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On the continuity of the solution to the Minkowski problem for L,
torsional measure

Ni Li?, Shuang Mou®"

?School of Mathematics and Statistics, Shaanxi Normal University, Xi'an 710119, China

Abstract. This paper deals with on the continuity of the solution to the Minkowski problem for L, torsional
measure. For p € (1,n +2) U (n + 2,00), we show that a sequence of convex bodies in IR" is convergent
in Hausdorff metric if the sequence of the L, torsional measures (associated with these convex bodies) is
weakly convergent. Moreover, we also prove that the solution to the Minkowski problem for L, torsional
measure is continuous with respect to p.

1. Introduction

The surface area measure of a convex body (compact convex set with non-empty interior) and it’s L,
extension (see [25]) is important concept in convex geometry, and received a great attention. For a convex

body K in R" and any Borel set w on the unit sphere S"!, the L, surface area measure of K with p € Ris
given by

S = [ oo e,

where vk is the Gauss map from the boundary of K (denoted by 9K) to S"~!, and H"! is the (n — 1)-
dimensional Hausdorff measure. Especially, when p = 1, 51(K,w) = H "‘1(1/1‘<1 (w)) is the classical surface
area measure of convex body K on Borel set w C S*1. For any sequence of convex bodies {Kj};>; and a
convex body K containing the origin in their interiors, it has been proved that 5,(K;,-) — Sy(K, -) weakly as
K; — K in Hausdorff metric. However, the opposite problem is also very interest: Does K; — K hold in
Hausdorff metric as S,(Kj,©) — Sp(K, -) weakly? For all real number p € R, it may not always be positive.
It’s lucky that the opposite problem is correct if p = 1 (see [29]) and if p > 1 and p # n by Zhu (see [49]).
Associated with the L, surface area measure, there is a hot topic in convex geometry, i.e., the L,
Minkowski problem which aims to find the conditions for a finite measure u on S"~! such that there exists a
convex body with L, surface area measure being u (see [25]): For real number p € R and a finite Borel measure
u on S"71, what are the necessary and sufficient conditions of y such that i is the L, surface area measure of a convex
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body? In recent decades, the L, Minkowski problem has been a core object of interest in convex geometric
analysis and receives a great attention (see e.g., [2, 4, 5]). The existence and uniqueness of the solution to
the L, Minkowski problem were studied (see e.g., [8, 10, 19, 20, 23, 27, 30-32, 4648, 50]).

The solution to the L, Minkowski problem have many important applications on the affine isoperimetric
inequalities (see e.g., [11, 14-16, 26, 37, 38, 42]). Recently, the study on the solutions to the L, Minkowski
problem have also been considered by Zhu [49]. He proved that the continuity of the solution to the L,
Minkowski problem with p > 1 but p # n. Whenp = 0 and 0 < p < 1, some results about the continuity
associated with the L, Minkowski problem were obtained (see e.g., [34, 35]).

As a new central object of dual Brunn-Minkowski theorem, the gth dual curvature measure has been
introduced by Huang, Lutwak, Yang and Zhang [17]. They also posed the dual Minkowski problem for the
gth dual curvature measure: Given a nonzero finite Borel measure 1on S"' and q € R, can we find a convex body K
such that the qth dual curvature measure of K is u? The existence of solutions to the dual Minkowski problem for
even measure y and g € (0, n] has been proved in [17]. Later, the existence and uniqueness of the solution to
the dual Minkowski problem for g < 0 were provided by Zhao [43]. One canrefer [1, 3, 6,7, 18, 22, 28, 44, 45]
and reference therein for more works on the solution to the dual Minkowski problem. Motivated by the
continuity of the solution to the L, Minkowski problem [49], the authors considered the continuity of the
solution to the dual Minkowski problem for g < 0 [33, 36]. The continuity of the solution to the Minkowski
problem associated with the L, p-capacitary measure for 1 < p < coand 1 < p < n is also considered [39]
(see also [24, 40, 41, 51] for more information).

Similar to the surface area measure and gth dual curvature measure, the torsional measure of a convex
body K (denoted by pr(K,-)) is also an important object of interest in convex geometry. A solution to the
Minkowski problem associated with the torsional measure ur(K,-) was provided in [12]. Recently, when
p 2 1, the L, torsional measure of a convex body K (see e.g., [9, 21]), denoted by ur,(K, ), was introduced
as follows

1-
MT,p(K/ ) = hK p()‘uT(KI ')/
where hg(-) is the support function of convex body K (see section 2 for unexplained definitions). Especially,
Hra (K/ ) = ‘LlT(K, )
In this paper, we will show that the weak convergence of L, torsional measures implies the convergence
of the corresponding convex bodies.

Theorem 1.1. Letp > 1withp # n+2and Q;, Q C R*"(i = 1,2, --) be convex bodies containing the origin in their
interiors. If the sequence of L, torsional measure i, (€;, -) converges to uit,(Q2, -) weakly, then Q; converges to Q) in
the Hausdroff metric.

The Minkowski problem associated with the L, torsional measure was investigated (see [9, 21]) which
can be stated as follows.

The Minkowski problem associated with L, torsional measure: For fixed p > 1 and a given non-
negative finite Borel measure y on $"~!, under what conditions there exists a unique convex body Q such
that ur,(Q,) = u?

As mentioned above, this problem was proved by Colesanti and Fimiani [12] for p = 1. In [9], the
authors provided a solution to this problem for p > 1 and p # n + 2. One can refer to [21] for the solution
to this problem for more general measure. Therefore, there is a natural question whether such solution is
continuous with respect to p. In this paper, we also show the continuity forp > 1and p # n + 2.

Theorem 1.2. Let p,p; € (1,1 +2) U (n + 2, 00) with p; — p. Let u be a Borel measure on S"~'. If a convex body Q
containing the origin in its interior is the solution to the Minkowski problem associated with the L, torsional measure
for u and the sequence of convex bodies ); containing the origin in their interiors is the solution to the Minkowski
problem associated with the Ly, torsional measure for i, then Q; — Q as p; — p.

2. Preliminaries and notations

In this section, we will collect some basic concepts and notations in convex geometry. For more details
and more concepts on convex geometry, please refer to [13, 29].
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We call a compact and convex subset with non-empty interiors as a convex body in R". Let K’ denote
the set of convex bodies containing the origin o in their interiors. The standard inner product of the vectors
x,y € R" is denoted by x - y. For x € R, let |x| = v/x - x be the Euclidean norm of x. The origin-centered unit
ball {x € R" : x| < 1} in R" and the unit sphere {x € R" : |[x| = 1} are denoted by B} and s respectively.
The volume of a convex body K is denoted by |K].

For a compact convex set QJ, its support function is defined by

ho(x) =max{x-y:ye€Q}, for xeR"\ {0}

It is easy to check that h.q(x) = chq(x) for ¢ > 0 and x € R”, here cQ = {cx : x € Q}. Let diam(Q) be the
diameter of Q is given by
diam(Q) = sup{|x — y| : Vx,y € Q}.

Two compact convex sets () and (O’ in R" are said to be homothetic to each other if Q = ()’ + x¢ for some
constant ¢ > 0 and any point xg € R". In particular, QO and ()’ are said to be dilates to each other if xq is the
origin. The Hausdroff metric between () and ()’ is defined as

du(Q,Y) = max [fia(u) = hoy )] = llha = horle-
uesn-1

Let W?(Q) be the Sobolev space of those functions having weak derivatives up to the second order in
L%(Q) and Wé’2(Q) is the set of functions in W'?(Q) having compact support. We use CZ(R") to denote
the class of all infinitely differentiable functions with compact support in R”. For a convex body Q, the
torsional rigidity T(C2) of Q) is defined by

|Vul?dx
L fQ— ‘u€ Wé'Z(Q),f luldx >0},
T(Q) (Joy luldx)? 0

where Vu is the gradient of u. It has been proved that if u is the unique solution of the boundary-value
problem

@.1)

Au=-21inQ,
u=0 ondQ,

then
T(Q) = f |Vul?dx.
Q
Moreover, one can obtain the upper bound of [Vu.

Lemma 2.1. (see [12]) Let Q be an open bounded convex subset of R". If u is the solution of the problem (2.1) in Q),
then
[Vu(x)| < diam(Q), Vx € Q.

The definition of the torsional rigidity shows that T(aQ) = a"*2T(Q) for any Q € K" and a > 0. The
torsional measure pr(Q, ) is a nonnegative Borel measure on S"~! which can be defined as (see [12]): for
any measurable subset w C $"7,

@)= [ WuCoraH ) e2)

Obviously, fora > 0
‘uT(an ) = an+1[JT(QI ) on Sn_l'
In addition, ur(Q,-) is not concentrated on any closed hemisphere of sl e,

(- u);dur(Q,u) > 0 forany v € S"!,
Srl—l
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where (v - u); = max{v - u,0}.
From (2.2), we have the relation between ur(€2,-) and S(€2, -) as follows
dur(Q,v) = |Vu(v51(v))|2dS(Q, v) for any v € sL (2.3)

Based on the relation (2.3), the L, torsional measure of Q with p > 1 was induced as follows (see [9, 21])
@) = [ (v VU ),
xevH(w)

for any Borel set @ on the unit sphere S"~!. It has also been proved that the weak convergence of the L,
torsional measure, i.e., if a sequence of convex bodies {); € K'(i = 1,2, ---) converges to a convex body ),
then

utp(Qi,-) = prp(Q, -) weakly on S lasi— oo. (2.4)

Moreover, the L, mixed torsional rigidity T,(€21, () of the convex bodies Q1, (), € K] for p > 1 was given
by

1
Ty, () = —— fs o, )P dpr,y(Qu ).
Especially, for Q) € K, we have
1
TQ) =T,(Q0) = — fs  ho(dur(Q,u).

Obviously, it can be easily checked that T, is homogeneous with respect to its variables, i.e., for any p > 1,
1,y € K7 and any real numbers s, t > 0,
Ty (s, 1) = 8" 2P T,(Q1, ). (2.5)

We will use the Minkowski type inequality for L, mixed torsional rigidity (see [9, 21]): Let p > 1 and
0,0 € 7(;1, then
Tp(Q1, Q)™ 2 T(Q)"™ P T(Qy), (2.6)

with equality if and only if K and L are dilates. This inequality plays an important role on solving the
Minkowski problem for L, torsional measure.

Lemma 2.2. (see [9, 21]) Let p > 1 with p # n + 2. If u is a finite Borel measure on S™! whose support is not
concentrated on any closed hemisphere, then there exists a unique convex body Q € K such that

= urp(Q, ) = hy P ur(Q, ).

3. The proof of main result

In this section, we will prove our main theorems. That is the continuity of the solution to the Minkowski
problem for L, torsional measure. To do so, we firstly provide several lemmas which will be used in the
proofs of our main results.

Lemma 3.1. Let p > 1 and Q,Q; € KJ'(i = 1,2,---). If the sequence of the measures pr,(C;,-) converges to
utp(Q, -) weakly, then for all u € S™!

= [ G- ofdpny (@,
converges to
f = [ o, ©,0

uniformly on S"1.
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Proof. Since p > 1, for any real numbers a, § > 0 and uj, u; € S"1 we have

£ (aus + ) < af () + B (),
and ) ) )

friauy + Bup) < afr(ur) + Bf7 (uz).
Thus f v (u) and fl’l’ (u) are support functions of convex bodies (see, e.g., Schneider [29]). Since the pointwise
and uniform convergence of support functions are equivalent (also see, e.g., Schneider [29]). Thus fl’l’

converges to f v uniformly on S"~!. This implies that f; converges to f uniformly on S"'. [J

Lemma 3.2. Suppose p > 1 with p # n + 2. Let Q be a compact convex set with o € ) and let u be a Borel measure
on S such that T(Q) - h’gl(')‘u = ur(Q,-). If there exists a constant Ry > 0 such that

n+2

fs n_l(u -0),du(v) > =

0

forall u € S, then Q) C RoBy.

Proof. Let R := hq(vg) = max{ho(u) : u € S*!} for some vy € S"~!. Since the segment [0, Rvy] C Q, thus
R(u - vg)+ < ho(u) for all u € "1, and hence

R? R?
0

1
1 fs ()

_ 1 dluT(Q/ u)
T w2 fs M)

= 1

IA

This gives R < Rg which shows that () Cc RoB). [

Lemma 3.3. Suppose p > 1 with p # n + 2. Let Q € K be a convex body and let {Q;}2, C K' be a sequence of

convex bodies. If the sequence of measures {ui1,(C);, -)}2, converges weakly to yit,(CQ, -), then Q; is bounded and there
exist 1, M2 > O with 1 < mp and N € N such that

m <T() <
foralli> N.
Proof. Let
urp(Q, 8" = fs  durp(Qu).

The inequality (2.6) gives that

[MT,p(Qi, §*)

n+2
> \n+2-p 1y
— ] > T(Q,)"> 7 T(By)

Since pir,(Q;, -) converges weakly to ur,(€, -), there exist constants ¢1,¢; > 0 and Np € IN such that
T(Q)<cy for 1<p<n+2 (3.7)

and
T(Q) >} for p>n+2 (3.8)



Ni Li, Shuang Mou / Filomat 37:8 (2023), 2387-2396 2392

for all i > Np.
Since the L, torsional measure y7,, is not concentrated on any closed hemisphere of 5§71 je., there exists
a constant 1 > 0 such that

f (u - 0)+durp(Q,v) > 1.
Sn—l

Combined with Lemma 3.1, this implies that there exist Ry > 0 and N; € IN such that for all u € s and
1> Ny,
n+ 2

fw) = f (- dpry( Qo) > (3.9)

0
By (2.5) and Lemma 2.2, there exists a unique convex body Q! € K such that
T, - i = pr(QY, )

with )
=T(Q) rQ

Let u; = pr,(€;, -), combined with (3.9) and Lemma 3.2, this implies that (] C RoB), for all i > N;. Thus

—(1+2)
)7 = T(Q) < RI2T(BY)

for all i > N;. Then there exist constants ¢, ¢, > 0 and N, € IN such that
T(Q))=cp for 1<p<n+2 (3.10)

and
T(Q;) <c) for p>n+2 (3.11)

foralli > N,.
From (3.7), (3.8), (3.10) and (3.11), there exist 11,12 > 0 with 11 <z and N = max{Ny, N1, N>} € IN such
that
m <T() <2 (3.12)

foralli > N.
Let R; = h(Qy, ;) = max{h(Q;, u) : u € S"1} for some u; € S"~!. Since the segment [0, Rju;] C €);, thus

Ri(u - ui)y < h(Qy, u)

for all u € S""!. Combined with (3.9) and (3.12), this proves that for alli > N

RY RY
L < ! YA Q;,
B S nez ),
1
< P(O) ,
< — fs Q) ()
= T()
< mn.

This gives that Q; is bounded. [
We now prove our first main result, i.e., Theorem 1.1, we repeat it as follows.

Theorem 3.4. Let p > 1 withp # n+ 2. Let Q € K be a convex body and let {Q;}°, C K be a sequence of
convex bodies. If the sequence of measures {ui1,(€Y;, -)}2, converges to pir,(Q, -) weakly, then C); converges to Q) in
the Hausdroff metric.



Ni Li, Shuang Mou / Filomat 37:8 (2023), 2387-2396 2393

Proof. Suppose €); does not converge to Q. That is to say, there exists a subsequence €;; of ; and & > 0
such that
(2, 1) — H(Q, W)l > €0

forallu € S"!and i; € N.
Lemma 3.3 implies that €); is bounded and thus ();; is also bounded. By the Blaschke selection theorem,
there exists a subsequence ), of (), converges to a compact convex set Qy with Qy # Q.
Next we show that Q) is a convex body. Indeed, the formula (2.2) and Lemma 2.1 show that T(C);, ) <
[diam(Q; PO, | e,
1
Wl Tdam@, )P

g T(Qo) > 0as Q;; — (Y. This further implies that €}y is a convex body but

Q2 T(C,).
This gives that [Q| >
Qp # Q.

Let u = ur,(€Q,-), which implies that yT,p(Qijk, -) converges to u weakly. On the other hand, the weak
convergence (2.4) implies that

dlam(Q

urp(Qi, ) = prp(Qo,-) weakly as Q; — Q.

Combined with ‘uT,p(Qi/.k, ) = utp(Q,-) weakly, this yields that ur,(Qo, ") = u = ur,(Q,-), which further
implies that )y = Q by the uniqueness of the solution to the Minkowski problem for L, torsional measure
in Lemma 2.2. This contradiction shows that (); converges to Q. [

Obviously, the theorem above is closely related to the Minkowski problem for the L, torsional measure
and can be described as follows:

Theorem 3.5. Let p > 1 withp + n+2and w;, u be nonzero finite Borel measures on S"~1. If Q; € K7 is the solution
to the Minkowski problem for L, torsional measure associated with y; and Q € Ki' is the solution to the Minkowski
problem for L, torsional measure associated with i, then Q; — Q as py; — .

Proof. From Lemma 2.2 and the uniqueness of the solution to the Minkowski problem for L, torsional
measure, we have

pi = urp(Qi,-) and = urp(Q,-).
Since y; — u, ie.,
prp(Qi,-) = prp(Q2, ).
This, together with Theorem 3.4, gives (J; — Q. [

To show the continuity of solution to the Minkowski problem for L, torsional measure with respect to
p, we shall use the following lemma.

Lemma 3.6. Suppose p,pi € (1,n +2) U (n + 2,00) with p; — p. Let u be a Borel measure on S"™* that is not
concentrated on a closed hemisphere. If Q) is the solution to the Minkowski problem for L, torsional measure associated
with p and Q; is the solution to the Minkowski problem for L, torsional measure associated with u, then ; is bounded
from above and there exist constants 13, 14 > 0 with 13 < ng and N € IN such that

M3 <T(Qi) <4
foralli> N.

Proof. Let |u| = sz du(u). Since Q is the solution to the Minkowski problem for L, torsional measure
associated with 1, by Lemma 2.2, we obtain

urp(@,5"Y

T,(Q, B? = .
( ) n+2 n+2
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By the Minkowski inequality for L, mixed torsional rigidity, we have

lul "2 N .
n% > T(Q)" 2 P T(BLY.

By the condition that p,p; € (1,1 +2) U (n + 2, 00) with p; — p, there exist constants ¢}, c3 > 0 and N; > N
such that
T(Q)<c3 for 1<p<n+2 (3.13)

and
T(Q) >c; for p>n+2 (3.14)

foralli > Nj.
Since p,p; € (1,n+2) U (n + 2, 00) with p; — p and y is not concentrated on a closed hemisphere of s
there exist N, € IN, Ry, my > 0 and p, > p > p1 > 1 such that

p22pizp1, (Ro+mo) 2 R

fori> N>, and
n+2

P2
R0

f (u-v)2du(v) >
Sn—l

for all u € S"1. When i > N,, one has

fs o) fs 0l duo)
n+2
(Ro + mo)P
for all u € S"1. From Lemma 3.2, it follows that
T(Q:) 7 Qi C (Ry + mp)BL, (3.15)

thus

pi—(n+2)

T(Q;) 7 < (Ro+ mg)"*T(B}).

Since p; — p, we conclude that there exist cj, ¢4 > 0 and N3 € IN such that

T(Q)=cy for 1<p<n+2 (3.16)

and
T(Q) <cy for p>n+2 (3.17)

for all i > Nj.
By (3.13), (3.14), (3.16) and (3.17), there exist 13,14 > 0 with 173 < 14 and N = max{Ny, N>, N3} € IN such
that
N3 < T(€) <1y

for all i > N. From this and (3.15), we have
Qi €} (Ro + mg)By.
This shows that Q; is bounded from above. [

We now prove Theorem 1.2 and repeat it again as follows.
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Theorem 3.7. Suppose p,p; € (1,1 +2) U (n + 2, 00) with p; — p. Let u be a Borel measure on S"1. If Q € K" is
the solution to the Minkowski problem for L, torsional measure associated with u and the sequence of convex bodies
Q; € K is the solution to the Minkowski problem for Ly, torsional measure associated with u, then Q; — Q as

pi = p-

Proof. Suppose €); does not converge to Q. That is to say, there exists a subsequence ;; of Q; and ¢y > 0
such that
17(€2i;, 1) = (Q, W)lleo > €0

forall i; € N.
By Lemma 3.6 and the same argument in the proof of Theorem 3.4, this shows that there exist a convex
body €y but Qy # Q and a subsequence Qi/k of Q);; such that limy_,« Qi/k = Q).
Since (J;;, is the solution to the Minkowski problem for Lpl]. torsional measure associated with p, this
k

gives that
@, Y = Q).

Taking k — oo on both sides, we obtain
h(Qp, -y - p = pr(Qo, -).

By the uniqueness of the solution to the Minkowski problem for L, torsional measure, we have )y = Q,
which is a contraction. This shows that Q; —» Q. O
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