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Abstract. The Hom-version of Lie H-pseudobialgebra was introduced in [21]. In this paper, we in-
vestigate infinitesimal Hom-H-pseudobialgebra, which is the Hom-associative analog of Hom-Lie H-
pseudobialgebra. We first provide some examples of this new structure and present the construction
theorems. We also consider the subclass of coboundary infinitesimal Hom-H-pseudobialgebras and the
related Hom-associative pseudo-Yang-Baxter equation. Furthermore, the connection between infinitesimal
Hom-H-pseudobialgebras and Hom-Lie H-pseudobialgebras is depicted. Finally, we show that, under
suitable conditions, solutions of the Hom-associative pseudo-Yang-Baxter equation give rise to solutions of
the Hom-classical pseudo-Yang-Baxter equation.

1. Introduction

The notion of conformal algebra introduced by Kac([12]) is widely used in the field of mathematical
physics by providing an axiomatic description of the operator product expansion (OPE) of chiral fields in
conformal field theory, and it came to be useful for the investigation of vertex algebras. Specifically, a Lie
conformal algebra L is defined as a C[∂]-module (∂ is an indeterminate), endowed with a C-linear map

L ⊗ L −→ C[λ] ⊗ L, a ⊗ b 7→ [aλb],

which satisfies the axioms similar to those of Lie algebra (see [5, 12]). In [3], Bakalov, D’Andrea and
Kac studied “multi-dimensional” Lie conformal algebra by replacing the above polynomial algebra C[∂]
with any cocommutative Hopf algebra H. In fact, this multivariable generalization of conformal algebra
is actually an algebra in pseudotensor category M∗(H), so it is called an H-pseudoalgebra, or simply a
pseudoalgebra. When H = k, a pseudoalgebra is actually a usual algebra. A Lie algebra in this pseudotensor
category is called a Lie H-pseudoalgebra, which is closely related to the differential Lie algebras of Ritt
and Hamiltonian formalism in the theory of nonlinear evolution equation ([6, 8, 9]). For other algebraic
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structures, such as associative algebra, symmetric algebra, Leibniz algebra, etc., in this pseudotensor
category can be found in [3, 23, 24]. In particular, the fact that the annihilation algebra of associative H-
pseudoalgebra CendH is the Drinfeld double of H makes us believe that there should be a deep connection
between H-pseudoalgebra theory and quantum groups.

The study of Hom-algebras can be traced back to Hartwig, Larsson and Silvestrov’s work in [10], where
they introduced the structure of Hom-Lie algebras in the context of the deformations of Witt and Virasoro
algebras. The main feature of Hom-type algebras is that the identities defining the structures are twisted
by homomorphisms. Corresponding to Hom-Lie algebras are Hom-associative algebras [15], which give
rise to Hom-Lie algebras via the commutator bracket. Other Hom-type algebraic structures were studied
in [14, 16–18, 25, 26].

Infinitesimal bialgebras were introduced by Joni and Rota [11] in the context of the calculus of divided
differences. Later, Aguiar established the basic theory of infinitesimal bialgebras in [1, 2]. Recently, this
structures have been studied extensively, not only because of their important application to combinatorials
[2, 7], but also because they are closely related to the theory of Lie bialgebras. In detail, the cobracket ∆
in a Lie bialgebra is a 1-cocycle in Chevalley-Eilenberg cohomology, which is a 1-cocycle in Hochschild
cohomology in an infinitesimal bialgebra. So any infinitesimal bialgebra can be seen as an associative analog
of Lie bialgebra. Furthermore, Aguiar found the necessary and sufficient conditions so that an infinitesimal
bialgebra gives rise to a Lie bialgebra. In [27], Yau studied the Hom-type generalization of infinitesimal
bialgebras, called infinitesimal Hom-bialgebras and extended the main results in [1, 2] to Hom-case.

As a generalization of Lie bialgebra, Lie H-pseudobialgebra was introduced in [4]. There Boyallian
and Liberati gave the classical Yang-Baxter equation and Drinfeld double in H-pseudoalgebras. In [21],
Sun and Li generalized Lie H-pseudobialgebra and related classical Yang-Baxter equation to Hom-case
by twisting the identities using morphisms of H-modules. Similar to the relationship between Lie bial-
gebra and infinitesimal bialgebra mentioned above, it is natural to consider the Hom-associative analog
of Hom-Lie H-pseudobialgebra and related Hom-associative Yang-Baxter equation in a Hom-associative
H-pseudoalgebra. This is our motivation to define infinitesimal Hom-H-pseudobialgebra.

The paper is organized as follows. In Section 2, we first define infinitesimal Hom-H-pseudobialgebra,
which is the Hom-associative analog of Hom-Lie H-pseudobialgebra. Then we construct infinitesimal
Hom-H-pseudobialgebras from infinitesimal Hom-bialgebras, infinitesimal H-pseudobialgebras and the
given infinitesimal Hom-H-pseudobialgebras. Moreover, we obtain a class of infinitesimal Hom-H-
pseudobialgebras. Section 3 is dedicated to the subclass of coboundary infinitesimal Hom-H-pseudobialg-
ebras. We give the construction theorems and the characterizations of coboundary infinitesimal Hom-H-
pseudobialgebras. In addition, we obtain related Hom-associative pseudo-Yang-Baxter equation (pseudo-
AHYBE) in a Hom-associative H-pseudoalgebra. In Section 4, we construct a class of Hom-Lie H-
pseudobialgebras from infinitesimal Hom-H-pseudobialgebras. We also study how coboundary infinites-
imal Hom-H-pseudobialgebras give rise to coboundary Hom-Lie H-pseudobialgebras. In the last section,
we show that under suitable conditions, solutions of pseudo-AHYBE give rise to solutions of the pseudo-
CHYBE in related Hom-Lie H-pseudoalgebra.

Throughout this paper, k is an algebraically closed field. All vector spaces, linear maps, and tensor
products are over k, H is a cocommutative Hopf algebra and X = H∗ is the dual of H. As usual, we adopt
Sweedler’s notations in [22]. For a coalgebra C, we write its comultiplication as ∆(c) = c1 ⊗ c2, for all c ∈ C.
For any vector space V, we have the flipping maps σ, τ : f ⊗ 1 7→ 1 ⊗ f for all f , 1 ∈ V. Now we recall some
useful definitions which will be used later.

2. Preliminaries

Definition 2.1 ([19]) A Hom-associative H-pseudoalgebra is a triple (A, µ = ∗, α), where A is a left
H-module, α ∈ HomH(A,A) and µ ∈ HomH⊗H(A ⊗ A, (H ⊗ H) ⊗H A), called the pseudoproduct, denote
µ(a ⊗ b) = a ∗ b, satisfying

(id ⊗H α) ◦ µ = µ ◦ (α ⊗ α), µ ◦ (α ⊗ µ) = µ ◦ (µ ⊗ α),
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i.e.,

(id ⊗H α)(a ∗ b) = α(a) ∗ α(b), α(a) ∗ (b ∗ c) = (a ∗ b) ∗ α(c) ∈ H⊗3
⊗H A

for all a, b, c ∈ A.
A morphism f : (A, µA, αA) −→ (B, µB, αB) of Hom-associative H-pseudoalgebras is an H-linear map

such that αB ◦ f = f ◦ αA and f ◦ µA = µB ◦ ( f ⊗ f ).

For an arbitrary Hopf algebra H, we recall that the map F : H ⊗ H −→ H ⊗ H, called the Fourier
transform, defined by the formula

F ( f ⊗ 1) = ( f ⊗ 1)(S ⊗ id)∆(1) = f S(11) ⊗ 12,

and F is a vector space isomorphism with an inverse given by

F
−1( f ⊗ 1) = ( f ⊗ 1)∆(1) = f11 ⊗ 12.

Now we introduce another product [a, b] ∈ H ⊗ A defined as the Fourier transform of a ∗ b:

[a, b] =
∑

i

F ( fi ⊗ 1i)(1 ⊗ ei) =
∑

i

fiS(1i1) ⊗ 1i2ei,

if a ∗ b =
∑

i( fi ⊗ 1i) ⊗H ei =
∑

i fiS(1i1) ⊗ 1 ⊗H 1i2ei. In other words,

[a, b] =
∑

i

hi ⊗ ci, if a ∗ b =
∑

i

(hi ⊗ 1) ⊗H ci.

Then for x ∈ X = H∗, the x-product in A is given by

axb = (< S(x), · > ⊗id)[a, b] =
∑

i

< S(x), hi > ci.

Using the properties of Fourier transform, we have the following equivalent definition of Hom-
associative H-pseudoalgebra.

Definition 2.2 ([19]) A Hom-associative H-conformal algebra is a triple (A, [·, ·], α), where A is a left H-
module, [·, ·] : A⊗A −→ H⊗A is defined as above and α ∈ HomH(A,A), satisfying the following properties
(∀a, b, c ∈ A and h ∈ H):

(H-sesqui-linearity)

[ha, b] = (h ⊗ 1)[a, b], [a, hb] = (1 ⊗ h2)[a, b](S(h1) ⊗ 1).

(Hom-associativity)
[α(a), [b, c]] = (F −1

⊗ id)[[a, b], α(c)]

in H ⊗H ⊗ A, where [a, [b, c]] = (σ ⊗ id)(id ⊗ [a, ·])[b, c], [[a, b], c] = (id ⊗ [·, c])[a, b].

We can also reformulate Definition 2.2 in terms of the x-products.
Definition 2.3 ([19]) A Hom-associative H-conformal algebra is a triple (A, ·x·, α), where A is a left H-

module, ·x· : A ⊗ A −→ A, a ⊗ b 7→ axb is defined as above and α ∈ HomH(A,A), satisfying the following
properties (∀a, b, c ∈ A, h ∈ H and x ∈ X):

(Locality)
for any basis {xi} of X, axi b , 0 for only a finite number of i.

(H-sesqui-linearity)
haxb = axhb, axhb = h2(aS(h1)xb).

(Hom-associativity)
α(a)x(byc) = (ax2 b)yx1α(c).
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Definition 2.4 ([19]) Let (A, ∗, α) be a Hom-associative H-pseudoalgebra. A left Hom-A-module is a
triple (M, ρ, β), where M is a left H-module, ρ ∈ HomH⊗H(A⊗M, (H⊗H)⊗H M) (we denote ρ(a⊗m) = a ∗m),
β ∈ HomH(M,M), satisfying

(id ⊗H β)(a ∗m) = α(a) ∗ β(m), α(a) ∗ (b ∗m) = (a ∗ b) ∗ β(m), ∀ a, b ∈ A,m ∈M.

Similarly, we can define a right Hom-A-module by satisfying (id⊗H β)(m ∗ a) = β(m) ∗α(a) and β(m) ∗ (a ∗ b) =
(m ∗ a) ∗ α(b). Let (A, ∗, αA) and (B, ∗, αB) be two Hom-associative H-pseudoalgebras, then (M, ρ, β) is called
a Hom-A-B-bimodule if (M, ρ, β) is both a left Hom-A-module and a right Hom-B-module, satisfying
(a∗m)∗αB(b) = αA(a)∗ (m∗b) for all a ∈ A, b ∈ B and m ∈M. When B = A, we call (M, ρ, β) a Hom-A-bimodule.

Proposition 2.5 Let (A, ∗, α) be a Hom-associative H-pseudoalgebra. Then for each n ≥ 2, (A⊗n, α⊗n) are
Hom-A-bimodules with the following structures:

a ∗ (b1 ⊗ b2 ⊗ · · · ⊗ bn) =
∑

i

( fi ⊗ 1i) ⊗H (ei ⊗ α(b2) ⊗ · · · ⊗ α(bn)),

(b1 ⊗ · · · ⊗ bn−1 ⊗ bn) ∗ a =
∑

j

(k j ⊗ l j) ⊗H (α(b1) ⊗ · · · ⊗ α(bn−1) ⊗ t j),

where α(a) ∗ b1 =
∑

i( fi ⊗ 1i) ⊗H ei and bn ∗ α(a) =
∑

j(k j ⊗ l j) ⊗H t j, for all a, b1, b2 · · · , bn ∈ A.
Proof. It is a straightforward computation and we omit the details. □

Definition 2.6 ([19]) A Hom-Lie H-pseudoalgebra is a triple (L, µ = [∗], α), where L is a left H-module,
α ∈ HomH(L,L) and µ ∈ HomH⊗H(L ⊗ L,H⊗2

⊗H L), called the pseudobracket, denote µ(a ⊗ b) = [a ∗ b],
satisfying

(Multiplicativity)
(id ⊗H α)[a ∗ b] = [α(a) ∗ α(b)].

(Skew-commutativity)
[a ∗ b] = −(σ ⊗H id)[b ∗ a].

(Hom-Jacobi identity)

[[a ∗ b] ∗ α(c)] = [α(a) ∗ [b ∗ c]] − ((σ ⊗ id) ⊗H id)[α(b) ∗ [a ∗ c]],

for all a, b, c ∈ L.
In particular, for the one-dimensional Hopf algebra H = k, a Hom-Lie H-pseudoalgebra is just an or-

dinary Hom-Lie algebra over the field k. If α = id, then a Hom-Lie H-pseudoalgebra is an ordinary Lie
H-pseudoalgebra([3]).

Definition 2.7 ([21]) A Hom-Lie H-coalgebra is a triple (L, δ, α), where L is a left H-module, δ : L −→ L⊗L
is an H-linear map and α ∈ HomH(L,L), satisfying

σ ◦ δ = −δ,

δ ◦ α = (α ⊗ α) ◦ δ,
(α ⊗ δ)δ − σ12(α ⊗ δ)δ = (δ ⊗ α)δ,

where σ12(a ⊗ b ⊗ c) = b ⊗ a ⊗ c for all a, b, c ∈ L.

Definition 2.8 ([21]) A Hom-Lie H-pseudobialgebra is a quadruple (L, [∗], δ, α) such that (L, [∗], α) is a
Hom-Lie H-pseudoalgebra, (L, δ, α) is a Hom-Lie H-coalgebra, and they satisfy the compatible condition

δ([a ∗ b]) = [a ∗ δ(b)] − (σ ⊗H id)[b ∗ δ(a)], ∀ a, b ∈ L, (2. 1)
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where

[a ∗ δ(b)] =
∑

i

( fiS(1i1) ⊗ 1) ⊗H (1i2ei ⊗ α(b2)) +
∑

j

(k jS(l j1) ⊗ 1) ⊗H (α(b1) ⊗ l j2t j),

if

[α(a) ∗ b1] =
∑

i

( fi ⊗ 1i) ⊗H ei =
∑

i

( fiS(1i1) ⊗ 1) ⊗H 1i2ei

and

[α(a) ∗ b2] =
∑

j

(k j ⊗ l j) ⊗H t j =
∑

j

(k jS(l j1) ⊗ 1) ⊗H l j2t j.

A morphism f : (L, [∗], δ, α) −→ (L′, [∗]′, δ′, α′) of Hom-Lie H-pseudobialgebras is an H-linear map such
that α′ ◦ f = f ◦ α, f ◦ [∗] = [∗]′ ◦ ( f ⊗ f ) and δ′ ◦ f = ( f ⊗ f ) ◦ δ.

Remark 2.9 The compatible condition (2.1) is indeed the condition that δ is a 1-cocycle of the Hom-Lie
H-pseudoalgebra (L, [∗], α) with coefficient in L ⊗ L in the reduced complex ([19]).

Definition 2.10 ([21]) A coboundary Hom-Lie H-pseudobialgebra (L, [∗], δ, , α, r) consists of a Hom-Lie
H-pseudobialgebra (L, [∗], δ, α) and an element r =

∑
i ui ⊗ vi ∈ L ⊗ L such that α⊗2(r) = r and

δ(a) =
∑

i

µ({a,ui} ⊗ α(vi) + σ12(α(ui) ⊗ {a, vi})), (2. 2)

where {a, b} is the Fourier transform of [a ∗ b], and µ(h ⊗ a ⊗ b) = ∆(h)(a ⊗ b) for all h ∈ H and a, b ∈ L. More
precisely, suppose [a ∗ b] =

∑
ha,b
⊗ 1 ⊗H ea,b, then

δ(a) =
∑

ha,ui (ea,ui ⊗ α(vi)) +
∑

ha,vi (α(ui) ⊗ ea,vi ).

3. Infinitesimal Hom-H-pseudobialgebras

In this section, we define infinitesimal Hom-H-pseudobialgebras, which generalize both infinitesimal H-
pseudobialgebras ([13]) and infinitesimal Hom-bialgebras ([27]). In addition, we construct an infinitesimal
Hom-H-pseudobialgebra from the infinitesimal Hom-bialgebra, the infinitesimal H-pseudobialgebra and a
given infinitesimal Hom-H-pseudobialgebra, respectively.

Definition 3.1 A Hom-coassociative H-coalgebra is a triple (A,∆, α), where ∆ : A −→ A ⊗ A (we denote
∆(a) = a1 ⊗ a2) is an H-linear map and α ∈ HomH(A,A), satisfying

(α ⊗ ∆) ◦ ∆ = (∆ ⊗ α) ◦ ∆, ∆ ◦ α = (α ⊗ α) ◦ ∆.

More precisely, we have

α(a1) ⊗ a21 ⊗ a22 = a11 ⊗ a12 ⊗ α(a2), ∆(α(a)) = α(a1) ⊗ α(a2), ∀a ∈ A.

Remark 3.2 In fact, it is the definition of Hom-coassociative coalgebra compatible with an H-module
structure on A.

Let V and W be two H-modules. An H-pseudolinear map from V to W is a k-linear map ϕ : V −→
(H ⊗H) ⊗H W such that

ϕ(hv) = ((1 ⊗ h) ⊗H 1)ϕ(v), ∀ h ∈ H, v ∈ V.

We denote the vector space of all such ϕ by Chom(V,W). There is a left action of H on Chom(V,W) defined
by

(hϕ)(v) = ((h ⊗ 1) ⊗H 1)ϕ(v).



L. Liu et al. / Filomat 38:1 (2024), 271–293 276

In the special case V = W, we write Cend(V) = Chom(V,V). Throughout the paper, unless otherwise
specified, we always set V∗ = Chom(V, k).

Let L be a finite free H-module with a basis {ai}
n
i=1. The dual basis to {ai}

n
i=1 in L∗ = Chom(L, k) is defined

as the set {a j
}
n
j=1, where each a j

∈ L∗ is given by

ai
∗ a j = (1 ⊗ 1) ⊗H δi j.

It is easy to check that {a j
}
n
j=1 is a linearly independent set such that H-generates L∗. Under this assumption,

we have
Theorem 3.3 (1) Let (A =

⊕N
i=1 Hai, ∗, α) be a finite free Hom-associative H-pseudoalgebra with the

pseudoproduct

ai ∗ a j =

N∑
k=1

( f i j
k ⊗ 1

i j
k ) ⊗H ak.

Let A∗ = Chom(A, k) =
⊕N

i=1 Hai be the dual of A, where {ai
} is the dual basis corresponding to {ai}. Let

β : A∗ −→ A∗ be the H-linear map dual to α. Define ∆ : A∗ −→ A∗ ⊗ A∗ by

∆(ak) =
∑

i, j

S( f i j
k )ai
⊗ S(1i j

k )a j

and extend it H-linearly, i.e., ∆(hak) = h∆(ak). Then (A∗,∆, β) is a Hom-coassociative H-coalgebra.
(2) Conversely, let (A,∆, β) be a finite Hom-coassociative H-coalgebra. Then the left H-module (A∗ =

Chom(A, k), ·x·, α) is a Hom-associative H-conformal algebra with the x-product defined by

( fx1)y(a) = fx2 (a1)1yS(x1)(a2),

for all f , 1 ∈ A∗, a ∈ A and x, y ∈ X.
Proof. It is quite similar to the proof of Theorem 4.5 in [4]. □

Definition 3.4 An infinitesimal Hom-H-pseudobialgebra is a quadruple (A, ∗,∆, α), where (A, ∗, α) is a
Hom-associative H-pseudoalgebra and (A,∆, α) is a Hom-coassociative H-coalgebra, satisfying the com-
patible condition

∆(a ∗ b) = a ∗ ∆(b) + ∆(a) ∗ b, ∀ a, b ∈ A, (3. 1)

where

a ∗ ∆(b) =
∑

i

fi ⊗ 1i ⊗H (ei ⊗ α(b2)),

∆(a) ∗ b =
∑

j

m j ⊗ n j ⊗H (α(a1) ⊗ t j),

if α(a) ∗ b1 =
∑

i fi ⊗ 1i ⊗H ei and a2 ∗ α(b) =
∑

j m j ⊗ n j ⊗H t j.
Let (A, µA,∆A, αA) and (B, µB,∆B, αB) be two infinitesimal Hom-H-pseudoalgebras. An H-linear map

f : A −→ B is called the morphism of infinitesimal Hom-H-pseudobialgebras if f satisfies f ◦ µA =
µB ◦ ( f ⊗ f ),∆B ◦ f = ( f ⊗ f ) ◦ ∆A and αB ◦ f = f ◦ αA.

Remark 3.5 (1) In particular, for the one dimensional Hopf algebra H = k, an infinitesimal Hom-H-
pseudobialgebra is just an ordinary infinitesimal Hom-bialgebra ([27]). If α = id, then an infinitesimal
Hom-H-pseudobialgebra is actually an infinitesimal H-pseudobialgebra ([13]).

(2) The compatible condition (3.1) is indeed the condition that ∆ is a 1-cocycle of the Hom-associative
H-pseudoalgebra (A, ∗, α) with coefficients in A ⊗ A in the reduced complex ([19, 20]). So infinitesimal
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Hom-H-pseudobialgebra is a Hom-associative analog of Hom-Lie H-pseudobialgebra.

Now we construct an infinitesimal Hom-H-pseudobialgebra from a given infinitesimal Hom-H-pseudo-
bialgebra.

Proposition 3.6 Let H′ be a Hopf subalgebra of H and (A, ∗,∆, α) be an infinitesimal Hom-H′-pseudobialg-
ebra. Then (Cur(A) = H⊗H′A, ∗̃, δ, β = id⊗H′α) is an infinitesimal Hom-H-pseudobialgebra with the following
structures (∀ f , 1 ∈ H, a, b ∈ A):

( f ⊗H′ a)∗̃(1 ⊗H′ b) =
∑

i

( f fi ⊗ 11i) ⊗H (1 ⊗H′ ei),

δ( f ⊗H′ a) = ( f1 ⊗H′ a1) ⊗ ( f2 ⊗H′ a2),

where a ∗ b =
∑

i( fi ⊗ 1i) ⊗H′ ei.
Proof. By Proposition 2.16 in [19], (Cur(A) = H ⊗H′ A, ∗̃, β) is a Hom-associative H-pseudoalgebra. For

all a ∈ A and f ∈ H, we have

δβ( f ⊗H′ a) = δ( f ⊗H′ α(a)) = ( f1 ⊗H′ α(a1)) ⊗ ( f2 ⊗H′ α(a2)) = (β ⊗ β)δ( f ⊗H′ a).

Since (A,∆, α) is a Hom-coassociative H′-coalgebra, we get (α ⊗ ∆)∆(a) = (∆ ⊗ α)∆(a), i.e., α(a1) ⊗ a21 ⊗ a22 =
a11 ⊗ a12 ⊗ α(a2). Using the above equation, we have

(β ⊗ δ)δ( f ⊗H′ a) = (β ⊗ δ)(( f1 ⊗H′ a1) ⊗ ( f2 ⊗H′ a2))
= ( f1 ⊗H′ α(a1)) ⊗ ( f2 ⊗H′ a21) ⊗ ( f3 ⊗H′ a22)
= ( f1 ⊗H′ a11) ⊗ ( f2 ⊗H′ a12) ⊗ ( f3 ⊗H′ α(a2))
= δ( f1 ⊗H′ a1) ⊗ β( f2 ⊗H′ a2)
= (δ ⊗ β)δ( f ⊗H′ a).

It follows that (Cur(A), δ, β) is a Hom-coassociative H-coalgebra. Finally, we verify the compatible condition
(3.1). Suppose

a ∗ b =
∑

i

fi ⊗ 1i ⊗H′ ei, α(a) ∗ b1 =
∑

i

pi ⊗ qi ⊗H′ ti, a2 ∗ α(b) =
∑

i

mi ⊗ ni ⊗H′ ri,

then we have
∆(a ∗ b) = ∆(a) ∗ b + a ∗ ∆(b),

which is equivalent to∑
i

fi ⊗ 1i ⊗H′ (ei1 ⊗ ei2) =
∑

i

pi ⊗ qi ⊗H′ (ti ⊗ α(b2)) +
∑

i

mi ⊗ ni ⊗H′ (α(a1) ⊗ ri).

Using the above equation, we get

( f ⊗H′ a)∗̃δ(1 ⊗H′ b) + δ( f ⊗H′ a)∗̃(1 ⊗H′ b)
= β( f ⊗H′ a)∗̃(11 ⊗H′ b1) ⊗ β(12 ⊗H′ b2) + β( f1 ⊗H′ a1) ⊗ ( f2 ⊗H′ a2)∗̃β(1 ⊗H′ b)

=
∑

i

( f pi ⊗ 11qi) ⊗H ((1 ⊗H′ ti) ⊗ (12 ⊗H′ α(b2))) +
∑

i

( f2mi ⊗ 1ni) ⊗H (( f1 ⊗H′ α(a1)) ⊗ (1 ⊗H′ ri))

=
∑

i

( f pi ⊗ 1qi) ⊗H ((1 ⊗H′ ti) ⊗ (1 ⊗H′ α(b2))) +
∑

i

( f mi ⊗ 1ni) ⊗H ((1 ⊗H′ α(a1)) ⊗ (1 ⊗H′ ri))

=
∑

i

( f fi ⊗ 11i) ⊗H ((1 ⊗H′ ei1) ⊗ (1 ⊗H′ ei2))

= δ(( f ⊗H′ a)∗̃(1 ⊗H′ b)).

This completes the proof. □



L. Liu et al. / Filomat 38:1 (2024), 271–293 278

Remark 3.7 More generally, let ϕ : H′ −→ H be a homomorphism of Hopf algebras, and (A, ∗,∆, α)
an infinitesimal Hom-H′-pseudobialgebra. Then (H ⊗H′ A, ∗̃, δ, β = id ⊗H′ α) is an infinitesimal Hom-H-
pseudobialgebra with the strucutres:

( f ⊗H′ a)∗̃(1 ⊗H′ b) =
∑

i

( fϕ( fi) ⊗ 1ϕ(1i)) ⊗H (1 ⊗H′ ei),

δ( f ⊗H′ a) = ( f1 ⊗H′ a1) ⊗ ( f2 ⊗H′ a2),

where a ∗ b =
∑

i fi ⊗ 1i ⊗H ei for all a, b ∈ A.
Corollary 3.8 Let (A, µ,∆, α) be an infinitesimal Hom-bialgebra. Then (Cur(A) = H ⊗ A, ∗̃, δ, id ⊗ α) is an

infinitesimal Hom-H-pseudobialgebra with the following structures:

( f ⊗ a)∗̃(1 ⊗ b) =
∑

i

( f ⊗ 1) ⊗H (1 ⊗ ab),

δ( f ⊗ a) = ( f1 ⊗ a1) ⊗ ( f2 ⊗ a2),

for all f , 1 ∈ H and a, b ∈ A.
Proof. It can be obtained directly by taking H′ = k in Proposition 3.6. □

We now show that how to construct an infinitesimal Hom-H-pseudobialgebra from an infinitesimal
H-pseudobialgebra.

Theorem 3.9 Let (A, µ = ∗,∆) be an infinitesimal H-pseudobialgebra andα : A −→ A be a morphism of in-
finitesimal H-pseudobialgebras. Then Aα = (A, µα = ∗α,∆α, α) is an infinitesimal Hom-H-pseudobialgebra,
where µα = (id ⊗H α)µ and ∆α = ∆ ◦ α.

Proof. By Theorem 2.9 in [19], (A, µα, α) is a Hom-associative H-pseudoalgebra. For all h ∈ H, a ∈ A, we
have

∆α(ha) = ∆ ◦ α(ha) = ∆(hα(a)) = h∆α(a),

∆α ◦ α(a) = α2(a1) ⊗ α2(a2) = (α ⊗ α)(α(a1) ⊗ α(a2)) = (α ⊗ α)∆α(a)

and

(α ⊗ ∆α)∆α(a) = (α ⊗ ∆α)(α(a1) ⊗ α(a2))
= α2(a1) ⊗ α2(a21) ⊗ α2(a22)
= α2(a11) ⊗ α2(a12) ⊗ α2(a2)
= α2(a1)1 ⊗ α

2(a1)2 ⊗ α
2(a2)

= (∆α ⊗ α)∆α(a).

Hence (A,∆α, α) is a Hom-coassociative H-coalgebra. It remains to check the compatible condition (3.1) in
Aα. Suppose

a ∗ b =
∑

i

pi ⊗ qi ⊗H wi, a ∗ b1 =
∑

i

fi ⊗ 1i ⊗H ei, a2 ∗ b =
∑

i

mi ⊗ ni ⊗H ti.

Since (A, ∗,∆) is an infinitesimal H-pseudobialgebra, we have ∆(a ∗b) = a ∗∆(b)+∆(a) ∗b, which is equivalent
to ∑

i

pi ⊗ qi ⊗H (wi1 ⊗ wi2) =
∑

i

fi ⊗ 1i ⊗H (ei ⊗ b2) +
∑

i

mi ⊗ ni ⊗H (a1 ⊗ ti).
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According to the above equation and the fact that a ∗α b = (id ⊗H α)(a ∗ b) = α(a) ∗ α(b), we have

a ∗α ∆α(b) + ∆α(a) ∗α b
= α(a) ∗α α(b1) ⊗ α2(b2) + α2(a1) ⊗ α(a2) ∗α α(b)
= (id ⊗H α

2)(a ∗ b1) ⊗ α2(b2) + α2(a1) ⊗ (id ⊗H α
2)(a2 ∗ b)

=
∑

i

fi ⊗ 1i ⊗H (α2(ei) ⊗ α2(b2)) +
∑

i

mi ⊗ ni ⊗H (α2(a1) ⊗ α2(ti))

=
∑

i

pi ⊗ qi ⊗H (α2(wi1) ⊗ α2(wi2))

= ∆α(
∑

i

pi ⊗ qi ⊗H α(wi))

= ∆α(a ∗α b),

which completes the proof. □

More generally, we have
Theorem 3.10 Let (A, µ = ∗, δ, α) be an infinitesimal Hom-H-pseudobialgebra. Then so is An = (A, µn =

∗n,∆n, α2n
) for each n ≥ 0, where µn = (id ⊗H α2n

−1) ◦ µ and ∆n = ∆ ◦ α2n
−1.

Proof. First note that A0 = A,A1 = (A, µ1 = (id ⊗H α) ◦ µ,∆1 = ∆ ◦ α, α2), and An+1 = (An)1. Therefore,
by an induction argument, it suffices to prove the case n = 1, i.e., that A1 is an infinitesimal Hom-H-
pseudobialgebra. One can check directly that (A, µ1, α2) is a Hom-associative H-pseudoalgebra and that
(A,∆1, α2) is a Hom-coassociative H-coalgebra. It remains to establish the compatible condition (3.1) in A1.
We denote a ∗ b = ha,b

⊗1a,b
⊗H ea,b for all a, b ∈ A, where we avoid the sum that is implicity understood. Then

(3.1) can be rewritten as

ha,b
⊗ 1a,b

⊗H (ea,b)1 ⊗ (ea,b)2 = ha,α(b1)
⊗ 1a,α(b1)

⊗H ea,α(b1) ⊗ α(b2)

+ha2,α(b)
⊗ 1a2,α(b)

⊗H α(a1) ⊗ ea2,α(b).

Using the above equation, we have

a ∗1 ∆1(b) + ∆1(a) ∗1 b
= α2(a) ∗1 α(b1) ⊗ α3(b2) + (α(a1) ⊗ α(a2)) ∗1 b

= hα
2(a),α(b1)

⊗ 1α
2(a),α(b1)

⊗H α(eα2(a),α(b1)) ⊗ α3(b2)

+hα(a2),α2(b)
⊗ 1α(a2),α2(b)

⊗ α3(a1) ⊗ α(eα(a2),α2(b))

= hα(a),b1 ⊗ 1α(a),b1 ⊗H α
2(eα(a),b1 ) ⊗ α3(b2)

+ha2,α(b)
⊗ 1a2,α(b)

⊗ α3(α(a1)) ⊗ α2(ea2,α(b))

= hα(a),b1 ⊗ 1α(a),b1 ⊗H α
2(eα(a),b1 ⊗ α(b2))

+ha2,α(b)
⊗ 1a2,α(b)

⊗ α2(α(a1) ⊗ ea2,α(b))

= ha,b
⊗ 1a,b

⊗H α
2((ea,b)1 ⊗ (ea,b)2)

= ∆1(a ∗1 b),

as desired. □

Example 3.11 Let H be a commutative Hopf algebra and G(H) the set of all grouplike elements of
H. Suppose that H{e1, e2} is a free associative H-pseudoalgebra with pseudoproduct given by e1 ∗ e1 =
a ⊗H e2, e1 ∗ e2 = e2 ∗ e1 = e2 ∗ e2 = 0,∀ a ∈ H ⊗H. Define ∆ : A −→ A ⊗ A as follows:

∆(e1) = e1 ⊗ e1, ∆(e2) = e2 ⊗ e2,
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and extend it H-linearly, i.e., ∆(hei) = h∆(ei) for i = 1, 2. Then (A, ∗,∆) is an infinitesimal H-pseudobialgebra.
We define α : A −→ A by

α(e1) = 1e1, α(e2) = 1e2 with 1 ∈ G(H).

Then α is an endomorphism of infinitesimal H-pseudobialgebra. By Theorem 3.9, (H{e1, e2},
µα,∆α, α) is an infinitesimal Hom-H-pseudobialgebra with

µα(e1 ⊗ e1) = a ⊗H 1e2, µα(e1 ⊗ e2) = µα(e2 ⊗ e1) = µα(e2 ⊗ e2) = 0,
∆α(e1) = ∆(1e1) = 1e1 ⊗ 1e1, ∆α(e2) = ∆(1e2) = 1e2 ⊗ 1e2.

Moreover, we can obtain a class of infinitesimal Hom-H-pseudobialgebras by Theorem 3.10.

4. Coboundary infinitesimal Hom-H-pseudobialgebras

Suppose that (A, α) is a Hom-associative H-pseudoalgebra and M is a left Hom-A-module. By Lemma
2.3 in [3], for all a ∈ A and m ∈ M, a ∗m can be written uniquely in the form

∑
i(hi ⊗ 1) ⊗H ci, where {hi} is a

fixed k-basis of H. In the following, we always write

a ∗m = ha,m
⊗ 1 ⊗H ca,m,

for convenience. Similarly, for a right Hom-A-module N, we set

n ∗ a = 1 ⊗ ln,a ⊗H en,a,

for all a ∈ A and n ∈ N.
Proposition 4.1 Let (A, ∗, α) be a Hom-associative H-pseudoalgebra and r =

∑
i ui⊗vi ∈ A⊗A α-invariant

(i.e., (α⊗2)r = r). Define the map ∆r : A −→ A ⊗ A by

∆r(a) = ha,ui (ca,ui ⊗ α(vi)) − 1vi,a(α(ui) ⊗mvi,a), (4. 1)

where a ∗ ui = ha,ui ⊗ 1 ⊗H ca,ui , vi ∗ a = 1 ⊗ 1vi,a ⊗H mvi,a. Then ∆r satisfies the compatible condition (3.1).
Proof. For all a, b ∈ A, suppose a ∗ b = ha,b

⊗ 1 ⊗H ca,b for convenience. By Proposition 2.5, (A ⊗ A, α ⊗ α)
is a Hom-A-bimodule, so we have

(a ∗ b) ∗ (α(ui) ⊗ α(vi)) = α(a) ∗ (b ∗ (ui ⊗ vi)), ((ui ⊗ vi) ∗ a) ∗ α(b) = (α(ui) ⊗ α(vi)) ∗ (a ∗ b),

which are equivalent to

hα(a),α(b)hcα(a),α(b),α(ui)
1 ⊗ hcα(a),α(b),α(ui)

2 ⊗ 1 ⊗H (ccα(a),α(b),α(ui) ⊗ α
2(vi))

= hα
2(a),cα(b),ui ⊗ hα(b),ui ⊗ 1 ⊗H (cα2(a),cα(b),ui

⊗ α2(vi))

and

1 ⊗ 1vi,α(a)
⊗ 1mvi ,α(a),α2(b)

⊗H (α2(ui) ⊗mmvi ,α(a),α2(b))

= 1 ⊗ ha,b1
α(vi),α(ca,b)
1 ⊗ 1

α(vi),α(ca,b)
2 ⊗H (α2(ui) ⊗mα(vi),α(ca,b)),
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respectively. Combining with the above two equations, we have

a ∗ ∆r(b) + ∆r(a) ∗ b
= a ∗ (hb,ui (cb,ui ⊗ α(vi))) − a ∗ (1vi,b(α(ui) ⊗mvi,b)) + ha,ui (ca,ui ⊗ α(vi)) ∗ b
−(1vi,a(α(ui) ⊗mvi,a)) ∗ b

= hα(a),cb,ui ⊗ hb,ui ⊗H (cα(a),cb,ui
⊗ α2(vi)) − hα(a),α(ui) ⊗ 1vi,b ⊗H (cα(a),α(ui) ⊗ α(mvi,b))

+ha,ui ⊗ 1α(vi),α(b)
⊗H (α(ca,ui ) ⊗mα(vi),α(b)) − 1vi,a ⊗ 1mvi ,a,α(b)

⊗H (α2(ui) ⊗mmvi ,a,α(b))

= hα(a),cb,ui ⊗ hb,ui ⊗H (cα(a),cb,ui
⊗ α2(vi)) − 1vi,a ⊗ 1mvi ,a,α(b)

⊗H (α2(ui) ⊗mmvi ,a,α(b))

= ha,bhca,b,α(ui)
1 ⊗ hca,b,α(ui)

2 ⊗H (cca,b,α(ui) ⊗ α
2(vi))

−ha,b1
α(vi),ca,b

1 ⊗ 1
α(vi),ca,b

2 ⊗H (α2(ui) ⊗mα(vi),ca,b )

= ha,bhca,b,ui

1 ⊗ hca,b,ui

2 ⊗H (cca,b,ui ⊗ α(vi)) − ha,b1
vi,ca,b

1 ⊗ 1
vi,ca,b

2 ⊗H (α(ui) ⊗mvi,ca,b )

= ha,b
⊗ 1 ⊗H hca,b,ui (cca,b,ui ⊗ α(vi)) − ha,b

⊗ 1 ⊗H 1
vi,ca,b (α(ui) ⊗mvi,ca,b )

= ha,b
⊗ 1 ⊗H ∆r(ca,b)

= ∆r(a ∗ b).

This completes the proof. □

With the definition of ∆r in the above proposition, we have
Definition 4.2 A coboundary infinitesimal Hom-H-pseudobialgebra is a quintuple (A, ∗,

∆r, α, r), where (A, ∗,∆r, α) is an infinitesimal Hom-H-pseudobialgebra and r =
∑

i ui⊗vi ∈ A⊗A isα-invariant.

Remark 4.3 A coboundary infinitesimal H-pseudobialgebra is a coboundary infinitesimal Hom-H-
pseudobialgebra with α = id.

Theorem 4.4 Let (A, ∗,∆, r) be a coboundary infinitesimal H-pseudobialgebra and α : A −→ A a mor-
phism of associative H-pseudoalgebras such that α⊗2(r) = r. Then Aα = (A, ∗α,∆α, α, r) is a coboundary
infinitesimal Hom-H-pseudobialgebra, where a ∗α b = (id ⊗H α)(a ∗ b) and ∆α = ∆ ◦ α.

Proof. Let r =
∑

i ui ⊗ vi. Using α⊗2(r) = r and (id ⊗H α)(a ∗ b) = α(a) ∗ α(b), we obtain

∆(α(a)) = hα(a),ui (cα(a),ui ⊗ vi) − 1vi,α(a)(ui ⊗mvi,α(a))

= hα(a),α(ui)(cα(a),α(ui) ⊗ α(vi)) − 1α(vi),α(a)(α(ui) ⊗mα(vi),α(a))
= ha,ui (α(ca,ui ) ⊗ α(vi)) − 1vi,a(α(ui) ⊗ α(mvi,a))
= α⊗2(∆(a)).

Hence α is a morphism of infinitesimal H-pseudobialgebras. By Theorem 3.9, Aα is an infinitesimal Hom-H-
pseudobialgebra. In what follows, we prove that ∆α satisfies condition (4.1). Note that a ∗α ui = α(a) ∗α(ui) =
hα(a),α(ui) ⊗ 1 ⊗H cα(a),α(ui) and vi ∗α a = 1 ⊗ 1α(vi),α(a)

⊗H mα(vi),α(a), then we have

∆α(a) = ∆(α(a)) = hα(a),α(ui)(cα(a),α(ui) ⊗ α(vi)) − 1α(vi),α(a)(α(ui) ⊗mα(vi),α(a)).

This completes the proof. □

More generally, we have
Theorem 4.5 Let (A, µ = ∗,∆r, α, r) be a coboundary infinitesimal Hom-H-pseudobialgebra. Then so is

An = (A, µn = ∗n,∆n
r , α

2n
, r) for each n ≥ 0, where µn = α2n

−1
◦ µ,∆n

r = ∆r ◦ α2n
−1.

Proof. By Theorem 3.10, we already known that An is an infinitesimal Hom-H-pseudobialgebra. More-
over, since r is fixed by α⊗ α, i.e., (α⊗ α)r = r, it is also fixed by (α2n

)⊗2. Thus it remains to show that ∆n
r has
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the form of (4.1). Let r =
∑

i ui ⊗ vi, a ∗ ui = ha,ui ⊗ 1 ⊗H ca,ui and vi ∗ a = 1 ⊗ 1vi,a ⊗H mvi,a, we have

∆n
r (a) = ∆r(α2n

−1(a))

= hα
2n
−1(a),ui (cα2n−1(a),ui

⊗ α(vi)) − 1vi,α2n
−1(a)(α(ui) ⊗mvi,α2n−1(a))

= hα
2n
−1(a),α2n

−1(ui)(cα2n−1(a),α2n−1(ui) ⊗ α
2n

(vi))

−1α
2n
−1(vi),α2n

−1(a)(α2n
(ui ⊗mα2n−1(vi),α2n−1(a))

= ha,ui (α2n
−1(ca,ui ) ⊗ α

2n
(vi)) − 1vi,a(α2n

(ui) ⊗ α2n
−1(mvi,a)),

as desired. □

In Proposition 2.5, we are interest in the case of n = 3, that is, (A⊗3, α⊗3) is a Hom-A-bimodule with the
following structures (∀ a, x, y, z ∈ A):

a ∗ (x ⊗ y ⊗ z) = (hα(a),x
⊗ 1) ⊗H (cα(a),x ⊗ α(y) ⊗ α(z)),

(x ⊗ y ⊗ z) ∗ a = (1 ⊗ lz,α(a)) ⊗H (α(x) ⊗ α(y) ⊗ ez,α(a)),

where α(a) ∗ x = hα(a),x
⊗ 1 ⊗H cα(a),x and z ∗ α(a) = 1 ⊗ lz,α(a)

⊗H ez,α(a). Here we denote

a ▷ (x ⊗ y ⊗ z) = hα(a),x
⊗ cα(a),x ⊗ α(y) ⊗ α(z),

(x ⊗ y ⊗ z) ◁ a = lz,α(a)
⊗ α(x) ⊗ α(y) ⊗ ez,α(a).

Under this assumption, we have the main result of this section.
Theorem 4.6 Let (A, ∗, α) be a Hom-associative H-pseudoalgebra. Suppose that r =

∑
i ui ⊗ vi ∈ A ⊗ A

satisfies α⊗2(r) = r. Then (A, ∗,∆r, α) is a coboundary infinitesimal Hom-H-pseudobialgebra if and only if

µ3(a ▷ Aα(r) − Aα(r) ◁ a) = 0, (4. 2)

where µ3(h ⊗ a ⊗ b ⊗ c) = ((∆ ⊗ id)∆(h))(a ⊗ b ⊗ c) and

Aα(r) = µ4
−1([ui,u j] ⊗ α(v j) ⊗ α(vi)) − µ3,4

2 (α(ui) ⊗ [vi,u j] ⊗ α(v j))

+µ1,4
3 (α(ui) ⊗ α(u j) ⊗ [v j, vi]),

where µl
−k means that the element of H that appears in its argument in the k-th place acts via the antipode

on the element of A located in the l-th entry, µr,s
k means that the element of H located in the k-th place in its

argument acts on the elements of A ⊗ A formed by the elements in the r-th and s-th places. For example,
µ4
−1(h ⊗ a ⊗ b ⊗ c) = a ⊗ b ⊗ S(h)c, µ1,4

3 (a ⊗ b ⊗ h ⊗ c) = h1a ⊗ b ⊗ h2c for all h ∈ H and a, b, c ∈ A.
Proof. Suppose that a ∗ ui = ha,ui ⊗ 1 ⊗H ca,ui , vi ∗ a = 1 ⊗ 1vi,a ⊗H mvi,a. Then we have

∆r(α(a)) = hα(a),ui (cα(a),ui ⊗ α(vi)) − 1vi,α(a)(α(ui) ⊗mvi,α(a))

= hα(a),α(ui)(cα(a),α(ui) ⊗ α
2(vi)) − 1α(vi),α(a)(α2(ui) ⊗mα(vi),α(a))

= ha,ui (α(ca,ui ) ⊗ α
2(vi)) − 1vi,a(α2(ui) ⊗ α(mvi,a))

= (α ⊗ α)(ha,ui (ca,ui ⊗ α(vi)) − 1vi,a(α(ui) ⊗mvi,a))
= (α ⊗ α)∆r(a).

By Proposition 4.1, ∆r satisfies the compatible condition (3.1). So we only need to prove that ∆r is Hom-
coassociative if and only if µ3(a ▷ Aα(r) − Aα(r) ◁ a) = 0, i.e.,

(∆r ⊗ α)∆r(a) − (α ⊗ ∆r)∆r(a) − µ3(a ▷ Aα(r) − Aα(r) ◁ a) = 0 (4. 3)
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holds. In fact, we have

(∆r ⊗ α)∆r(a) − (α ⊗ ∆r)∆r(a)
= (∆r ⊗ α)(ha,ui (ca,ui ⊗ α(vi)) − 1vi,a(α(ui) ⊗mvi,a))
−(α ⊗ ∆r)(ha,ui (ca,ui ⊗ α(vi)) − 1vi,a(α(ui) ⊗mvi,a))

= ha,ui
1 ∆r(ca,ui ) ⊗ ha,ui

2 α
2(vi) − 1vi,a

1 ∆r(α(ui)) ⊗ 1vi,a
2 α(mvi,a)

−ha,ui
1 α(ca,ui ) ⊗ ha,ui

2 ∆r(α(vi)) + 1vi,a
1 α

2(ui) ⊗ 1vi,a
2 ∆r(mvi,a)

= ha,ui (hca,ui ,u j (cca,ui ,u j ⊗ α(v j)) ⊗ α2(vi)) (4. 4)

−ha,ui (1v j,ca,ui (α(u j) ⊗mv j,ca,ui
) ⊗ α2(vi)) (4. 5)

−1vi,a(hα(ui),u j (cα(ui),u j ⊗ α(v j)) ⊗ α(mvi,a)) (4. 6)

+1vi,a(1v j,α(ui)(α(u j) ⊗mv j,α(ui)) ⊗ α(mvi,a)) (4. 7)

−ha,ui (α(ca,ui ) ⊗ hα(vi),u j (cα(vi),u j ⊗ α(v j))) (4. 8)

+ha,ui (α(ca,ui ) ⊗ 1
v j,α(vi)(α(u j) ⊗mv j,α(vi))) (4. 9)

+1vi,a(α2(ui) ⊗ hmvi ,a,u j (cmvi ,a,u j ⊗ α(v j))) (4. 10)

−1vi,a(α2(ui) ⊗ 1v j,mvi ,a (α(u j) ⊗mv j,mvi ,a
)) (4. 11)

and

µ3(a ▷ Aα(r) − Aα(r) ◁ a)
= µ3(a ▷ (µ4

−1([ui,u j] ⊗ α(v j) ⊗ α(vi)))) (4. 12)

−µ3(a ▷ (µ3,4
2 (α(ui) ⊗ [vi,u j] ⊗ α(v j)))) (4. 13)

+µ3(a ▷ (µ1,4
3 (α(ui) ⊗ α(u j) ⊗ [v j, vi]))) (4. 14)

−µ3((µ4
−1([ui,u j] ⊗ α(v j) ⊗ α(vi))) ◁ a) (4. 15)

+µ3((µ3,4
2 (α(ui) ⊗ [vi,u j] ⊗ α(v j))) ◁ a) (4. 16)

−µ3((µ1,4
3 (α(ui) ⊗ α(u j) ⊗ [v j, vi])) ◁ a). (4. 17)

Using the property of Fourier transform, we obtain

[[a,ui], α(u j)] = (F ⊗ id)[α(a), [ui,u j]]

= (F ⊗ id)(hα(a),cui ,uj ⊗ hui,u j ⊗H cα(a),cui ,uj
)

= hα(a),cui ,uj S(hui,u j

1 ) ⊗ hui,u j

2 ⊗H cα(a),cui ,uj
.

So we have

ha,ui (hca,ui ,u j · (cca,ui ,u j ⊗ α(v j)) ⊗ α2(vi))

= µ3(µ3,4
2 ([[a,ui],u j] ⊗ α(v j) ⊗ α2(vi)))

= µ3(µ3,4
2 (hα(a),cui ,uj S(hui,u j

1 ) ⊗ hui,u j

2 ⊗ cα(a),cui ,uj
⊗ α2(v j) ⊗ α2(vi)))

= µ3(hα(a),cui ,uj S(hui,u j

1 ) ⊗ hui,u j

2 (cα(a),cui ,uj
⊗ α2(v j)) ⊗ α2(vi))

= hα(a),cui ,uj S(hui,u j

1 )(hui,u j

2 (cα(a),cui ,uj
⊗ α2(v j)) ⊗ α2(vi))

= hα(a),cui ,uj (cα(a),cui ,uj
⊗ α2(v j) ⊗ S(hui,u j )α2(vi))

= µ3(a ◁ (µ4
−1([ui,u j] ⊗ α(v j) ⊗ α(vi)))).
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Hence (4.4) − (4.12) = 0. Since

1vi,a(hα(ui),u j (cα(ui),u j ⊗ α(v j)) ⊗ α(mvi,a))

= 1vi,ahα(ui),u j

1 (cα(ui),u j ⊗ α(v j) ⊗ S(hα(ui),u j

2 )α(mvi,a))

= 1vi,ahα(ui),α(u j)
1 (cα(ui),α(u j) ⊗ α

2(v j) ⊗ S(hα(ui),α(u j)
2 )α(mvi,a))

= 1vi,ahui,u j

1 (α(cui,u j ) ⊗ α
2(v j) ⊗ S(hui,u j

2 )α(mvi,a))

= 1α(vi),α(a)hui,u j

1 (α(cui,u j ) ⊗ α
2(v j) ⊗ S(hui,u j

2 )mα(vi),α(a))

= µ3(1α(vi),α(a)hui,u j

1 ⊗ α(cui,u j ) ⊗ α
2(v j) ⊗ S(hui,u j

2 )mα(vi),α(a))

= µ3(µ4
−1([ui,u j] ⊗ α(v j) ⊗ α(vi)) ◁ a).

It follows that (4.6) − (4.15) = 0. Similarly, we have

1vi,a(1v j,α(ui)(α(u j) ⊗mv j,α(ui)) ⊗ α(mvi,a))

= 1vi,a1
v j,α(ui)
1 (α(u j) ⊗mv j,α(ui) ⊗ S(1v j,α(ui)

2 )α(mvi,a))

= 1α(vi),α(a)1
v j,α(ui)
1 (α(u j) ⊗mv j,α(ui) ⊗ S(1v j,α(ui)

2 )mα(vi),α(a))

= 1α(vi),α(a)1
α(v j),α(ui)
1 (α2(u j) ⊗mα(v j),α(ui) ⊗ S(1α(v j),α(ui)

2 )mα(vi),α(a))

= 1α(vi),α(a)1
v j,ui

1 (α2(u j) ⊗ α(mv j,ui ) ⊗ S(1v j,ui

2 )mα(vi),α(a))
= µ3((α(u j) ⊗mv j,ui ⊗ S(1v j,ui )α(vi)) ◁ a)

= µ3(µ3,4
2 (α(u j) ⊗ [v j,ui] ⊗ α(vi)) ◁ a)

and

ha,ui (α(ca,ui ) ⊗ 1
v j,α(vi)(α(u j) ⊗mv j,α(vi)))

= ha,ui1
v j,α(vi)
1 (S(1v j,α(vi)

2 )α(ca,ui ) ⊗ α(u j) ⊗mv j,α(vi))

= hα(a),α(ui)1
v j,α(vi)
1 (S(1v j,α(vi)

2 )cα(a),α(ui) ⊗ α(u j) ⊗mv j,α(vi))

= µ3(hα(a),α(ui)1
v j,α(vi)
1 ⊗ S(1v j,α(vi)

2 )cα(a),α(ui) ⊗ α(u j) ⊗mv j,α(vi))

= µ3(hα(a),α(ui)1
α(v j),α(vi)
1 ⊗ S(1α(v j),α(vi)

2 )cα(a),α(ui) ⊗ α
2(u j) ⊗mα(v j),α(vi))

= µ3(hα(a),α(ui)1
v j,vi

1 ⊗ S(1v j,vi

2 )cα(a),α(ui) ⊗ α
2(u j) ⊗ α(mv j,vi ))

= µ3(a ▷ (S(1v j,vi )α(ui) ⊗ α(u j) ⊗mv j,vi ))

= µ3(a ▷ µ1,4
3 (α(ui) ⊗ α(u j) ⊗ [v j, vi])).

Hence (4.7) − (4.16) = 0 and (4.9) − (4.14) = 0. Clearly,

ha,ui (α(ca,ui ) ⊗ hα(vi),u j (cα(vi),u j ⊗ α(v j)))

= hα(a),α(ui)(cα(a),α(ui) ⊗ hα(vi),α(u j)(cα(vi),α(u j) ⊗ α
2(v j)))

= hα(a),α(ui)(cα(a),α(ui) ⊗ hvi,u j (α(cvi,u j ) ⊗ α
2(v j)))

= µ3(a ▷ (α(ui) ⊗ hvi,u j (cvi,u j ⊗ α(v j))))

= µ3(a ▷ µ3,4
2 (α(ui) ⊗ [vi,u j] ⊗ α(v j))).

So we have (4.8)− (4.13) = 0. Using the Hom-associativity of A, we have (vi ∗ a) ∗α(u j) = α(vi) ∗ (a ∗u j), which
is equivalent to

1 ⊗ 1vi,a ⊗ S(h
mvi ,a,α(u j)
1 ) ⊗H h

mvi ,a,α(u j)
2 cmvi ,a,α(u j)

= 1 ⊗ ha,u j1
α(vi),ca,uj

1 ⊗ 1
α(vi),ca,uj

2 ⊗H mα(vi),ca,uj
.
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Applying ε ⊗ id ⊗ S ⊗ id to the above equation, we obtain

1vi,a ⊗ h
mvi ,a,α(u j)
1 ⊗H h

mvi ,a,α(u j)
2 cmvi ,a,α(u j) = ha,u j1

α(vi),ca,uj

1 ⊗ S(1
α(vi),ca,uj

2 ) ⊗H mα(vi),ca,uj
.

Thus we get that (4.10) + (4.5) is

1vi,a(α2(ui) ⊗ hmvi ,a,u j (cmvi ,a,u j ⊗ α(v j))) − ha,ui (1v j,ca,ui (α(u j) ⊗mv j,ca,ui
) ⊗ α2(vi))

= 1vi,a(α2(ui) ⊗ h
mvi ,a,u j

2 cmvi ,a,u j ⊗ h
mvi ,a,u j

1 α(v j)) − ha,ui (1v j,ca,ui (α(u j) ⊗mv j,ca,ui
)

⊗α2(vi))

= 1vi,a(α2(ui) ⊗ h
mvi ,a,α(u j)
2 cmvi ,a,α(u j) ⊗ h

mvi ,a,α(u j)
1 α2(v j)) − ha,ui (1v j,ca,ui (α(u j)

⊗mv j,ca,ui
) ⊗ α2(vi))

= ha,u j1
α(vi),ca,uj

1 (α2(ui) ⊗mα(vi),ca,uj
⊗ S(1

α(vi),ca,uj

2 )α2(v j)) − ha,ui (1v j,ca,ui (α(u j)

⊗mv j,ca,ui
) ⊗ α2(vi))

= ha,u j (1α(vi),ca,uj (α2(ui) ⊗mα(vi),ca,uj
) ⊗ α2(v j)) − ha,ui (1v j,ca,ui (α(u j) ⊗mv j,ca,ui

)

⊗α2(vi))
= ha,u j (1vi,ca,uj (α(ui) ⊗mvi,ca,uj

) ⊗ α2(v j)) − ha,ui (1v j,ca,ui (α(u j) ⊗mv j,ca,ui
) ⊗ α2(vi))

= 0.

Using the Hom-associativity of A, we have α(v j) ∗ (vi ∗ a) = (v j ∗ vi) ∗ α(a), which is equivalent to

1 ⊗ 1
α(v j),mvi ,a

1 ⊗ 1vi,a1
α(v j),mvi ,a

2 ⊗H mα(v j),mvi ,a

= 1 ⊗ 1v j,vi ⊗ 1
mvj ,vi ,α(a)

⊗H mmvj ,vi ,α(a).

Then we get

1vi,a(α2(ui) ⊗ 1v j,mvi ,a (α(u j) ⊗mv j,mvi ,a
))

= 1vi,a1
v j,mvi ,a

2 (S(1
v j,mvi ,a

1 )α2(ui) ⊗ α(u j) ⊗mv j,mvi ,a
)

= 1vi,a1
α(v j),mvi ,a

2 (S(1
α(v j),mvi ,a

1 )α2(ui) ⊗ α2(u j) ⊗mα(v j),mvi ,a
)

= 1
mvj ,vi ,α(a)(S(1v j,vi )α2(ui) ⊗ α2(u j) ⊗mmvj ,vi ,α(a))

= µ3((S(1v j,vi )α(ui) ⊗ α(u j) ⊗mv j,vi ) ◁ a)

= µ3(µ1,4
3 (α(ui) ⊗ α(u j) ⊗ [v j, vi]) ◁ a).

So (4.11) − (4.17) = 0. Finally, it is easy to check that we have canceled all the terms of the left-hand side of
equation (4.3). This completes the proof. □

As a by-product of Theorem 4.6, we have
Definition 4.7 Let (A, ∗, α) be a Hom-associative H-pseudoalgebra and r =

∑
i ui ⊗ vi ∈ A ⊗ A. The

equation

Aα(r) = µ4
−1([ui,u j] ⊗ α(v j) ⊗ α(vi)) − µ3,4

2 (α(ui) ⊗ [vi,u j] ⊗ α(v j))

+µ1,4
3 (α(ui) ⊗ α(u j) ⊗ [v j, vi]) (4. 18)

is called the Hom-associative pseudo-Yang-Baxter equation (pseudo-HAYBE) and r is called a solution of
the pseudo-HAYBE if Aα(r) = 0.
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Remark 4.8 The pseudo-HAYBE is just associative pseudo-Yang-Baxter equation (pseudo-AYBE) in an
associative H-pseudoalgebra when α = id.

Theorem 4.9 Let (A, µ = ∗) be an associative H-pseudoalgebra, r =
∑

i ui ⊗ vi ∈ A ⊗ A a solution of
pseudo-AYBE, and α : A −→ A a morphism of associative H-pseudoalgebra. Then rn = (αn

⊗ αn)(r) is a
solution of pseudo-HAYBE in the Hom-associative H-pseudoalgebra Aα = (A, µα = ∗α = (idH⊗2 ⊗H α)µ, α) for
each n ≥ 0.

Proof. By Theorem 2.9 in [19], Aα is a Hom-associative H-pseudoalgebra. Note that a ∗α b = (id⊗H α)(a⊗
b) = α(a)⊗α(b) for all a, b ∈ A, and we write [a, b]α as the Fourier transform of a ∗α b, then [a, b]α = [α(a), α(b)].
Moreover, for integer n ≥ 0, [a, b]αn = [αn(a), αn(b)] = (id ⊗ αn)[a, b]. Using the above equation, we have

Aα(rn) = µ4
−1([αn(ui), αn(u j)]α ⊗ αn+1(v j) ⊗ αn+1(vi))

−µ3,4
2 (αn+1(ui) ⊗ [αn(vi), αn(u j)]α ⊗ αn+1(v j))

+µ1,4
3 (αn+1(ui) ⊗ αn+1(u j) ⊗ [αn(v j), αn(vi)]α)

= µ4
−1([ui,u j]αn+1 ⊗ αn+1(v j) ⊗ αn+1(vi))

−µ3,4
2 (αn+1(ui) ⊗ [vi,u j]αn+1 ⊗ αn+1(v j))

+µ1,4
3 (αn+1(ui) ⊗ αn+1(u j) ⊗ [v j, vi]αn+1 )

= (αn+1)⊗3(µ4
−1([ui,u j] ⊗ v j ⊗ vi − µ

3,4
2 (ui ⊗ [vi,u j] ⊗ v j)

+µ1,4
3 (ui ⊗ u j ⊗ [v j, vi]))

= (αn+1)⊗3A(r) = 0.

This completes the proof. □

5. From infinitesimal Hom-H-pseudobialgebras to Hom-Lie H-pseudobialgebras

In this section, we construct (coboundary) infinitesimal Hom-H-pseudobialgebras from (coboundary)
Hom-Lie H-pseudobialgebras.

Let (A, ∗, α) be an infinitesimal Hom-H-pseudoalgebra. By Proposition 2.5, we have the following actions
of A on A ⊗ A:

a ∗ (b ⊗ c) = hα(a),b
⊗ 1α(a),b

⊗H eα(a),b ⊗ α(c),

(b ⊗ c) ∗ a = hc,α(a)
⊗ 1c,α(a)

⊗H α(b) ⊗ ec,α(a),

if a ∗ b = ha,b
⊗ 1a,b

⊗H ea,b. Here we write [a, b⊗ c]• = a ∗ (b⊗ c)− (σ⊗H id)((b⊗ c) ∗ a). Under this assumption,
we have

Definition 5.1 Let (A, ∗,∆, α) be an infinitesimal Hom-H-pseudobialgebra. Define the mapB : A⊗A −→
(H ⊗H) ⊗H (A ⊗ A), called the balanceator of A, by

B(a, b) = [a,∆op(b)]• + (σ ⊗H τ)[b,∆op(a)]•,

for all a, b ∈ A. More precisely, we have

B(a, b) = hα(a),b2 ⊗ 1α(a),b2 ⊗H (eα(a),b2 ⊗ α(b1)) − 1b1,α(a)
⊗ hb1,α(a)

⊗H (α(b2) ⊗ eb1,α(a))

+1α(b),a2 ⊗ hα(b),a2 ⊗H (α(a1) ⊗ eα(b),a2 ) − ha1,α(b)
⊗ 1a1,α(b)

⊗H (ea1,α(b) ⊗ α(a2)),

if a ∗ b = ha,b
⊗ 1a,b

⊗H ea,b.
The balanceator is said to be symmetric if B(a, b) = (σ ⊗H id)B(b, a) for all a, b ∈ A.
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Theorem 5.2 Let (A, ∗,∆, α) be an infinitesimal Hom-H-pseudobialgebra. Define [a∗b] = a∗b−(σ⊗H id)(b∗a)
and δ = (id − τ)∆. Then we have

δ([a ∗ b]) = [a ∗ δ(b)] − (σ ⊗H id)[b ∗ δ(a)] +B(a, b) − (σ ⊗H id)B(b, a),

for all a, b ∈ A.
Proof. For all a, b ∈ A, we have

[a ∗ δ(b)] +B(a, b)
= [α(a) ∗ b1] ⊗ α(b2) + α(b1) ⊗ [α(a) ∗ b2] − [α(a) ∗ b2] ⊗ α(b1) − α(b2) ⊗ [α(a) ∗ b1]
= α(a) ∗ b1 ⊗ α(b2) − (σ ⊗ id)(b1 ∗ α(a) ⊗ α(b2)) + α(b1) ⊗ (α(a) ∗ b2)
−(σ ⊗ id)(α(b1) ⊗ b2 ∗ α(a)) − α(a) ∗ b2 ⊗ α(b1) + (σ ⊗ id)(b2 ∗ α(a) ⊗ α(b1))
−α(b2) ⊗ α(a) ∗ b1 + (σ ⊗ id)(α(b2) ⊗ b1 ∗ α(a)) +B(a, b)

= hα(a),b1 ⊗ 1α(a),b1 ⊗H (eα(a),b1 ⊗ α(b2)) − 1b1,α(a)
⊗ hb1,α(a)

⊗H (eb1,α(a) ⊗ α(b2))

+hα(a),b2 ⊗ 1α(a),b2 ⊗H (α(b1) ⊗ eα(a),b2 ) − 1b2,α(a)
⊗ hb2,α(a)

⊗H (α(b1) ⊗ eb2,α(a))

−hα(a),b2 ⊗ 1α(a),b2 ⊗H (eα(a),b2 ⊗ α(b1)) + 1b2,α(a)
⊗ hb2,α(a)

⊗H (eb2,α(a) ⊗ α(b1))

−hα(a),b1 ⊗ 1α(a),b1 ⊗H (α(b2) ⊗ eα(a),b1 ) + 1b1,α(a)
⊗ hb1,α(a)

⊗H (α(b2) ⊗ eb1,α(a))

= hα(a),b1 ⊗ 1α(a),b1 ⊗H (eα(a),b1 ⊗ α(b2)) − 1b2,α(a)
⊗ hb2,α(a)

⊗H (α(b1) ⊗ eb2,α(a))

+1b2,α(a)
⊗ hb2,α(a)

⊗H (eb2,α(a) ⊗ α(b1)) − hα(a),b1 ⊗ 1α(a),b1 ⊗H (α(b2) ⊗ eα(a),b1 )
+(id ⊗H τ)([a,∆op(b)]•) − [a,∆op(b)]• +B(a, b). (5. 1)

Interchanging the roles of a and b in the above equation, we get

[b ∗ δ(a)] +B(b, a)
= hα(b),a1 ⊗ 1α(b),a1 ⊗H (eα(b),a1 ⊗ α(a2)) − 1a2,α(b)

⊗ ha2,α(b)
⊗H (α(a1) ⊗ ea2,α(b))

+1a2,α(b)
⊗ ha2,α(b)

⊗H (ea2,α(b) ⊗ α(a1)) − hα(b),a1 ⊗ 1α(b),a1 ⊗H (α(a2) ⊗ eα(b),a1 )
+(id ⊗H τ)([b,∆op(a)]•) − [b,∆op(a)]• +B(b, a). (5. 2)

Using (5.1) and (5.2), we compute

[a ∗ δ(b)] − (σ ⊗H id)[b ∗ δ(a)] +B(a, b) − (σ ⊗H id)B(b, a)
= hα(a),b1 ⊗ 1α(a),b1 ⊗H (eα(a),b1 ⊗ α(b2)) − 1b2,α(a)

⊗ hb2,α(a)
⊗H (α(b1) ⊗ eb2,α(a))

+1b2,α(a)
⊗ hb2,α(a)

⊗H (eb2,α(a) ⊗ α(b1)) − hα(a),b1 ⊗ 1α(a),b1 ⊗H (α(b2) ⊗ eα(a),b1 )
+(id ⊗H τ)([a,∆op(b)]•) − [a,∆op(b)]• +B(a, b)
−1α(b),a1 ⊗ hα(b),a1 ⊗H (eα(b),a1 ⊗ α(a2)) + ha2,α(b)

⊗ 1a2,α(b)
⊗H (α(a1) ⊗ ea2,α(b))

−ha2,α(b)
⊗ 1a2,α(b)

⊗H (ea2,α(b) ⊗ α(a1)) + 1α(b),a1 ⊗ hα(b),a1 ⊗H (α(a2) ⊗ eα(b),a1 )
−(σ ⊗H τ)([b,∆op(a)]•) + (σ ⊗H id)[b,∆op(a)]• − (σ ⊗H id)B(b, a)

= hα(a),b1 ⊗ 1α(a),b1 ⊗H (eα(a),b1 ⊗ α(b2)) + ha2,α(b)
⊗ 1a2,α(b)

⊗H (α(a1) ⊗ ea2,α(b))

−hα(a),b1 ⊗ 1α(a),b1 ⊗H (α(b2) ⊗ eα(a),b1 ) − ha2,α(b)
⊗ 1a2,α(b)

⊗H (ea2,α(b) ⊗ α(a1))

−1α(b),a1 ⊗ hα(b),a1 ⊗H (eα(b),a1 ⊗ α(a2)) − 1b2,α(a)
⊗ hb2,α(a)

⊗H (α(b1) ⊗ eb2,α(a))

+1α(b),a1 ⊗ hα(b),a1 ⊗H (α(a2) ⊗ eα(b),a1 ) + 1b2,α(a)
⊗ hb2,α(a)

⊗H (eb2,α(a) ⊗ α(b1))
= (id − τ)∆(a ∗ b) − (id − τ)∆((σ ⊗ id)(b ∗ a))
= (id − τ)∆(a ∗ b − (σ ⊗ id)(b ∗ a))
= δ([a ∗ b]).

This completes the proof. □
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The following result can be obtained directly by Theorem 5.2.
Corollary 5.3 Let (A, ∗,∆, α) be an infinitesimal Hom-H-pseudobialgebra. [∗] and δ are defined as in The-

orem 5.2. Then (A, [∗], δ, α) is a Hom-Lie H-pseudobialgebra if and only if the balanceator B is symmetric.

Next we consider the infinitesimal Hom-H-pseudoalgebra whose balanceator is symmetric.
Theorem 5.4 Let (A, µ = ∗,∆) be an infinitesimal H-pseudobialgebra with the balanceator B and α :

A −→ A an endomorphism of infinitesimal H-pseudoalgebras. Then the balanceatorBα of the infinitesimal
Hom-H-pseudoalgebra Aα = (A, µα = α ◦ µ,∆α = ∆ ◦ α, α) is given by Bα = (α2)⊗2

◦ B. In particular, if B is
symmetric, then so is Bα. Conversely, if Bα is symmetric and α⊗2 is injective, then B is symmetric.

Proof. For all x, y ∈ A, we have ∆α(y) = α(y1) ⊗ α(y2) and

[x,∆op
α (y)]• = µα(α(x) ⊗ α(y)) ⊗ α2(y1) − (σ ⊗H id)(α2(y2) ⊗ µα(α(y1) ⊗ α(a)))

= α2(x) ∗ α2(y2) ⊗ α2(y1) − (σ ⊗H id)(α2(y2) ⊗ α2(y1) ∗ α2(a))
= (id ⊗H (α2)⊗2)[x,∆op(y)].

It follows that

Bα(x, y) = [x,∆op
α (y)]• + (σ ⊗H σ)[y,∆op

α (x)]•
= (id ⊗H α

2
⊗ α2)([x,∆op(y)] + (σ ⊗H σ)[y,∆op(x)])

= (id ⊗H (α2)⊗2)B(x, y),

as desired. The last two assertions of the theorem follow immediately from the first one, which completes
the proof. □

Example 5.5 Let (A, ∗,∆) be an infinitesimal H-pseudobialgebra that is both commutative and cocom-
mutative. Then its balanceator B = 0 ([13]). If α is a morphism of A, then it follows from Theorem 5.4
that Bα = 0, which is trivially symmetric. In this case, applying Corollary 5.3 to infinitesimal Hom-H-
pseudobialgebra Aα yields a Hom-Lie H-pseudobialgebra.

Theorem 5.6 Let (A, µ = ∗,∆, α) be an infinitesimal Hom-H-pseudobialgebra with the balanceator B.
Then for each n ≥ 1, the balanceator Bn of An is given by

B
n = (id ⊗H (α2(2n

−1))⊗2) ◦ B,

where An = (A, µ(n) = α2n
−1
◦µ,∆(n) = ∆◦α2n

−1, α2n
) is the infinitesimal Hom-H-pseudobialgebra in Theorem

3.10. In particular, if B is symmetric, then so is Bn. Conversely, if Bn is symmetric for some n and α⊗2 is
injective, then B is symmetric.

Proof. Consider the case n = 1. In A1 = (A, µ(1) = α ◦ µ,∆(1) = ∆ ◦ α, α2), we have

[x,∆(1)op(y)]•
= µ(1)(x ⊗ (α(y2) ⊗ α(y1))) − (σ ⊗ id)µ(1)((α(y2) ⊗ α(y1)) ⊗ x)

= µ(1)(α2(x) ⊗ α(y2)) ⊗ α3(y1) − (σ ⊗ id)(α3(y2) ⊗ µ(1)(α(y1) ⊗ α2(x)))
= (id ⊗H (α2)⊗2)(µ(α(x) ⊗ y2) ⊗ α(y1) − (σ ⊗ id)(α(y2) ⊗ µ(y1 ⊗ α(x)))).

Therefore, in A1 we have

B
1(x, y) = [x,∆(1)op(y)]• + (σ ⊗ τ)[y,∆(1)op(x)]•

= (id ⊗H (α2)⊗2)B(x, y),

as desired. For the general case, we proceed inductively, noting that An = (An−1)1 and using the case just
proved repeatedly, we have

B
n = id ⊗H ((α2n−1

)2)⊗2
◦ B

n−1

= (id ⊗H (α2n
)⊗2) ◦ (id ⊗H (α2n

−2)⊗2) ◦ B
= (id ⊗H (α2(2n

−1))⊗2) ◦ B.
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The last two assertions follow immediately from the first one, which completes the proof. □

The following result can be obtained directly by Corollary 5.3 and Theorem 5.6.
Corollary 5.7 Let (A, µ = ∗,∆, α) be an infinitesimal Hom-H-pseudobialgebra whose balanceator B is

symmetric. Then (An)HLie = (A, µ(n)
◦ (id − τ), (id − τ) ◦ ∆(n), α2n

) is a Hom-Lie H-pseudobialgebra for each
n ≥ 1, where µ(n) = α2n

−1
◦ µ and ∆(n) = ∆ ◦ α2n

−1.

Now we restrict to the subclass of coboundary infinitesimal Hom-H-pseudobialgebras. In the following
we give a sufficient condition under which a coboundary infinitesimal Hom-H-pseudobialgebra gives rise
to a coboundary Hom-Lie H-pseudobialgebra.

A 2-tensor r ∈ A ⊗ A is said to be symmetric (resp, anti-symmetric) if r = rop (resp, r = −rop), where
rop = σ(r).

Proposition 5.8 Let (A, µ = ∗,∆r, r, α) be a coboundary infinitesimal Hom-H-pseudobialgebra and r =∑
i ui ⊗ vi anti-symmetric. Then the balancertor B of A is 0.

Proof. Suppose that a ∗ ui = ha,ui ⊗ 1 ⊗H ca,ui and vi ∗ a = 1 ⊗ 1vi,a ⊗H mvi,a, then we have

[a,∆op
r (b)]• = a ∗ ∆op

r (b) − (σ ⊗ id)(∆op
r (b) ∗ a)

= a ∗ (hb,ui (α(vi) ⊗ cb,ui )) − a ∗ (1vi,b(mvi,b ⊗ α(ui))) − (σ ⊗ id)((hb,ui (α(vi) ⊗ cb,ui )) ∗ a)

+(σ ⊗ id)((1vi,b(mvi,b ⊗ α(ui))) ∗ a)

= (1 ⊗ hb,ui ⊗H 1)(a ∗ (α(vi) ⊗ cb,ui )) − (1 ⊗ 1vi,b ⊗H 1)(a ∗ (mvi,b ⊗ α(ui)))

−(σ ⊗ id)((hb,ui ⊗ 1 ⊗H 1)((α(vi) ⊗ cb,ui ) ∗ a))
+(σ ⊗ id)((1vi,b ⊗ 1 ⊗H 1)((mvi,b ⊗ α(ui)) ∗ a))

= hα(a),α(vi) ⊗ hb,ui ⊗H (cα(a),α(vi) ⊗ α(cb,ui )) − hα(a),mvi ,b ⊗ 1vi,b ⊗H (cα(a),mvi ,b
⊗ α2(ui))

−1cb,ui ,α(a)
⊗ hb,ui ⊗H α

2(vi) ⊗mcb,ui ,α(a) + 1
α(ui),α(a)

⊗ 1vi,b ⊗H α(mvi,b) ⊗mα(ui),α(a).

Interchanging the roles of a and b in the above equation, we obtain

[b,∆op
r (a)]•

= hα(b),α(vi) ⊗ ha,ui ⊗H (cα(b),α(vi) ⊗ α(ca,ui )) − hα(b),mvi ,a ⊗ 1vi,a ⊗H (cα(b),mvi ,a
⊗ α2(ui))

−1ca,ui ,α(b)
⊗ ha,ui ⊗H α

2(vi) ⊗mca,ui ,α(b) + 1
α(ui),α(b)

⊗ 1vi,a ⊗H α(mvi,a) ⊗mα(ui),α(b).

Using the above two equations, we compute

B(a, b) = [a,∆op
r (b)]• + (σ ⊗ τ)([b,∆op

r (a)]•)
= hα(a),α(vi) ⊗ hb,ui ⊗H cα(a),α(vi) ⊗ α(cb,ui ) − hα(a),mvi ,b ⊗ 1vi,b ⊗H cα(a),mvi ,b

⊗ α2(ui)

−1cb,ui ,α(a)
⊗ hb,ui ⊗H α

2(vi) ⊗mcb,ui ,α(a) + 1
α(ui),α(a)

⊗ 1vi,b ⊗H α(mvi,b) ⊗mα(ui),α(a)

+ha,ui ⊗ hα(b),α(vi) ⊗H α(ca,ui ) ⊗ cα(b),α(vi) − 1
vi,a ⊗ hα(b),mvi ,a ⊗H α

2(ui) ⊗ cα(b),mvi ,a

−ha,ui ⊗ 1ca,ui ,α(b)
⊗H mca,ui ,α(b) ⊗ α

2(vi) + 1vi,a ⊗ 1α(ui),α(b)
⊗H mα(ui),α(b) ⊗ α(mvi,a)

= −hα(a),α(ui) ⊗ hb,vi ⊗H cα(a),α(ui) ⊗ α(cb,vi ) + hα(a),mui ,b ⊗ 1ui,b ⊗H cα(a),mui ,b
⊗ α2(vi)

+1cb,vi ,α(a)
⊗ hb,vi ⊗H α

2(ui) ⊗mcb,vi ,α(a) − 1
α(vi),α(a)

⊗ 1ui,b ⊗H α(mui,b) ⊗mα(vi),α(a)

+ha,ui ⊗ hα(b),α(vi) ⊗H α(ca,ui ) ⊗ cα(b),α(vi) − 1
vi,a ⊗ hα(b),mvi ,a ⊗H α

2(ui) ⊗ cα(b),mvi ,a

−ha,ui ⊗ 1ca,ui ,α(b)
⊗H mca,ui ,α(b) ⊗ α

2(vi) + 1vi,a ⊗ 1α(ui),α(b)
⊗H mα(ui),α(b) ⊗ α(mvi,a)

= hα(a),mui ,b ⊗ 1ui,b ⊗H cα(a),mui ,b
⊗ α2(vi) − ha,ui ⊗ 1ca,ui ,α(b)

⊗H mca,ui ,α(b) ⊗ α
2(vi)

+1cb,vi ,α(a)
⊗ hb,vi ⊗H α

2(ui) ⊗mcb,vi ,α(a) − 1
vi,a ⊗ hα(b),mvi ,a ⊗H α

2(ui)
⊗cα(b),mvi ,a

. (5. 3)
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Due to the Hom-associativity of A, we have α(a) ∗ (ui ∗ b) = (a ∗ ui) ∗ α(b) and (b ∗ vi) ∗ α(a) = α(b) ∗ (vi ∗ a),
which are equivalent to

hα(a),mui ,b ⊗ 1 ⊗ 1ui,b ⊗H cα(a),mui ,b
= ha,ui ⊗ 1 ⊗ 1ca,ui ,α(b)

⊗H mca,ui ,α(b) (5. 4)

and

hb,vi ⊗ 1 ⊗ 1cb,vi ,α(a)
⊗H mcb,vi ,α(a) = hα(b),mvi ,a ⊗ 1 ⊗ 1vi,a ⊗H cα(b),mvi ,a

, (5. 5)

respectively. Using (5.4) and (5.5), all the terms on the right-hand side of (5.3) are canceled. Thus B = 0, as
required. □

Theorem 5.9 Let (A, µ = ∗,∆r, r, α) be a coboundary infinitesimal Hom-H-pseudobialgebra with (id ⊗H
α)(a ∗ b) = α(a) ∗α(b) and r =

∑
i ui ⊗ vi anti-symmetric. Then AHLie = (A, [∗], δr, r, α) is a coboundary Hom-Lie

H-pseudobialgebra, where [a ∗ b] = a ∗ b − (σ ⊗ id)(b ∗ a), δr(a) = (id − τ)∆r(a) for all a, b ∈ A.
Proof. By Proposition 5.8, balanceator B of A is 0. Thus Corollary 5.3 implies that AHLie is a Hom-Lie

H-pseudobialgebra. It remains to show that δr satisfies condition (2.2). since

[a ∗ ui] = a ∗ ui − (σ ⊗ id)(ui ∗ a)
= ha,ui ⊗ 1 ⊗H ca,ui − 1

ui,a ⊗ 1 ⊗H mui,a,

we have

{a,ui} = ha,ui ⊗ ca,ui − 1
ui,a ⊗mui,a. (5. 6)

Similarly, we get

{a, vi} = ha,vi ⊗ ca,vi − 1
vi,a ⊗mvi,a. (5. 7)

According to (5.6)-(5.7) and the condition r = −rop, we have

δr(a) = (id − τ)∆r(a)
= (id − τ)(ha,ui (ca,ui ⊗ α(vi)) − 1vi,a(α(ui) ⊗mvi,a))
= ha,ui (ca,ui ⊗ α(vi)) − 1vi,a(α(ui) ⊗mvi,a)
−ha,ui (α(vi) ⊗ ca,ui ) + 1

vi,a(mvi,a ⊗ α(ui))
= ha,ui (ca,ui ⊗ α(vi)) − 1ui,a(mui,a ⊗ α(vi)) + ha,vi (α(ui) ⊗ ca,vi )
−1vi,a(α(ui) ⊗mvi,a)

= µ({a,ui} ⊗ α(vi) + σ12(α(ui) ⊗ {a, vi}),

as desired. □

6. Pseudo-Yang-Baxter equations in Hom-H-pseudoalgebras

Recall that the Hom-classical pseudo-Yang-Baxter equation (pseudo-CHYBE) in a Hom-Lie H-pseudoalg-
ebra (L, [∗], α) for r =

∑
i ui ⊗ vi ∈ L⊗2 has the form ([21])

[[r, r]]α = µ3
−1({u j,ui} ⊗ α(v j) ⊗ α(vi)) − µ4

−2(α(ui) ⊗ {u j, vi} ⊗ α(v j))

−µ2
−3(α(ui) ⊗ α(u j) ⊗ {v j, vi}).

Now we establish the relationship between solutions of the pseudo-AHYBE and solutions of the pseudo-
CHYBE in related Hom-Lie H-pseudoalgebra.

Theorem 6.1 Let (A, ∗, α) be a Hom-associative H-pseudoalgebra and r a solution of the pseudo-HAYBE.
Suppose that r is either symmetric or anti-symmetric, then r is a solution of the pseudo-CHYBE in the
Hom-Lie H-pseudoalgebra AHLie = (A, [∗], α), where [a ∗ b] = a ∗ b − (σ ⊗H id)(b ∗ a) for all a, b ∈ A.
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Proof. For all a, b ∈ A, we write a ∗ b = ha,b
⊗ 1a,b

⊗H ea,b. Then

[a ∗ b] = a ∗ b − (σ ⊗ id)(b ∗ a) = ha,b
⊗ 1a,b

⊗H ea,b − 1
b,a
⊗ hb,a

⊗H eb,a.

Define the 3-tensor

Aα(r)′ = µ2,4
1 ([u j,ui] ⊗ α(v j) ⊗ α(vi)) − µ1,3

2 (α(u j) ⊗ [ui, v j] ⊗ α(vi))

+µ1
−3(α(ui) ⊗ α(u j) ⊗ [vi, v j]),

that is,

Aα(r)′ = hu j,ui

2 eu j,ui ⊗ α(v j) ⊗ hu j,ui

1 S(1u j,ui )α(vi)

−hui,v j

2 S(1ui,v j )α(u j) ⊗ hui,v j

1 eui,v j ⊗ α(vi)

+1
vi,v j

1 S(hvi,v j )α(ui) ⊗ α(u j) ⊗ 1
vi,v j

2 evi,v j .

We first check that Aα(r)′ = σ13(Aα(r)). Using the (anti-)symmetry of r, we have

σ13(Aα(r))
= σ13(µ4

−1({ui,u j} ⊗ α(v j) ⊗ α(vi)) − µ3,4
2 (α(ui) ⊗ {vi,u j} ⊗ α(v j))

+µ1,4
3 (α(ui) ⊗ α(u j) ⊗ {v j, vi}))

= σ13(1ui,u j

2 eui,u j ⊗ α(v j) ⊗ 1
ui,u j

1 S(hui,u j )α(vi)

−α(ui) ⊗ hvi,u j

1 evi,u j ⊗ hvi,u j

2 S(1vi,u j )α(v j) + hv j,vi

1 S(1v j,vi )α(ui) ⊗ α(u j) ⊗ hv j,vi

2 ev j,vi )

= 1
ui,u j

1 S(hui,u j )α(vi) ⊗ α(v j) ⊗ 1
ui,u j

2 eui,u j − hvi,u j

2 S(1vi,u j )α(v j) ⊗ hvi,u j

1 evi,u j ⊗ α(ui)

+hv j,vi

2 ev j,vi ⊗ α(u j) ⊗ hv j,vi

1 S(1v j,vi )α(ui)

= 1
vi,v j

1 S(hvi,v j )α(ui) ⊗ α(u j) ⊗ 1
vi,v j

2 evi,v j − hui,v j

2 S(1ui,v j )α(u j) ⊗ hui,v j

1 eui,v j ⊗ α(vi)

+hu j,ui

2 eu j,ui ⊗ α(v j) ⊗ hu j,ui

1 S(1u j,ui )α(vi)
= Aα(r)′.

Now, we compute

[[r, r]]α
= µ3

−1({u j,ui} ⊗ α(v j) ⊗ α(vi)) − µ4
−2(α(ui) ⊗ {u j, vi} ⊗ α(v j))

−µ2
−3(α(ui) ⊗ α(u j) ⊗ {v j, vi})

= µ3
−1(hu j,ui S(1u j,ui

1 ) ⊗ 1u j,ui

2 eu j,ui ⊗ α(v j) ⊗ α(vi)

−1ui,u j S(hui,u j

1 ) ⊗ hui,u j

2 eui,u j ⊗ α(v j) ⊗ α(vi))

+µ4
−2(α(ui) ⊗ 1vi,u j S(hvi,u j

1 ) ⊗ hvi,u j

2 evi,u j ⊗ α(v j)

−α(ui) ⊗ hu j,vi S(1u j,vi

1 ) ⊗ 1u j,vi

2 eu j,vi ⊗ α(v j))

+µ2
−3(α(ui) ⊗ α(u j) ⊗ 1vi,v j S(hvi,v j

1 ) ⊗ hvi,v j

2 evi,v j

−α(ui) ⊗ α(u j) ⊗ hv j,vi S(1v j,vi

1 ) ⊗ 1v j,vi

2 ev j,vi )

= 1
u j,ui

2 eu j,ui ⊗ 1
u j,ui

1 S(hu j,ui )α(v j) ⊗ α(vi) − hui,u j

2 eui,u j ⊗ hui,u j

1 S(1ui,u j )α(v j) ⊗ α(vi)

+α(ui) ⊗ hvi,u j

2 evi,u j ⊗ hvi,u j

1 S(1vi,u j )α(v j) − α(ui) ⊗ 1
u j,vi

2 eu j,vi ⊗ 1
u j,vi

1 S(hu j,vi )α(v j)

+α(ui) ⊗ hvi,v j

1 S(1vi,v j )α(u j) ⊗ hvi,v j

2 evi,v j − α(ui) ⊗ 1
v j,vi

1 S(hv j,vi )α(u j) ⊗ 1
v j,vi

2 ev j,vi
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= hu j,ui

2 eu j,ui ⊗ α(v j) ⊗ hu j,ui

1 S(1u j,ui )α(vi) − 1
ui,u j

2 eui,u j ⊗ α(v j) ⊗ 1
ui,u j

1 S(hui,u j )α(vi)

+α(ui) ⊗ hvi,u j

1 evi,u j ⊗ hvi,u j

2 S(1vi,u j )α(v j) − hui,v j

2 S(1ui,v j )α(u j) ⊗ hui,v j

1 eui,v j ⊗ α(vi)

+1
vi,v j

1 S(hvi,v j )α(ui) ⊗ α(u j) ⊗ 1
vi,v j

2 evi,v j − hv j,vi

1 S(1v j,vi )α(ui) ⊗ α(u j) ⊗ hv j,vi

2 ev j,vi

= Aα(r)′ − Aα(r)
= (σ13 − id)(Aα(r))
= 0,

finishing the proof. □

7. Further discussion

We study infinitesimal Hom-H-pseudobialgebras by twisting the identities using morphisms of H-
modules. Further research on infinitesimal Hom-H-pseudobialgebras would be important for several
reasons. Firstly, it would help to deepen our understanding of the structure and properties of these
algebraic objects. Secondly, as is well known, the annihilation algebra of the associative H-pseudoalgebra
Cend H is nothing else but the Drinfeld Double of H. This fact leads us to believe that there should be a deep
connection between the theory of infinitesimal Hom-H-pseudobialgebras and quantum groups. Finally, we
can obtain infinitesimal Hom-H-pseudobialgebra from a given infinitesimal Hom-bialgebra or infinitesimal
H-pseudobialgebra by using Corollary 3.8 and Theorem 3.9, respectively. Therefore, we expect that the
further research of infinitesimal Hom-H-pseudobialgebras can provide a new perspective for the study
of infinitesimal Hom-bialgebras and infinitesimal H-pseudobialgebras. Overall, the study of infinitesimal
Hom-H-pseudobialgebras is a promising area of research with many potential avenues for exploration.
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