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The quasi-Rothberger property of Pixley—Roy hyperspaces

Zuquan Li?

?School of Mathematics, Hangzhou Normal University, Hangzhou 311121, P.R.China

Abstract. Let PR(X) denote the hyperspace of non-empty finite subsets of a topological space X with
Pixley—Roy topology. In this paper, we investigate the quasi-Rothberger property in hyperspace PR(X). We
prove that for a space X, the followings are equivalent:

(1) PR(X) is quasi-Rothberger;

(2) X satisfies Sl (Hrcf—h/ ercf—h);

(3) X is separable and each co-finite subset of X satisfies S;(IT,cf_y, [uper-n);

(4) X is separable and PR(Y) is quasi-Rothberger for each co-finite subset Y of X.
We also characterize the quasi-Menger property and the quasi-Hurewicz property of PR(X). These answer
the questions posted in [8].

1. Introduction

Throughout the paper all spaces are assumed to be infinite and T;. IN denotes the set of natural numbers.
w is the first infinite ordinal.
Let PR(X) be the family of all non-empty finite subsets of a space X. For A € PR(X) and an open set
UcX,let
[A, U] ={BePR(X): AcBc U}

The family
{[A, U] : A € PR(X), U is open in X}

is a base of PR(X) for the Pixley—Roy topology [9] on PR(X).

We recall two very known concepts defined in a general form in 1996 by M. Scheepers [10]. Let A and
8B be collections of sets of an infinite set X.

S1(A, B) denotes the selection principle: For each sequence {A, : n € IN} of elements of A there is a
sequence {b, : n € N} such that b, € A, for eachn € N and {b,, : n € N} is an element of 8.

Siin(A, B) denotes the selection principle: For each sequence {A, : n € IN} of elements of A there is a
sequence {B, : n € IN} such that B, is a finite subset of A, for each n € N and |J,,cp B: € 8.

G.DiMaioand Lj.D.R. Ko¢inac [3] introduced the following quasi-version of selection principles stronger
than the weakly-version of selection principles:
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Definition 1.1. ([3, Definition 2.1]) 1. A space X is said to be quasi-Rothberger if for each closed set F ¢ X
and each sequence {U,, : n € IN} of covers of F by sets open in X there is a U, € U, for each n € IN such that

Fc UnE]N un-
2. A space X is said to be quasi-Menger if for each closed set F C X and each sequence {1, : n € IN} of

covers of F by sets open in X there is a finite subset V,, ¢ U, for each n € N such that F C |,y U V.

3. A space X is said to be quasi-Hurewicz if for each closed set F C X and each sequence {U,, : n € N} of
covers of F by sets open in X there is a finite subset V,, C U,, for each n € N such that for every nonempty
open U of X with UNF # 0, UN (IJV,) # 0 for all but finitely many n € IN.

We have the following implications:
Rothberger = quasi-Rothberger = weakly Rothberger

There are very few papers which deal with the quasi-Rothberger (resp., quasi-Menger and quasi-
Hurewicz) properties. G. Di Maio and Lj.D.R. KO¢inac [3] pointed that a space X is quasi-Rothberger (resp.,
quasi-Menger and quasi-Hurewicz) if and only if every closed subspace of X is weakly Rothberger (resp.,
weakly Menger and weakly Hurewicz) and proved that every hereditarily separable space X is quasi-
Rothberger [3, Proposition 2.2]. Z. Li studied the quasi-Rothberger property of linearly ordered spaces

[6].
In [8], we investigated the weakly Rothberger property of PR(X) and posted following questions:

Question 1.2. ([8, Question 2.22]) For a space X, find the collections A and B of subsets of X such that:

PR(X) is quasi-Rothberger if and only if X satisfies Si(A, B);
PR(X) is quasi-Menger if and only if X satisfies Syin(A, B);
PR(X) is quasi-Hurewicz if and only if X satisfies Sfin(A, B).

This paper is organized as follows. In the second section, we obtained some interesting properties
of quasi-Rothberger property of PR(X). In the third section, we introduced a new kind of hit-and-miss
networks to study the quasi-version of selection principles of PR(X) and characterize the quasi-Rothberger
property, the quasi-Menger property and the quasi-Hurewicz property of PR(X).

2. Some properties of PR(X) being quasi-Rothberger

Recall that a space X is said to be quasi-Lindeldf [1] if for each closed subset F of X and each cover U of
F by sets open in X, there is a countable set {U, : n € N} € U such that F c [J{U, : n € N}.

Theorem 2.1. If PR(X) is quasi-Lindeldf, then X is hereditarily separable.

Proof. Suppose that F is a subset of X, then ¥ = {{x} : x € F} is a closed subset of PR(X). Let U = {[{x}, X] :
x € F}, then U is a cover of ¥ open in PR(X). There exists [{x,}, X] € U for each n € IN such that

F < |, X1,
neN

We prove that {x, : n € IN} is a dense subset of F. In fact, for each open subset V of X with F NV # 0, pick
y € FNV, then [{y}, V] is a neighbourhood of {y} € #. There exists k € IN such that [{y}, V] N [{x}, X] # 0.
Thus x; € V; moreover, F is separable. So X is hereditarily separable. [J

Since the quasi-Rothberger property is stronger than the quasi-Lindeldf property, we can prove the
following corollary.

Corollary 2.2. If PR(X) is quasi-Rothberger, then X is hereditarily separable.
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An open cover U of a space X is called an w-cover if every finite subset of X is contained in a member
of U and X is not a member of U. We write Q the collection of w-covers of X and O the collection of open
covers of X.

Theorem 2.3. If PR(X) is quasi-Rothberger, then each subset of X satisfies S1(€, Q).
Proof. Let F be a subset of X and {U,, : n € IN} a sequence of w-covers of F sets open in F. Put
F = [F]*“\{0}, where [F]® = {A C F: A is finite}.

Then ¥ is a closed subset of PR(X). Indeed, if D ¢ ¥, then there exists x € D such that x ¢ A forany A € .

Note that [{x}, X] is a neighbourhood of D in PR(X) and [{x}, X] N ¥ = 0. For every A € ¥, take Uf:) e U,
such that
Ac UI(:), where UZ’) is openin F.

Let VI(:) be open in X such that UI(:) =FnN Vf:). Then
W, ={[A4,VP]: AeF)

is an open cover of ¥ in PR(X). Since PR(X) is quasi-Rothberger, there exists [A,, Vf:”)] € W, such that

F |, v,
nelN
Then UI(Z’) € U, with Uf:j =Fn VI(:”) and {Uf:”) : n € IN} is an w-cover of F. In fact, foreach A € F, [A, X] is
a neighbourhood of A in PR(X). There exists k € IN such that [A, X] N [Ax, Vf:k)] #@. Thus A C VX(Z. Hence
ACFnN vg‘: = uf. So F satisfies $1(Q,Q). O

Example 2.4. The real line R does not satisfy S;(0, O) [2, Proposition 2.3]. So R does not satisfy S;(Q, Q)
since S1(Q2, Q) is stronger than S;(0, 0) [5, Fig 2]. By Theorem 2.3, PR(IR) is not quasi-Rothberger. So the
converse of Corollary 2.2 is not true since IR is hereditarily separable.

Theorem 2.5. If PR(X) is quasi-Rothberger, then X is quasi-Rothberger.
Proof. From Corollary 2.2, X is hereditarily separable. By Proposition 2.2 in [3], X is quasi-Rothberger. [

Example 2.6. By the following two examples, we shall show that the converse of Theorem 2.5 is not true.
1. From Proposition 2.2 of [3], the real line R is quasi-Rothberger since it is hereditarily separable. But
PR(RR) is not quasi-Rothberger by Example 2.4.
2. Denote 7 the usual topology of IR. Put

B={V-A:Ver,ACR, A <w}

The collection 8 is a base for a new topology 7’ on R. From Example 1.5 of [6], (IR, ') is quasi-Rothberger.
By Example 14.7 in [4], (R, ") is not separable; moreover, (IR, 7’) is not hereditarily separable. By Corollary
2.2, PR[(RR, 7")] is not quasi-Rothberger.

3. Main results

Recall that a subset U of X is called a co-finite subset of X [7]if 0 < |X — U| < w. A family U consisting
of co-finite subsets of X is said to be a co-finite family of X. Let Y ¢ X. A subset U of Y is called a co-finite
subset of Y [7]if 0 < |Y — U| < w. A family U consisting of co-finite subsets of Y is called a co-finite family
of Y.

A subset pair (C, F) of X is called a closed-miss-finite pair of X [7], if C is closed and F is non-empty finite
with C N F = 0. A closed-miss-finite family of X is a family of closed-miss-finite pairs of X.

First, we define hit-families of X to study closed sets in PR(X).
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Definition 3.1. A co-finite family U of a space X is said to be a hit-family of X, for any co-finite subset W
of X with W ¢ U, there exists a closed-miss-finite pair (C, F) of X with W¢ N C = 0 and W N F = @ such that
U'NC#QorUNF #0foreach UeU.

Lemma 3.2. Let U be a co-finite family of space X, then U is a hit-family of X if and only if U° is closed in PR(X).

Proof. Let U be a hit-family of X and A € PR(X) — U°, then A° ¢ U. There exists a closed-miss-finite pair
(C,F)of Xwith AN C =0and A° N F = @ such that

U'NC#0orUNF#0forany U e U.

Thus [F, X — C] is a neighbourhood of A such that [F, X — C] N U° = (. So U is closed in PR(X).

On the other hand, let U* be a closed subset of PR(X) and W be a co-finite subset of X with W ¢ U,
then W¢ ¢ U°. There exists a neighbourhood [A, V] of W¢ such that [A, V] N U = 0. Then (X - V,A)is a
closed-miss-finite pair of X with

WeNn(X-V)=0and WNA =0.
From [A, V] N U° = 0, it is easy to see that
UNX-V)£0orUNA #Qforany U € U.
So U is a hit-family of X. O

Next, in order to give characterizations of the quasi-Rothberger property of PR(X), we introduce rcf-
networks of X on a hit-family and weakly rcf-networks of X on a hit-family.

Definition 3.3. Let U be a hit-family of X. A closed-miss-finite family & of X is said to be an rcf-network
of X on U, if for each U € U, there exists (C,F) € E suchthat Cc Uand FN U = 0.

Definition 3.4. Let U be a hit-family of X. A closed-miss-finite family & of X is said to be a weakly rcf-
network of X on U, if for each U € U and C c U closed in X, there exists (C’, F’) € & such that C’ ¢ U and
FnC=0.

For a space X, we write

o I1,.r; : the collection of rcf-networks of X on a hit-family of X;
® ITyrcr—n : the collection of weakly rcf-networks of X on a hit-family of X.

Theorem 3.5. For a space X, the following are equivalent:
(1) PR(X) is quasi-Rothberger;
2) X satisﬁes S (Hrcf—h/ ercf—h)~

Proof. (1)=(2) Let U be a hit-family of X and {&, : n € IN} a sequence of rcf-networks on U. By Lemma 3.2,
U° is closed in PR(X). For each n € IN, let

U, ={[EX-C]:(CF)ei,l.

Then {U,, : n € N}is asequence of rc f-covers of U¢ in PR(X). In fact, for each U® € U¢, there exists (C, F) € &,
such that C c Uand FNU = 0. Thus U° € [F, X - C] € U,. By (1), for each n € N, take [F,, X — C,] € U,
such that
U | JIF, X -Gl
nelN
Hence (C,, F,) € &, and {(Cy,, Fy,) : n € N} is a weakly rcf-network on U. Indeed, let U € U and C Cc U
closed in X, then [U¢, X — C] is a neighbourhood of U°. There is some k € IN such that

[US, X - C]IN[Fx, X - Ci] # 0.
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SoCicUand Fr,NnC=0.

(2)=(1) Let ¥ be a closed subset of PR(X), then #° is a hit-family of X by Lemma 3.2. Let {U,, : n € N}
be a sequence of covers of ¥ open sets in PR(X). Suppose now that each U, is a family of basic open sets.
Then

& ={X-UA):[A U] e U}

is an rcf-network on F°. For each n € N, there exists (X — U, Ay) € &, such that {(X — U,,A,) : n € N}isa
weakly rcf-network on 7°¢. Hence each [A,, U,] € U, and F C U, en[An, U], O

Finally, in order to study the characteristic of Si(IT,cf—p, [Tires—1), we define a hit-family of a subset Y of
X, pcf-networks of Y on a hit-family and weakly pcf-networks of Y on a hit-family.

Let Y be a subset of X. A pair (C,F) of subsets of Y is called a proper closed-miss-finite pair of Y, if C is
closed in Y and F is non-empty finite in Y with CN F = 0. A family consisting of proper closed-miss-finite
pairs of Y is said to be a proper closed-miss-finite family of Y.

Definition 3.6. Let Y be a subset of X. A co-finite family U of Y is said to be a hit-family of Y, if Y is not a
member of U and for any co-finite W of Y with W # Y and W ¢ U, there exists a proper closed-miss-finite
pair (C,F) of Ywith WeNC=0and WNF =0suchthatUNC#0or UNF # 0 foreach U € U.

Definition 3.7. Let Y be a subset of X and U a hit-family of Y. A proper closed-miss-finite family £ of Y is
called a pcf-network of Y on U, if for each U € U, there exists (C, F) € E suchthat Cc Uand FNU = 0.

Definition 3.8. Let Y be a subset of X and U a hit-family of Y. A proper closed-miss-finite family & of Y is
called a weakly pcf-network of Y on U, if for each U € U and C c U closed in Y, there exists (C’,F’) € &
suchthatC’ cUand FF N C = 0.

For a space X, We write

o [T, : the collection of pcf-networks of Y C X on a hit-family of Y;
® [Typcr1 : the collection of weakly pcf-networks of Y C X on a hit-family of Y.

Theorem 3.9. For a space X, the following are equivalent:
(1) X satisfies S1(Iycr—n, Mwrcp-n);
(2) X is separable and each co-finite subset of X satisfies Sy(Ipcs—n, [wpef-n)-

Proof. (1)=(2) By Corollary 2.2 and Theorem 3.5, X is hereditarily separable and, hence, X is separable. Let
Y be a co-finite subset of X and U a hit-family of Y, then

V={UvuY :UeU)

is a hit-family of X. In fact, let W be a co-finite subset of X with W ¢ V.
Case 1. If W = V U Y, where V is a co-finite subset of Y with V # Y, then V ¢ U. There exists a proper
closed-miss-finite pair (Cy, Fy) of Y with VN Cy = 0 and V N Fy = 0 such that

U'NCy#0orUNFy+0forany U e U.

Let C; = C_o and F; = Fy, where C_o is the closure of Cy in X. Then C; — Cy C Y since Cy N'Y = Cy. Thus
(Cq, F1) is a closed-miss-finite pair of X with W¢ N C; = 0 and W N F; = 0 such that

UUY)YNC=UNY)NC;=UNCy 0

or (UUY)NF;=UNFy#0forany UU Y € V.
Case 2. If W = V U B, where V is a co-finite subset of Y and B C Y° with Y — B # 0. Take C; = B,
F1 = Y® - B. Then (Cy, F1) is closed-miss-finite pair of X with W N C; = 0 and W N F; = @ such that

UUY)NFi=YNFi=F1#0
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forany UU Y“ € V.
Let {&, : n € IN} be a sequence of pcf-networks of Y on U. For each n € IN, let

Gy = {(C,A) : (C A) € &, Cis the closure of C in X}.

Then each C, is a closed-miss-finite rcf-network of X on V. Indeed, for every U U Y° € V, there exists
(CA)e &, suchthat Cc Uand ANU = 0. Thus

CcUuUY andANUUY)=0

sinceCNY=CandAC Y. By (1), there exists (C_n, A,) € (, for n € IN such that {(C_n, Ap) : n € N}is aweakly
rcf-network of X on V. We show that {(C,,, A,) : n € N} is a weakly pcf-network of Y on U. Let U € U and

C c Uclosedin Y, then C c U U Y° € V. There exists some (C_k,Ak) € {(C_n, A,) : n € N} such that
CycUUY and A, NC = 0.

Thus G, =CNYCcUUY)NY=Uand A,NC = 0.
(2)=(1) Let U be a hit-family of X and {&, : n € IN} a sequence of rcf-networks of X on U. Denote
{x;, : m € IN} the countable dense subset of X and put N’ = {m € N : x,, € |J U}. For each m € IN’, let

U, ={UNX-{x,}): UeUandx, € U}.

Then U, is a hit-family of X — {x,,}. Indeed, let W be a co-finite subset of X — {x,,} with W # X — {x,,} and
W ¢ U,,. Denote
W=X-A-{x,]} withx,, ¢ A.

Then X — A is a co-finite subset of X and X — A ¢ U. There exists a closed-miss-finite pair (Cy, Fo) of X with
X-AFNCy=0and (X —-A)NFy=0,i.e., Cyc X—Aand Fy C A such that
U'NCy#0PorUNFy+#0foreach U e U.

Let C; = Co N (X = {xn}) and F; = Fy, then (Cy, Fy) is a proper closed-miss-finite pair of X — {x,,} with
WeNnCy =0and WNF; = 0. For each U N (X - {x,,,}) € U, since x,,, € U, we have

[UNX={xuD]"NCr = U Uixuh) N[CoN (X —{xuD]=UNCo#0
or
[UNnX-{x,DINFir=UNANFy=UNFy #0.

Rearrange {&, : n € N} as (&, : n,m € IN}. For each m € IN, let
Cn,m = {(C N (X - {xm})/A) : (C/A) € én,m and x, ¢ A}

Then {C,,, : n € N} is a sequence of pcf-networks of X — {x,,} on U,,. In fact, for each U N (X — {x,,}) € Uy,
there exists (C, A) € &, such that
CcUandANU=0.

Since x,, € U, we have x,, ¢ A. Then (C N (X — {x}), A) € Cym such that
CNX-{x,hcUnX-{x,)and AN[UNX - {x,,})] = 0.

By (2), there exists (Cy,;n N (X = {xu}), Apm) € Cum such that {(Cy N (X = {xn}), Anm) : 1 € IN} is a weakly
pcf-network of X — {x,,} on U,,.

We have (Cy,, Anm) € Enm for each n,m € IN. We want to prove that {(Cy,;n, Anm) : 1 € N,m € N'}is a
weakly rcf-network of X on U. Indeed, let U € U and C C U closed in X. Take x;, € U, then C N (X — {x,})
is closed in X — {x,,,} and

CNX-{xu) cUNX={xm}) € Uy.
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Since {(Cpm N (X = {xp}), Anm) : 1 € N} is a weakly pcf-network of X — {x,,} on U,,, there exists
(Ck,m N (X - {Xm}), Ak,m) € {(Cn,m N (X - {xm})/ An,m) ne N}

such that
Crom N (X = {xm}) c U N (X = {xn}) and Ag, N [C N (X = {x})] = 0.

Thus Cy,, € U and Ay, N C = 0 since x,, € U and x, ¢ Ay . So X satisfies Sy(ITycf, ITorer). O

Theorem 3.10. For each co-finite subset Y of X, the following are equivalent:
1My satisﬁes S (Hpcf—h/ prcf—h)/'
(2) PR(Y) is quasi-Rothberger.

Proof. Note that a co-finite family U of Y is a hit-family of Y if and only if U° = {Y — U : U € U} is closed in
PR(Y). Itis easy to show that a proper closed-miss-finite family & of Y is a pcf-network of Y on a hit-family
UofYifand onlyif V = {[F,Y — C] : (C,F) € &} is an rcf-cover of U in PR(Y). So the proof parallels that
of Theorem 3.5. [

The following corollary is a consequence of Theorems 3.5, 3.9 and 3.10.

Corollary 3.11. Let X be a space, the following are equivalent:
(1) PR(X) is quasi-Rothberger;
2) X satisﬁes S (Hrcf—h/ ercffh)/'
(3) X is separable and each co-finite subset of X satisfies Sy(ITpcr—, Mwper-n);
(4) X is separable and PR(Y) is quasi-Rothberger for each co-finite subset Y of X.

Similarly to the proofs of Theorems 3.5, 3.9 and 3.10, we have the following characterizations of PR(X)
being quasi-Menger.

Theorem 3.12. For a space X, the following are equivalent:
(1) PR(X) is quasi-Menger;
(2) X satisﬁes Sfin(nrcf—h/ ercf—h)/'
(3) X is separable and each co-finite subset of X satisfies Sfin(Ipc -, Tlwper—1);
(4) X is separable and PR(Y) is quasi-Menger for each co-finite subset Y of X.

Definition 3.13. Let U be a hit-family of X. A partitioned closed-miss-finite family & = |, & Of X is
said to be a weakly p-rcf-network of X on U, if for each U € U and subset C C U closed in X, there exists
(Cn, Fn) € &y such that C,, ¢ U and F,, N C = 0 for all but finitely many n € IN.

Definition 3.14. Let Y be a subset of X and U a hit-family of Y. A partitioned proper closed-miss-finite
family & = (J,en én of Y is said to be a weakly p-cf-network on U, if for each U € U and subset C c U
closed in Y, there exists (Cy, F) € &, such that C, ¢ U and F,, N C = 0 for all but finitely many n € IN.

For a space X, we write

. HZ refoh the collection of weakly p-rcf-networks of X on a hit-family of X;

. HZ) o the collection of weakly p-cf-networks of Y ¢ X on a hit-family of Y.

In a similar way, one can prove

Theorem 3.15. For a space X, the following are equivalent:
(1) PR(X) is quasi-Hurewicz;
(2) X satisfies Sn(Tren, 11, ,);
(3) X is separable and each co-finite subset of X satisfies Sﬁn(HpCf_h, va . f_h);
(4) X is separable and PR(Y) is quasi-Hurewicz for each co-finite subset Y of X.
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