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Abstract. Let (M, g) be a Riemannian manifold and T>M be its second order tangent bundle. In this
paper, we deal with certain characterizations of F-geodesics (Which generalize both classical geodesics and

magnetic curves) on the second order tangent bundle T2M and the hypersurface T7, M with respect to some
natural metrics.

1. Introduction

Magnetic curves represent, in physics, the trajectories of the charged particles moving on a Riemannian
manifold under the action of the magnetic fields. A magnetic field F on a Riemannian manifold (M, g) is a
closed 2—form and the Lorentz force associated to F is a (1, 1)—tensor field p such that

FX,Y) = g(pX, Y)

for all vector fields X, Y on M. A magnetic trajectory in such a magnetic field is thus modeled by a second
order differential equation, that is,

Vyy = py,

usually known as the Lorentz equation. Such curves are sometimes called also magnetic geodesics since the
Lorentz equation generalizes the equation of geodesics under arc-length parametrization, namely, V,y = 0.
Here, V denotes the Levi-Civita connection of the Riemannian metric g.

A smooth curve y on a Riemannian manifold (M, g) endowed with a (1,1)—tensor field F and with
Levi-Civita connection V is called an F-geodesic if y satisfies

F—geodesics are strictly related to F—planar curves and extended magnetic curves and hence, geodesics.
Note that the notion of F-geodesic is slightly different from F—planar curve (see [12]). Inspired by the
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Lorentz force, the electro-magnetic tensor field, as well as some special forces involved in the Euler-
Lagrange equations from Lagrangian mechanics, Bejan and Drutd-Romaniuc [2] defined F-geodesics on
a manifold with a linear connection. They presented several examples of F—geodesics; for instance, they
constructed F—geodesics on the tangent bundle of a manifold by using lifts. Also, they characterized
F—geodesics according to some special connections such as Vranceanu connection on foliated manifolds
and adapted connections on almost contact manifolds. Finally, they found conditions for a pair of symmetric
connections to have the same system of F—geodesics. In this paper, we deal with certain characterizations
of F-geodesics on the second order tangent bundle T>’M and the hypersurface TilM .

1.1. Whitney tangent fiber bundle TM & TM
Let M be an n—dimensional Riemannian manifold with a Riemannian metric g and TM be its tangent

bundle denoted by w : TM — M. We refer to [6, 16] for all the necessary background for the tangent bundle.
The Whitney tangent fiber bundle TM & TM is defined by

TM®TM = {(n,w) € TMX TM;  71(u) = m(w)} = U TM x T:M,
xeM

where g is denoted by
g: TM®&TM — M

(u,w) P 7g U, w)="7u)=n(w).

A local chart (U, ¢) = (U, xi) on M induces a chart (n‘l(U),a) = (n‘l(U), X, yi) on TM and (ne‘al(U),a) =
(ne;l(ll), X, yi,zi) on TM @ TM such

9 (v, u, w) = (px), Px (), Px(@)) = (p(x), ¥,2) .
Let )?, Y be vector fields on TM. Then ()?, ?) is a vector field on TM @ TM if and only if

dn()?)=dn(?).

Relative to the chart (ne‘al(U),ﬁ) = (nél(U), X,y zi), the local frame vector fields given in [5] are
9 _ (29
oxi \oxi’ oxi)’
d d
= )

d d
&—Zz, = (0,£)

For any vector field X on M and f € C*(M), we have

; 0 ; 0
14 — i Vy = i
(X,00 = Xayi, 0,X") Xaz"'
H H — i — Tk xiyi _ 1k xi]
KX = Xgn-TXyas ~TiXe o,

X", 0(fon) = (OX")fon)=0,
XH XM(fom) = X(fom.

If (M, ) is a Riemannian manifold, V its Levi-Civita connection and y1,y, : 0 € I € R — M are two
smooth curves, then we have

d d P
ri~12 & |70 =20, %(0)=%(0) and V0 = 220
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Rgy={v v~7}

The second order tangent bundle is the natural bundle of 2—jets of differentiable curves defined by
T°M = {j%y; y :1— M, is a smooth curve at 0 € ]R}.

The canonical projection P on T?M is given by
P:T"M — M
fov = ().

A local chart (U, ¢) induces a chart (P~}(U), ) on T2M given by
dpoy
dar?
Proposition 1.1. [5] If TM @ TM denotes the Whitney sum, then

. de o
B(R7) = (0O, =L, =L o).
S:T°’M > TM&TM, jiy+— (7(0),(Vy))0))
is a diffeomorphism of natural bundles.
In the induced coordinates, we have
S:(x, yi, Z') - (x, yi, Z + yfkué.k).

Proposition 1.2. [5] Let T>M be a second order tangent bundle endowed with the vectorial structure induced by the
diffeomorphism S. For any section o € T(T>M) (T(T?M) is the set of all sections from M onto T>?M), if we define two
vector fields on M by

X;,=P1o0Soqg, Yo=Pr,0S0g0,
then o = S™Y(X,, Y,), where Py and P, denote the first and the second projection from TM & TM onto TM.

1.2. Lifts to T°M

If (U, ¢) is a local chart on M, then the diffeomorphism S induces a local chart (1t © S)™(U), ¢ o S) on
T?M such that

d _g1[9 ) 9 _af9 ) 9 _sify 2
oxt S. (8xi' (9xi)' dyi 5. (Byi'o)' ozt S. (O' 8zi)' )

where Tig : (U, w) € TM® TM  71t(u) = (w) = x.

Definition 1.3. [3, 4] Let (M, g) be a Riemannian manifold, X and F respectively be a vector field and a (1, 1)—tensor
field on M. For A = 0,1,2, the A-lift of X to T*>M is defined by

X0 = s7x" xM),
xW = s74x",0),
x® = 570,Xx"),

FOXMy = (X)W, (1=0,1,2)
FOXOY = (X)W, A=1,2)
F(l)(X(A)) = 0= F(2)(X(A)), A=1,2).

From the formulae (1) and Definition 1.3, we obtain the following lemma.
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Lemma 1.4. For any vector field X on M and any smooth function f € C*(M), we have

X0 = xiZ

oy’

. d
X = X—,

07!

.0 .. .. d
) _ i Y _rkyi i Y vkyi,i Y
X = X&x" l"inyayk Finz pe

XO(fom) = XP(fom =0,
XO(fom) = X(f)om.

From Definition 1.3 and the Lie bracket operations of the horizontal and vertical lifts of any vector field
X to the tangent bundle (see [6, 16]), we obtain the following proposition.

Proposition 1.5. [5] Let (M, g) be a Riemannian manifold. If R denotes the Riemannian curvature tensor of (M, g),
then for all vector fields X, Y on M and p € T*M we have

L [XO, YO = [X, Y] - (Re(X, V1)) = Re(X, V),
2. [XO,Y0], = (VxY),
3. [X(i),y(j)]pzol

where (x,u,w) = S(p) and i,j =1,2.
Lemma 1.6. Let (M, g) be a Riemannian manifold. For all x € M, u = u"%, w = wi% € TyM and any smooth
function f : R — R, we have the following

XOg(Y, 1))y = g(Vx Y, 1)y,
XO(g(Y, w)), = g(Vx Y, @)y,

XOf (), = XO(£(r2), = 0 = XO(g(u, ), = XO(g(w, w))p,
XO(g(u, u)), = 29(X, u)y,
X(l)(g(a)r a)))p =0= X(Z)(g(ur u))p/
XA (g(w, w)), = 29(X, w)x,

XD (g, u), = 9(X, Y)x = XD (g(Y, )y,
XD(g(Y, w)), = 0= XO(g(Y, 1))y,
XW(f())p = 2f' (1D)g (X, u),
XO(f(r3))p = 0= XO(f(r7)),
XO(f(r3))p = 2f' (13)9 (X, ),

O RN PN

—_ =
_ O

where p = Sy, u, ), 2= g(u,u) = uf, r3=gwwo)=w

2. F—geodesics on T*M

Definition 2.1. Let (M, g) be a Riemannian manifold. We define the Sasaki metric Gs on the second order tangent
bundle T*M by

Gs =571(9s @ 9s),
where gs is the Sasaki metric on the tangent bundle of (M, g) (for Sasaki metric, see [15, 16]).

Thus, we obtain the following definition.

Definition 2.2. Let (M, g) be a Riemannian manifold. If p € T?M, then for all vector fields X,Y on M and
i,j €10,1,2} (i # j), we obtain
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1 Gs (X(O),Y(O))p =g9(X,Y),,

2 Gs(X9, YD), =0, for i#j
3 GS(X(D/ Y(l))p = g(X/ Y)x/

4 Gs(X®@,Y?), = g(X,Y)y, where S(p) = (x,u, w) € TxM & T,M (also see [13]).

From Lemma 1.6 and Definition 2.2, standard calculations give the following lemma.

Lemma 2.3. Let (M, g) be a Riemannian manifold and T>M its second order tangent bundle with the Sasaki metric
Gs. Then

XOGs(Y, 20, = X, D)

XOGs(YV, 20, = Gs((Vx)™, Z0), + Gs(YW, (VxZ)1),

XOGs(Y?, 22, = Gs(Vx)®,Z®), + Gs(Y?, (Vx2)@),,

XO(Gs(Y,Z), = 0=XDGs(Y?,Z7),

XO(Gs(YV,Z0)), = 0,

XP(Gs(Y?,z?)), = 0,

X“’(GS(Y(Z),Z@))),, = 0= X(Z)(GS(Y(D,Z(D)F

for all vector fields X, Y, Z on M and p € T*M.

Proposition 2.4. [5] Let (M, g) be a Riemannian manifold and T>M be its second order tangent bundle equipped
with the Sasaki metric Gs. If V denotes the Levi-Civita connection of T*>M, then for p € T>M and vector fields X, Y

on M we have

— 1 (1) ()
1L (VxoY?), = (VXY)(O)—E<R(X, Y)u) (REX, V)w) ",

1
2

—_ 0
2. (VoY) = (VXY)(1)+%(R(u,Y)X)( !
— 1 0
3. (VyoY®), = (VXY)(2)+§(R(a),Y)X)( !
—_ 0
4 @WxoY?), = (Rw,xY)”,

5. (VxaY©), = E(R(w,X)Y) ,
6. (VxoYD),

Il
o
~.
N
—.
Il
—_
N
N
~

where S(p) = (x,u,w), V and R denote the Levi-Civita connection and the Riemannian curvature tensor of (M, g),
respectively.

Definition 2.5. Let M be a smooth manifold, F be a (1,1)-tensor field on M, V be a linear connection on M and
y : 1 — M be a smooth curve. Then

1. y is said to be a magnetic curve with respect to (F,V), if y satisfies : i-,))(t) =Fy@®) (1,7]),

2. y is said to be an F—planar curve with respect to V if y satisfies : ﬁ;y(t) = o1 ()y(t) + ;(HF () ([11, 12]),

where g1, g2 are some smooth real functions.
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Definition 2.6. [2] Let M be a smooth manifold, F be a (1,1)-tensor field on M, V be a linear connection, and
¥ : I — M be a smooth curve. We say that y is an F—geodesic with respect to V if y(u) satifies

Vi) = FG/(u)). (2)

If t is another parameter for the same curve y(u) then the relation (2) becomes

Vi () = a®)y(h) + BOFGD), G)

where a and f are some functions on the curve y(t).
A curve y(t) satisfying the relation (3) describes an F—geodesic up to a reparameterization.

One can easily see that an F-geodesic is an F—planar curve, but in general an F—planar curve is not
always an F-geodesic.

Definition 2.7.  Let (M, g) be a Riemannian manifold and x : I — M be a curve on M. We define a curve
C:1—- T?Mby C(t) = S~1(x(t), y(t), z(t)) for all t € I, where y(t) € TypyM, i.e., y(t),z(t) are vector fields along x(t).

(1)  The curve C(t) = S~ (x(t), x(t), (t)) is called a natural lift of the curve x(t).

(2)  The curve C(t) = S~ (x(t), y(t), z(t)) is said to be a horizontal lift of the cure x(t) if and only if Vizy =0
and Vyz = 0.

Lemma 2.8 ([14]). Let (M, g) be a Riemannian manifold. If X,Y are vector fields on M and (x,u) € TM such that
X, = u, then we have

dX(Y) = Y

XU

) + (VYX)V

(x,u)°

Lemma 2.9. Let (M, g) be a Riemannian manifold. If Z is a vector field on M and o € T(T>?M) then for all x € M, we
have

d:0(Zy) = 2 + (VX)) + (V2Y0),
where p = o(x).
Proof. Using Lemma 2.8, it follows that

dx0(2)

dS™HdX(Z), dYo(2))s(p)
dS™(Z", ZM)s) + dSTH(V2X0)Y, (V2Y6) sy
7 + (V2Xo)) + (V2 Yo)).

O

Lemma 2.10. Let (M, g) be a Riemannian manifold and let (T>M, Gs) be its second order tangent bundle equipped
with the Sasaki metric and let x : I — M be a curve on M. IfC : t € [ - C(t) = S™Y(x(t), y(t), z(t)) is a curve on
T2M such that y(t), z(t) are vector fields along x(t) (i.e., y(t), z(t) € TxyM), then

C =i+ (V) + (Vi2)®,

v — dx = _ dC
where x = o and C = Tr
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Proof. 1f Y, Z are vector fields such Y(x(t)) = y(t) and Z(x(t)) = z(t), then we have
C(t) = dC(t) = do(x(t)),
where 0 = S7Y(Y, Z). Using Lemma 2.9 we obtain
C(t) = do(x(t)) = 2@ + (Vi) + (V2)@. (4)
0

Theorem 2.11. Let (M, g) be a Riemannian manifold and let (T>M, Gs) be its second order tangent bundle equipped

with the Levi-Civita connection V and let C(t) = S~ (x(t), y(t), z(t)) be a curve on T>M such that y(t), z(t) are vector
fields along x(t). Then we have

VeC = [Vet+ Ry, Vi) + R Via)] + [Viviy] + [Vaviz]”. 5)

Proof. The proof follows immediately from Proposition 2.4 and the formula (4).
0

Theorem 2.12.  Let (M, g) be a Riemannian manifold and let (T*M, Gs) be its second order tangent bundle equipped
with the Levi-Civita connection V. A curve C(t) = S™(x(t), y(t), z(t)) on T>*M is an FO-planar curve if and only if

Vit = =Ry, Viy)x — R(z, Viz)x + 01(t) X + 02(t) F(%),
ViVey = a(®)Viy + 0()F(Viy),
ViViz = 01(f)Viz + 02(H)F(Viz).
Proof. From the formula (4), we have
VeC = o) C+oa(t) FOC)

a0 + (Vap)® + (Vs2)?)]
+ @z(t)[F(O)J’c(O) + FOV) D + F(O)(sz)(z)]
. .1 (O
[gl(t)x + gz(t)Fx] + [gl(t)%y + gz(t)FV,cy]

@
+[@1(t)V,~(z + Qz(t)FV,?z] .

Using the formula (5), the result immediately follows. [
In the particular case when g; = 0 and ¢» = 1 in the Theorem 2.12 , we obtain the following result.

Theorem 2.13.  Let (M, g) be a Riemannian manifold and let (T*M, Gs) be its second order tangent bundle equipped
with the Levi-Civita connection V. A curve C(t) = S™(x(t), y(t), z(t)) on T*M is an FO-geodesic if and only if
Vit = —=R(y,Viy)x — R(z, Viz)X + F(%),
Vxny = F(ny),
V«cvxZ = F(VIZ)
Using Theorem 2.12 and Theorem 2.13, we obtain the following corollaries.

Corollary 2.14. Let (M, g) be a locally flat Riemannian manifold and let (T?M, Gs) be its second order tangent bundle

equipped with the Levi-Civita connection V. Then a curve C(t) = S™1(x(t), y(t), z(t)) on T>M is an F©-geodesic if
and only if

ViViy = F(Viy),
VXVYZ = F(VXZ)
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Corollary 2.15. Let (M, g) be a locally flat Riemannian manifold and let (T>*M, Gs) be its second order tangent bundle
equipped with the Levi-Civita connection V. Then a curve C(t) = S~ (x(f), y(t), z(t)) on T2M is an FO-geodesic up
to a reparameterization (resp., FO-planar curve) if and only if
Vix = oi(t) X + oo(f) F(),
ViViy 01(O)Vsy + 02()F(Vzy),
ViViz = 01(H)Viz + 02(H)F(Vi2).

Proposition 2.16. Let (M, g) be a Riemannian manifold and let (T?M, Gs) be its second order tangent bundle
equipped with the Levi-Civita connection V. If C(t) = S™L(x(t), y(t), z(t)) is a horizontal lift of a curve x(t), then C(t)
is an FO-planar curve (resp., FO-geodesic) if and only if x(t) is an F-planar curve (resp., F-geodesic).

Proof. From the formulas (4) and (5), we have
C() @)
-Vdcc = AVJ(J‘()UX(O) = (VXX)(O)

Let C(t) be an F@-planar curve. Then
VeC = oi(t) €+ oa(t) FO(C)
o) 29 + oa(t) FOEO)
. 10
[o1(®) 1 + () F(3)
(Vi1)©.

Hence, C(t) is an FO-planar curve if and only x(f) is an F-planar curve. In the case of p; = 0 and p, = 1, we
get that C(t) is an F¥-geodesic if and only x(t) is an F-geodesic.
U

Remark 2.17. If C(t) = S™Y(x(t), y(t), z(t)) is the horizontal lift of the curve x(t), then we have
dy o dx ~([ At
Viy=0] & [=+ D!/g =0] & [y(t) = 407 k],
V=0 o [Zera oo [za) = e A0 ],

where K, K € R" and A(t) = [ay], ax = Z rk— ! dt Therefore C(t) is an FO-geodesic (resp. FO-planar curve) if and

i=
onlyif Vit = F(x) (resp. Vi = gl(t) X + 02(t) F(x)).
Using Remark 2.17, we can construct an infinity of examples of F-geodesics (resp. F-planar curve) on
(TZM/ GS)
Example 2.18. Let R" be equipped with the Riemannian metric g = ds* and B € M,x,(R) . IfF = B is an invertible
matrix, then C(t) = STY(B™! exp(B t) Ky + Ky, const., const.),Kq, Ky € R", is an FO-geodesic.

Example 2.19. Let R be equipped with the Riemannian metric g = e*dx?and F = a € R*. Then the Christoffel
symbol of the Levi-Civita connection is given by
1 44 (9911 N dgn 3 &!]11) _ 1

2

1 _
Ty = 27 o T o T oad

and C(H) = ST/ (x(t), y(t), z(H)) = $7' (2In(K5e), 2o 2K ) K, ., Ky € R, is an FO-geodesic such
that Viy = 0and Viz = 0.
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Example 2.20. Let R be equipped with the Riemannian metric g = e*dx?, F = a € R*, p(t) = 1 pa(t) = 1. Then we
have T}, = % and x(t) is an F-planar curve if and only if it satisfies the following differential equation
s 1, at+1,
x4+ =Xt = ——x.
2 t

A solution of the previous equation is given by

Kle“t(at - 1) + K2
2a2

x(t) =21In
So, from Remark 2.17 we obtain

(i’) _ 2a2K3
Y7 Ket@ -1+ K
2
Z(i’) _ 2a K4 )
Kie¥t(at — 1) + Ky

where Ky, .., Kg € R. Then C(t) = S7X(x(t), y(t), z(t)), is an FO-planar curve such that Viy = 0 and Viz = 0.
Example 2.21. Let (IR \ {O})2 be equipped with the Riemannian metric h defined by

hy=x*, hp =y, hip =0

and F = ( g 8 ) Then the Christoffel symbols of the Levi-Civita connection are given by
1 1 .
T ==,T5= L T =0V, k) € (1,2 \{(1,1),(2,2)).

Let C(t) = S~ (x(t), y(t), z(t)) be the horizontal lift of the curve x(t) = (x1(t), x2(t)). From Remark 2.17, we have
= |xa®)
A =10 x|
x2(t)

_ k1 kz _ k3 k4
v = (x1<t> xz(t))””dz(t’ (x1<t> Xz(t))

where ki, ko, k3, ky € R. x(t) = (x1(f), x2(t)) is an F-geodesic if and only if it satisfies the following differential
equations

1/
{ 1+x11 ax
1’ /
2+x 2 =0

whose solution is given by

x(t) = (x1(t), xa2(t)) = (eXp \/g t, \2ks t + ké),

where ks, ke € R. Therefore, C(t) = (xl(t) x(t), xl(t), xf?)' xﬁt), %ﬁt)) is an F- geodesic such that Viy = 0 and
V;'CZ =0.
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Proposition 2.22. Let (M, g) be a Riemannian manifold equipped with the Levi-Civita connection V and let (T>M, Gs)

be its second order tangent bundle equipped with the Levi-Civita connection V. Let F be a (1,1)-tensor field on M. If
C(t) = S7H(x(t), y(t), z(t)) is the horizontal lift of a curve x(t), then we have

1. An integral curve of any vector field X on M is an F—geodesic with respect to V if and only if the integral curve
of X© is an FO—geodesic with respect to V.

2. An integral curve of any vector field X on M is an F—geodesic up to a reparameterization, with respect to V if
and only if the integral curve of X© is an FO—geodesic up to a reparameterization, with respect to V.

3. C(t) is an FO—geodesic with respect to v if and only if the curve x(t) is an F—geodesic with respect to V.

4. C(t) is an FO —geodesic up to a reparameterization with respect to v if and only if the curve x(t) is an F—geodesic
up to a reparameterization with respect to V.

Proof. Let y be an F—geodesic up to a reparameterization with respect to Levi-Civita connection V on M.
Then the relation (3) is satisfied and we obtain

= 0
V07 = (Vyp) = a0 Pyt)® +goP FOy(t)®,
where P is the canonical projection on T?M. In the case of @ = 0 and 8 = 1, one can easily obtain (1). [

Remark 2.23. The Proposition 2.22 remains true, if we replace V by VO, where VO is defined by

0

vg(({»W) = (VxY)®,
©0) v(A)

ViYW =0

fori=1,2and A =0,1,2.

Definition 2.24. Let (M, g) be a Riemannian manifold. We can define a natural diagonal metric G on the second
tangent bundle T>M of (M, g) by

GP(X(O)/ Y(O)) = blgx(X/ Y) + dlgx(X/ W) g (Y, u) + c19:(X, w)gx(Y/ w),

Gy (XD, YD) = bygu(X, Y) + dog(X, ) g(Y, 1), 6
Gy (X, YD) = bygo(X, V) + dsg(X, 1)gx (Y, 1), (©)
Gp(X9, YD) = 0, i#j=0,1,2

where p = SNx,u,w), dy, b, ds ( resp. c1,bs,d3) are smooth functions depending on r1 = g(u, u) (resp 1, = g(w, w))
and by is a smooth function depending on (r1,12), such that by, by, bz > 0and by + r1dq, by +r1dy, bz +12d3 > 0.

The Levi-Civita connection of G denoted by V has the following expressions on the horizontal and
respectively on the vertical distributions of T(T?M)

81 b1

— d
LYO = o_ 4 M m] — M
VxoY (VN = 3 [9(X, 0 YD + g(¥,u)XD] R UL )
byd] —dydy 1 @)
-1 - @n_z
NOETYN 9, wg(Y,wu® ~ 2 (REX, Y)u)
_a @ @]_ _%b @
o [9(X, @)Y® + g(¥, 0)X?] b g T Ve
b3 Ci —C1 d3

1 @
-1 o_1
/K09 @e® = 3(RX, Vw)
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— b, —d,

Vxa YD = [Q(X YW + g(Y,u)X 1)] mg(X, Y)u®
bgd' b’ dy
mg(x ,u)g(Y, w)u®

VyoY® = —[g(x 0)Y? + (Y, 0)X?] - mmx Y)u®
bad} — byds
s a0 DI

where 0101 = ar L and dyb; = ‘;l;l

Proposition 2.25. Let (M, g) be a Riemannian manifold, (T>M, G) be its second order tangent bundle and let F be a
(1,1)-tensor field on M. If C(t) = S~ (x(¢), y(t), z(t)) is the horizontal lift of a curve x(t), then we have

(i)  An integral curve of any vector field X on M is an F-geodesic with respect to the Levi-Civita connection V
of g if and only if the integral curve of the horizontal lift X© is an F©)-geodesic with respect to the Levi-Civita

connection V of G defined by (6), provided by = const. and d; = ¢; = 0.

(i)  The curve C(t) is an FO-geodesic with respect to the Levi-Civita connection v if and only if the curve x(t) is
an F-geodesic with respect to the Levi-Civita connection V, provided by = const. and d; = ¢ = 0.

(iii)  The above assertions (i) and (ii) remain true, if instead of an F— geodesic (resp., FO— geodesic), we take an
F-geodesic up to a reparameterization (resp. an F©-geodesic up to a reparameterization).

Proof. Let y be an F-geodesic up to a reparameterization with respect to V, i.e.,

Vyy=ay+pFy, 8)

where a and f are some smooth functions on the curve. For X = Y = y the relation (7) becomes

_ d ohb
JRRCA (1) R A~<0)__1 » )y — L s )@
Vyop (Vy7) A il marer VL

brd, ik i
1 - O _ b
Cby(by + 11 dz)g(y' uyu g()/, w)y?

oy @ b3 Cl ads @
b + 1 d g( 7/)(4) b3(b3 + 1 dg)g(ylw) wr

Using the formula (8), we have that §V(">7(O) =ao Py +BoP FO90 if and only if

d . . o1b .
0 = —5g0nuy® - mg(% Pu®
bzd —didy
-1 - 1 _ (2)
bz(bz + rl d2) (Vr ) g(V (L))y
doby bsc) —c1ds

1 v )o@
Bt i Ty 1 e
Then, we getd; = c1 = d1b1 = daby = 0. If wereplace y(t) by x(t), from the formula (4) we have C(t) = (x(£)O.
Similarly, the item (iii) can be proved. In the particular case of @ = 0 and = 1, we deduce that the items (i)
and (ii) are also true. [
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3. F-Geodesics of the hypersurface TflM
Let T7 | M be the hypersurface in T*M defined by
TilM ={p= S7Hx, u,w) € T*M, |u| = |w| = 1}. 9)
The unit normal vector fields to T7, M are given by

U:T°M — T(T*M) (10)
p=S"xuw) - U=uw?

W:T°M — T(T’M) (11)
p=Stxuw) > W,=()?.

Indeed, for p = S7(x, u, w) € T} M, we have

Gs(U,U), = g(uu)=1,
GS(WI W)p = g(wl w) = 1/
Gs(U, W), = 0.

On the other hand, if we set
F:T°’M > R, p= S‘l(x, u,w) - g(u,u),

F:T°PM > R, p=5"xuw) - g ),
F:T'M =R, p e (Fi(p), Fa(p),
then the hypersurface TilM is given by

T%,IM = {P = S_l(xl u, C()) € TZMI (Fl (p)r Fz(P)) = (1/ 1)}1

where gradc,(F1) and gradg,(F») are vector fields normal to Tf ;M. From Lemma 1.6, for any vector field X
on M, we get

Gs(X©, gradg,(F1)) XOF) = XOg(u, u)
= 0=Gg(X9, U,

Gs(XW, grade,(F1)) = XO(F1) = XD(g(u, u))
= 29(X,u) = 2Gs(XV, U),

Gs(X?, gradg,(F1)) = XO(F1) = XP(g(u, u))

= 0=2Gs(X?,U).

SoU = % gradc,(F1). By the same way, we obtain ‘W = % gradc,(F), therefore U and ‘W are vector fields
orthonormal to T% M. 1f B (resp. V) denotes the second fundamental form (resp. the Levi-Civita connection

on T? M), then we have

B(X,Y) = Gs(VzY, U)U + Gs(VzY, W)W, (12)
VY = Vi Y - (X, Y)U - po(X, YW (13)

for all vector fields )?, Y on Tf 1M.
Subsequently, we denote X =% X" = VX, ¥y =Viyyand ¥y’ =V;V,y,z/ = Vyzand 27 = V,V,z
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Lemma 3.1. Let (M, g) be a Riemannian manifold and let (T>M, Gs) be its second order tangent bundle equipped
with the Sasaki metric and C(t) = S™1(x(t), y(t), z(t)) be a curve on TilM such that y(t), z(t) are vector fields along
x(t). Then, we have

1=9(z2),
0=yg(z,2),
-y =-9.y),
-z’ = —g(z’,2).

@ 9y, y)
2 9.y
@) 9"y
4) g(z"2)

As T2 M is the hypersurface in T>M, a curve on T7,M is a geodesic if and only if its second covariant

derivative in T2M is collinear to the unit normal vectors (1)) and (z)®. From Theorem 2.13, the formula
(12) and Lemma 3.1, we obtain the following lemma.

Lemma 3.2. Let (M, g) be a Riemannian manifold and (T>M, Gs) be its second order tangent bundle equipped with
the Sasaki metric and let C(t) = S™1(x(t), y(t), z(t)) be a curve on TilM such that y(t) and z(t) are vector fields along

x(t). Then, C is an F©-geodesic on T2 M if and only if

¥’ = [Ry,y) + Rz 2|’ + (), (14)
v =Fy)+p1y, (15)
2/ =FZ)+p2z, (16)

where p1, py are some functions.

Definition 3.3. Let (M, F) be an almost complex manifold. A Riemannian metric g on M such that g(FX,FY) =
g(X,Y) or equivalently g(FX,Y) = —g(X, FY) for any vector fields X,Y is called an almost Hermitian metric. The
triple (M, F, g) is called an almost Hermitian manifold [9]. Also, for any vector field X, it follows that

g(X,FX) = 0. (17)

Lemma 3.4. Let (M, F, g) be an almost Hermitian manifold and (T>M, Gs) be its second order tangent bundle equipped
with the Sasaki metric and let C(t) = S~ (x(t), y(t), z(t)) be a curve on Tf 1M such that y(t) and z(t) are vector fields

along x(t). If we put c1 = y'|, u1 = 9(y’, Fy), c2 = 2’|, u2 = g(z’, Fz) , then we have

pro= w—c,
pr = -0
c; = 0=¢,

o= 0=p

Proof. From the formula (15), we obtain
y'=py+EY)

9"y = gEY) v +p19Wy,y)
—Iy’|2 = —H1+p1.
Using Lemma 3.1 (2) and the formula (17), we have

%(C%), — g(y//’ ]/)
P19, y) + g(FW) Y)

P19, y)
0.
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By Lemma 3.1 (2), Definition 3.3 and the formula (17), we obtain

9", F(y)) + 9", F(y"))
9", E(y))

p19(y, F(y)) + g(Fy', Fy)
= 0.

1

Similarly, we can obtain the other formulae. [
Using Lemma 3.2 and Lemma 3.4, we get the following theorem.

Theorem 3.5. Let (M, F, g) be an almost Hermitian manifold and (T>M, Gs) be its second order tangent bundle
equipped with the Sasaki metric and let C(t) = S™(x(t), y(t), z(t)) be a curve on TilM such that y(t) and z(t) are vector
fields along x(t). If we put ¢1 = |y'|, y1 = g(y', Fy), c2 = |Z’|, ua = 9(z’, Fz), then the curve C(t) = S~ (x(t), y(t), z(t))
is an FO)-geodesic on T7 | M if and only if

ci = const, py=const. and pi;=yu;— c% = const.,
¢ = const., o = const. and P2 =l — c% = const.,
X’ = —[R(y, y)+R(z, z’)]x’ +F(x'),

7= )+ (m -y,
7/ = FE@)+ (2 —c3)z.

From Theorem 2.12 and Lemma 3.1, we obtain the following lemma.

Lemma 3.6. Let (M, g) be a Riemannian manifold, (T*M, Gs) its second order tangent bundle equipped with the
Sasaki metric and let C(t) = S~ (x(t), y(t), z(t)) be a curve on TilM such that y(t) and z(t) are vector fields along x(t).

Then, C is an FO-planar curve on T3 M if and only if

—[R(y, y')+ R(z, z’)]x’ + mx’ + mF(x’),

my +mFy)+p1y,
= mz +mFE) +p2z,

where 11,12 are smooth functions on R and p1, pp are some functions.
Now, we will determine the functions p; and p;.

Lemma 3.7. Let (M, g,F) be an almost Hermitian manifold, (T*M, Gs) its second order tangent bundle equipped
with the diagonal lift Sasaki metric and C(t) = S~ (x(t), y(t), z(t)) be a curve on TilM such that y(t) and z(t) are
vector fields along x(t). If we put c1 = |y'|, p1 = 9(y', Fy), c2 = |2’|, 2 = g(z’, Fz) , then we have

K; exp (fmdt), 2 =Kzexp (fmdt),

1 =
w1 = Kyexp (fmdt), t2 = Kyexp (f mdt),
p1 = M- c% =m Kyexp (fmdt) - K% exp (2 fmdt),

p2 = M- =1 Kyexp (f r)ldt) — Kjexp (2 f’?ldt)/

where 11,1 are smooth functions on R.
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Proof. From the formula (15), we obtain

y/l — ‘01

9", y)
_|y/|2

y+my +mFy),

ma',y) + mg(FW), y) + p1 9, y),
= M2 W1+ pP1-

Then p1 = 12 iy — 2.

Using the

1 5,
E(C%)

formula (17), we get

— g(yll’ y/)
= pg(yy)+m gy, y)+mn gEY)y)
= mgy,y)

2
= Mo,

from which we get ¢c; = Ky exp ( f rhdt).
On the other hand, we have

’

Hy =

9", Fy) + 9(y', F(y"))

9(y", Fy)

P19y, Fy) + mg(y', Fy) + n2 g(Fy', Fy)
m 9y, Fy)

m Ui,

from which we get 11 = Ky exp (f mdt).
By the same way, we obtain the other formulas. [J

Using Lemma 3.6 and Lemma 3.7, we obtain the following theorem.

2575

Theorem 3.8. Let (M, g, F) be an almost Hermitian manifold and let (T>M, Gs) be its second order tangent bundle
equipped with the diagonal lift Sasaki metric and let C(t) = S~ (x(t), y(t), z(t)) be a curve on TilM such that y(t)
and z(t) are vector fields along x(t). If we put c1 = |y'|, u1 = g(y', Fy), co = |Z’|, u2 = g(z’, Fz), then the curve
C(t) = S~ (x(t), y(b), 2(t)) is an FO-planar curve on T3, M if and only if

1T =

W=

pr =

p2 =

Ki exp (fmdt), 02 = Kzexp (fmdt),
K, exp (f mdt), U2 = Ky exp (f mdt),
M 1 —c; =1 Kaexp (fnldt) — Klexp (2 fnldt),
M p2—c3 =1 Kzexp (fmdt) — K exp (2 fmdt),

~[Rw. v) + R@ ) + ()% + :(OFE),
()Y + 2OFWY) + (2 1 — D)y,
01 ()" + o(HF(Z") + (M2 p2 — c%)z.
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Remark 3.9. 1) The Theorem 3.8 remains true if FO-planar curve is replaced by F©)-geodesic up to reparameteri-
zation.

2) In the case of 1 = 0 and 1, = 1 we obtain Theorem 3.5.
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