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Abstract. In this paper, a class of finite difference method (FDM) is designed for solving the time-
fractional Liouville-Caputo and space-Riesz fractional diffusion equation. For this purpose, the fractional
linear barycentric rational interpolation method (FLBRI) is adopted to discretize the Liouville-Caputo
derivative in the time direction as well as the second order revised fractional backward difference formulae
2 (RFBDF2) is employed in the space direction. The energy method is used to prove unconditionally
stability and convergence analysis of the proposed method. Eventually, it is concluded that the proposed
method is convergent with the order O(hγt + h2

x), where ht and hx are the temporal and the spatial step sizes
respectively, and 1 ≤ γ ≤ 7 is the order of accuracy in the time direction. Finally, the presented numerical
experiment confirms the theoretical analysis, the high accuracy and efficiency of the offered method.

1. Introduction

In recent decades, many researchers are enthusiastic about fractional differential equations (FDE)s due
to its significant role in various fields of science such as control, electromagnetism, biophysics, physics,
mathematics, mechanics, signal and image processing, blood flow phenomena and etc [1, 2, 4, 5, 14, 23–
25, 29]. Since obtaining the analytical solution for the fractional differential equations often is difficult
[7, 11, 25, 30–32, 39] and sometimes even impossible, therefore trying to earn the numerical solution for
them can be valuable. One of the most important part of FDEs is fractional partial differential equations
(FPDE)s. In this regard, there are several numerical schemes to solve them, for instance, the FDM [6, 22, 40–
43, 47], finite element method [18, 20, 26], fractional order of linear multistep methods(LMM)s (recalled
FLMMs)[21, 46], L1 method [19, 44] and so on [13, 33–37].

In the same direction, the fractional backward difference formulae (FBDF)s are the one of the most
popular methods which have been utilized for solving FPDEs. The FBDFs have proper characteristics
such as good stability properties, satisfactory accuracy, and smaller computational costs [16, 27, 28]. The
main problems about these methods are unstability and less accuracy of them when the order of fractional
differentiation lies in (1, 2] [17, 22]. In order to overcome to these problems, Li et al. [8] have introduced
RFBDF2 by constructing new generating functions.
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Furthermore, Irandoust-pakchin et al. [12] have just developed FLBRI by extending the linear barycen-
tric rational interpolation (LBRI) scheme in the fractional form for solving FDEs. Recently, Fahimi-
khalilabad et al. [9] have used FLBRI for Liouville-Caputo type in time direction and central difference
method in space direction for solving the time-fractional sub-diffusion equation.

In this work, a higher order of FDM based on FLBRIs in the temporal-direction and RFBDF2 in the
spatial-direction is developed for solving the following time-fractional Liouville-Caputo and Riesz-space
fractional diffusion equations as

LCDβ
0,tυ(x, t) = kα

∂αυ(x,t)
∂|x|α + f (x, t), (x, t) ∈ (0,L) × (0,T], β ∈ (0, 1), α ∈ (1, 2],

υ(x, 0) = φ(x), x ∈ [0,L],
υ(0, t) = υ(L, t) = 0, t ∈ [0,T],

(1.1)

where kα > 0 is the diffusion coefficient and CDβ
0,tυ(x, t) denotes the Liouville-Caputo fractional derivative

with respect to t by [25] as follows

LCDβ
0,tυ(x, t) =

1
Γ(1 − β)

∫ t

0
(t − ξ)−β

∂υ(x, ξ)
∂ξ

dξ, β ∈ (0, 1). (1.2)

Also,
∂αυ(x, t)
∂|x|α

denotes Riesz fractional derivative with respect to x which is defined below [14],

∂αυ(x, t)
∂|x|α

= σα
(

RLDα
a,x +RL Dα

x,b

)
υ(x, t), (1.3)

where coefficient σα = −
1

2cos(π2α)
. Furthermore, RLDα

a,x and RLDα
x,b are the left and right Riemann-Liouville

derivatives of order α defined by [29]

RLDα
a,xυ(x, t) =


1

Γ(2−α)
∂2

∂x2

∫ x

a (x − s)1−αυ(s, t)ds, α ∈ (1, 2),

∂2υ(x,t)
∂x2 , α = 2,

(1.4)

and

RLDα
x,bυ(x, t) =


1

Γ(2−α)
∂2

∂x2

∫ b

x (s − x)1−αυ(s, t)ds, α ∈ (1, 2),

∂2υ(x,t)
∂x2 , α = 2.

(1.5)

This paper is formed as: The 2, FLBRI and the relation between the FLBRI and the FLMMs is expressed in
section 2. In section 3, the coefficients of the RFBDFs especially RFBDF2 method introduced for approx-
imation of Riesz derivatives. In Section 4, the implementation of the proposed method is presented for
solving time-fractional Liouville-Caputo and Riesz-space fractional diffusion equations. Section 5 contains
the investigation of the stability analysis and the convergence order of the new scheme. In section 6, for
confirming the theoretical analysis, a numerical experiment is performed. A brief conclusion, in the last
section, is presented.

2. FLBRI and its relations with FLMMs

At the first of this part, LBRI weights are defined and the relations between linear multistep methods
(LMM)s and LBRI are clearly expressed. Then, the FLBRI weights and their relations with FLMMs are
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brought up and using them, the temporal direction of Eq. (1.1) is approximated in the Section 4.

The new efficient and high accurate version of the interpolate polynomials based on the Lagrange polyno-
mials in the distinct nods (τi, fi), i = 0, . . . ,n of the interval [a, b] is introduced by Floter et.al [10] as the
following form

Pn(τ) =

n−m∑
i=0

Ni(τ)si(τ)

n−m∑
i=0

Ni(τ)
, n ≥ m, (2.6)

where si(τ) is an interpolating polynomial for m + 1 values fi, fi+1, ..., fi+m with at most degree m and
Ni(τ) = (−1)i

i+m∏
k=i

(τ−τk)
, i = 0, . . . , n−m. If we use the nodes with equal distances, the polynomials si can be written

in Lagrange form and the barycentric weights are defined as the following form

λi =
(−1)i−m

2m

∑
k∈Ai

(
m

i − k

)
, Ai = {k ∈ {0, 1, ..., i −m}, k −m ≤ r ≤ i}. (2.7)

Note that the order of these interpolating polynomials for the smooth function f is O(hm+1
τ ) where hτ =

max
0≤k≤n−1

|τk+1−τk|. To reveal the relationship between LBRI and LMMs the approximation of integer derivative

for the function f using Floater-Hormann family of LBRI can be defined as [3]

f ′(τ j−n+k) ≈
1
hτ

n∑
i=0

ψk,i f (τ j−n+i), k = 0, . . . ,n, (2.8)

where n, j ∈N, n ≤ j and

ψk,i =


λi

(k−i)λk
, i , k,

−

n∑
t=0, t,k

ψk,t, i = k.
(2.9)

where τ j−n, τ j−n+1, ....., τ j for uniform grid τ0 < τ1 < < τl = T are interior nodes of interval [τ0, τl] with the
constant step size hτ = τ j+1 − τ j, j = 0, 1, . . . , l − 1. If f ∈ Cm+2[τ0,T], the convergence order of (2.8) will be
m. When n −m is odd, the order increases to m + 1 (for more details see [15]).

Applying Eq.(2.8) for the following initial value problems (IVP)s

y′(τ) = V(τ, y), τ ∈ [τ0,T],
y(0) = y0, (2.10)

one can obtain the LMMs as the following LBRI form

n∑
r=0

ψn,ry j−n+r = hτV(τ j, y(τ j)), j = n, n + 1, . . . , l, (2.11)

with generating function

W(τ) =
ψ(1/τ)
φ(1/τ)

, (2.12)

where

φ(τ) = ψn,0 + ψn,1τ + . . . + ψn,nτ
n, ψ(τ) = τn. (2.13)
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The starting nodes y1, y2, . . . , yl−1 can be calculated by other proper numerical methods [3]. The order of
convergence is m when n −m is even and m + 1 when n −m is odd. If m = n and m = n + 1 are chosen the
LMM with LBRI is the same with BDF of order m and m + 1, respectively ( [3]).

Consider the fractional IVP as [12]

LCDβ
0,ty(τ) = V(τ, y), 0 < β < 1, τ ∈ [τ0,T],

y(0) = y0, (2.14)

Similarly, for generalizing LMMs based on LBRI in (2.10) to FLMMs based on FLBRI in (2.14), the first
and second characteristic functions φ(τ) and ψ(τ) must be created. Thus the generating functions based on
FLBRI are defined as

W(−β)(τ) =
(ψ(1/τ)
φ(1/τ)

)β
= (ψn,n + ψn,n−1τ + . . . + ψn,0τ

n)β =
∞∑

r=0

w(−β)
r τr. (2.15)

Using Miller’s recurrence [45] in (2.15), the FLBRI weights are obtained as follows:

w(−β)
i = (ψn,n)βwi, i = 0, 1, ...,

w0 = 1, (2.16)

wi = (ξi − 1)
ψn,n−1

ψn,n
wi−1 + (2ξi − 1)

ψn,n−2

ψn,n
wi−2 + ... + (nξi − 1)

ψn,0

ψn,n
wi−n,

Using the relation between the Riemann–Liouville and Liouville-Caputo derivatives in (2.14), it can be
achieved that

LCDβ
0,ty(τr) =RL Dβ

0,t(y(τr) − y0),

=RL Dβ
0,ty(τr) −

τ
−β
r

Γ(1 − β)
y0 = V

(
τr, y(τr)

)
0 < β < 1. (2.17)

Assuming b̄r =
r−β
Γ(1−β) , yr−k = y(τr − khτ), Vr = V

(
τr, y(τr)

)
and using (2.19), the following relation would be

obtained
r∑

k=0

wk
(−β)yr−k − b̄ry0 = hυτVr, (2.18)

where w(−β)
k , k = 0, 1, . . . , are defined in equation (2.16).

Lemma 2.1. [12] The coefficients w(−β)
i , ℓ = 0, 1, ... have the following properties:

(i) The monotonicity of the coefficients w(−β)
k , k = p, p + 1, ..., p ∈ Z for all case (s,m), s ≤ 20, m ≤ 6 holds.

For example, according to Figure 1, after p ≥ 23 when (s,m) = (20,m), m ≤ 6, the monotonicity of w(−β)
k holds (

for more details see [12]).

(ii) w(−β)
0 > 0, w(−β)

k < 0, k = p, p + 1, ..., p ∈ Z.

(iii) The Riemann-Liouville (R-L) fractional derivative is approximated by the FLBRI at τ = τr as

RLDβ
0,ty(τr) = h−βτ

r∑
k=0

w(−β)
k y(τr − khτ) +O(hp), (2.19)

providing y( j)(τ0) = 0, j = 0, 1, . . . , p − 1, 1 ≤ p < 7, p ∈ Z and it has the order m + 1 and m when s −m is odd
and s −m is even, respectively.
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3. RFBDFs

In this section, the coefficients of the RFBDFs especially RFBDF2 are presented which require for the
next section to approximate the spatial direction.

Generally, the p-th order (p = 1, . . . , 6) approximation of R–L fractional derivative is defined by Lubich
for smooth function 1 for 1 < α < 2 as [21]

RLDβ
0,t1(xr) = h−αx

r∑
k=0

w(−α)
p,k 1(xr − khx) +O(hp

x), (3.20)

where the generating functions are defined as

Wp(x) =
( p∑

l=0

1
l

(1 − x)l
)α
=

∞∑
l=0

w(−α)
p,l xl, |x| < 1, (3.21)

providing 1(l)(l0) = 0, l = 0, 1, . . . , p − 1, 1 ≤ p < 7, p ∈ Z.
The application of (3.20) to the spatial FDEs with the Riemann– Liouville derivatives (or Riesz deriva-

tives) is also unstable (see [8]). To overcome this problem, using shifted Lubich’s numerical differential
formula, it can be derived that

RLDα
a,x1(x) = h−αx

⌊
x−a
hx
⌋+1∑

k=0

w(−α)
p,k 1(x − (k − 1)hx) +O(hx), p = 1, 2, ..., 6. (3.22)

Considering Eq.(3.22), it is clear that only 1st-order accuracy obtains. Recently, Ding et.al [8] proposed the
following shifted and modified FBDFs of Lubich’s numerical differential formula which not only has the p
order of accuracy but also has the stability properties. In this paper, their method is used in a particular case
involving FBDF2 for solving spatial direction in Eq.(1.1). In this case, the generating function is defined as

ω̃2(x) =
(

3α − 2
2α

−
3(α − 1)
α

x +
α − 2

2α
x2

)α
=

∞∑
ℓ=0

κ(α)
2,ℓx

ℓ, |x| < 1. (3.23)

where

κ(α)
2,0 =

(
3α−2

2α

)α
,

κ(α)
2,1 =

4α(1−α)
3α−2 κ

(α)
2,0,

κ(α)
2,ℓ =

1
ℓ(3α−2)

[
4(1 − α)(α − ℓ + 1)κ(α)

2,ℓ−1 + (α − 2)(2α − ℓ + 2)κ(α)
2,ℓ−2

]
, l ≥ 2.

(3.24)

Remark 3.1. For the right Remman-Liouville derivative, the following approximation holds

RLDα
x,+∞1(x) = RΥα2 (x) +O(h2

x),

where

RΥα2 (x) = h−α
∞∑

k=0

κ(−α)
2,k 1(x + (k − 1)hx).

Also, supposing that 1(τ) is defined on [a, b] and 1(a) = 1(b) = 0, it can be result that

RLDα
a,x1(x) =RL Dα

−∞,x1(x) = LΥα2 (x) +O(h2
x) = LΛα2 (x) +O(h2

x) (3.25)
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and

RLDα
x,b1(x) =RL Dα

x,+∞1(x) = RΥα2 (x) +O(h2
x) = RΛα2 (x) +O(h2

x), (3.26)

where

LΛα21(x) = h−αx

⌊
x−a
hx
⌋+1∑

k=0

κ(−α)
2,k 1(x − (k − 1)hx),

and

RΛα21(x) = h−αx

⌊
b−x
hx
⌋+1∑

k=0

κ(−α)
2,k 1(x + (k − 1)hx).

Combining Eqs.(1.3), (3.25) and (3.26), the 2nd-order difference scheme can be obtained as

∂α1(x)
∂|x|α

= σα
(

LΛα21(x) +R Λα21(x)
)
+O(h2

x). (3.27)

4. Establishment of the method

In this section, the offered method is implemented for solving the time-fractional Liouville-Caputo and
Riesz-space fractional diffusion equations (1.1). let tn = nht, (n = 0, 1, ..., N), and xi = ihx, (i = 0, 1, ..., M),

where ht =
T
N

and hx =
L
M

are time and space mesh sizes, respectively. For the numerical approximation of

Liouville-Caputo fractional derivative in temporal direction of function υ(x, t) at tn = nht, using Eqs.(2.17)–
(2.18), one can write

LCDβ
0,tυ(xi, tn) =RL Dβ

0,t (υ(xi, tn) − υ(xi, t0))

= h−βt

n∑
k=0

w(−β)
n−k (υ(xi, tk) − υ(xi, t0)) +O(hγt ), (4.28)

where 0 < β < 1, 1 ≤ γ ≤ 7. Afterward, the following second - order formula is used for the numerical
approximation of Riesz-space fractional [8]

∂αυ(xi, tn)
∂|x|α

=
−1

2cos(πα2 )

(
LΛαx +

R Λαx
)
υ(xi, tn) +O(h2

x), (4.29)

where

LΛαxυ(xi, tn) =
1
hαx

ȷ+1∑
ℓ=0

κ2,ℓυ(xi − (ℓ − 1)hx, tn), (4.30)

and

RΛαxυ(xi, tn) =
1
hαx

M− ȷ+1∑
ℓ=0

κ2,ℓυ(xi + (ℓ − 1)hx, tn), (4.31)

In order to summarize, it can be defined that

δαx =
−1

2cos(πα2 )

(
LΛαx +

R Λαx
)
. (4.32)
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Therefore, equation (4.29) is rewritten as follows

∂αυ(xi, tn)
∂|x|α

= δαxυ(xi, tn) +O(h2
x), (4.33)

Next, substituting (4.28) and (4.33) into (1.1), one obtain

h−βt

n∑
k=0

w(−β)
n−k (υ(xi, tk) − υ(xi, t0)) = kαδαxυ(xi, tn) + f (xi, tn) +O(hγt + h2

x),

⇒

n∑
k=0

w(−β)
n−k υ(xi, tk) −

n∑
k=0

w(−β)
n−k υ(xi, t0) = kαhβt δ

α
xυ(xi, tn) + hβt f (xi, tn) + rn

i ,

where rn
i = O(hγ+βt + hβt h2

x). Now, we have

w(−β)
0 υ(xi, tn) = −

n−1∑
k=0

w(−β)
n−k υ(xi, tk) +

n∑
k=0

w(−β)
n−k υ(xi, t0)

+kαhβt δ
α
xυ(xi, tn) + hβt f (xi, tn) + rn

i ,

⇒ υ(xi, tn) = −
n−1∑
k=0

w(−β)
n−k

w(−β)
0

υ(xi, tk) +
n∑

k=0

w(−β)
n−k

w(−β)
0

υ(xi, t0)

+
kαhβt
w(−β)

0

δαxυ(xi, tn) +
hβt

w(−β)
0

f (xi, tn) + Rn
i , (4.34)

where Rn
i =

rn
i

w(−β)
0

and there exists a constant σ such that

|Rn
i | ≤ σ

(
hγt + h2

x

)
, 0 ≤ i ≤M, 1 ≤ n ≤ N. (4.35)

Finally, omitting Rn
i in (4.34) and assuming υ(xi, tn) = υn

i , one can write
υn

i = −
n−1∑
k=0

w(−β)
n−k

w(−β)
0

υk
i +

n∑
k=0

w(−β)
n−k

w(−β)
0

υ0
i +

kαhβt
w(−β)

0

δαxυ
n
i +

hβt
w(−β)

0

f n
i ,

υ0
i = φ(xi), 0 ≤ i ≤M,
υn

0 = υ
n
M = 0, 1 ≤ n ≤ N.

(4.36)

Denote by υn = (υn
1 , υ

n
2 , ..., υ

n
M−1)T, f n = ( f n

1 , f n
2 , ..., f n

M−1)T and φ = (φ(x1), φ(x2), ..., φ(xM−1))T, then the vector
representation of the equation (4.36) can be expressed in the following formυ

n = −
n−1∑
k=0

w(−β)
n−k

w(−β)
0

υk +
n∑

k=0

w(−β)
n−k

w(−β)
0

υ0 +
kαhβt
w(−β)

0

δαxυ
n +

hβt
w(−β)

0

f n,

υ0 = φ,
(4.37)

where 0 < β < 1 and 1 < α ≤ 2.

5. Analysis of Stability properties and order of convergency

In this section, to investigate the stability properties and order of convergency of the new scheme, first,
some definitions and lemmas are presented.



S. Irandoust-Pakchin et al. / Filomat 38:2 (2024), 505–521 512

Definition 5.1. Let υ = (υ0, υ1, . . . , υM)T, υ0 = υM = 0 and υn = (υn
0 , υ

n
1 , . . . , υ

n
M)T. Denote the inner product (., .)M

and the norm ∥.∥M as

(υ,ω)M =

M−1∑
ℓ=1

υℓωℓ, υ, ω ∈ R(M+1)×1 (5.38)

and

∥υ∥M =
√

(υ, υ)M. (5.39)

Lemma 5.2. [8] Let the operator δαx is defined by (4.32), then the following inequality

(δαxυ, υ) ≤ 0, (5.40)

holds for all α ∈ (1, 2].

Theorem 5.3. The FDM (4.37) is unconditionally stable.

Proof. Taking the inner product of the equation (4.37) with υn, it is obtained that

(υn, υn) = −
n−1∑
k=0

w(−β)
n−k

w(−β)
0

(υk, υn) +
n∑

k=0

w(−β)
n−k

w(−β)
0

(υ0, υn) +
kαhβt
w(−β)

0

(δαxυ
n, υn) +

hβt
w(−β)

0

( f n, υn), (5.41)

based on the Cauchy-Schwartz inequality and Lemma 2.1 and Lemma 5.2, it can be written that

∥υn
∥

2
≤ −

n−p∑
k=0

w(−β)
n−k

w(−β)
0

∥υk
∥∥υn
∥ +

n−1∑
k=n−p+1

|w(−β)
n−k |

w(−β)
0

∥υk
∥∥υn
∥ +

n−p∑
k=0

w(−β)
n−k

w(−β)
0

∥υ0
∥∥υn
∥

+

n∑
k=n−p+1

|w(−β)
n−k |

w(−β)
0

∥υ0
∥∥υn
∥ +

hβt
w(−β)

0

∥ f n
∥∥υn
∥. (5.42)

Also, according to Lemma 2.1 and removing ∥υn
∥ from both sides of Eq.(5.42), one can result that

∥υn
∥ ≤ −

n−p∑
k=0

w(−β)
n−k

w(−β)
0

∥υk
∥ +

n−1∑
k=n−p+1

|w(−β)
n−k |

w(−β)
0

∥υk
∥ +

n−p∑
k=0

w(−β)
n−k

w(−β)
0

∥υ0
∥

+

n∑
k=n−p+1

|w(−β)
n−k |

w(−β)
0

∥υ0
∥ +

hβt
w(−β)

0

∥ f n
∥. (5.43)

Assuming

θp =

n−1∑
k=n−p+1

|w(−β)
n−k |

w(−β)
0

∥υk
∥ +

n−1∑
k=n−p+1

|w(−β)
n−k |

w(−β)
0

∥φ∥, (5.44)

from Eq.(5.43), it can be derived that

∥υn
∥ ≤ θp −

n−p∑
k=0

w(−β)
n−k

w(−β)
0

∥υk
∥ +

n−p∑
k=0

w(−β)
n−k

w(−β)
0

∥φ∥ + ∥φ∥ +
hβt

w(−β)
0

∥ f n
∥. (5.45)

Now, it can be asserted that

∥υn
∥ ≤ Υ, 1 ≤ n ≤ N, (5.46)
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where

Υ = max
p

(θp) + ∥φ∥ +
hβt

w(−β)
0

max
1≤n≤N

∥ f n
∥. (5.47)

For proving this assertion, the mathematical induction is used.
For n = 1, Eq.(5.45) can be expressed as

∥υ1
∥ ≤ θ1 + ∥φ∥ +

hβt
w(−β)

0

∥ f 1
∥ ≤ Υ. (5.48)

Suppose that ∥υn
∥ ≤ Υ, n = 1, 2, , ..., m − 1. For n = m, one can write

∥υm
∥ ≤ θp −

m−p∑
k=0

w(−β)
m−k

w(−β)
0

∥υk
∥ +

m−p∑
k=0

w(−β)
m−k

w(−β)
0

∥φ∥ + ∥φ∥ +
hβt

w(−β)
0

∥ f m
∥,

∥υm
∥ ≤ θp −

m−p∑
k=0

w(−β)
m−k

w(−β)
0

Υ +

m−p∑
k=0

w(−β)
m−k

w(−β)
0

Υ + ∥φ∥ +
hβt

w(−β)
0

∥ f m
∥,

≤ θp + ∥φ∥ +
hβt

w(−β)
0

∥ f m
∥ ≤ Υ, (5.49)

According to energy method, the proof is finished.

Result 1: According the Theorem 5.3, one can conclude that (4.37) is convergent.

Theorem 5.4. Let υ(xi, tn) and υn
i are the exact solutions of the equation (1.1) and FDM (4.36), respectively for

i = 0, 1, . . . , M, n = 0, 1, . . . , N − p, (the number p is defined in Lemma 2.1). In addition, υ(xi, tn) = υn
i = 0 for

i = 0, 1, . . . , M, n = N−p+1, N−p+2 . . . , N. Define en
i = υ(xi, tn) − υn

i , en = (en
0 , e

n
1 , ..., e

n
M)T, Rn

i = O
(
hγt + h2

x

)
and Rn = (Rn

0 , Rn
1 , Rn

2 , ..., Rn
M)T. Then there exists a positive constant C independent of n, ht, ω

(−α)
0 and hx such

that

∥en
∥ ≤ C(hγt + h2

x), 1 ≤ γ ≤ 7,

therefore, the rate of convergence order of new scheme (4.37) is O
(
hγt + h2

x

)
.

Proof. From equation (4.34), (4.36) one can write

υ(xi, tn) = −
n−p∑
k=0

w(−β)
n−k

w(−β)
0

υ(xi, tk) +
n−p∑
k=0

w(−β)
n−k

w(−β)
0

υ(xi, t0)

+
kαhβt
w(−β)

0

δαxυ(xi, tn) +
hβt

w(−β)
0

f (xi, tk) + Rn
i (5.50)

and

υn
i = −

n−p∑
k=0

w(−β)
n−k

w(−β)
0

υk
i +

n−p∑
k=0

w(−β)
n−k

w(−β)
0

υ0
i +

kαhβt
w(−β)

0

δαxυ
n
i +

hβt
w(−β)

0

f n
i + Rn

i . (5.51)
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Subtracting (5.51) form (5.50), one can derive

υ(xi, tn) − υn
i = −

n−p∑
k=0

w(−β)
n−k

w(−β)
0

(υ(xi, tk) − υk
i ) +

n−p∑
k=0

w(−β)
n−k

w(−β)
0

(υ(xi, t0) − υ0
i )

+
kαhβt
w(−β)

0

δαx (υ(xi, tn) − υn
i ) + Rn

i . (5.52)

Assuming en
i = υ(xi, tn) − υn

i and using (5.52), it can be obtained

en
i = −

n−p∑
k=0

w(−β)
n−k

w(−β)
0

ek
i +

n−p∑
k=0

w(−β)
n−k

w(−β)
0

e0
i +

kαhβt
w(−β)

0

δαx en
i + Rn

i . (5.53)

Define en = (en
0 , e

n
1 , ..., e

n
M)Tand Rn = (Rn

0 , Rn
1 , Rn

2 , ..., Rn
M)T. Then the vector representation of the equation

(5.53) can be expressed as

en = −

n−p∑
k=0

w(−β)
n−k

w(−β)
0

ek +

n−p∑
k=0

w(−β)
n−k

w(−β)
0

e0 +
kαhβt
w(−β)

0

δαx en + Rn. (5.54)

Using the inner product for the equation (5.54) by en, one can write

(en, en) = −
n−p∑
k=0

w(−β)
n−k

w(−β)
0

(ek, en) +
n−p∑
k=0

w(−β)
n−k

w(−β)
0

(e0, en) (5.55)

+
kαhβt
w(−β)

0

(δαx en, en) + (Rn, en),

based on the Cauchy-Schwartz inequality and Lemma 5.2, it is resulted that

∥en
∥

2
≤ −

n−p∑
k=0

w(−β)
n−k

w(−β)
0

∥ek
∥∥en
∥ +

n−p∑
k=0

|w(−β)
n−k |

w(−β)
0

∥e0
∥∥en
∥ + ∥Rn

∥∥en
∥.

(5.56)

Simplifying the Eq.(5.56), it is derived that

∥en
∥ ≤ −

n−p∑
k=0

w(−β)
n−k

w(−β)
0

∥ek
∥ +

n−p∑
k=0

|w(−β)
n−k |

w(−β)
0

∥e0
∥ + ∥Rn

∥.

(5.57)

Now it can be asserted that

∥en
∥ ≤ max

p≤n≤N
∥Rn
∥, p ≤ n ≤ N. (5.58)

For proving this assertion, the mathematical induction on n is used.
For n = p, Eq.(5.57) can be expressed as

∥ep
∥ ≤ ∥Rp

∥ ≤ max
p≤n≤N

∥Rn
∥. (5.59)
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Suppose that ∥en
∥ ≤ max

p≤n≤N
∥Rn
∥, n = p, p + 1, , ..., m − 1. For n = m, one has

∥em
∥ ≤ −

m−p∑
k=0

w(−β)
m−k

w(−β)
0

∥ek
∥ +

m−p∑
k=0

w(−β)
m−k

w(−β)
0

∥e0
∥ + ∥Rm

∥,

≤ −

m−p∑
k=0

w(−β)
m−k

w(−β)
0

( max
p≤n≤N

∥Rn
∥) +

m−p∑
k=0

w(−β)
m−k

w(−β)
0

( max
p≤n≤N

∥Rn
∥) (5.60)

+∥Rm
∥ ≤ ∥Rm

∥ ≤ max
p≤n≤N

∥Rn
∥,

From the Eq.(4.35), it can be obtained that

max
p≤n≤N

∥Rn
∥ = σ(hγt + h2

x)
√

1 + 1 + . . . + 1︸           ︷︷           ︸
N−p+1

(5.61)

= σ(hγt + h2
x)

√
N − p + 1 = C(hγt + h2

x),

where C = σ
√

N − p + 1. Finally, it is resulted that

∥en
∥ ≤ C(hγt + h2

x), p ≤ n ≤ N, 1 ≤ γ ≤ 7, (5.62)

the proof is completed.

6. Numerical example

In this part, the results of numerical experiments are reported to illustrate the effectiveness of the
proposed method. The numerical experiments are performed on a computer Intel(R) Pentium(R) CPU
G2030 @ 3.00GHz 3.00GHz 12.00GB RAM by running some codes written in MATLAB 2020 software. In
the following tables, the maximum of L2 error of the proposed method and exact solution are calculated as
follows

E∞(hx, ht) = max
0≤n≤nT

∥en
∥N = max

0≤n≤nT

√√√
ht

N−1∑
j=0

(υ(x j, tn) − υn
j )2. (6.63)

Consider the following equation.
LCDβ

0,tυ(x, t) = ∂αυ(x,t)
∂|x|α + f (x, t), (x, t) ∈ (0,L) × (0,T], β ∈ (0, 1), α ∈ (1, 2],

υ(x, 0) = 0, x ∈ [0,L],
υ(0, t) = υ(L, t) = 0, t ∈ [0,T],

(6.64)

where

f (x, t) =
Γ(α + β + 9)
Γ(β + 9)

tβ+8x4(1 − x)4 +
tα+β+8

2 cos(πβ2 )

4∑
ℓ=0

(−1)ℓ
4! (4 + ℓ)!

ℓ!(4 − ℓ)! Γ(5 + ℓ − β)

×[x4+ℓ−β + (1 − x)4+ℓ−β]. (6.65)

The exact solution of the problem is υ(x, t) = tα+β+8x4(1 − x)4. In all tables, maximum errors L2 and com-
putational costs are listed for the proposed method. Furthermore, these tables illustrate the numerical
convergence orders of the proposed method in the temporal and spatial directions, respectively.
Suppose E∞(hx, ht) = O(hp

x + hγt ). If hx is sufficiently small, it can be written that

E∞(hx, ht)≈ c1hγt , E∞(hx,
ht

k
)≈ c1(

ht

k
)γ ⇒ kγ≈

E∞(hx, ht)

E∞(hx,
ht
k )

⇒ γ≈ logk(
E∞(hx, ht)

E∞(hx,
ht
k )

). (6.66)
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The numerical results are reported for the fixed values α = 0.25 and β = 1.5 in Table 1. This table shows that
the convergence rate of new scheme for (m, s) = (4, 1), s = 2 and m ∈ {4, 16, 18} are approximately second
order in the temporal direction. Assuming α = 0.25 and β = 1.5, the results are reported for (m, s) = (3, 2),
s = 3 and m ∈ {13, 15, 19} for Table 2. This table illustrates that the convergence rate of the new scheme is
around third order in the temporal direction.

In Table 3, for (m, s) = (12, 3), β = 1.5 and α ∈ {0.25, 0.45, 0.65, 0.85}, the results demonstrate that the rate
of convergence order of the proposed method is approximately fourth order in the temporal direction.

Considering Table 4, the convergence rate of the new scheme is around fifth order in the temporal
direction, for α = 0.5, β = 1.5, s ∈ {4, 5} and m ∈ {5, 7, 19}.

The results in Table 5 show that for α = 0.85, β = 1.5 s ∈ {5, 6} and m ∈ {6, 8, 18}, the rate of convergence
order of the new scheme is approximately sixth order in the temporal direction.

Table 6 demonstrates the rate of convergence order of our method for α = 0.85, β = 1.5, m ∈ {7, 9, 11}
and s = 6 is near seventh order in the temporal direction.

Table 7 shows the convergence rat of new scheme for β = 1.5, α ∈ {0.25, 0.45, 0.4, 0.50} and (s,m) ∈
{(4, 1), (8, 2), (9, 3), (12, 4)} is around second order in the spatial direction.

The numerical results indicate that the rate of convergence order of new method for α = 0.5, β ∈
{1.9, 1.95, 1.4} and (s,m) ∈ {(7, 5), (12, 6), (19, 6)} is approximately second order in the spatial direction for
Table 8.

7. Conclusion

In this work, an efficient numerical scheme based on fractional linear barycentric rational interpolation,
and modified fractional backward difference formulae, have been established for time-fractional Liouville-
Caputo and Riesz-space fractional diffusion equations. The unconditional stability of this method has been
proven by the energy method. Also, it has been shown that the new scheme is convergent using local
truncation error. Finally, the numerical experiments and the theoretical results have confirmed that the
scheme is convergent with order O(τγ + h2) where 1 ≤ γ ≤ 7.
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Table 1: Maximum L2 error, rate of convergence oreder in time direction for FLBRI of order 2, hx =
1

500 , α = 0.25, β = 1.5 and run time.
(m, s) ht Maximum L2 error Time convergence orders Cpu time(s)

1
4 0.1005e − 02 − 0.17
1
8 3.2599e − 04 1.6249 0.26

(4, 1) 1
16 9.0579e − 05 1.8476 0.41
1
32 2.1282e − 05 2.0895 0.82
1
4 7.2425e − 04 − 0.23
1
8 1.8988e − 04 1.9314 0.26

(4, 2) 1
16 4.7183e − 05 2.0088 0.37
1
32 1.0763e − 05 2.1321 0.83
1
32 7.2458e − 06 − 0.84
1
64 1.5985e − 06 2.1804 1.46

(16, 2) 1
128 3.7200e − 07 2.1034 2.82
1

256 1.0303e − 07 1.8528 5.32
1
2 2.1854e − 03 − 0.10
1
4 7.0334e − 04 1.6356 0.19

(18, 2) 1
8 1.6978e − 04 2.0505 0.27
1
16 3.5438e − 05 2.2603 0.61
1
32 7.0413e − 06 2.3314 0.74
1
64 1.5005e − 06 2.2304 1.36

Table 2: Maximum L2 error, rate of convergence order in time direction for FLBRI of order 3, hx =
1

500 , α = 0.25, β = 1.5 and run time.
(m, s) ht Maximum L2 error Time convergence orders Cpu time(s)

1
8 1.2917e − 04 − 0.24

(3, 2) 1
16 1.8224e − 05 2.8254 0.66
1

32 2.0993e − 06 3.1179 0.67
1

64 2.6368e − 07 2.9930 1.63
1
8 8.6315e − 05 − 0.23
1

16 1.0861e − 05 2.9905 0.38
(13, 3) 1

32 1.3125e − 06 3.0487 0.82
1

64 2.1364e − 07 2.6191 1.34
1
8 8.6254e − 05 − 2.50
1

16 1.0781e − 05 3.0001 0.49
(15, 3) 1

32 1.2648e − 06 3.0915 0.73
1

64 2.0787e − 07 2.6052 1.51
1
8 8.6208e − 05 − 0.22

(19, 3) 1
16 1.0722e − 05 3.0073 0.38
1

32 1.2114e − 06 3.1457 0.75
1

64 1.9906e − 07 2.6054 1.44
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Table 3: Maximum L2 error, rate of convergence order in time direction for FLBRI of order 4, (s,m) = (12, 3), hx =
1

500 , β = 1.5, various
values of α and run time.

α ht Maximum L2 error Time convergence orders Cpu time(s)
1
4 3.8932e − 04 − 0.08

0.25 1
8 4.4317e − 05 3.1350 0.15
1
16 3.2901e − 06 3.7516 0.27
1
32 3.0411e − 07 3.4355 0.55
1
16 8.3277e − 06 − 0.26
1
20 3.5060e − 06 3.8769 0.33

0.45 1
24 1.7433e − 06 3.8321 0.39
1
28 9.7849e − 07 3.7466 0.47
1
6 5.8965e − 04 − 0.11
1
8 2.2461e − 04 3.3549 0.15

0.65 1
16 1.6615e − 05 3.7568 0.34
1
32 1.1349e − 06 3.8719 0.56
1
8 3.8934e − 04 − 0.15
1
16 2.9073e − 05 3.7433 0.30

0.85 1
32 1.9463e − 06 3.9009 0.53
1
64 1.6998e − 07 3.5173 1.07

Table 4: Maximum L2 error, rate of convergence order in time direction for FLBRI of order 5, various values of (m, s), hx =
1

1500 , α = 0.5,
β = 1.5 and run time.

(m, s) ht Maximum L2 error Time convergence orders Cpu time(s)
1
8 1.8170e − 04 − 1.36
1
16 8.1474e − 06 4.4791 2.74

(5, 4) 1
24 1.1042e − 06 4.9290 3.74
1
32 2.6064e − 07 5.0186 5.19
1
40 8.9648e − 08 4.7828 6.44
1
8 2.2541e − 04 − 1.09
1
16 1.2615e − 05 4.1594 1.99

(7, 4) 1
24 1.8557e − 06 4.7269 3.07
1
32 4.5091e − 07 4.9178 3.85
1
40 1.5130e − 07 4.8936 5.09
1
8 1.3278e − 04 − 0.98
1
16 6.5351e − 06 4.3447 1.77

(7, 5) 1
24 9.4586e − 07 4.7670 2.97
1
32 2.3249e − 07 4.8779 3.40
1
40 8.2752e − 08 4.6292 4.28
1
8 1.1938e − 04 − 1.05

(19, 5) 1
16 4.6691e − 06 4.6763 2.16
1
24 6.2365e − 07 4.9650 3.00
1
32 1.5619e − 07 4.8126 3.94
1
40 6.1039e − 08 4.2106 4.25
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Table 5: Maximum L2 error, rate of convergence order in time direction for FLBRI of order 6, various values of (m, s), hx =
1

1500 ,
α = 0.85, β = 1.5 and run time.

(m, s) ht Maximum L2 error Time convergence orders Cpu time(s)
1
8 8.9339e − 05 − 0.93
1
16 2.0680e − 06 5.4330 1.75

(6, 5) 1
24 1.9649e − 07 5.8050 2.66
1
28 8.6520e − 08 5.3211 3.05
1
8 1.1374e − 04 − 0.95
1
16 3.3117e − 06 5.1020 1.76

(8, 5) 1
24 3.3060e − 07 5.6832 2.62
1
32 7.1389e − 08 5.3279 5.21
1
8 6.4822e − 05 − 1.67
1
16 1.6997e − 06 5.2531 2.47

(8, 6) 1
24 1.7378e − 07 5.6242 3.90
1
28 7.9301e − 08 5.0894 4.09
1
10 1.7181e − 05 − 1.78

(18, 6) 1
15 1.6998e − 06 5.7053 2.42
1
20 3.1822e − 07 5.8243 3.53
1
25 9.6140e − 08 5.3639 3.81

Table 6: Maximum L2 error, rate of convergence order in time direction for FLBRI of order 7, various values of (m, s), hx =
1

1000 ,
α = 0.85, β = 1.5 and run time.

(m, s) ht Maximum L2 error Time convergence orders Cpu time(s)
1
8 1.0421e − 04 − 0.60
1

12 8.3192e − 06 6.2345 0.89
(7, 6) 1

16 1.2254e − 06 6.6578 1.56
1

20 2.7879e − 07 6.6348 1.84
1

12 1.2753e − 05 − 1.33
(9, 6) 1

16 2.0186e − 06 6.4078 1.14
1

20 4.6457e − 07 6.5833 1.52
1

24 1.5054e − 07 6.1807 1.85
1

12 1.4771e − 05 − 1.60
(11, 6) 1

16 2.5043e − 06 6.1688 1.13
1

20 5.9598e − 07 6.4334 1.58
1

24 1.9041e − 07 6.2584 2.23
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Table 7: Maximum L2 error and second order of convergence in space direction of FLBRI for ht =
1

1000 , different values of (s,m), β = 1.5,
various values of α and run time.

(s,m) α hx Maximum L2 error Space convergence orders Cpu time(s)
1
4 1.8015e − 06 − 0.16
1
8 1.2671e − 05 1.2111 0.21

(4, 1) 0.25 1
16 4.9212e − 06 1.3645 0.38
1

32 1.8015e − 06 1.4498 0.76
1
4 2.7493e − 05 − 0.14
1
8 1.2029e − 05 1.1925 0.21

(8, 2) 0.45 1
16 4.7130e − 06 1.3518 0.39
1

32 1.7299e − 06 1.4459 0.76
1
4 2.8015e − 05 − 0.14
1
8 1.2209e − 05 1.1982 0.24

(9, 3) 0.40 1
16 4.7715e − 06 1.3555 0.38
1

32 1.7498e − 06 1.4472 0.85
1
4 2.6926e − 05 − 0.13
1
8 1.1834e − 05 1.1860 0.19

(12, 4) 0.50 1
16 4.6487e − 06 1.3481 0.41
1

32 1.7073e − 06 1.4451 0.79

Table 8: Maximum L2 error, second order of convergence in space direction of FLBRI for ht =
1

1000 , different values of (s,m), various
values of β, α = 0.5 and run time.

(s,m) β hx Maximum L2 error Space convergence orders Cpu time(s)
1
8 9.0479e − 06 − 0.21
1

16 3.3325e − 06 1.4410 0.39
(7, 5) 1.9 1

32 1.1760e − 06 1.5027 0.83
1

64 4.1558e − 07 1.5007 1.53
1
8 8.3326e − 06 − 0.22
1

16 3.0534e − 06 1.4483 0.38
(12, 6) 1.95 1

32 1.0726e − 06 1.5093 0.73
1

64 3.7827e − 07 1.5036 1.49
1
8 1.1623e − 05 − 0.21
1

16 4.6876e − 06 1.3102 0.38
(19, 6) 1.4 1

32 1.7410e − 06 1.4290 0.73
1

64 6.3086e − 07 1.4645 1.50
1

69 5.6456e − 07 1.4760 1.78
1

74 5.0912e − 07 1.4776 1.93
1

94 3.5726e − 07 1.4807 2.41
1

114 2.6830e − 07 1.4843 2.88


