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Abstract. In the present paper we introduce and study some lacunary difference bicomplex sequence
spaces by means of Orlicz functions. We make an effort to study some algebraic and topological properties
of these sequence spaces. We also show that these spaces are complete paranormed spaces. Further, some
inclusion relations between these spaces and some interesting examples are established. Finally, we prove
some results on modified complex Banach Algebra in the third section of the paper.

1. Introduction and Preliminaries

The algebra of bicomplex numbers is a generalization of the field of complex numbers. In [12] Luna-
Elizarraras and Shapiro have described how to define elementary functions in such an algebra as well as
their inverse functions. They also emphazised the deep similarities between the properties of complex and
bicomplex numbers. The bicomplex numbers were apparently first introduced in 1892 by Segre [20] that
the origin of their function theory is due to the Italian school of Scorza-Dragoni and that a first theory of
differentiability in bicomplex numbers was developed by Price in [13]. The set of bicomplex numbers are

denoted by C, and defined as follows:
Cz:{a1+ia2+ja3+ija4:ake]R, 1<k<4}
={zn+jz:21,22€C},

whereiand j are commuting imaginary units thatis, ij = ji, i = j> = —1 and C is the set of complex numbers
with the imaginary unit i. The set of bicomplex numbers C; have exactly two non-trivial idempotent
elements which are denoted by ¢; and e, defined as e; = (1 +ij)/2 and e; = (1 —ij)/2. Note thate; + e, = 1
and e;.e; = 0. The number 1 = z; + jz, can uniquely expressed as a complex combination of e; and e, (see

[18]).
N=z1+jz = 11761 + 21762, (@)

where ' = z; —iz; and 21 = z; +iz,. The complex coefficients 11 and %1 are called the idempotent components

of 7 and 'nje; +? nje, is known as idempotent representation of bicomplex number 7. In [18], the auxiliary
complex spaces A; and A, are defined as

Al={1n:q€C2}andA2={21]:1]€C2}.
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Also, the norm in C; is defined as follows:

'nl> + Pyl
Il = \/‘m = Vlzl +1zP = @ 2

The space (Cy, +, -, ||-1|) is a Banach space by the norm defined in (2). By wy, ¢, ¢y and € we denote the classes
of all bicomplex sequences, convergent sequences, null sequences and all bounded sequences, respectively.
Let p = {p«} be a sequence of positive real numbers and {p;l} = {t¢}. The set of all real numbers and the set
of all natural numbers are denoted by IR and IN, respectively.

In 1971 Lindenstrauss and Tzafriri [11] first investigated Orlicz sequence spaces in detail with certain
aims in Banach space theory. An Orlicz function M : [0, 00) — [0, o0) is a continuous, non-decreasing and
convex function such that M(0) = 0, M(x) > 0 for x > 0 and M(x) — oo as x —> co.

Now by using the idea of Orlicz function, we define the following sequence space on bicomplex numbers:

{g = {77 ={m} €ws: ZM(@) < oo, for some p > O}
k=1

which is known as an Orlicz C;-sequence space. The space fgz is a Banach space with the norm,

Inllu = inf{p > 0 : im(”’%") <1}
k=1

A sequence M = (M) of Orlicz functions is called a Musielak-Orlicz function. A Musielak-Orlicz function
M = (M) is said to satisfy Ay-condition if there exist constants 4, K > 0 and a sequence ¢ = (cx);2, € £} (the
positive cone of ¢!) such that the inequality

Mi(2u) < KM (u) + cx

hold for all k € N and u € R*, whenever M(u) < a.
Many authors studied the bicomplex sequence spaces and their property in details. Recently, Degirmen
and Sagir [2] studied different bicomplex fﬁz spaces. They proved that spaces {’ZZ are Banach C;-module

for 1 < p < oo and the spaces Kf:z are p—Banach C;-module for 0 < p < 1. Now we study some more results
on bicomplex sequence spaces t’g .

Theorem 1.1. The Orlicz Cy-sequence space is convex.

Proof. Suppose {1}, (&) € fé’lz, p = max{ps, p2} and A € R satisfying A € [0, 1]. Then

f A + (1 = D)l = i M(W\m +(1- A)ékn)
k=1 =1

p
. IIAnkII) . (Il(l - A)cfkll)]
<Kl ) M M ————
= [k;‘ ( p1 +,;‘ p2
e ||nk||) . (néku)]
=K[A )Y M[—|+M1-A —
[ kz_:‘ ( p1 M )k:1 p2

which implies Ane + (1 - )& € . O

Remark : The Orlicz C;-sequence space is not strictly convex. Let us show this by an example.
Suppose {n¢} = (5,0,0,---) and {&)} = (0,—1,0,0,---). Then, we have

Inkllve = lExllm =1
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and

> A+ (1 - A
HMn+(1—AEHMw=z:N(”7n+( KHU
k=1 P

- M(u)un #1( = DIl

=A+(1-A)
=1,

for p =1, M(n) = n and for all A € (0,1). Here K = max(1,2H7!). This implies that the Orlicz C>-sequence
space is not strictly convex.

Let 6 = (k;) be the sequence of positive integers such that ko = 0,0 < k, < k;q and h, = k, —k,-1 — oo as
r — oco. Then 0 is called a lacunary sequence. The intervals determined by 6 are denoted by I, = (k,_1, k].
The ratio k’f—jl will be denoted by g,.

The space of all lacunary strongly convergent sequences |wg| was defined by Freedman et al. in [7] as

o1
lwe| = {x = (x) : 71Lr£10 i ;‘ |xx — Al =0, for some A}. 3)
€ly

The notion of difference sequence spaces was introduced by Kizmaz [10], who studied the difference
sequence spaces £« (A), c(A) and co(A). The notion was further generalized by Et and Colak [5] by introducing
the spaces fo(A™), c(A™) and co(A™). Later the concept have been studied by Bektas et al. [1] and Et and Esi
[6]. Another type of generalization of the difference sequence spaces is due to Tripathy and Esi [22] who
studied the spaces £ (Ay), c(Ay) and co(A,). Recently, Esi et al. [4] and Tripathy et al. [21] have introduced
a new type of generalized difference operators and unified those as follows.

If n, m are non-negative integers, then for a given sequence space Z we have

Z(AY) = {x = (x) : (A7) € Z)

for Z = ¢,co and o where ATx = (Al'x;) = (A" 'x; — A" x11) and Adx; = x; for all k € IN, which is
equivalent to the following binomial representation

m
i m
A;"xk=Z(—1)'( l. )ka-.
=0

Taking n = 1, we get the spaces £ (A™), c(A™) and ¢o(A™) studied by Et and Colak [5]. Takingm =n =1,
we get the spaces {w(A), c(A) and ¢o(A) introduced and studied by Kizmaz [10]. For more details about
sequence spaces (see [8], [14], [15], [16], [19]) and references therein.

A sequence space E is said to be solid (or normal) if {an¢} € E , whenever {n} € E and for any sequence
{ax} of complex numbers such that |ax| < 1 for all k € IN.

A sequence space E is said to be symmetric if {n:} € E implies {nyx} € E, where m(k) is a permutation of
elements of IN.

A linear metric space (X, d) is a linear space X with a translation invariant metric d on X such that addition
and scalar multiplication are continuous in (X, d).

Let X be a linear metric space. A function p: X — Ris called paranorm, if

p(x) > 0forallx € X;

p(=x) = p(x) forall x € X;

plx+y) <px) +p(y) forallx,y € X;

if (A,) is a sequence of scalars with A, — A as n — oo and (x,) is a sequence of vectors with
p(x, —x) = 0as n — oo, then p(A,x, — Ax) = 0 asn — oo.

Ll e
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A paranorm p for which p(x) = 0 implies x = 0 is called total paranorm and the pair (X, p) is called a
total paranormed space. It is well known that the metric of any linear metric space is given by some total
paranorm (see [23] Theorem 10.4.2, pp. 183).

Remark 1.2. Let M be an Orlicz function and A € (0, 1), then M(Ax) < AM(x), ¥Yx > 0.

Let M = (M) be a sequence of Orlicz functions, p = (px) be a bounded sequence of positive real numbers,
u = (uy) be a sequence of positive real numbers and 6 = (k;), ¥ € IN be a lacunary sequence. In this paper
we define the following lacunary Orlicz C,-sequence spaces:

A" — L
c(Ca, 0, M, A, p,u, |ll) = {{T]k} €wy: llm n Z[ (”uk n Tk ”)] =0, forsomep>0and L € Cz},

kel,

m 1 A\
co(Cz, O, M, AY, p,u, 111 = S {mk) € ws - rlggh— My o =0, forsome p >0,
" kel,
N . 1 Al \
2(Co, O, MLAY p, 1, 1) = S ik} € s suph— My T < oo, for some p >0y,
T kel

Al
UCo, 6, M,AY p, u ) = {{le} Ewy: — Z[ (”uk nk”)] < oo, forsome p >0, r € IN}.

keI

Proposition 1.3. Any  Cy—sequence {ny} belongs to Z(Cy, O, M,A,p,ullll) if and only if
(') € Z(A1, 0, M, AT p,u, LI and P € Z(Bo, 0, M, AT, pu, L), where Z = ¢, co, beo, .

Proof. 1t is easy to prove. For more details one can see ([13], [18]). O

The following inequality will be used throughout the paper. If 0 < py < sup px = H, K = max(1,2"™1), then
Ik + Eell? < K{llmiell”* + NlExIP*} (4)

for all k and {1}, {&} € Ca. Also, |In|IP* < max{1,[In|[}, for all ) € C,.

The aim of the paper is to introduce some lacunary difference C,-sequence spaces by using a sequence
of Orlicz functions. We investigate some topological properties such as completeness, solidness, symmetric
and establish some inclusion relations concerning these spaces in second section of this paper. We make an
effort to study some results on modified complex Banach Algebra in the section third of the paper.

2. Lacunary Orlicz C,-sequence spaces

Theorem 2.1. Let M = (My) be a sequence of Orlicz functions, p = (px) be a bounded sequence of positive
real numbers and u = (ux) be a sequence of positive real numbers. Then the spaces c(Cyp, 0, M, A}, p,u,|L.II),
co(Ca, 6, M, A, p, u, |III), €2°(Co, 0, M, A, p,u, ||.ll) and £(Ca, 6, M, AV, p, u, ||.||) are linear spaces over the complex
field C.

Proof. Letn = {n), & = {&} € co(Ca, 0, M, A}, p, u,|l.ll) and «, B € C. Then there exist positive real numbers
p1 > 0and p, > 0 such that

AT Pk
1imhl [Mk(—””k ”17"”)] -0
r—oco 11, = p1
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and

A Pk
lim — [Mk(—“”" "é"”)] =0,
r—oo I, e P2

Let p3 = max{2||al|p1, 2[|fllp2}. Since (M) is non-decreasing and convex by using inequality (4), we have

1 (A + BATENINT 1 A\ 1 AT gD\
h_Z[M"( p )] SKEZ[Mk( p1 )] +Kh_Z[Mk( P2 )]

r kel, r kel,

— 0 as r — .

Thus, {an+BE} € co(Ca, 0, M, ALY, p,u, ||.Il). Hence, co(Co, 6, M, A, p, u,||.]]) is a linear space. Similarly, we can
prove c(Cz, 6, M, A, p, u, ||.II), €°(C2, 8, M, A, p, u, ||.Il) and £(Ca, 6, M, A, p, u, ||.]]) are linear spaces over the
complex field C. O

Theorem 2.2. Let M = (M) be a sequence of Orlicz functions, p = (px) be a bounded sequence of positive real
numbers and u = (uy) be a sequence of positive real numbers. Then €°(C,, 6, M, A}, p, u, ||.||) is a paranormed space
with the paranorm

(||ukAZ7

g(n) = Il + inf{(p)’?-f : sup(hl Z [Mk ; ”"”)](tk)vi) <1, for some p >0 }

r " kel,

where H = max(1, sup, px) < oo.

Proof. (i) Clearly, g(n) = 0, for n = {ni} € £2(C2, 6, M, AlY, p,u, ||.]]). Since Mi(61) = 0, we get g(01) =0,

(ii) g(=n) = g(n),
(iii) Let 7 = {ni}, & = {&k) € €°(Co, 6, M, A, p, 1, |I.]1). Then there exist p; > 0 and p, > 0 such that

1 (e AT k| N

ol o)
kel,

and

sup(hl y

r " kel,

A 1
(e &n)](tk)pk) .
(%]
Suppose p = p1 + p2, then by Minkowski’s inequality, we have

A N A n
sup (hl Z [Mk(wn(tk)m) < (plilpz ) sup (hlr Z [Mk(Hukp—’:nk”)](tk)pk)

r " ke,
p2 1 ||ukAT5k||)] 1)
— M| — | |(t) 7«
p1+p2)sgp(hr2[ k( [ (4
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Also,
. e 1 ||MkAL"(77k+5k)||)] 1) }
= f H : — M| ———————— || () = 1
g+ &) =lmll +in {(p) sgp(hr;:[ k( o1+ P2 (t)m | <
_ o 1 [[eex AT 1kl 1
< |Imll +inf§(p1)¥® : sup h_z My T )] <1
r " kel,
Pk 1 Am 1
+ [Imll + inf{(pz)H : sup(h— Z [Mk(wn(tk)”k) < 1}
r " ke,

< g(n) + g(5).

Finally, we prove that scalar multiplication is continuous. Let A be any complex number by definition

g(An) = IAmll + inf{(p)pﬁ : sup(hl Z [Mk(wn(tk)é) < 1}

r " kel,
) Pi 1 (e A" | 1
< Al + mf{(|A|P)"ﬁ sup (hT Y [Mk("T””" () ) <1, P>0¢,
kel,
where P = ITPI' Since |A[Px < max(1, |A|sup pk). This completes the proof. [

Theorem 2.3. Let M = (My) be a sequence of Orlicz functions, p = (px) be a bounded sequence of positive
real numbers and u = (uy) be a sequence of positive real numbers. Then €°(Cp, 0, M, A}, p,u, |IIl) is a complete
paranormed space, paranormed defined by g.

Proof. Suppose {n"} is a Cauchy sequence in {*(Cy, 6, M, A, p,u,||.ll), where n* = {nl’j};‘;l foralln € N, so
that g(nf{ - ni) — 0asi, j — co. Suppose € > 0 is given and let some s > 0 and x > 0 be such that ;- > 0 and
sup;(p)" < Mi(3Y). Since gl — 1) — 0, as i, j — oo, there exists 19 € N such that

i i 6 . .
9@ — 7];/() < o’ for all i,j > ny.

Therefore,

T n 1 ot A 11| 1 €
lln} — n{ll + mf{(p)H : sup(h— Z [Mk(T)](tk)*’k) <1, for some p >0 } < —.

r r kel, 5X0
This implies || — )|l < & and

k Am 1
inf{(p)z : sup(hl Z [Mk(w)](tk)pk) <1, forsome p >0 }

r " keI,

It shows that {n)}} is a Cauchy sequence in C,. Since C; is a modified complex Banach algebra, then {1} }

. . i . i i €
converges in C,. Suppose lling0 1n; = m. Thus then ]11_>r£10 lln} — 17{|| < g we get

i €
i
— < —.
lln} — mll X0

Thus, we have

1 [ (nukAmn;—ni)n)] )
- M| ———————||{() | < 1.
(h; U oge-p M
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This implies
1 e A2 = )l 5x
e ERTE
" kel, !7(77k - ’Yk)
and thus,
SXo\/ € €
I = wml < (52)(5) = 5

which shows that (1A}, r]k) is a Cauchy sequence in C; for all k € N. Therefore, (u;A},7}) converges in Cs.
Suppose | hm ukAmnk & forall k € N.

Also, we have hm Amr]z &1 — 1n1. On repeating the same procedure, we obtain hm AL, = & — 1y for all

keNN. Therefore by continuity of (M), we have

kAL = nDIN], o

r " kel,
so that
el = nDIN] |
sup (hl Z [Mk(—k (nk nk) )](tk)nk) <1
r " kel, p

Let i > ng and taking infimum of each p > 0, we have

g —1n) <e.

o {n =Nl € €o(Ca, 0, M, A", p,u,|ll). Hence, 1 = {q} € €u(Ca, 6, M,A",p,u,|ll). Therefore,
K (Cp, 0, M, A, p,u,||.Il) is complete paranormed space. [

Theorem 2.4. Let M = (M) be a sequence of Orlicz functions, p = (px) be a bounded sequence of positive real
numbers and u = (ux) be a sequence of positive real numbers. If sup[My(x)]P* < oo for all fixed x > 0, then
k

co(Co, 6, M, A, p, u, |LIT) € €7(Co, 6, M, A, p, , L))

Proof. Letn = {n¢} € co(Ca, 6, M, A, p,u,|l.l). Then there exists positive number p > 0 such that
A" Pk
1 Z [Mk(—”uk - nk”)] — 0asr — oo,
h, p
kel,

Define p = 2p;. Since (M) is non-decreasing and convex, also using inequality (4), we have

[N 1 llux A + L= LI\
s 2 [P s e

kel,

11 AV L 11 L
Kﬁh_ [Mk(””k n 1k — II)] Kﬁh_ [M(II II)]
kel, Pl kel, ‘01

e )

kel, kel,

< 00,

Hence, {n¢} € €°(Cy, 0, M, A}, p, u, I.l)). O
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Theorem 2.5. Let 0 < infpy = h < py < suppx = H < oo and M = (M), M" = (M;) be two sequences of Orlicz
functions satisfying Ay-condition. Then we have

(1) CO(CZI 6/ M/ A?/ P/ u, ””) C CO(CZI 6/ M © M,/ A’r,ln/ P/ u, ””)/
(ii) c(C2, 0, M, AF, p, u, |LNI) € o(Co, 6, Mo MU, AT, p, u, 1LI1);

(lll) foo(CZI 9/ M/ A;?/ P/ u, ”H) :foo(C2/ 9/ M/ AT/ P/ u, ”H) - gm(CZI 6/ M o M,/ AZII P, u, ”“)
Proof. 1If n = {ni} € co(Cy, 6, M, A}, p, 1, ||.Il), then we have

1 A nell\ |
W Z [Mk(ank)] — 0 asr — oo.

r kel,

Let € > 0 and choose 0 with 0 < 6 < 1 such that Mi(t) < e for0 <t < . Let

&k = M,’{(W) for all k € IN. We can write

1 1 1
i ZMk[Ek]pk = Z M &Pr + I 2 ‘Mk[ék]pk'
kel, kel ,&x<0 kel ,&x=0
So we have
1 1
) MAET <M Y M (5)
kel £,<6 kel £,<6
1
<M= Y, M&d™.

" kel, &<

For & > 0,& < % <1+ % Since M; s are non-deceasing and convex, it follows that

Mi(&) < Mi(1 + %) < %Mk(Z) + %Mk(%)

Since M = (M) satisfies Ap-condition, we can write

1 & L&y, o _ g
Mi(&) < 5T M) + 5T M) = TEM()

Hence,

L M = max(1 (T2 ) LY ©

0
" kel 526 " kel &20

From equation (5) and (6), we have 1 = {ni} € co(Cp, 6, Mo M, A, p, u, ||.||). This completes the proof of (i).
Similarly, we can prove the others. [

Theorem 2.6. Let 0 < h = infpy = pr < sup px = H < oo. Then for a sequence of Orlicz functions M = (M) which
satisfies Ap-condition, we have

(i) co(C2, 0, A, p, u, 1) € co(Ca, 6, M, AT p, u, I1ID);
(ii) c(C, 6, A7, p, u, |11I) € (2, 6, M, A, p s 11D

(iii) £=(C2, 0, AY, p,u, |LI) € £2(C2, O, M, AT, p, u, 1))
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Proof. 1t is easy to prove so we omit the details. [J

Theorem 2.7. Let 0 < h = infpy = pr < sup px = H < 0. Then for a sequence of Orlicz functions M = (M) which
satisfies Ap-condition, we have

(i) co(C2, 6, M, A1, p,u, |Il) € co(Ca, 0, M, AT, p, u, |III);
(ii) c(Co, 6, M, AL, p, 1, |1Ll) € o(Ca, 0, M, AL, p, u, |I.II);

(iii) £(Co, 0, M, A, p,u, LI € €2(Co, 0, M, AT p, 1, L)

Proof. Here we prove the result for co(Cz, 6, M, A, p,u,||.||) and for other cases it will follow on applying
similar arguments. Let ) = {n¢} € co(C2, 6, M, A;”‘l,p, u, ||.ll). Then there exist p > 0 such that

[ we A\
h, p
kel, - 4
On considering 2p, by the convexity of Orlicz function, we have

1 [ (A ] 11 e AT 1| 11 e A |
N R N e R |

r kel, - kel,

Hence, we have

x Z[ (”MkA’”ﬂk”)] sK{%%Z[Mk(llukAi_lnk”) P

kel,

11 Ay~ el \ |
kel,

Then using (7), we get

A
lim l M M =0.
r—oo J1, Zp
kel,

Thus, co(C2, 6, M, AL, p,u, |II)) € co(Ca, 6, M, A, p,u,|I.l)). O

Theorem 2.8. Let 0 < py < si for all k and let (;—i) be bounded. Then
c(Co, 0, M, AY,s,u, |1l € c(Ca, 6, M, A, p,u, |I.I).

Proof. Letn = {nx} € c(Ca, 0, M, A, s, u,||.|l), write

A = LT
rk:[Mk(“uk n;)]k ||)]

and py = Z—: forallk € IN. Then 0 < ux < 1forallk € IN. Take 0 < u < i for k € IN. Define sequences {v;} and
{wy} as follows :
Forri > 1, let vy = rr and wy = 0 and for 1, < 1, let vy = 0 and wy = r¢. Then, clearly for all k € N, we have

Hik

- He
« Z) +w

Tk =0+ Wk, T

Fk

Now it follows that v * <o <1 and w," < w . Therefore,

h Z Hik _ h Z(vyk+wﬂk)

kel, kel,
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Now for each k,

= X Ge) )
" kel, kel, ’

(LG0T (LG T
(o)

" kel,
and so
1 Zr,’{“ < erk+(lZwk)y.
Iy kel, i kel, i kel,

Hence, 1 = {n} € c(Co, 6, M, A}, p, 1, ||.ll). This completes the proof of the theorem.

Theorem 2.9. (i) If 0 < infpy < py < 1forallk € N, then
c(Cp, 6, M, AL, p, u, |IIl) € c(Ca, 6, M, A, u, |LLII).
(i) If 1 < px < suppr = H < o0, for all k € IN, then
c(Co, 0, M, AV u, ||l € o(Ca, 6, M, AL, p, u, 11D
Proof. (i) Let n = {nx} € c(Ca, 6, M, A, p,u, ||.I]). Then

lim Z[ (IlukAmnk—LII)] 0.

" kel,
Since 0 < infpx < px < 1. This implies that

e |

kel, kel,

Thus, 1 = {nk} € c«(C, 6, M, A, u, |.]]).

2430

(i) Let px = 1 for each k and sup py < 0. Let 1 = {1} € c¢(Cp, 6, M, AY, u, ||.]]). Then for each 0 < € < 1, there

exists a positive integer N such that

At~ L
—Z[ (uuk e~ “)]Se<1fora111’ZN-

kel,
This implies that
A= LINT Al =L
1 Z [Mk(“uk n 1k ||)] <1 Z [Mk(”uk n Tk ||)].
h, P h, p
kel, kel,

Therefore, n = {ni} € c(Cy, 0, M, A, p, u,||.Il). This completes the proof.

Theorem 2.10. Let M = (M) be a sequence of Orlicz functions, p = (px) be a bounded sequence of positive real
numbers and u = (uy) be a sequence of positive real numbers. If 0 < infpy < pr < suppr = H < oo, forall k € N,

then
C(CZ/ 9/ M/ A;T/ P/ u, ”H) = C(CZI 9/ M/ Anm/ u, ””)
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Proof. 1t is easy to prove so we omit the details. [J

Proposition 2.11. The spaces co(Cz, 0, M, AlY, p, u, |I.II), c(Ca, 6, M, AY, p, u, ||.I|) and £2°(Ca, 6, M, A, p,u, ||.||) are
Banach spaces.

Theorem 2.12. The spaces co(Cz, 0, M, A}, p, u, |I.II), c(Ca, 6, M, AY, p,u,||.ll) and £°(Ca, 6, M, A¥,p,u,|l.ll) are
not solid in general.

Example 2.13. Let Mi(x) = x, (px) = (k) = L forallk e N, p=1,m =0and 0 = {1,2, ...,n}. Consider a sequence
{1} € wsgivenas e = (0} = {2,2,2, ...}. Then (n”} € co(C2, 0, M, A, p, u,ILIl). Now, let {ay} = {(-1)}}, Vk € N.
Then, {axn} & co(C2, 0, M, A, p, u,II.Il). Therefore, co(C2, 0, M, A, p, u,|LI) is not solid.

Let {ne} € ws defined as e = {07} = K2 +1,k2 +2,..}, Vk,s € N. Then {0} € c(Ca, 0, M, A, p, u, |LIl) as well
as {0} € €(C, 0, M, A, p,u, |LI). Now, let {ax} = {(=1)"}, Yk € N. Then, {axn”} & c(Co, 0, M, A, p,u, ILIl) as

well as {akn}(f)} g 2(Co, 0, ML AT, p,u, |II). Hence, the spaces c(Cp, 0, M,AY,p,u,ll.ll) and
2(Ca, 6, M, A7, p,u,|.|l) are not solid.

Theorem 2.14. The spaces co(Cz, 0, M, A}, p, u,|I.|I), c(Ca, 6, M, AV, p,u,|I.ll) and £2°(Ca, 0, M, A, p,u,|l.ll) are
not symmetric in general.

To show that the spaces are not symmetric in general, consider the following example.

Example 2.15. Let M(x) = x, (px) =2, (ux) = 1forallk e N, p =1, m=0and 6 = {1,2,...,n}. Suppose that
) = {3} = (K, k> + 1,k> +2,..}, Vk,s € N. Then, {n} € c(Ca, 6, M, A}, p, u, IIll) N €(Co, 6, M, A, p, u, 1))
Consider the rearranged sequence, (&) of (1) defined as

{ék} = {Tﬁ/ T]gl T];/ T];W n?,r 7]24/ T]Z/ }

Then {&k} ¢ o(Ca, 0, M, A, p, u, |I.1I) as well as {Ex} ¢ €2(Ca, 0, M, AT, p,u,|I.I)). Hence, c(Ca, 0, M, AY, p,u,ll.l)
and £°(Cy, 6, M, A, p, u, ||.l) are not symmetric in general. Similarly, we can prove for other space.

Theorem 2.16. Let My = My and M, = M, be the Orlicz functions with A, conditions and p = (py) € I, then
c(Cyp, 0, My, A, p, 1, III) N e(Ca, 6, Mo, A, p, 1, |III) € c(Ca, 6, My + Mo, AV, p, u, L.

Proof. Let {n¢} € c(Ca, 0, My, A, u, |I|) N c(Co, 6, Mp, A, p, 1, |I.ll). Then 3 some L € Cy, p1 > 0, p2 > 0 such
that

1 [ (A e = LN
kel, B

1w [ (A ne = LIN

LY MZ(—pz b 0. ©)
kel, © -

Let p = max{p1, p2}. Then,
A = LINT A — L Al - L
{hl Z [(M1 +M2)(“uk n Tk ||)] tk} < hlZ [M1(“uk n Tk ||)] N hlz [Mz(”uk n Tk ||)].
" kel, P " kel, P1 " kel, p2
From (3.4) and (3.5), we get {1} € c(Ca, 0, My + Mo, A, u, |I.I). O

Theorem 2.17. The sequence space £*°(Cy, 0, A}, p,u, ||.||) is convex.
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Proof. Let {ni}, &k} € €°(Co, 6, A, p,u,||.ll) and A € R satisfying A € [0, 1]. Then
1 ||ukA;"nk||)]”k}
sup - Mk(—
{ rp hr ;1) [ P1
and
1 e &\ [
s B ()
{ r hr ;I, pZ
are finite. Now, let p = max{p1, p2} then, we have

m m _ Pk
{sup hl Z [Mk(”ukA” Ang + M;An E(@ =Ml )] }

r kel,

Am/\ P Am 1 _ /\ Pk
<sup - zM(M) soup L ZM(M)

mT kel P hy kel, p2
~ 1 Nk A el 1 kA ERIN
_/\Sljph_rZMk(T +(1_/\)5Urlph_rZMk T
kel, kel,

which implies A + (1 = A)& € €2(Co, 6, A), p, u, |I.I1). Thus, £€°(Cy, 6, A, p,u, ||.l]) is convex. O

3. Modified complex Banach Algebra

From many years a lot of results has been published on modified complex Banach Algebra by various
mathematicians. Recently Nilay Sager and Birsen Sagir [17] worked on completeness of bicomplex sequence
space. By using modified complex Banach Algebra they have proved bicomplex Holder’s Inequality and
several other interesting results.

The norm of the product of two bicomplex numbers and the product of their norms are connected by means
of the following inequality:

&l < V2l (10)

The inequality given in (10) is the best possible relation. For this reason, we call (Cy, +, -, || - |[) as modified
complex Banach algebra.

Justification of (10): Let 1, & € Cp. Then [In&]l < V2InlllI&ll.
Let ) = (z1 + jz2) € C; and & = z3 + jz4 € Cy. Then

né = (z1 + jz2)(z3 + jza) = z1(z3 + jz4) + jzo(z3 + jz4).

Moreover, [lz1(z3 + jza)ll = llzallllzs + jzall and [|jz2(z3 + jza)ll = |jlllz2llllz5 + jzall = l|z2llllzs + jzall. Therefore, from
the triangle inequality, we have

el = ll(z1 + jz2)(z3 + jza)ll < llzallll(zs + jza)ll + llz2llll(z3 + jza)ll
< (llzall + [lz2[Dllz3 + jzall.

Since 2|z1llllz2ll < llz1]* + 22l then (zall + l|z2ll)* < 2(l|z1|* + l|z2?). Thus, we have

(lzall + llz2ll) < V2(llz1? + llz2l?) 2.
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Hence, [Inell < V2lnllig]l.

We note that the constant V2 is the best possible one in above justification. Moreover, if we combine the last
results with the fact that (C,, +, -, || - [|) is a Banach space, we obtain that (Cy, +,, || - I|) is a modified complex
Banach algebra.

But in the usual definition of a complex Banach algebra, the norm of the product of two elements is required
to be equal to or less than the product of the norms of these elements that is, ||z1z|| < [|z1]ll|z2]l. This is the
difference between the complex Banach algebra and the modified complex Banach algebra.

Romesh et al. [9] introduced the spectrum of the unilateral shift operator by using Kéz. Dubey et al. [3]

studied the Orlicz bicomplex sequence spaces. They proved that the bicomplex sequence spaces £y, is
a Banach space and used as Complex Banach Algebra. They studied the different properties of linear
operators such as boundedness, compactness etc.

Now we prove some results on modified Complex Banach Algebra.

Theorem 3.1. Let {z},z,y € Cs.

(i) If zx — z then yzx — yz and zyy — zy;
(i1) If zx — z and yx — y then zyyx — zy.

Proof. (i) Since zx — z, ||zx — z|| = 0 in C; and hence we have

lyzi — yzll = lly(z — 2)Il < V2lIyllllzi - 2Il = V2llyll.0 € Cy.

Other case can be proved in the similar manner.
(i) If zx — z also llz&ll = lIzll, hence ||z«|| is bounded say by M. Now, for given €, let N, be such thatk > N,
= lze — 2| < 2\f|| i if y # 0 and arbitrary otherwise, so that in any case ||z — |||yl < 2{ Let N, such that

k=Ny= llye —yll < (choose M > 0) for N = max(N, Ny) holds if k > N, then

zﬁM

llzxyx — zyll = llzeyk — zxy + zxy — zyl|
< llzxyr — zryll + llzxy — zyll

< V2llzellllye = yll + V2lyllllze — 2l

< V2M x < +\/§€

2V2M 22

=e€.
Thus, zyyx — zy. O

Now, let us define wy = {{ny} : Yk € IN, ¢ € Cz}. This space of all C; sequences forms a C;—module (see [17]).
Also, w4 forms a C;—module with the operations addition and bicomplex scaler multiplication as follows:

D wyXwy = wy, (1,5) > n+5=MPDsy),

O:CoXws = wy, (O,1n) = d0n=9=On),
R:Ca®ws = wy, (9,1n) = 8-11=n=On),
for all {ny}, {sx} € ws and VI € C,.

Remark: £/ is a subspace of ws.

Proof. It is obvious that é’gfz C wy. Let {me}, {sk} € {’g . Then 3 p, p, such that

(e8]

ZM(IlnkII)

=1
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and

(9]

Y v |sk||)

k=1

Let p = max(py, p2), then

Z (||77k+5k||) ZM(HWH) ZM(HSkH)

k=1

which means that 1 & s, € £_. Now, suppose a € Rand {1} € £ Since

lloenill = leelllmi|

and
Z M(M) < oo
P} p

We can easily say that

ZM(—”“”"”) <o = |a|ZM(M) <o
k=1 P k=1 P

So,a@n € fﬁ. Thus, f{é is a subspace of wy. [
Remark: ¢*(Cy, 0, M, AlY, p, u,||.l) is a subspace of wj.
Proof. This remark can be proved in similar manner as proof of above remark. [

Theorem 3.2. ff{‘z is a Co—submodule of wy.

Proof. As t’M is a subspace of ws. Also, we obtain that {r} € fM and 9 € C, — {0}.

ZM(IIHZSII) ZM(‘/_)IInkIIIISII V)9l ZMllnkII

Thus, ¥ {1} € Kglz, 9 € C; implies ;9 € 5%’12. O
Theorem 3.3. £%(Cy, 0, M, A}, p, u,||.|l) is a Co—submodule of ws.

Proof. As £*(Cp, 0, M, A}, p,u,||.]l) is a subspace of ws. Now, V9 € C, and V {ni} € £2(Cy, 6, M, A, p, u, |I.ll)
we have

sup 7- Z([ ('ukA'” ksn)])
sup ;- Z([ (M)} )7

V2190 sup ;- Z[Mk(llum'"nkn)]

" kel, P

IA

< 00,

Thus, V9 € C, and YV {nx} € €2(Cy, 0, M, A, p,u,|l.ll), we have Sn, € £(Ca, 6, M, A}, p,u,|l.|l). Hence
2(Co, 6, M, A, p,u,|l.ll) is a C;—submodule of ws. O
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