψ, pψ, 0, 0), E2 = (0, 0, 1−ψ, pψ) andφE1 = (−1,−p, 0, 0),φE2 = (0, 0,−1,−p)
obtaining

< φE1,E1 >=< φE2,E2 >= (−p2 + 1)ψ − 1 and < φE1,E2 >= 0.

When we denote the slant angle of M by θ, its value is given by cos−1
(
−1+ψ−p2ψ
√

p2+1

)
and M becomes a slant

submanifold.
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Let us identify by Mp a real-space form having sectional curvature equals to a constant cp and by Mq
another real-space form having sectional curvature equals to constant cq. Hence for a locally Golden product
space form M̃(=Mp(cp) ×Mq(cq), 1, φ), one writes [6]:

R(Y1,Y2)Y3 =
(∓
√

5 + 3)cp + (±
√

5 + 3)cq

10
[1(Y2,Y3)Y1 − 1(Y1,Y3)Y2]

+
(±
√

5 − 1)cp + (∓
√

5 − 1)cq

10
[1(φY2,Y3)Y1 − 1(φY1,Y3)Y2 + 1(Y2,Y3)φY1 − 1(Y1,Y3)φY2]

+
cp + cq

5
[1(φY2,Y3)φY1 − 1(φY1,Y3)φY2]. (5)

4. Chen-type Inequalities on Golden Riemannian manifolds

Now, we establish the following δ-invariant inequalities.

Theorem 4.1. Any proper θ-slant submanifold Mn isometrically immersed in locally Golden product manifold M̃m

holds following inequality

δM(p) ≤
(n − 2)

2

[ n2

(n − 1)
||H||2 +

1
10

(cp + cq){3(n + 1) − 2Trace(φ)}
]

+
1

10
(cp + cq)

[
(Trace(T) + (4 − n))cos2θ − Trace2(φ)

]
+

1

4
√

5
(cp − cq)(n − 2)

[
2Trace(φ) − (n + 1)

]
, p ∈M. (6)

Proof. Thanks to (1), we get

R(Y1,Y2,Y3,Y4) =
(∓
√

5 + 3)cp + (±
√

5 + 3)cq

10
[1(Y2,Y3)1(Y1,Y4) − 1(Y1,Y3)1(Y2,Y4)]

+
(±
√

5 − 1)cp + (∓
√

5 − 1)cq

10
[1(φY2,Y3)1(Y1,Y4) − 1(φY1,Y3)1(Y2,Y4)

+ 1(Y2,Y3)1(φY1,Y4) − 1(Y1,Y3)1(φY2,Y4)] (7)

+
cp + cq

5
[1(φY2,Y3)1(φY1,Y4) − 1(φY1,Y3)1(φY2,Y4)]

+ 1(σ(Y1,Y4), σ(Y2,Y3)) − 1(σ(Y1,Y3), σ(Y2,Y4)),

∀Yi ∈ Γ(TM), i = 1, 2, 3, 4. Consider {e1, . . . , en, en+1, . . . , em} and let π = Span{e1, e2} and for any p ∈ M, en+1 is
parallel to H(p). Then, in the light of (1), we can obtain the scalar curvature τ as follows

2τ(p) =
1
4

(cp + cq)
n(n − 1)

5

{
6 −

4
n

Trace(φ) +
4

n(n − 1)
[(Trace(φ))2

− (Trace(T) + n) cos2 θ]
}

+
1
4

(cp − cq)
(n − 1)
√

5

(
4Trace(φ) − 2n

)
+ n2
||H||2 − ||σ||2, (8)

where we have used Lemma 3.2. Taking

ε = 2τ(p) − ||H||2
1

n − 1
(n3
− 2n2) −

1
20

(cp + cq)(n2
− n)
{
6 −

4
n

Trace(φ)

+ 4[(Trace(φ))2 + n − (Trace(T)) cos2 θ]
1

(n2 − n)

}
−

1
4

(cp − cq)
(n − 1)
√

5

(
4Trace(φ) − 2n

)
, (9)
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then, equations (8) and (9) will result

ε + ||σ||2 =
n2
||H||2

n − 1
. (10)

This can be simplified to

( n∑
j=1

σn+1
j j

)2
= (n − 1)

{
ε +

n∑
j=1

(σn+1
j j )2 +

∑
i, j

(σn+1
i j )2 +

m∑
s=n+2

n∑
i, j=1

(σs
i j)

2
}
. (11)

Taking

a1 = σ
n+1
11 , a2 = σ

n+1
22 , . . . , an = σ

n+1
nn , b = ε +

∑
i, j

(σn+1
i j )2 +

m∑
s=n+2

n∑
i, j=1

(σs
i j)

2,

we get

σn+1
11 σ

n+1
22 ≥

1
2

[ε +
∑
i, j

(σn+1
i j )2 +

m∑
s=n+2

n∑
i, j=1

(σs
i j)

2], (12)

in above calculations Lemma 2.1 has been applied. Also, in the light of (1) and (5), we have

K(π) =
1
20

(cp + cq)
{
6 − 2Trace(φ) + 4[(Trace(φ))2

− (Trace(T) + 2) cos2 θ]
}

+
1

4
√

5
(cp − cq)

(
2Trace(φ) − 2

)
+

m∑
s=n+1

[σs
11σ

s
22 − (σs

12)2]. (13)

Hence, in view of (12) and (13), we obtain

K(π) ≥
1
20

(cp + cq)
{
6 − 2Trace(φ) + 4[(Trace(φ))2

− (Trace(T) + 2) cos2 θ]
}
+

1
2

∑
i,j

(σn+1
ij )2 +

m∑
s=n+2

σs
11σ

s
22

−

m∑
s=n+1

(σs
12)2 +

1
2

m∑
s=n+2

n∑
i, j=1

(σs
i j)

2 +
1
2
ε +

1

4
√

5
(cp − cq)

(
2Trace(φ) − 2

)
=

1
20

(cp + cq)
{
6 − 2Trace(φ) + 4[(Trace(φ))2

− (Trace(T) + 2) cos2 θ]
}
+

1

4
√

5
(cp − cq)

(
2Trace(φ) − 2

)
+

1
2
ε +

1
2

∑
i, j>2

(σn+1
i j )2 +

1
2

m∑
s=n+2

∑
i, j>2

(σs
i j)

2 +

m∑
s=n+1

∑
i>2

[(σs
1i)

2 + (σs
2i)

2] +
1
2

m∑
s=n+2

(σs
11 + σ

s
22)2, (14)

i.e., we have

K(π) ≥
1
20

(cp + cq)
{
6 − 2Trace(φ) + 4[(Trace(φ))2

− (Trace(T) + 2) cos2 θ]
}

+
1

4
√

5
(cp − cq)

(
2Trace(φ) − 2

)
+

1
2
ε. (15)

whereby proving the required result.

For the equality case, we write.



M.A. Choudhary, S. Uddin / Filomat 37:4 (2023), 1155–1166 1161

Theorem 4.2. When all considerations for above Theorem 4.1 hold, equality is satisfied in (6) at p ∈M if and only if
for {e1, . . . , en, en+1, . . . , em}, A has following form:

An+1 =



c 0 0 . . . 0
0 d 0 . . . 0
0 0 c + d . . . 0
...
...

...
. . .

...
0 0 0 . . . 0
0 0 0 . . . c + d


, As =



cs ds 0 . . . 0
ds −cs 0 . . . 0
0 0 0 . . . 0
...

...
...

. . .
...

0 0 0 . . . 0
0 0 0 . . . 0


, n + 2 ≤ s ≤ m. (16)

Proof. The equality is satisfied in (6) if and only if equality holds in each and every previous inequality and
in Lemma 2.1:

σn+1
i j = 0, i , j > 2,

σs
1i = σ

s
2i = σ

s
i j = 0, s ≥ n + 2, i, j > 2,

σn+1
1i = σ

n+1
2i = 0, i > 2,

σs
11 + σ

s
22 = 0, s ≥ n + 2,

σn+1
11 + σ

n+1
22 = σ

n+1
33 = · · · = σ

n+1
nn .

Finally, the shape operators As, s ∈ {n + 1, . . . ,m} appear to be like in (16) as one can opt {e1, e2} fulfilling
σn+1

12 = 0.

Next, we derive inequality involving δ(n1, . . . ,nµ).

Theorem 4.3. For proper θ-slant submanifold Mn immersed in M̃, the following inequality holds for any µ-tuples
(n1, . . . ,nµ) ∈ S(n),

δ(n1, . . . ,nµ) ≤ T3 −
1

10
(cp + cq){cos2θ + Trace(φ)}(n −

k∑
j=1

n j)

−
1

4
√

5
(cp − cq){(n +

k∑
j=1

n j) − 2Trace(φ) − 1}(n −
k∑

j=1

n j). (17)

Here, T3 = d(n1, . . . ,nµ)||H||2 + 3
10 (cp + cq)b(n1, . . . ,nk). Additionally, equality in (17) at p ∈ M ⇐⇒ ∃

{e1, . . . , en, en+1, . . . , em} and A appear as follows:

An+1 =



a1 0 0 . . . 0
0 a2 0 . . . 0
0 0 a3 . . . 0
...

...
...

. . .
...

0 0 0 . . . 0
0 0 0 . . . an


, As =



Bs
1 . . . 0 0 . . . 0
...

. . .
...

...
. . .

...
0 . . . Bs

µ 0 . . . 0
0 . . . 0 cs . . . 0
...

. . .
...

...
. . .

...
0 . . . 0 0 . . . cs


, s ∈ {n + 2, . . . ,m},

(18)

and a1, . . . , an satisfy

a1 + · · · + an1 = · · · = an1+...nµ−1+1 + · · · + an1+...nµ = an1+...nµ+1 = · · · = an

where Bs
i is a symmetric ni × ni submatrix that satisfies

Trace(Bs
1) = · · · = Trace(Bs

µ) = cs.
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Proof. For p ∈ M, fix en+1 parallel to H(p). Also, opt µ mutually orthogonal subspaces of TpM represented
by L1, . . . ,Lµ and assume dimLi = ni,∀i ∈ {1, . . . , µ} so that

L1 = Span{e1, . . . , en+1}, L2 = Span{en1+1, . . . , en1+n2 }, . . . , Lµ = Span{en1+···+nµ−1+1, . . . , en1+···+nµ }.

Then, in view of Gauss equation, we obtain

τ(Li) =
1

40
(cp + cq)ni(ni − 1)

{
6 −

4
ni

Trace(φ) +
4

ni(ni − 1)
[(Trace(φ))2

− (Trace(T) + ni) cos2 θ]
}

+
1
8

(cp − cq)
(ni − 1)
√

5

(
4Trace(φ) − 2ni

)
+

m∑
s=n+1

∑
αi<βi

[σs
αiαi
σs
βiβi
− (σαiβi )

2]. (19)

Let us put

η = 2τ(p) − 2d(n1, . . . ,nµ)||H||2 −
1
4

(cp + cq)
n(n − 1)

5

{
6 −

4
n

Trace(φ) +
4

n(n − 1)
[(Trace(φ))2

− (Trace(T) + n) cos2 θ]
}
−

1
4

(cp − cq)
(n − 1)
√

5

(
4Trace(φ) − 2n

)
(20)

and

ϑ = n + µ −
µ∑

i=1

ni. (21)

Then, we have

η + ||σ||2 =
n2
||H||2

ϑ
, (22)

and hence, one obtains( n∑
j=1

σn+1
j j

)2
= ϑ
{
η +

n∑
j=1

(σn+1
j j )2 +

∑
i, j

(σn+1
i j )2 +

m∑
s=n+2

n∑
i, j=1

(σs
i j)

2
}
, (23)

that reduces to

( ϑ+1∑
j=1

b j

)2
= ϑ
{
η +

ϑ+1∑
j=1

(b j)2 +
∑
i, j

(σn+1
i j )2 +

m∑
s=n+2

n∑
i, j=1

(σs
i j)

2
− 2

µ∑
i=1

∑
αi<βi

aαi aβi

}
, (24)

where

a j = σ
n+1
j j ,∀ j ∈ {1, . . . ,n},

b1 = a1, b2 = a2 + · · · + an1 , b3 = an1+1 + · · · + an1+n2,..., bµ+1 = an1+···+nµ−1+1 + · · · + an1+n2···+nµ ,

bµ+2 = an1+···+nµ+1, . . . , bϑ+1 = an.

Hence, we have

µ∑
i=1

∑
αi<βi

aαi aβi ≥
1
2

[η +
∑
i, j

(σn+1
i j )2 +

m∑
s=n+2

n∑
i, j=1

(σs
i j)

2], (25)

in above discussions, Lemma 2.1 was used.
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Further, suppose that e1, . . . , eµ, e be the sets

e1 = {1, . . . ,n1}, e2 = {n1 + 1, . . . ,n1 + n2}, . . . , eµ = {n1 + · · · + nµ−1 + 1, . . . ,n1 + · · · + nµ},

e2 = (e1 × e1) ∪ · · · ∪ (eµ × eµ),

so, we arrive at

µ∑
i=1

m∑
s=n+1

∑
αi<βi

[σs
αiαi
σs
βiβi
− (σs

αiβi
)2] ≥

1
2
η +

1
2

m∑
s=n+1

∑
(α,β)<e2

(σs
αβ)

2 +

m∑
s=n+2

∑
αi∈ei

(σs
αiαi

)2, (26)

that produces

µ∑
i=1

m∑
s=n+1

∑
αi<βi

[σs
αiαi
σs
βiβi
− (σs

αiβi
)2] ≥

1
2
η, (27)

and hence in view of (19), we obtain

τ(Li) ≥
µ∑

i=1

1
8

(cp + cq)
ni(ni − 1)

5

{
6 −

4
ni

Trace(φ) +
4

ni(ni − 1)
[(Trace(φ))2

− (Trace(T) + ni) cos2 θ]
}

+

µ∑
i=1

1
8

(cp − cq)
(ni − 1)
√

5

(
4Trace(φ) − 2ni

)
+

1
2
η. (28)

Finally, taking into account (20) and (28) we have the required inequality. Additionally, (17) at p ∈M is valid
for equality if and only if there exists equality sign in each and every previous inequality and in Lemma
2.1. Further, the shape operators As, s ∈ {n + 1, . . . ,m} reduce to be like in (18).

As a special case of Theorems 4.1 and 4.3, we write.

Corollary 4.4. For φ-invariant submanifold Mn immersed in M̃, the following inequality holds

δM(p) ≤
(n − 2)

2

[ n2

(n − 1)
||H||2 +

1
10

(cp + cq){3(n + 1) − 2Trace(φ)}
]
+

1
10

(cp + cq)
[
(Trace(T) + (4 − n))

− Trace2(φ)
]
+

1

4
√

5
(cp − cq)(n − 2)

[
2Trace(φ) − (n + 1)

]
, p ∈M. (29)

Additionally, (29) holds for equality at p ∈ M⇐⇒ for orthonormal frame {e1, . . . , en, en+1, . . . , em}, A can be written
like (16).

Corollary 4.5. For φ-anti-invariant submanifold Mn immersed in M̃, the following inequality holds

δM(p) ≤
n2(n − 2)
2(n − 1)

||H||2 +
1
20

(n − 2)(cp + cq)
[
3(n + 1) − 2Trace(φ) −

2
(n − 2)

Trace2(φ)
]

+
1

4
√

5
(cp − cq)(n − 2)

[
2Trace(φ) − (n + 1)

]
, p ∈M. (30)

Additionally, equality in (30)⇐⇒ ∃ {e1, . . . , en, en+1, . . . , em} and A appear to be like (16).

Next, we have
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Corollary 4.6. For φ-invariant submanifold Mn immersed in M̃, the following inequality holds for any µ-tuples
(n1, . . . ,nµ) ∈ S(n),

δ(n1, . . . ,nµ) ≤ T3 −
1

10
(cp + cq){1 + Trace(φ)}(n −

k∑
j=1

n j)

−
1

4
√

5
(cp − cq){(n +

k∑
j=1

n j) − 2Trace(φ) − 1}(n −
k∑

j=1

n j). (31)

Additionally, if for some orthonormal frame {e1, . . . , en, en+1, . . . , em}, A appear like (18)⇐⇒ equality holds in (31) at
p ∈M.

Corollary 4.7. Forφ-anti-invariant submanifold Mn immersed in M̃, the following inequality holds for any µ-tuples
(n1, . . . ,nµ) ∈ S(n),

δ(n1, . . . ,nµ) ≤ T3 −
1

10
(cp + cq)(n −

k∑
j=1

n j)Trace(φ)

−
1

4
√

5
(cp − cq){(n +

k∑
j=1

n j) − 2Trace(φ) − 1}(n −
k∑

j=1

n j). (32)

Additionally, equality in (32)⇐⇒ for {e1, . . . , en, en+1, . . . , em}, A appear to be like (18).

5. Inequalities for Ricci curvature tensor

Consider proper θ-slant submanifold Mn immersed in M̃m, we fix unit tangent vector Y ∈ TtM,∀t ∈ M
and on M, identify local orthonormal frame with the help of {e1, . . . , en} so that e1 = Y. Taking into use (8),
we get

2τ(t) =
1
4

(cp + cq)
n(n − 1)

5

{
6 −

4
n

Trace(φ) +
4

n(n − 1)
[(Trace(φ))2

− (Trace(T) + n) cos2 θ]
}

+
1
4

(cp − cq)
(n − 1)
√

5

(
4Trace(φ) − 2n

)
+ n2
||H||2 −

1
2

m∑
s=n+1

[
n∑

j=1

(σs
j j)

2 + (σs
11 −

n∑
j=2

σs
j j)

2]

− 2
m∑

s=n+1

[
∑
i< j

(σs
i j)

2
−

∑
2≤ j<i≤n

σs
j jσ

s
ii], (33)

where we have taken help of lemma 3.1 and lemma 3.2.
Also, the Gauss equation produces∑

2≤ j<i≤n

K(e j ∧ ei) =
1
8

(cp + cq)
(n − 1)(n − 2)

5

{
6 −

4
n − 1

Trace(φ) +
4

(n − 1)(n − 2)
[(Trace(φ))2

− (Trace(T) + n − 1) cos2 θ]
}
+

1
8

(cp − cq)
(n − 2)
√

5

(
4Trace(φ) − 2(n − 1)

)
+

m∑
s=n+1

∑
2≤i< j≤n

[σs
j jσ

s
ii − (σs

i j)
2]. (34)
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(33), (34) deliver the following

1
2

n2
||H||2 ≥ 2τ(t) + 2

m∑
sn+1

n∑
i=2

(σs
1i)

2
− 2

∑
2≤ j<i≤n

K(e j ∧ ei) +
1
5

(cp + cq)[Trace(φ) − 3(n − 1) + cos2θ]

+
1
√

5
(cp − cq)[(n − 1) − Trace(φ)], (35)

whereby proving

Ric(Y) ≤
n2

4
||H||2 − T1 −

1
10

(cp + cq)cos2θ, (36)

where

T1 =
1

2
√

5
(cp − cq)[(n − 1) − Trace(φ)] +

1
10

(cp + cq){Trace(φ) − 3(n − 1)}.

Moreover, with H(t) = 0, equality in (36)

⇐⇒ σs
1i = 0, i ∈ {2, . . . ,n}, σs

11 =

n∑
j=2

σs
j j, s ∈ {n + 1, . . . ,m} (37)

implying that Y is a member of relative null space Lt. Additionally, equality in (36)

⇐⇒ σs
i j = 0, n + 1 ≤ s ≤ m, i , j,

n∑
j=1

σs
j j = 2σs

ii, s ∈ {n + 1, . . . ,m}, i ∈ {1, . . . ,n}. (38)

Concluding point t to be

• totally geodesic provided n , 2

• totally umbilical if n = 2.

One can observe that the converse part is obvious.
Hence, one may summarize it as

Theorem 5.1. For any proper θ-slant submanifold of Mn of M̃m (=Mp(cp) ×Mq(cq), 1, φ),

Ric(Y) ≤
n2

4
||H||2 − T1 −

1
10

(cp + cq)cos2θ, (39)

here Y is used for unit tangent vector on M.

In view of Theorem 5.1, we get

Corollary 5.2. When Mn represents φ-invariant submanifold of M̃m, we get

Ric(Y) ≤
n2

4
||H||2 − T1 −

1
10

(cp + cq), (40)

where Y ∈ TtM,∀t ∈M is a unit vector.

Corollary 5.3. The φ-anti-invariant submanifold Mn isometrically immersed in M̃m has relation:

Ric(Y) ≤
n2

4
||H||2 − T1. (41)

In this case, Y ∈ TtM, t ∈M represents a unit vector.
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Remark 5.4. When H(t) = 0, (39),(40) and (41) hold for equality if and only if Y is a member of relative null
space Lt. Moreover, (39),(40) and (41) satisfy equality⇐⇒ t be totally geodesic point in M or n = 2 and with
totally umbilical point t.
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