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Abstract. Let R be a commutative ring with a non-zero identity, S be a multiplicatively closed subset of
R and M be a unital R-module. In this paper, we define a submodule N of M with (N :x M) NS = 0 to be
weakly S-primary if there exists s € S such that whenever a € R and m € M with 0 # am € N, then either
sa € /(N ;g M) orsm € N. We present various properties and characterizations of this concept (especially in
faithful multiplication modules). Moreover, the behavior of this structure under module homomorphisms,
localizations, quotient modules, cartesian product and idealizations is investigated. Finally, we determine
some conditions under which two kinds of submodules of the amalgamation module along an ideal are
weakly S-primary.

1. Introduction

Throughout this article, all rings are commutative with identity and all modules are unital. Let R be a
ring and let M be an R-module. A non-empty subset S of a ring R is said to be a multiplicatively closed set
if S is a subsemigroup of R under multiplication. For a submodule N of M, we will denote by (N :zx M) the
residual of N by M, that is, the set of all r € R such that rM C N. M is called a multiplication module if every
submodule N of M has the form IM for some ideal I of R. Let N and K be submodules of a multiplication
R-module M with N = IM and K = JM for some ideals I and | of R. The product of N and K denoted by NK
is defined by NK = IJM. In particular, for my,my € M, by mim,, we mean the product of Rm; and Rmy, [4].
We call M faithful if it has a zero annihilator in R, that is (0 :x M) = 0.

A proper submodule N of M is said to be prime (resp. primary) if whenever r € R and m € M
such that rm € N, then r € (N ;g M) (resp. 7 € /(N:xM)) or m € N. For any submodule N of an
R-module M the radical, M — rad(N), of N is defined to be the intersection of all prime submodules of M
containing N, [10]. It is shown in [20, Lemma 2.4] that if N is a proper submodule of a multiplication
R-module M, then M — rad(N) = /(N :;x M)M = {m € M | m* C N for some k > 0}. Moreover, we have

(M-rad(N) :g M) = +/(N :z M) for any finitely generated multiplication module M. The concepts of prime
and primary submodules have been generalized in several ways (see, for example, [3], [6], [16], [17], [20],
[22] and [25]).

In [22], the authors introduced the concept of S-prime submodules and investigate many properties of
this class of submodules. More generally, the concept of weakly S-prime submodules has been recently
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studied in [17]. Let S be a multiplicatively closed subset of a ring R and N be a submodule of an R-module
M such that (N :;x M) NS = 0. Then N is called an S-prime (resp. weakly S-prime) submodule if there
exists s € S such that fora € Rand m € M, if am € N (resp. 0 # am € N), then sa € (N :x M) or sm € N. In
2021, Farshadifar, [14] defined a submodule N of M with (N :x M) NS = 0 to be an S-primary submodule
if there exists a fixed s € S and whenever am € N, then either sa € /(N :x M) or sm € N for eacha € R and
m € M. More recently, Ansari-Toroghy and Pourmortazavi, [7] studied many more properties of this class
of submodules.

Motivated and inspired by the above works, the purpose of this article is to extend S-primary submodules
to the context of weakly S-primary submodules. A submodule N of M satisfying (N :r M) N S = 0 is called
a weakly S-primary submodule if there exists s € S such that for a € R and m € M, whenever 0 # am € N,
then either sa € /(N :x M) or sm € N.

In section 2, many examples and characterizations of weakly S-primary submodules are given (see for
example, Example 2.3, Theorems 2.4, 2.5). Moreover, several properties of weakly S-primary submodules
are obtained (see for example, Theorem 2.7, Propositions 2.11, 2.13). We also investigate the behavior of
this structure under module homomorphisms, localizations, quotient modules and Cartesian product of
modules (see Propositions 2.14, 2.16, Theorem 2.19 and Corollary 2.17).

Let R be a ring and M be an R-module. The idealization ring R =< M of M in R is defined as the set
{(r,m) : ¥ € R,m € M} with the usual componentwise addition and multiplication defined as (r, m)(s, n) =
(rs,rn + sm). It can be easily verified that R =< M is a commutative ring with identity (1g,Ou). If I is an ideal
of Rand N is a submodule of M, then I x N = {(r,m) : ¥ € I, m € N} is an ideal of R < M if and only if IM C N.
In this case, I < N is called a homogeneous ideal of R <M, see [5]. At the end of this section, for an R-module
M, we clarify the relation between weakly S-primary submodules of M and weakly S(M)-primary ideals of
the idealization ring R(M) (Theorem 2.21). Let f : Ry — R be a ring homomorphism, | be an ideal of Ry, M3
be an R;-module, M; be an Ry-module (which is an R;-module induced naturally by f) and ¢ : M; — M,
be an R;-module homomorphism. We conclude section 3 by investigating some kinds of weakly S-primary
submodules in the amalgamation (R; >/ J)-module M; =® JM, of M; and M, along | with respect to ¢
(see Theorems 3.2, 3.4). Furthermore, we conclude some particular results for the duplication of a module
along an ideal (see Corollaries 3.3 - 3.8).

Asusual, Z, Z, and Q denotes the ring of integers, the ring of integers modulo # and the field of rational
numbers, respectively. For more details and terminology, one may refer to [1], [2], [9], [15], [18].

2. Weakly S-primary Submodules

Our aim in this section is to study the weakly S-primary submodules in modules over commutative
rings. We begin with our main definition.

Definition 2.1. Let S be a multiplicatively closed subset of a ring R and N be a submodule of an R-module M with
(N M)NS =0. We call N a weakly S-primary submodule if there exists (a fixed) s € S such that for a € R and
m € M, whenever 0 # am € N then either sa € /(N :rx M) or sm € N. The fixed element s € S is said to be a weakly
S-element of N.

We observe several elementary relationships concerning weakly S-primary submodules in any R-module
as follows:

Remark 2.2. Let S be a multiplicatively closed subset of a ring R.

1. Anideal I of R is a weakly S-primary ideal if and only if I is a weakly S-primary submodule of the
R-module R.

2. Any S-primary submodule is a weakly S-primary submodule.

3. Any weakly primary submodule N of an R-module M satisfying (N :x M) NS = 0 is a weakly S-
primary submodule of M. Moreover, the two concepts coincide if S € U(R) where U(R) denotes the
set of units in R.
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4. (0) is a weakly S-primary submodule of any R-module M if and only if (0 :g M)NS =0
Example 2.3.

1. Unlike the case of weakly primary submodules, the zero submodule need not be weakly S-primary.
For example, if we consider the multiplicatively closed subset S = {4™ : m € N} of Z, then 0 is not
weakly S-primary in the Z-module Z, as clearly (0 :z Z4) N S # 0.

2. For any multiplicatively closed subset S of a ring R and an R-module M, if (0 :x M) N S = 0, then {0)
is a weakly {1}-primary submodule of R but not necessarily {1}-primary. Thus, the converse of (2) in
Remark 2.2 is not true in general. For a non-trivial example consider the Z-module M = Z < (Z, X Z,)
and the submodule N = 0= ((1,0)) of M. For S = {3" : m € N}, we observe that N is not an S-primary
submodule since for example, 2 - (0,(1,1)) = (0,(0,0)) € N but for every s € S, 2s ¢ /(N :x M) = {0}
and s-(0,(1,1)) ¢ N. On the other hand, N is weakly S-primary in M. Indeed, choose s = 1 and let
r1 € R, (r2,(a, b)) € M such that (0,(0,0)) # r1.(r2,(@,b)) € N and sr; ¢ /(N :x M). Then r; # 0 and
(r172,71.(a, b)) € N. It follows that r, = 0 and (0,0) # 1.(@,b) € ((1,0)). If s(a,b) = (1,1) or (0, 1), then
r1.(a,b) € {(1,0)) if and only if r; € (2) and so r1.(,b) = (0,0), a contradiction. Thus, s(@,b) € {(1,0))
and N is a weakly S-primary submodule of M.

3. While clearly every weakly S-prime submodule is weakly S-primary, the converse need not be true.
For example the ideal 4Z is a weakly {1}-primary submodule of Z but not weakly {1}-prime. For a non-
trivial multiplicatively closed subset S, consider the Z-module M = Z x Z and let S = {3" : m € IN}.
Then N = 47 x Z is a (weakly) S-primary submodule of M. Indeed chooses =1andletr € Z, (a,b) €
Z x Z such that (0,0) # r.(a,b) € N and sr ¢ /(N :g M) = (2). Then clearly a € 4Z and so s(a,b) € N
as needed. On the other hand, N is not weakly S-prime since 2.(2,1) € N but 2s ¢ (N :x M) = (4) and
s(2,1) ¢ N for every s € S.

4. Let p, q be distinct prime integers and k < n, t < m be positive integers. Consider S = {g" : n € N}
and the submodule N = (ﬁkﬁt) of the Z-module Z:;». Then N is a weakly S-primary submodule of M
associated with s = ¢ € S that is not weakly primary.

Let N be a submodule of an R-module M and A be a subset of R. The residual of N by A is the set
(N :m A) ={m € M : Am C N} which is a submodule of M containing N. In the following theorem, we
present some equivalent statements characterizing weakly S-primary submodules.

Theorem 2.4. Let S be a multiplicatively closed subset of a ring R and N be a submodule of an R-module M with
(N :g M)N'S = 0. Then the following are equivalent.

N is a weakly S-primary submodule of M.

There exists s € S such that for all a ¢ (\/m :8), (N :ppa) S0 :pa) UN iy 8).

There exists s € S such that for all a ¢ (\/m :5), (N :pra) € (0:ppa) or (N :pa) € (N i s).

There exists s € S such that for any 2 € R and for any submodule K of M, if 0 # aK C N, then

sa € 4/(N :x M) or sk C N.

5. There exists s € S such that for any ideal I of R and a submodule K of M, if 0 # IK € N, then

sI C /(N :g M) or sk C N.

Proof. (1)=(2). Suppose that s € S is a weakly S-element of N and leta ¢ (1/(N :r M) : s). Let m € (N 1 a).
If am = 0, thenm € (0 :pp a). If 0 # am € N, then sa ¢ /(N :zx M) implies sm € N. Thus, m € (N :j s) and so
(N :pma)C(0:pa)U((N pys).

(2)=(3). Suppose m; € (N :p a)\(0 :p a) and mp € (N :p @)\(N :pr 5). Thenm = my +my € (N 1 a) C
O:ma)UN :pms). It me (0:yma)orme (N s), we get a contradiction. Thus, (N :p a) € (0 :p a) or
(N :m a) € (N :p s) as required.

(3)=(4). Let s € S be an element satisfying the statement (3). Let 2 € R such thata ¢ (N ;g M) : s) and
K be a submodule of M with {0} # aK € N. Then, K € (N :; a). By hypothesis, (N 1y a) € (0 :pm a) or
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(N :pma) © (N :ps). Since K S (N :pa) and K & (0 :p a), we get that (N :;pa) € (N 2 5), and so K S (N 1 s),
as desired.

(4)=(5). Choose s € S as in (4). Let I be an ideal of R and K a submodule of M with 0 # IK € N. Assume
that sI £ /(N :x M). Then there exists a € [ with sa ¢ /(N :r M). If aK # 0, then we have sK C N by our
assumption (4). Now, suppose that aK = 0. Since IK # 0, there is some b € [ with bK # 0. If sb ¢ /(N :zx M),
then we have sK C N by (4). If sb € /(N :x M), then as sa ¢ /(N :r M), we conclude s(a + b) ¢ /(N :r M).
Thus, 0 # (a + b)K € N implies sK € N again by (4), as required.

(5)=(1). TakeI =aR and K = Rmin (5). O

Next, we give a characterization for weakly S-primary submodule of faithful multiplication modules.

Theorem 2.5. Let S be a multiplicatively closed subset of a ring R and M be a faithful multiplication R-module. Then
N is a weakly S-primary submodule of M if and only if (N :x M) NS = 0 and there exists s € S such that whenever
K, L are submodules of M and 0 # KL € N, then sK € M — rad(N) or sL € N.

Proof. (=) Let s be a weakly S-element of N and suppose that 0 # KL € N for some submodules K, L of M.
Since M is multiplication, we may write K = IM for some ideal I of R. Hence, 0 # IL C N and so by Theorem
24,51 C /(N :g M) orsL C N . It follows that sK = sIM C /(N :x M)M = M — rad(N) or sL. C N.

(&) Let s € S such that whenever K, L are submodules of M and 0 # KL C N, then sK C M — rad(N) or
sL € N. Suppose that 0 # IL C N for some ideal I of R and submodule L of M and sL ¢ N. Then as M is
faithful, we have 0 # (IM)L C N. By assumption, we have sIM € M — rad(N) and so sI € (M — rad(N) :z
M) = /(N :g M). Thus, s is a weakly S-element of N and by Theorem 2.4, we are done . [

Lemma 2.6. [23] Let N be a submodule of a faithful multiplication R-module M. For an ideal I of R, (IN : M) =
I(N : M), and in particular, (IM : M) = L

Let I be a proper ideal of a ring R. In the following proposition, the notation Z;(R) denotes the set
{re R:rs €l forsomes e R\I}.

Theorem 2.7. Let S be a multiplicatively closed subset of a ring R and N be a submodule of an R-module M. The
following statements hold.

1. If N is a weakly S-primary submodule of M, then for every submodule K with (N ;g K) NS = 0 and
Ann(K) = 0, (N :g K) is a weakly S-primary ideal of R. In particular, if M is faithful, then (N :x M) is a
weakly S-primary ideal of R.

2. If M is multiplication and (N :x M) is a weakly S-primary ideal of R, then N is a weakly S-primary
submodule of M.

3. Let M be a faithful multiplication module and I be an ideal of R. Then I is a weakly S-primary ideal
of R if and only if IM is a weakly S-primary submodule of M.

4. If N is a weakly S-primary submodule of M and T is a subset of R such that (0 ;s T) = 0 and
Znzmy(R) N T =0, then (N :p T) is a weakly S-primary submodule of M.

Proof. (1) Let s be a weakly S-element of N and suppose that 0 # ab € (N :z K) for some 4,b € R. Then,
0 # abK € N as Ann(K) = 0 and Theorem 2.4 implies sa € /(N :x M) € /(N g K) or sbK € N. Thus,
sa € /(N :g K) or sb € (N :g K), as needed.

(2) Since (N :g M) is a weakly S-primary ideal of R, (N :x M) NS = (.. Let s € S be an associate element
to (N :g M). Leta € Rand m € M such that 0 # am € N and sa ¢ /(N :x M). Set Rm = IM for some ideal
I of M. We have aIM = Ram C N. Then, al C (N :g M). Let xg € I such that axy # 0. Such element exists,
otherwise am = 0. Let x € I. If 0 # ax, then sx € (N g M). In particular, sxg € (N :g M). Now, if ax = 0,then
a(x + xp) # 0, and so s(x + x9) € (N :g M). Thus, sx € (N :x M). We conclude that sI C (N :x M). Hence,
sm e sIM C N.
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(3) Let I be a weakly S-primary ideal of R. Since by Lemma 2.6, (IM :zr M) = I, we conclude that IM is a
weakly S-primary submodule of M by (2). Conversely, suppose that IM is a weakly S-primary submodule.
Then, I = (IM :gx M) is a weakly S-primary ideal of R by (1) and again by Lemma 2.6.

(4) First, we show that (N :ps T) (xk M) NS = 0. Assume s € (N :p T) :x M) N S, then sT C (N :g M) and
since Zn,m)(R)NT = 0, we conclude that s € (N :zx M) which contradicts (N :x M)NS = 0. Let s be a weakly
S-element of N and suppose that 0 # am € (N :p T) for some a € R and m € M. Since (0 :p1 T) = 0, we have
0 # a(Tm) € N which yields sa € \/(N ‘R M) C \/((N M T):rg M)orsTm C N. Thus, sa € \/(N:pm T) :x M) or
sm e (N :p T)and (N :m T) is weakly S-primary in M. [

We show by the following example that the condition “faithful module” in (1) of Theorem 2.7 is crucial.

Example 2.8. Consider the multiplicatively closed subset S = {3" : m € N} of Z and the Z-module M = Z.19 X Z1o.
Then N = 0 x 0 is a weakly S-primary submodule of M but (N :z M) = (10) is not a weakly S-primary ideal of Z.

In view of Theorem 2.7, we have the following equivalent statements.
Corollary 2.9. Let M be a faithful multiplication R-module and N be a submodule of M. The following are equivalent.

1. N is a weakly S-primary submodule of M.
2. (N g M) is a weakly S-primary ideal of R.
3. N = IM for some weakly S-primary ideal I of R.

Let N be a proper submodule of an R-module M. Then N is said to be a maximal weakly S-primary
submodule if there is no weakly S-primary submodule which contains N properly. In the following
corollary, by Z(M), we denote the set {r € R : rm = 0 for some m € M\{0p}}.

Corollary 2.10. Let N be a submodule of an R-module M such that Z..p(R) U Z(M) € /(N :g M). If N is a
maximal weakly S-primary submodule of M, then N is an S-primary submodule of M.

Proof. Lets € S be a weakly S-element of N and leta € R, m € M such thatam € Nand sa ¢ /(N :zg M). Since
a & /(N g M), then by assumption, a ¢ Zn..m)(R) and (0 :p a) = 0. Therefore, by Theorem 2.7(4), (N :u a)
is a weakly S-primary submodule of M. Since N is a maximal weakly S-primary submodule, we conclude
sm e (N :ya) =N asneeded. O

Proposition 2.11. Let S be a multiplicatively closed subset of a ring R and N be a submodule of an R-module M such
that (N :g M) NS = 0. Then

1. If (N :p s) is a weakly primary submodule of M for some s € S, then N is a weakly S-primary
submodule of M.

2. If N is a non-zero weakly S-primary submodule of M and S N Z(M) = 0, then (N :y s) is a weakly
primary submodule of M for some s € S.

Proof. (1) Choose s € S such that (N :y s) is a weakly primary submodule of M. Suppose that 0 # am € N C
(N :um s) for some a € R, m € M. Since (N :y s) is weakly primary, we have either a € /((N :p5) :(r M) =
V(N :g M) ;g s)orm € (N :p1 5). Thus, sa € y/(N :x M) orsm € N and so N is a weakly S-primary submodule
of M.

(2) Let s be a weakly S-element of N and a € R, m € M with 0 # am € (N :1 s). Since SN Z(M) = 0,

clearly we have 0 # sam € N which implies either s?a € /(N :x M) or sm € N. Thus, sa € /(N :;x M) C

V(N :p8) :r M) or m € (N 3 5), as needed. O

If SN Z(M) # 0, then the assertion (2) of Proposition 2.11 need not be true as we can see in the following
example.
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Example 2.12. Consider M = Z. X Z, as a Z-module and let S = {p" : n € N}. Here, observe that S N Z(M) =
S # 0. Now, N = (0) x (0) is a weakly S-primary submodule of M. On the other hand, for each positive
integer n, (N 1 p")=1{0) X (q) is not a weakly primary submodule of M. Indeed, q.(0,1) € (N :m p") but neither

g€ (N :m p") :r M) =0y nor (0,1) € (N :p1 p").
We recall from [24, Corollary 2.6], that a faithful multiplication module is finitely generated.

Proposition 2.13. Let S be a multiplicatively closed subset of a ring R and N be a weakly S-primary submodule of a
faithful multiplication R-module M.

1. If {Og} is an S-primary ideal of R, then M-rad(N) is an S-prime submodule of M.

2. If N is not S-primary, then N> = 0y and M — rad(N) = M — rad(Oy). Moreover, nonzero weakly
S-primary submodules and S-primary submodules coincide if R is a reduced ring.

Proof. (1) Suppose that N is a weakly S-primary submodule of M. Then (N :z M) is a weakly S-primary ideal
of R by Corollary 2.9. Therefore, /(N :g M) is an S-prime ideal of R, [25]. Thus, M-rad(N) = /(N :x M)M is
an S-prime submodule of M by [22, Proposition 2.9 (ii)].

(2) Suppose N is not S-primary. Then (N :z M) is a weakly S-primary ideal of R that is not S-primary by
Corollary 2.9. It follows by [25, Proposition 2(1)] that (N :x M)? = Og. Since M is multiplication, we have
N? = (N :g M)>M = 0y and M — rad(N) = /(N :x M)M = 0OrM € 0y : MM = M — rad(0y). The rest of
the proof is straightforward. [J

Proposition 2.14. Let N be a submodule of an R-module M and S be a multiplicatively closed subset of R.

1. If N is a weakly S-primary submodule of M, then S™'N is a weakly primary submodule of S~*M. Moreover, if
Z(M) NS = 0, then there exists an s € S such that (N :p t) € (N :p 8) forall t € S.

2. If M is finitely generated and Z(M) N S = 0, then the converse of (1) holds.

Proof. (1) Let s € S be a weakly S-element of N and L € S7'R, 2 € S'M such that g1y # 22 € S7IN.

Then uam € N for some u € S. If uam = 0, then 2% . 52 = J’S“l’fz = 0g-1p4, a contradiction. Thus, O # uam € N

which implies that either sua € /(N :x M) or sm € N. Thus, £ = 2 € 5~ 1TY(N ik M) € V(SN 151z SIM)

Susy

or Sm = 2;” € S7IN, as needed. For the rest of the proof, lett € Sand 0 # m € (N :p t). Then 0 # tm € N
as Z(M) NS =0and sosm € N as st € (N :p M) NS gives a contradiction. Therefore, m € (N :j s) and so
(N:mt) S (N:ys)forallteS.

(2) Suppose that M is finitely generated, S™'N is a weakly primary submodule of S™'M and there is a
fixed s € S such that (N :p t) € (N 1y s) for all t € S. Since S™'N is proper, we have (N ;x M)N'S = 0.
Let 0 # am € N for somea € Rand m € M. Then 0 # 4% € S"!N as Z(M) N S = 0. Since S™'N is weakly
primary, we have either ¢ € /(S7IN :51x STM) = S7' /(N ;g M) as M is finitely generated or 2 € S7IN.
Hence, s1a € /(N :r M) for some s; € S or som € N for some s; € S. If s1a € /(N ;g M), then sfa" € (N g M)
for some positive integer n and a” € (N :x M) : s7) = (N :p 87) :r M) € (N :um ) :r M) by our assumption.
Thus sa" € (N :g M) and sa € /(N :x M). If s,m € N, then we conclude m € (N :p s2) € (N :p s) and so
sm € N. Consequently, N is a weakly S-primary submodule of M. [

Let M be an R-module and S C S’ be two multiplicatively closed subsets of R. If N is a weakly S-primary
submodule of M and (N :g M) NS’ = @, then it is clear that N is a weakly S’-primary submodule of M. In
[15], the saturation of S is defined as the multiplicatively closed subset S* = {x € R : xy € S for some y € R}
which contains S.

Proposition 2.15. Let S be a multiplicatively closed subset of a ring R and N be a submodule of an R-module M.
Then N is weakly S-primary if and only if N is weakly S*-primary.
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Proof. Suppose N is weakly S*-primary in M associated to s* € S*. Note that (N :g M)NS =0asS C S
Chooses = 5"y € Sforsome y € Rand let 0 # am € N for somea € Rand m € M. Then eithers*a € /(N :r M)
or s'm € N. Hence, sa € /(N :x M) or sm € N and N is a weakly S-primary submodule of M. Conversely,
suppose that N is weakly S-primary. We need to prove that (N :;x M) N S* = 0. If s* € (N :z M) N S*, then
there is y € R such that s = s’y € (N :g M) N S which is a contradiction. Thus, N is weakly S*-primary as
scs. O

Proposition 2.16. Let M and M’ be two R-modules and f : M — M’ be a homomorphism. For a multiplicatively
closed subset S of R, we have:

1. If f is an epimorphism and N is a weakly S-primary submodule of M containing Ker(f), then f(N) is
a weakly S-primary submodule of M".

2. If f is a monomorphism and N’ is a weakly S-primary submodule of M’, then f~1(N’) is a weakly
S-primary submodule of M.

Proof. (1) Let s € S be a weakly S-element of N. First, as Ker(f) C N, it follows that (f(N) .k M') NS = 0.
Suppose that 0 # am’ € f(N) for some a € R and m" € M’. Choose m € M with m’ = f(m). Then
0 # af(m) = f(am) € f(N) and since Ker(f) € N, we have 0 # am € N. It follows that either sa € /(N :x M)
or sm € N. Thus, clearly we have either sa € /(f(N) :x M’) or sm’ = f(sm) € f(N) and f(N) is a weakly
S-primary submodule of M’.

(2) Let s € S be a weakly S-element of N’ and note that clearly (f"}(N’) :x M) NS = 0. Leta € R and
m € M such that 0 # am € f~}(N"). Then 0 # f(am) = af(m) € N’ as f is a monomorphism. It follows either
sa € /(N ;g M) or sf(m) € N’. Thus, we conclude either sa € \/(f"1(N’) :rx M) or sm € f~}(N’) and we are
done. O

Corollary 2.17. Let S be a multiplicatively closed subset of a ring R and K € N be two submodules of an R-module
M.

1. If N is a weakly S-primary submodule of M, then N/K is a weakly S-primary submodule of M/K.

2. If K’ is a weakly S-primary submodule of M, then K’ N N is a weakly S-primary submodule of N.

3. If N/K is a weakly S-primary submodule of M/K and K is a weakly S-primary submodule of M, then
N is a weakly S-primary submodule of M.

Proof. Observe that (N/K :g M/K)N S = @ if and only if (N :g M)NS = 0.

(1). The claim follows by Proposition 2.16(1) considering the canonical epimorphism 7w : M — M/K
defined by nt(m) = m + K.

(2). This follows by Proposition 2.16(2) considering the natural injection i : N — M defined by i(m) = m
for all m € N.

(3). Let s € S be a weakly S-element of N/K and s/ € S be a weakly S-element of K. Leta € Rand m e M
such that am € N. If am € K, then either s7a € /(K:g M) € /(N g M) or 'm € K C N. If am ¢ K, then
K # a(m + K) € N/K which implies that either sa € m or s(m+ K) € N/K. Thus, sa € \/m
or sm € N. It follows that N is an S-primary submodule of M associated withs =ss’ € S. [

The converse of Corollary 2.17(1) does not hold in general. For instance, consider the submodules
N = K = (p1p2) of the Z-module Z and the multiplicatively closed subset S = {pg’ :nelNU {0}} of Z where
p1,p2 and p3 are distinct prime numbers. Then clearly N/K = 0 is a weakly S-primary submodule of Z/K

but N is not a weakly S-primary submodule of Z as 0 # p; - p» € N but neither sp; € /(N :z Z) = (p1p2) nor
spp € Nforalls €S.

Proposition 2.18. Let S be a multiplicatively closed subset of a ring R and N be a weakly S-primary submodule of an
R-module M. For any submodule K of M with (K :x M)M = Kand (K :x M) N S # 0, N N K is a weakly S-primary
submodule of M.
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Proof. It is clear that (NN K ;g M) NS = 0. Suppose that 0 # am € NN K C N for some a € R and
m € M. Then there exists a s € S with either sa € /(N :x M) or sm € N. Take t € (K :x M) N S. Then

st € \/(NgM)N(K: g M) C {/(NNK:x M) orstm € NN (K :x M)M = NN K. Thus, N N K is a weakly
S-primary submodule of M associated with st € S. 0O

We note that the condition (K :g M) NS # 0 in Proposition 2.18 can not be omitted. Indeed, if N is weakly
primary and K is as above, then N N K need not be weakly primary. For example, consider the Z-module
Z7»,S={3":neN},N = <Z> and K = <§> Then NNK = <%> is not a weakly primary submodule of Z7,
but observe from Example 2.3(2) that it is a weakly S-primary submodule. Next, we characterize weakly
S-primary submodules of cartesian product of modules.

Theorem 2.19. Let S, S’ be multiplicatively closed subsets of rings R, R’ respectively and N, N’ be non-zero
submodules of an R-module M and an R’-module M’, respectively. Consider M X M’ as an (R X R")-module. Then
the following are equivalent.

1. N X N’ is a weakly S X §’-primary submodule of M X M.

2. N is an S-primary submodule of M and (N’ :zr M') NS’ # 0 or N’ is an S’-primary submodule of M’
and (N g M)NS#0

3. NxN'isan S X §'-primary submodule of M X M.

Proof. (1)=(2). Choose a weakly S X S’-element (s,s’) of NX N and 0 #m € N .

Case I: Suppose (N (g M)NS =0 = (N" :gr M')NS’. Then for each m’ € M’, (0,0) # (1,0)(m, m’) € N X N’
and so either (s5,5')(1,0) € (N XN’ (e MXM') = /(N :x M) X \/(N’ :re M) or (s,8")(m,m’) € N x N'.
Hence, we have either s" € (N :x M) N S for some positive integer nor s € N'NS" C (N (g M')NS’, a
contradiction.

Case II. Assume that (N :g M) NS # 0, say, s € (N :x M) N S and note that (N :x M) NS’ = (. Indeed, if
s € (N g M')NS’, then (s5,5") € (NXN’ (gxgr M XM')N (S X S’), a contradiction. Suppose am’ € N’ for some
a€R andm’ € M'. Then (0,0) # (1,a)(m,m’) € N x N’ implies either (s,5')(1,a) € /(N :r M) X /(N" :rx M)
or (s,s")(m,m'y € NXN'. Thus, s'a € 4/(N’ ;g M’) or s’m’ € N’ and N’ is an S’-primary submodule of M’.

Case III. Assume that (N’ :z M) N'S" # 0. We can prove in a similar way that N is an S-primary
submodule of M.

(2)=(3). see [7, Theorem 2.20].

(3)=(1). is immediate. [

In view of the above theorem, we conclude the following generalization.

Theorem 2.20. Let M = My XMy X--- XM, bean R = R{ X Ry X -+ X R,-module and S = S1 X S, X - -- X S,, where
R; is a ring, S; is a multiplicatively closed subset of R; and Nj is a non-zero submodule of M; for each i = 1,2, ..., n.
Then the following assertions are equivalent.

1. N=Nj XN X--- XN, is a weakly S-primary submodule of M.

2. There exists i € {1,2,...,n} such that N; is an S;-primary submodule of M; and (N; :r; M;) N'S; # 0 for
all j #1.

Proof. To prove the claim, we use the mathematical induction on n. For n = 2, see Theorem 2.19. Assume
that the claim holds for all k < n. Suppose N = N; X N X - -+ X N,, is a weakly S-primary submodule of M.
LetR" =Ry X Ry X -+ X Ry—1, NN =Ny XNy X--- X Ny_jand S’ = S1 X 53 X --- X S,_1. By Theorem 2.19, we
have either N, is weakly S-primary in M,, and (N” ;g M’) NS’ # @ or N’ is a weakly S’-primary submodule
of M" and S, N (Ny, :r, My) # 0. In the first case, we are done as clearly (N; :x; M;) N'S; # 0 for all j # n. In
the second case, we conclude the result by the induction hypothesis. [
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Let R be a ring, M be an R-module and consider the idealization ring R =< M of M in R. It is proved in [5,

Theorem 3.2] that if I = N is a homogenous ideal in R = M, then VIx N = VI M. For a multiplicatively
closed subset S of R, clearly S N = {(s,n) : s € S, n € N} is a multiplicatively closed subset of R =< M.
We conclude this section with the following theorem discussing the weakly S =< N-primary ideals of the
idealization ring R < M.

Theorem 2.21. Let S be a multiplicatively closed subset of a ring R, I be an ideal of R and K € N be submodules of
an R-module M with IM C N. If I =< N is a weakly S w K-primary ideal of R = M, then I is a weakly S-primary ideal
of R and N is a weakly S-primary submodule of M whenever (N :x M) N'S = (0. Furthermore, there exists s € S such
that the following hold

1. Foralla,be R, ab=0,sa ¢ VI, sb ¢l implies a,b € ann(N).
2. Forallce R,meM,cm=0,sc & /(N :zx M), sm & N implies ¢ € ann(l) and m € (0 :p I).

Proof. Itis clear that (S<K)N(I=xN) = Qif and only if INS = 0. Let (s, k) be a weakly S<K-primary element of
IxNandleta,b € Rwith0 # ab € I. Then (0,0) # (a,0)(b,0) € I=N and so either (s, k)(2,0) € VIx N = VIxM
or (s,k)(b,0) € I < N. Hence, we have either sa € VI orsb € [ and I is a weakly S-primary ideal of R. To
show that N is weakly S-primary, let 0 # am € N fora € R, m € M. Then (0,0) # (4,0)(0,m) € I x N
and so (sa,ak) = (5,k)(a,0) € VIxN = VI =M or (0,sm) = (s,k)(0,m) € I < N. Thus, we conclude either
sa € VIC (N :x M)orsm e N and so N is a weakly S-primary submodule of M.

(1) Leta,b € R such thatab = 0,sa ¢ VIand sb ¢ I. Suppose a ¢ ann(N) so that there exists n € N such
that an # 0. Then (0,0) # (a,0)(b,n) = (0,an) € I < N and so either (s, k)(a,0) € VI= N or (s,k)(b,n) € [ < N.
Hence, sa € VI or sb € I, a contradiction. Similarly, if b ¢ ann(N), then we get a contradiction. Therefore,
a,b € ann(N) as needed.

(2) We assume for ¢ € R, m € M that cm = 0, sc ¢ /(N :x M) and sm ¢ N. Assume on the contrary
that ¢ ¢ ann(I). Then there exists a € I such that ca # 0. Hence, (0,0) # (c,0)(a,m) = (ca,0) €  x N and
s0 (s,k)(c,0) € VI=N or (s,k)(a,m) € I < N. Therefore, sc € VI C /(N :zx M) or sm + ka € N which gives
sm € N as K C N, a contradiction. Thus, c € ann(I). Secondly, assume that m ¢ (0 :p; I). Then there exists
a € I such that am # 0 and this yields (0,0) # (a,m)(c,m) = (ac,am) € I < N. Thus, we conclude either
(s,k)(a,m) € VI N or (s,k)(c,m) € I < N which implies either sc € VI € /(N :x M) or sm € N, so we geta
required contradiction. O

3. (Weakly) S-primary Submodules of Amalgamation Modules

Let R be a ring, | an ideal of R and M an R-module. As a subring of R X R, in [12], the amalgamated
duplication of R along ] is defined as

RxJ={rr+j):reR,je]}

Recently, in [11], the duplication of the R-module M along the ideal ] denoted by M » | is defined as

M ]={mm)e MXM:m—-m'e M}

which is an (R » J)-module with scaler multiplication defined by (v, + j).(m, m’) = (rm, (r + j)m’) for r € R,
j € Jand (m,m’) € M » J. For various properties and results concerning this kind of modules, one may see
[11].

Let ] be an ideal of a ring R and N be a submodule of an R-module M. Then

N [J={nm eNxXM:n—me M}



E. Yetkin Celikel, H. A. Khashan / Filomat 37:8 (2023), 2503-2516 2512
and
N={mmn) e MXN:m—-ne M)

are clearly submodules of M > ]J. If S is a multiplicatively closed subset of R, then the sets S > | =
{(s,s+]):s€8S,jeJland S = {(r,r + j) : r + j € S} are obviously multiplicatively closed subsets of R » .

In general, let f : Ry = R; be a ring homomorphism, | be an ideal of R, M; be an Ri-module, M,
be an R;-module (which is an Rj-module induced naturally by f) and ¢ : M; — M; be an Rj-module
homomorphism. The subring

Riv/ J={(r, f(N+)):reRy, je])

of Ry X R; is called the amalgamation of R; and R; along | with respect to f. In [13], the amalgamation of
M; and M, along ] with respect to ¢ is defined as

M1 ¥ ]Mz = {(ml, (p(ml) + mz) tmp € M1 and my € ]Mz}
which is an (R; >/ J)-module with the scaler product defined as
(1, f(r) + P(my, (my) + ma) = (rmy, (rmy) + f(r)ma + jo(my) + jmy)
For submodules N; and N, of M; and M, respectively, one can easily justify that the sets
N1 >a? ]M2 = {(ml,(p(ml) + TYZQ) € M1 >a? ]M2 tmp € Nl}
and
— o .
N2 = {(ml, (p(ml) + 77’12) € M1 > ]Mz : (p(ﬂ’ll) + my € Nz}

are submodules of M; =¥ JM,. Moreover if S; and S, are multiplicatively closed subsets of R; and Ry,
respectively, then

Siof J={(s1, f(s1) + ) :s€S1, jeT)

and

S =0, f+ ) :re Ry, f0)+j€So)

are clearly multiplicatively closed subsets of Ry </ J.
Note that if R = Ry = Ry, M = M = My, f = Idg and ¢ = Idy, then the amalgamation of M; and M,
along | with respect to ¢ is exactly the duplication of the R-module M along the ideal |. Moreover, in this

case, we have N =? [M, =Nl><1],]72q7 =N,S;=/ =8 M]ands_zf =3S.
The proof of the following lemma is straightforward.

Lemma 3.1. Let My <® M, Ny =® [M; and I\_TZ(P be as above. Then
1. (rl,f(rl) + ]) S (N1 >? M, Ry ] My ?® ]Mz) Z.flli’ld only if?’l S (N1 Ry Ml)
2. If f and @ are epimorphisms, then (r1, f(r1)+]) € (172({) Ryt ] M1 ® M) if and only if f(r1)+] € (N2 :r, Ma).

Theorem 3.2. Consider the (Ry </ ])-module My w® JM, defined as above. Let S be a multiplicatively closed
subsets of Ry and N1 be submodule of My. Then

1. Ny =® JMyisan S =/ | -primary submodule of M; =% JM, if and only if N; is an S-primary submodule
of Ml.
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2. N; =® JM, is a weakly S </ J-primary submodule of M; <? JM, if and only if the following hold
(a) Njis a weakly S-primary submodule of M;.

(b) For r1 € Ry, my € My with rymy = 0 but s1r1 ¢ /(N1 :g, M1) and s;m; ¢ N; for all s; € S, then
f(r1)my + jo(my) + jmy = 0 for every j € | and m; € [M,.

Proof. Itis easy to verify that (N1 »? JMy g ,/j M1 >? JM2) N (S >/ ]) = 0 if and only if (N7 :g, M1)NS = 0.

(1) (=) Suppose (s, f(s) + j) is a weakly S w/ J-element of N3 »® [M,. Let r; € Ry and m; € M; such that
rimy € Ny. Then (r1, f(r1)) € Ry >/ ], (my1, (m1)) € My =% [My and (r1, f(r1))(m1, p(ma)) = (rima, p(rimy)) €
N1 =% [M,. By assumption, we have either

(5, £5) + D1, fr1)) € /(N3 54 My g,y My 5 M)

or
(s, f(s) + j)(m1, p(m1)) € N1 % M,

In the first case, we conclude by Lemma 3.1 that sr1 € /(N7 :g, M1). In the second case, we get sm; € Ny
and so Nj is an S-primary submodule of M;.

(<) Let sbe a weakly S-element of Ny. Let (r1, f(r1)+ ) € Ry >/ Jand (m1, p(m1) +my) € My »® JM, such
that (r1, f(r1) + j)(m1, (m1) + my) € N1 >® M. Then rimy € Ny and so either sry € /(N7 :r, M1) orsm; € Nj.
If s11 € /(N1 :g, M1), then by Lemma 3.1, (s, f(s))(r1, f(r1) + j) € \/(Nl P My iR sy M1 > JMp) and if
smy € Ny, then (s, f(5))(1m1, @(1m1) + my) € N1 >?® [M,. Thus, Ny <® [M)isan S b/ J-primary submodule of
M; ? JM, associated to (s, f(s)) € S i/ .

(2) (=) Suppose (s, f(s) + j) is a weakly S w/ J-element of N3 »® JM,. Let 1 € Ry and m; € M; such that
0 # rymy € Nq. Then (0,0) # (r1, f(r1))(m1, (1m1)) = (rim, @(r11m)) € Nq =% [M,. By assumption, either

(5, £5) + D1, f1)) € /(N3 54 My g,y My 5 M)

or (s, f(s) + j)(m1, p(m1)) € Ny »? [M,. Thus, sr; € /(N7 g, M1) by Lemma 3.1 or sm; € Ny and so Nj is
weakly S-primary in M;. We use the contrapositive to prove the other part. Let r; € Ry, m; € M; with
rimy = 0 and f(r1)my + jdp(m1) + jmy # 0 for some j € | and some m; € JM,. Then

(0,0) # (r1, f(r1) + )(m1, (1) + my)
= (0, f(r1)ma + jp(my) + jmz) € Ny »% M,

By assumption, either

(5, F©) + 1, fr) + ) € J(N1 59 My sy My a9 M)

or (s, f(s) + j)(m, @(my) + my) € N1 ¥ M, and so again sr; € /(N7 :g, Mi) or smy € Ny as needed.
(<) Let s be a weakly S-element of Ny, (r1, f(r1) + j) € Ry >/ [ and (my, p(m1) + my) € My »® JM, such
that

(0,0) # (rimy, p(rimy) + f(r1)my + jo(my) + jmy)
= (r1, f(r1) + ))(m1, (m1) + mp) € Ny >? M,

If 0 # rym;, then the proof is similar to that of (1). Suppose rim; = 0. Then f(r1)ma+ jo(m1)+ jmy # 0and so by
assumption there exists s € S such that either s’r; € /(Ny :z, My) ors’my € Ny. Thus, (s, f(s"))(r1, f(r1)+)) €
VN1 >? [My g ety My 29 JMa) o (87, f(5"))(m1, (1m1) +m32) € Ny P JM,. Therefore, N1 =® JM, is a weakly
S »of J-primary submodule of M; =¥ JM, associated to (ss’, f(ss")) € S </ ]. O
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In particular, if we take S = {1g,} and consider S </ 0 = {(1g,, 1,)}) in Theorem 3.2, then we get the
following corollary.

Corollary 3.3. Consider the (Ry b/ J)-module My »® JM, defined as in Theorem 3.2 and let Ny be a submodule of
M. Then

1. N1 »® JM; is a primary submodule of M; x? M, if and only if Nj is a primary submodule of M.
2. Ni »® JM, is a weakly primary submodule of M; =? JM, if and only if the following hold
(a) Njis a weakly primary submodule of M;.

(b) Forry € Ry, m; € Mywithrymy = 0butry ¢ /(N1 :z, Mi)andmy ¢ Ny, then f(r1)ma+jp(my)+jmy =
0 for every j € [ and m, € [Ms.

Theorem 3.4. Consider the (Ry </ ])-module My w® M, defined as in Theorem 3.2 where f and ¢ are epimor-
phisms. Let S be a multiplicatively closed subsets of Ry and Ny be a submodule of M. Then

1. W is an §f—primary submodule of M; % JM, if and only if N is an S-primary submodule of M.
2. N, isa weakly gf—primary submodule of M; =? M, if and only if the following hold

(a) N;is a weakly S-primary submodule of M.

(b) Forry € Ry, my € My, my € [My, j € Jwith (f(r1)+j)(@(m1) +mz) = 0buts(f(r1)+j) ¢ /(N2 r, M2)
and s(p(my) + my) ¢ N, for all s € S, then rym; = 0.

Proof. In view of Lemma 3.1, we can easily prove that (W Ryef] M1 >? JM2) N §f = ( if and only if
(Nz Ry Mz) NnSs=40.

(1). (=) Suppose N, is an S-primary submodule of M associated tos = f(t) € S. Let (r1, f(r1)+j) € Ry >/ |
and (mq, @(mq)+my) € My > [Mp such that (1, f(r1)+7)(m1, p(m1)+my) € NQ(P. Then (f(r1)+))(@(m1)+mz) € N
and so s(f(r1)+)) € /(N2 :r, Mp) or s(@(my)+my) € No. If s(f(r1)+]) € /(N2 :r, Mp), thenby Lemma 3.1, we
have (t,s)(r1, f(r1) + j) € \/(ﬁz@ ‘Rysaf] M1 ® JMp). If s(p(m1) + my) € Ny, then (¢, s)(my, p(mq) + my) € AS
Therefore, W is gf—primary in My ? JM;.

(<) Suppose N,' is an §f—primary submodule of My =¥ JM, associated to (t, f(t) + j) = (t,s) € §f. Let

Ty = f(?'l) € Ryand mp = go(ml) € M, such that r,m, € N». Then (7‘1, 7‘2)(7}’[1, 7712) € ﬁz@ where (1’1,1’2) € Ry paf i
and (m,my) € My =¥ JM,. By assumption,

(t,s)(r1,12) € \/(172‘” Ryt ] M1 59 M) or (£, 8)(1m1, 1m2) € Ny

In the first case, Lemma 3.1 implies sr, € /(N7 :r, M>). In the second case, we conclude sm, € N, and the
result follows.

(2). (=) Let (t, f(t) + j) = (t,5) be a weakly Ef—element of N,*. Letr, = f(r1) € Ry and my = f(my) € M,
such that 0 # rpymy; € N,. Then (0.0) # (r,r2)(my, mp) € I\_Tz(p where (r1,7) € Ry »/ | and (my,m) €
Mi =% JM,. Thus, either (t,s)(r,12) € \/(ﬁzq) ‘Ryt] M1 P JMp) or (t,5)(m1, mp) € ﬁz(p. Hence, either
srp € m by Lemma 3.1 or sm, € N, and s is a weakly S-element of N,. For the other part, we
use contrapositive. Let ry € Ry, my € My, my € My, j € | with (f(r1) + j)(@(m1) + mp) = 0 and suppose
rimy # 0. Then (0,0) # (r1, f(r1) + j)(m, @(m1) +my) € No' and so (¢, s)(r1, f(r1)+]) € \/(ﬁz‘” Ryver) Mi 4 JMy)

or (t,s)(my, p(my) + my) € W Hence, either s(f(r1) + j) € /(N2 :r, Mp) or s(@(m1) + my) € N1 and the result
follows.
(&) Suppose s = f(t) € S is a weakly S-element of Ny. Let (r1, f(r1) + j) € Ry >/ ] and (my, p(my) + my) €

M; =¥ JM; such that (0,0) # (r1, f(r1) + j)(m1, p(m1) + my) € ﬁzq). Then (f(r1) + j)(p(m1) + mp) € Ny If
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(f(r1) + j)(@(m1) + my) = 0, then rymy # 0. So by assumption, there exists s’ = f(#') € S such thats’(f(r1) +7) €
V(N2 g, Mp) or s’(p(mq) + my) € Np. It follows that (¢',s")(r1, f(r1) + j) € \/(ﬁz(‘a ‘Rywar] M1 >® JMp) or

t,s")(m, p(my) + my) € m’?. Hence, W is a weakly Ef-primary submodule of M; % JM, associated to
(t',ss"). If (f(r1) + j)(p(m1) + my) # 0, then the result follows as in the proof of (1). O

In particular, if we take S = {1g,} and consider the multiplicatively closed subset G {(Ag,, 1g,)} of
R; >/ ] in Theorem 3.4, then we get the following results for primary and weakly primary submodules of
amalgamation modules.

Corollary 3.5. Let My % M, and N, be defined as in Theorem 3.4. Then

1. N, isa primary submodule of M; <? JM; if and only if N; is a primary submodule of M.
2. N, isa weakly primary submodule of M; = JM, if and only if the following hold
(@) N> is a weakly primary submodule of M,.
(b) Forry € Ry, my € My, my € [M5, ] (S ]Wlth (f(?'l) + ])(go(ml) +mjy) = 0but (f(?’l) + ]) ¢ /(N3 Ry M>)
and (@(m) + my) & N, then r1my = 0.

Corollary 3.6. Let N be a submodule of an R-module M, | an ideal of R and S a multiplicatively closed subset of R.
The following are equivalent:

1. Nis an S-primary submodule of M.
2. NmJisan (S > J)-primary submodule of M > J.

3. Nis an S-primary submodule of M > J.

Corollary 3.7. Let N be a submodule of an R-module M, | an ideal of R and S a multiplicatively closed subset of R.
The following are equivalent:

1. N >4 ] is a weakly (S > J)-primary submodule of M > |
2. N is a weakly S-primary submodule of M and for r € R, m € M with rm = 0 but sr ¢ /(N :z, M) and
sm ¢ N foralls € S, then (r + j)m’ = 0 for every j € Jand m’ € [Mo.

Corollary 3.8. Let N be a submodule of an R-module M, | an ideal of R and S a multiplicatively closed subset of R.

1. N is a weakly S-prime submodule of M > J.
2. N is a weakly S-prime submodule of M and forr € R, m e M, m’ € JM, j € Jwith (r + j)(im +m’) =0
buts(r + j) ¢ (N :r M) and s(m + m’) ¢ N for all s € S, then rm = 0.

Next, we justify that the second condition of Corollary 3.7 (2) can not be ignored.
Example 3.9. Consider the ideal | = 2Z. of Z. and the submodule N = 0 X {0) of the Z-module M = Z. X Z. Then
M J={(mm)e MXM:m—m'e M =27 x(2)}
and
N[ ={(nm)e NXxM:n—me2Zx{2)}

Obviously, N is a weakly primary submodule of M. On the other hand, N »4 ] is not a weakly primary submodule of
M |. Indeed, (2,4) € Z » [ and ((0,3),(0,1)) € M = | with (2,4).((0,3),(0,1)) = ((0,0),(0,4)) € N » J. But
(2,4) ¢ (N> ]) izoaq M ]))as2 ¢ /(N :z M) =0y and ((0,3),(0,1)) & N »a J. We note that if we take r = 2
and m = (0,3) € M, then clearly, rm = 0,7 ¢ /(N :x M) = 0 and m & N but for m’ = (0,2) € JM = 27 x (2), we
have (r + 0)ym’ # 0.

Also, if the second condition of (2) in Corollary 3.8 does not hold, then we may find a weakly S-primary
submodule N of M such that N is not a weakly S-primary submodule of M > J.
Example 3.10. Let N, M and | be as in Example 3.9. Choose (2,4) € Z ] and ((0,1),(0,3)) € M » J. Then we

have (2,4).((0,1),(0,3)) € N but clearly (2,4) ¢ (N :zs (M < ])) and ((0,1),(0,3)) ¢ N. Therefore, N is not a
weakly primary submodule of M > |.
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