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The quasi-Rothberger property of Pixley–Roy hyperspaces
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Abstract. Let PR(X) denote the hyperspace of non-empty finite subsets of a topological space X with
Pixley–Roy topology. In this paper, we investigate the quasi-Rothberger property in hyperspace PR(X). We
prove that for a space X, the followings are equivalent:

(1) PR(X) is quasi-Rothberger;
(2) X satisfies S1(Πrc f−h,Πwrc f−h);
(3) X is separable and each co-finite subset of X satisfies S1(Πpc f−h,Πwpc f−h);
(4) X is separable and PR(Y) is quasi-Rothberger for each co-finite subset Y of X.

We also characterize the quasi-Menger property and the quasi-Hurewicz property of PR(X). These answer
the questions posted in [8].

1. Introduction

Throughout the paper all spaces are assumed to be infinite and T1. N denotes the set of natural numbers.
ω is the first infinite ordinal.

Let PR(X) be the family of all non-empty finite subsets of a space X. For A ∈ PR(X) and an open set
U ⊂ X, let

[A,U] = {B ∈ PR(X) : A ⊂ B ⊂ U}.

The family
{[A,U] : A ∈ PR(X),U is open in X}

is a base of PR(X) for the Pixley–Roy topology [9] on PR(X).
We recall two very known concepts defined in a general form in 1996 by M. Scheepers [10]. LetA and

B be collections of sets of an infinite set X.
S1(A,B) denotes the selection principle: For each sequence {An : n ∈ N} of elements of A there is a

sequence {bn : n ∈N} such that bn ∈ An for each n ∈N and {bn : n ∈N} is an element of B.
Sfin(A,B) denotes the selection principle: For each sequence {An : n ∈ N} of elements of A there is a

sequence {Bn : n ∈N} such that Bn is a finite subset of An for each n ∈N and
⋃

n∈N Bn ∈ B.
G. Di Maio and Lj.D.R. Kočinac [3] introduced the following quasi-version of selection principles stronger

than the weakly-version of selection principles:
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Definition 1.1. ([3, Definition 2.1]) 1. A space X is said to be quasi-Rothberger if for each closed set F ⊂ X
and each sequence {Un : n ∈N} of covers of F by sets open in X there is a Un ∈ Un for each n ∈N such that
F ⊂
⋃

n∈N Un.
2. A space X is said to be quasi-Menger if for each closed set F ⊂ X and each sequence {Un : n ∈ N} of

covers of F by sets open in X there is a finite subsetVn ⊂ Un for each n ∈N such that F ⊂
⋃

n∈N
⋃
Vn.

3. A space X is said to be quasi-Hurewicz if for each closed set F ⊂ X and each sequence {Un : n ∈N} of
covers of F by sets open in X there is a finite subsetVn ⊂ Un for each n ∈ N such that for every nonempty
open U of X with U ∩ F , ∅, U ∩ (

⋃
Vn) , ∅ for all but finitely many n ∈N.

We have the following implications:

Rothberger⇒ quasi-Rothberger⇒ weakly Rothberger

There are very few papers which deal with the quasi-Rothberger (resp., quasi-Menger and quasi-
Hurewicz) properties. G. Di Maio and Lj.D.R. K0činac [3] pointed that a space X is quasi-Rothberger (resp.,
quasi-Menger and quasi-Hurewicz) if and only if every closed subspace of X is weakly Rothberger (resp.,
weakly Menger and weakly Hurewicz) and proved that every hereditarily separable space X is quasi-
Rothberger [3, Proposition 2.2]. Z. Li studied the quasi-Rothberger property of linearly ordered spaces
[6].

In [8], we investigated the weakly Rothberger property of PR(X) and posted following questions:

Question 1.2. ([8, Question 2.22]) For a space X, find the collectionsA and B of subsets of X such that:

PR(X) is quasi-Rothberger if and only if X satisfies S1(A,B);
PR(X) is quasi-Menger if and only if X satisfies Sfin(A,B);
PR(X) is quasi-Hurewicz if and only if X satisfies Sfin(A,B).

This paper is organized as follows. In the second section, we obtained some interesting properties
of quasi-Rothberger property of PR(X). In the third section, we introduced a new kind of hit-and-miss
networks to study the quasi-version of selection principles of PR(X) and characterize the quasi-Rothberger
property, the quasi-Menger property and the quasi-Hurewicz property of PR(X).

2. Some properties of PR(X) being quasi-Rothberger

Recall that a space X is said to be quasi-Lindelöf [1] if for each closed subset F of X and each coverU of
F by sets open in X, there is a countable set {Un : n ∈N} ⊂ U such that F ⊂

⋃
{Un : n ∈N}.

Theorem 2.1. If PR(X) is quasi-Lindelöf, then X is hereditarily separable.

Proof. Suppose that F is a subset of X, then F = {{x} : x ∈ F} is a closed subset of PR(X). LetU = {[{x},X] :
x ∈ F}, thenU is a cover of F open in PR(X). There exists [{xn},X] ∈ U for each n ∈N such that

F ⊂

⋃
n∈N

[{xn},X].

We prove that {xn : n ∈ N} is a dense subset of F. In fact, for each open subset V of X with F ∩ V , ∅, pick
y ∈ F ∩ V, then [{y},V] is a neighbourhood of {y} ∈ F . There exists k ∈ N such that [{y},V] ∩ [{xk},X] , ∅.
Thus xk ∈ V; moreover, F is separable. So X is hereditarily separable.

Since the quasi-Rothberger property is stronger than the quasi-Lindelöf property, we can prove the
following corollary.

Corollary 2.2. If PR(X) is quasi-Rothberger, then X is hereditarily separable.
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An open coverU of a space X is called an ω-cover if every finite subset of X is contained in a member
ofU and X is not a member ofU. We write Ω the collection of ω-covers of X and O the collection of open
covers of X.

Theorem 2.3. If PR(X) is quasi-Rothberger, then each subset of X satisfies S1(Ω,Ω).

Proof. Let F be a subset of X and {Un : n ∈N} a sequence of ω-covers of F sets open in F. Put

F = [F]<ω\{∅}, where [F]<ω = {A ⊂ F : A is finite}.

Then F is a closed subset of PR(X). Indeed, if D < F , then there exists x ∈ D such that x < A for any A ∈ F .
Note that [{x},X] is a neighbourhood of D in PR(X) and [{x},X] ∩ F = ∅. For every A ∈ F , take U(n)

A ∈ Un
such that

A ⊂ U(n)
A , where U(n)

A is open in F.

Let V(n)
A be open in X such that U(n)

A = F ∩ V(n)
A . Then

Wn = {[A,V
(n)
A ] : A ∈ F }

is an open cover of F in PR(X). Since PR(X) is quasi-Rothberger, there exists [An,V
(n)
An

] ∈ Wn such that

F ⊂

⋃
n∈N

[An,V
(n)
An

].

Then U(n)
An
∈ Un with U(n)

An
= F ∩ V(n)

An
and {U(n)

An
: n ∈ N} is an ω-cover of F. In fact, for each A ∈ F , [A,X] is

a neighbourhood of A in PR(X). There exists k ∈ N such that [A,X] ∩ [Ak,V
(n)
Ak

] , ∅. Thus A ⊂ V(k)
Ak

. Hence

A ⊂ F ∩ V(k)
Ak
= U(k)

Ak
. So F satisfies S1(Ω,Ω).

Example 2.4. The real line R does not satisfy S1(O,O) [2, Proposition 2.3]. So R does not satisfy S1(Ω,Ω)
since S1(Ω,Ω) is stronger than S1(O,O) [5, Fig 2]. By Theorem 2.3, PR(R) is not quasi-Rothberger. So the
converse of Corollary 2.2 is not true since R is hereditarily separable.

Theorem 2.5. If PR(X) is quasi-Rothberger, then X is quasi-Rothberger.

Proof. From Corollary 2.2, X is hereditarily separable. By Proposition 2.2 in [3], X is quasi-Rothberger.

Example 2.6. By the following two examples, we shall show that the converse of Theorem 2.5 is not true.
1. From Proposition 2.2 of [3], the real line R is quasi-Rothberger since it is hereditarily separable. But

PR(R) is not quasi-Rothberger by Example 2.4.
2. Denote τ the usual topology of R. Put

B = {V − A : V ∈ τ,A ⊂ R, |A| ≤ ω}.

The collection B is a base for a new topology τ′ on R. From Example 1.5 of [6], (R, τ′) is quasi-Rothberger.
By Example 14.7 in [4], (R, τ′) is not separable; moreover, (R, τ′) is not hereditarily separable. By Corollary
2.2, PR[(R, τ′)] is not quasi-Rothberger.

3. Main results

Recall that a subset U of X is called a co-finite subset of X [7] if 0 < |X − U| < ω. A family U consisting
of co-finite subsets of X is said to be a co-finite family of X. Let Y ⊊ X. A subset U of Y is called a co-finite
subset of Y [7] if 0 ≤ |Y −U| < ω. A familyU consisting of co-finite subsets of Y is called a co-finite family
of Y.

A subset pair (C,F) of X is called a closed-miss-finite pair of X [7], if C is closed and F is non-empty finite
with C ∩ F = ∅. A closed-miss-finite family of X is a family of closed-miss-finite pairs of X.

First, we define hit-families of X to study closed sets in PR(X).
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Definition 3.1. A co-finite familyU of a space X is said to be a hit-family of X, for any co-finite subset W
of X with W < U, there exists a closed-miss-finite pair (C,F) of X with Wc

∩ C = ∅ and W ∩ F = ∅ such that
Uc
∩ C , ∅ or U ∩ F , ∅ for each U ∈ U.

Lemma 3.2. LetU be a co-finite family of space X, thenU is a hit-family of X if and only ifUc is closed in PR(X).

Proof. Let U be a hit-family of X and A ∈ PR(X) −Uc, then Ac < U. There exists a closed-miss-finite pair
(C,F) of X with A ∩ C = ∅ and Ac

∩ F = ∅ such that

Uc
∩ C , ∅ or U ∩ F , ∅ for any U ∈ U.

Thus [F,X − C] is a neighbourhood of A such that [F,X − C] ∩Uc = ∅. SoUc is closed in PR(X).
On the other hand, let Uc be a closed subset of PR(X) and W be a co-finite subset of X with W < U,

then Wc < Uc. There exists a neighbourhood [A,V] of Wc such that [A,V] ∩ Uc = ∅. Then (X − V,A) is a
closed-miss-finite pair of X with

Wc
∩ (X − V) = ∅ and W ∩ A = ∅.

From [A,V] ∩Uc = ∅, it is easy to see that

Uc
∩ (X − V) , ∅ or U ∩ A , ∅ for any U ∈ U.

SoU is a hit-family of X.

Next, in order to give characterizations of the quasi-Rothberger property of PR(X), we introduce rc f -
networks of X on a hit-family and weakly rc f -networks of X on a hit-family.

Definition 3.3. LetU be a hit-family of X. A closed-miss-finite family ξ of X is said to be an rc f -network
of X onU, if for each U ∈ U, there exists (C,F) ∈ ξ such that C ⊂ U and F ∩U = ∅.

Definition 3.4. Let U be a hit-family of X. A closed-miss-finite family ξ of X is said to be a weakly rc f -
network of X onU, if for each U ∈ U and C ⊂ U closed in X, there exists (C′,F′) ∈ ξ such that C′ ⊂ U and
F′ ∩ C = ∅.

For a space X, we write

• Πrc f−h : the collection of rcf -networks of X on a hit-family of X;
• Πwrc f−h : the collection of weakly rcf -networks of X on a hit-family of X.

Theorem 3.5. For a space X, the following are equivalent:
(1) PR(X) is quasi-Rothberger;
(2) X satisfies S1(Πrc f−h,Πwrc f−h).

Proof. (1)⇒(2) LetU be a hit-family of X and {ξn : n ∈N} a sequence of rc f -networks onU. By Lemma 3.2,
U

c is closed in PR(X). For each n ∈N, let

Un = {[F,X − C] : (C,F) ∈ ξn}.

Then {Un : n ∈N} is a sequence of rc f -covers ofUc in PR(X). In fact, for each Uc
∈ U

c, there exists (C,F) ∈ ξn
such that C ⊂ U and F ∩ U = ∅. Thus Uc

∈ [F,X − C] ∈ Un. By (1), for each n ∈ N, take [Fn,X − Cn] ∈ Un
such that

U
c
⊂

⋃
n∈N

[Fn,X − Cn].

Hence (Cn,Fn) ∈ ξn and {(Cn,Fn) : n ∈ N} is a weakly rc f -network on U. Indeed, let U ∈ U and C ⊂ U
closed in X, then [Uc,X − C] is a neighbourhood of Uc. There is some k ∈N such that

[Uc,X − C] ∩ [Fk,X − Ck] , ∅.
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So Ck ⊂ U and Fk ∩ C = ∅.
(2)⇒(1) Let F be a closed subset of PR(X), then F c is a hit-family of X by Lemma 3.2. Let {Un : n ∈ N}

be a sequence of covers of F open sets in PR(X). Suppose now that eachUn is a family of basic open sets.
Then

ξn = {(X −U,A) : [A,U] ∈ Un}

is an rc f -network on F c. For each n ∈ N, there exists (X −Un,An) ∈ ξn such that {(X −Un,An) : n ∈ N} is a
weakly rc f -network on F c. Hence each [An,Un] ∈ Un and F ⊂

⋃
n∈N[An,Un].

Finally, in order to study the characteristic of S1(Πrc f−h,Πwrc f−h), we define a hit-family of a subset Y of
X, pc f -networks of Y on a hit-family and weakly pc f -networks of Y on a hit-family.

Let Y be a subset of X. A pair (C,F) of subsets of Y is called a proper closed-miss-finite pair of Y, if C is
closed in Y and F is non-empty finite in Y with C ∩ F = ∅. A family consisting of proper closed-miss-finite
pairs of Y is said to be a proper closed-miss-finite family of Y.

Definition 3.6. Let Y be a subset of X. A co-finite familyU of Y is said to be a hit-family of Y, if Y is not a
member ofU and for any co-finite W of Y with W , Y and W < U, there exists a proper closed-miss-finite
pair (C,F) of Y with Wc

∩ C = ∅ and W ∩ F = ∅ such that Uc
∩ C , ∅ or U ∩ F , ∅ for each U ∈ U.

Definition 3.7. Let Y be a subset of X andU a hit-family of Y. A proper closed-miss-finite family ξ of Y is
called a pc f -network of Y onU, if for each U ∈ U, there exists (C,F) ∈ ξ such that C ⊂ U and F ∩U = ∅.

Definition 3.8. Let Y be a subset of X andU a hit-family of Y. A proper closed-miss-finite family ξ of Y is
called a weakly pc f -network of Y on U, if for each U ∈ U and C ⊂ U closed in Y, there exists (C′,F′) ∈ ξ
such that C′ ⊂ U and F′ ∩ C = ∅.

For a space X, We write

• Πpc f−h : the collection of pcf -networks of Y ⊂ X on a hit-family of Y;
• Πwpc f−h : the collection of weakly pcf -networks of Y ⊂ X on a hit-family of Y.

Theorem 3.9. For a space X, the following are equivalent:
(1) X satisfies S1(Πrc f−h,Πwrc f−h);
(2) X is separable and each co-finite subset of X satisfies S1(Πpc f−h,Πwpc f−h).

Proof. (1)⇒(2) By Corollary 2.2 and Theorem 3.5, X is hereditarily separable and, hence, X is separable. Let
Y be a co-finite subset of X andU a hit-family of Y, then

V = {U ∪ Yc : U ∈ U}

is a hit-family of X. In fact, let W be a co-finite subset of X with W <V.
Case 1. If W = V ∪ Yc, where V is a co-finite subset of Y with V , Y, then V < U. There exists a proper

closed-miss-finite pair (C0,F0) of Y with Vc
∩ C0 = ∅ and V ∩ F0 = ∅ such that

Uc
∩ C0 , ∅ or U ∩ F0 , ∅ for any U ∈ U.

Let C1 = C0 and F1 = F0, where C0 is the closure of C0 in X. Then C1 − C0 ⊂ Yc since C1 ∩ Y = C0. Thus
(C1,F1) is a closed-miss-finite pair of X with Wc

∩ C1 = ∅ and W ∩ F1 = ∅ such that

(U ∪ Yc)c
∩ C1 = (Uc

∩ Y) ∩ C1 = Uc
∩ C0 , ∅

or (U ∪ Yc) ∩ F1 = U ∩ F0 , ∅ for any U ∪ Yc
∈ V.

Case 2. If W = V ∪ B, where V is a co-finite subset of Y and B ⊂ Yc with Yc
− B , ∅. Take C1 = B,

F1 = Yc
− B. Then (C1,F1) is closed-miss-finite pair of X with Wc

∩ C1 = ∅ and W ∩ F1 = ∅ such that

(U ∪ Yc) ∩ F1 = Yc
∩ F1 = F1 , ∅
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for any U ∪ Yc
∈ V.

Let {ξn : n ∈N} be a sequence of pc f -networks of Y onU. For each n ∈N, let

ζn = {(C,A) : (C,A) ∈ ξn, C is the closure of C in X}.

Then each ζn is a closed-miss-finite rc f -network of X on V. Indeed, for every U ∪ Yc
∈ V, there exists

(C,A) ∈ ξn such that C ⊂ U and A ∩U = ∅. Thus

C ⊂ U ∪ Yc and A ∩ (U ∪ Yc) = ∅

since C∩Y = C and A ⊂ Y. By (1), there exists (Cn,An) ∈ ζn for n ∈N such that {(Cn,An) : n ∈N} is a weakly
rc f -network of X onV. We show that {(Cn,An) : n ∈N} is a weakly pc f -network of Y onU. Let U ∈ U and
C ⊂ U closed in Y, then C ⊂ U ∪ Yc

∈ V. There exists some (Ck,Ak) ∈ {(Cn,An) : n ∈N} such that

Ck ⊂ U ∪ Yc and Ak ∩ C = ∅.

Thus Ck = Ck ∩ Y ⊂ (U ∪ Yc) ∩ Y = U and Ak ∩ C = ∅.
(2)⇒(1) Let U be a hit-family of X and {ξn : n ∈ N} a sequence of rc f -networks of X on U. Denote

{xm : m ∈N} the countable dense subset of X and put N′ = {m ∈N : xm ∈
⋃
U}. For each m ∈N′, let

Um = {U ∩ (X − {xm}) : U ∈ U and xm ∈ U}.

ThenUm is a hit-family of X − {xm}. Indeed, let W be a co-finite subset of X − {xm} with W , X − {xm} and
W <Um. Denote

W = X − A − {xm}with xm < A.

Then X −A is a co-finite subset of X and X −A <U. There exists a closed-miss-finite pair (C0,F0) of X with
(X − A)c

∩ C0 = ∅ and (X − A) ∩ F0 = ∅, i.e., C0 ⊂ X − A and F0 ⊂ A such that

Uc
∩ C0 , ∅ or U ∩ F0 , ∅ for each U ∈ U.

Let C1 = C0 ∩ (X − {xm}) and F1 = F0, then (C1,F1) is a proper closed-miss-finite pair of X − {xm} with
Wc
∩ C1 = ∅ and W ∩ F1 = ∅. For each U ∩ (X − {xm}) ∈ Um, since xm ∈ U, we have

[U ∩ (X − {xm})]c
∩ C1 = (Uc

∪ {xm}) ∩ [C0 ∩ (X − {xm})] = Uc
∩ C0 , ∅

or
[U ∩ (X − {xm})] ∩ F1 = (U ∩ A) ∩ F0 = U ∩ F0 , ∅.

Rearrange {ξn : n ∈N} as {ξn,m : n,m ∈N}. For each m ∈N, let

ζn,m = {(C ∩ (X − {xm}),A) : (C,A) ∈ ξn,m and xm < A}.

Then {ζn,m : n ∈ N} is a sequence of pc f -networks of X − {xm} onUm. In fact, for each U ∩ (X − {xm}) ∈ Um,
there exists (C,A) ∈ ξn,m such that

C ⊂ U and A ∩U = ∅.

Since xm ∈ U, we have xm < A. Then (C ∩ (X − {xm}),A) ∈ ζn,m such that

C ∩ (X − {xm}) ⊂ U ∩ (X − {xm}) and A ∩ [U ∩ (X − {xm})] = ∅.

By (2), there exists (Cn,m ∩ (X − {xm}),An,m) ∈ ζn,m such that {(Cn,m ∩ (X − {xm}),An,m) : n ∈ N} is a weakly
pc f -network of X − {xm} onUm.

We have (Cn,m,An,m) ∈ ξn,m for each n,m ∈ N. We want to prove that {(Cn,m,An,m) : n ∈ N,m ∈ N′} is a
weakly rc f -network of X onU. Indeed, let U ∈ U and C ⊂ U closed in X. Take xm ∈ U, then C ∩ (X − {xm})
is closed in X − {xm} and

C ∩ (X − {xm}) ⊂ U ∩ (X − {xm}) ∈ Um.
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Since {(Cn,m ∩ (X − {xm}),An,m) : n ∈N} is a weakly pc f -network of X − {xm} onUm, there exists

(Ck,m ∩ (X − {xm}),Ak,m) ∈ {(Cn,m ∩ (X − {xm}),An,m) : n ∈N}

such that
Ck,m ∩ (X − {xm}) ⊂ U ∩ (X − {xm}) and Ak,m ∩ [C ∩ (X − {xm})] = ∅.

Thus Ck,m ⊂ U and Ak,m ∩ C = ∅ since xm ∈ U and xm < Ak,m. So X satisfies S1(Πrc f ,Πwrc f ).

Theorem 3.10. For each co-finite subset Y of X, the following are equivalent:
(1) Y satisfies S1(Πpc f−h,Πwpc f−h);
(2) PR(Y) is quasi-Rothberger.

Proof. Note that a co-finite familyU of Y is a hit-family of Y if and only ifUc = {Y−U : U ∈ U} is closed in
PR(Y). It is easy to show that a proper closed-miss-finite family ξ of Y is a pc f -network of Y on a hit-family
U of Y if and only ifV = {[F,Y − C] : (C,F) ∈ ξ} is an rc f -cover ofUc in PR(Y). So the proof parallels that
of Theorem 3.5.

The following corollary is a consequence of Theorems 3.5, 3.9 and 3.10.

Corollary 3.11. Let X be a space, the following are equivalent:
(1) PR(X) is quasi-Rothberger;
(2) X satisfies S1(Πrc f−h,Πwrc f−h);
(3) X is separable and each co-finite subset of X satisfies S1(Πpc f−h,Πwpc f−h);
(4) X is separable and PR(Y) is quasi-Rothberger for each co-finite subset Y of X.

Similarly to the proofs of Theorems 3.5, 3.9 and 3.10, we have the following characterizations of PR(X)
being quasi-Menger.

Theorem 3.12. For a space X, the following are equivalent:
(1) PR(X) is quasi-Menger;
(2) X satisfies Sfin(Πrc f−h,Πwrc f−h);
(3) X is separable and each co-finite subset of X satisfies Sfin(Πpc f−h,Πwpc f−h);
(4) X is separable and PR(Y) is quasi-Menger for each co-finite subset Y of X.

Definition 3.13. Let U be a hit-family of X. A partitioned closed-miss-finite family ξ =
⋃

n∈N ξn of X is
said to be a weakly p-rc f -network of X onU, if for each U ∈ U and subset C ⊂ U closed in X, there exists
(Cn,Fn) ∈ ξn such that Cn ⊂ U and Fn ∩ C = ∅ for all but finitely many n ∈N.

Definition 3.14. Let Y be a subset of X and U a hit-family of Y. A partitioned proper closed-miss-finite
family ξ =

⋃
n∈N ξn of Y is said to be a weakly p-c f -network on U, if for each U ∈ U and subset C ⊂ U

closed in Y, there exists (Cn,Fn) ∈ ξn such that Cn ⊂ U and Fn ∩ C = ∅ for all but finitely many n ∈N.

For a space X, we write

• Π
p
wrc f−h : the collection of weakly p-rcf -networks of X on a hit-family of X;

• Π
p
wc f−h : the collection of weakly p-cf -networks of Y ⊊ X on a hit-family of Y.

In a similar way, one can prove

Theorem 3.15. For a space X, the following are equivalent:
(1) PR(X) is quasi-Hurewicz;
(2) X satisfies Sfin(Πrc f−h,Π

p
wrc f−h);

(3) X is separable and each co-finite subset of X satisfies Sfin(Πpc f−h,Π
p
wc f−h);

(4) X is separable and PR(Y) is quasi-Hurewicz for each co-finite subset Y of X.
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