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Abstract. Calibration estimation sets the original weights to include the known population characteristics
of auxiliary variables using constraints. In this article, we have proposed a new calibration estimator of
the population mean in stratified extreme ranked set sampling design, which is more efficient and cost-
effective design against other sampling designs in the literature. A detailed simulation study is carried out
to observe the performance of proposed estimators. We have used the information of auxiliary variable to
avoid ranking errors in our simulations. We have created samples from a bi-variate normal distribution
with different values of ρxy. While one of these variables is taken as the variable of interest, the other
is accepted as an auxiliary variable and used in ranking the sample units in each set. As a result of the
simulation study using both synthetic and real data sets, we have found that our proposed estimators are
more efficient than Sinha et al. [19] calibration estimator and classical stratified estimator.

1. Introduction

The calibration approach is a technique that uses auxiliary information to increase the accuracy of the
estimators of population parameters of study variable in sampling literature. Calibration has gained im-
portance in the field of sampling literature in recent years. The definition of calibration was introduced
by Deville and Sarndal [3] in simple random sampling (SRS). After, many authors studied calibration esti-
mation using different calibration constraints in survey sampling such as Kim and Park [4], Kim et al. [5],
Mouhamed et al. [14], Koyuncu and Kadilar ([7], [8], [9]), Koyuncu [10], Sinha et al. [19] and Tracy et al.
[22]. Singh et al. [20] studied calibration estimators in presence non-sampling errors. Zaman and Bulut [23]
proposed robust calibration estimators. On the other side some authors extended calibration approach to
the ranked set sampling (RSS) designs. Koyuncu [10] proposed calibration estimator of population mean
under stratified ranked set sampling (SRSS) design. Shahzad et al. [17] have studied calibration estimators
under median ranked set sampling. Shahzad et al. [18] proposed some new calibration estimators to
estimate the population variance of Covid using L-moments under double-stratified random sampling. In
sampling literature, authors also proposed new ranked set sampling designs and try to improve estimation
methods. Al-Omari et al. [1] suggested stratified percentile ranked set sampling design for estimating the
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population mean. Mandowara and Mehta [12] studied modified ratio estimators in stratified ranked set
sampling. Taconelli and Bonat [21] investigated the performance of six alternative estimation methods to
MLE for parameter estimation under RSS.

Stratified extreme ranked set sampling design (SERSS) was proposed by Samawi and Saeid [16]. SERSS
is more practical than ordinary RSS because we only need to successfully determine the first and/or last
ordered unit in case of even sample size for each stratum or the median unit in case of odd sample size. In
this study, moving direction from less error of ranking units and practicality we have studied calibration
approach under SERSS. We have conducted a detailed simulation study with real and synthetic datasets to
see the performance of the proposed estimators.

2. Proposed calibration estimators in SERSS

ERSS was investigated by Samawi et al. [15]. To predict the finite population mean µY using ERSS, the
operation can be explained briefly as follows:

1. The process includes drawing sets of each r units randomly from population for which the mean is to
be predicted. The most important assumption is the smallest and the biggest units of the set can be
fixed visually or with a little cost.

2. The lowest ranked unit is determined from the first r unit set. Then, the largest ranked unit is
determined from the second r unit set. And the lowest ranked unit is determined from the third set
of r units and so on. Thus, the first (r − 1) determined units is obtained using the first (r − 1) sets. The
event of choosing the r− th unit from the r− th (i.e very last) set depends on whether r is odd or even.

3. When r is even, the measurement value of the largest unit ranked is measured.
4. Two options exist when r is odd:

i. The average of the largest and lowest units in the r − th set is measured for the measure of the
r − th unit.

ii. The measure of the median for the measure of the r − th unit is measured.
5. This procedure complete one cycle of ERSS. The period may be repeated m times until n elements of

desired to obtain.

In stratified sampling the population of N units is first divided into L subpopulations of N1,N2, · · · ,NL units,
respectively. These subpopulations are no overlapping and together they comprise the whole population,
so that N1 + N2 + · · · + NL = N. The subpopulations are named strata. To obtain the full benefit from
stratification, the values of the Nh (h = 1, 2, · · · ,L) must be known. After the stratas have been determined, a
sample is drawn from each, the drawings being made in different strata. The sample sizes within the strata
are denoted by n1,n2, · · · ,nL respectively. If rh is even then Xh1(1),Xh2(rh),Xh3(1) · · · ,Xh{rh−1}(1),Xhrh(rh) denotes
the ERSSh(e) for the h-th stratum. If rh is odd then Xh1(1),Xh2(rh),Xh3(1) · · · ,Xh{rh−1}(rh),Xhrh(

rh+1
2 )

denotes the
ERSSh(o) for the h-th stratum. The resulting L independent ERSSs comprise the SERSS. Assume that there
is (a) strata with even set size and (L− a) strata with odd set size SERSS of size n. For simplicity of notation,
let (m = 1) then nh = rh and (n = r), then the estimate of the mean using SERSS is given by

ȳst(SERSS) =

a∑
h=1

Wh ȳ(ERSS)h(e) +

L∑
h=a+1

Wh ȳ(ERSS)h(o), (1)

x̄st[SERSS] =

a∑
h=1

Whx̄[ERSS]h(e) +

L∑
h=a+1

Whx̄[ERSS]h(o) (2)

where Wh =
Nh
N is the stratum weight and

ȳ(ERSS)h(e)=
1
2

(
Ȳh(1)+Ȳh(rh)

)
,
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ȳ(ERSS)h(o) =

Yh1(1) + Yh2(rh) + Yh3(1) + ... + Yh{rh−1}(rh) + Y
hrh

(
rh+1

2

)
rh

,

Ȳh(1) = 2

rh
2∑

i=1

Yh{2i−1}(1)

rh
,

Ȳh(rh) = 2

rh
2∑

i=1

Yh(2i)(rh)

rh
,

x̄[ERSS]h(e) =
1
2
(
X̄h[1]+X̄h[rh]

)
,

x̄[ERSS]h(o) =

Xh1[1] + Xh2[rh] + Xh3[1] + ... + Xh{rh−1}[rh] + X
hrh

[
rh+1

2

]
rh

,

X̄h[1] = 2

rh
2∑

i=1

Xh{2i−1}[1]

rh
,

X̄h[rh] = 2

rh
2∑

i=1

Xh{2i}[rh]

rh
.

It can be shown that

E
(
ȳ(ERSS)h(i)

)
=


1
2

(
µYh(1) + µYh(rh)

)
, i = e( rh − 1

2rh

) (
µYh(1) + µYh(rh)

)
+

1
rh
µ

Yh
(

rh+1
2

), i = o.
(3)

E
(
x̄[ERSS]h(i)

)
=


1
2

(
µXh[1] + µXh[rh]

)
, i = e( rh − 1

2rh

) (
µXh[1] + µXh[rh]

)
+

1
rh
µ

Xh
[

rh+1
2

], i = o.
(4)

E
(
ȳst(SERSS)

)
=

1
2

L∑
h=1

Wh

(
µYh(1) + µYh(rh)

)
+

1
2

L∑
h=a+1

Wh

rh
[2µ

Yh
(

rh+1
2

) − (
µYh(1) + µYh(rh)

)
] (5)

E
(
x̄st[SERSS]

)
=

1
2

L∑
h=1

Wh

(
µXh[1] + µXh[rh

)
+

1
2

L∑
h=a+1

Wh

rh
[2µ

Xh
[

rh+1
2

] − (
µXh[1] + µXh[rh]

)
] (6)

Therefore, the mean and variance of are ȳst(SERSS) and x̄st[SERSS] given as

Var
(
ȳst(SERSS)

)
=

1
2

L∑
h=1

W2
h

rh

(
S2

Yh(1) + S2
Yh(rh)

)
+

1
2

L∑
h=a+1

W2
h

r2
h

2S2

Yh
(

rh+1
2

) − (
S2

Yh(1) + S2
Yh(rh)

) , (7)

Var
(
x̄st[SERSS]

)
=

1
2

L∑
h=1

W2
h

rh

(
S2

Xh[1] + S2
Xh[rh]

)
+

1
2

L∑
h=a+1

W2
h

r2
h

2S2

Xh
[

rh+1
2

] − (
S2

Xh[1] + S2
Xh[rh]

) (8)

If the underlying distribution for each stratum is symmetric then it can be shown that E
(
ȳst(SERSS)

)
= µY

and E
(
x̄st[SERSS]

)
= µX ,
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Var
(
ȳst(SERSS)

)
=

L∑
h=1

W2
h

rh
S2

Yh(1) +

L∑
h=a+1

W2
h

r2
h

S2

Yh
(

rh+1
2

) − S2
Yh(1)

 , (9)

Var
(
x̄st[SERSS]

)
=

L∑
h=1

W2
h

rh
S2

Xh[1] +

L∑
h=a+1

W2
h

r2
h

S2

Xh
[

rh+1
2

] − S2
Xh[1]

 . (10)

We propose a new calibration estimator for the SERSS given by

ȳst (EN) =
a∑

h=1

Ωh ȳERSSh(e) +

L∑
h=a+1

Ωh ȳERSSh(o), (11)

where Ωh are suitable calibrated weights under SERSS. The chi-square type distance function

L∑
h=1

(Ωh −Wh)2

qhWh
(12)

is minimized subject to two calibration constraints For more details kindly see Li and Ma [11])

L∑
h=1

Ωh =

L∑
h=1

Wh = 1 (13)

L∑
h=1

Ωhx̄[ERSS]h =

L∑
h=1

Whµxh (14)

The Lagrange function is given as

∆SERSS(i) =



a∑
h=1

(Ωh −Wh)2

qhWh
− 2λ0SERSS(i)

 a∑
h=1

Ωh −

a∑
h=1

Wh

 − 2λ1SERSS(i)

 a∑
h=1

Ωhx̄[ERSS]h(i) −

a∑
h=1

Whµxh


L∑

h=a+1

(Ωh −Wh)2

qhWh
− 2λ0SERSS(i)

 L∑
h=a+1

Ωh −

L∑
h=a+1

Wh

 − 2λ1SERSS(i)

 L∑
h=a+1

Ωhx̄[ERSS]h(i) −

L∑
h=a+1

Whµxh

 .
(15)

where λ0SERSS and λ1SERSS are Lagrange multiplier and i = e, o.

Setting ∂∆SERSS (i)

∂Ωh
= 0

Differentiating ∆SERSS according to calibration weights we get

Ωh =



a∑
h=1

Wh +QhWh

(
λ1SERSS(i)x̄[ERSS]h(i) + λ0SERSS(i)

)
, i = e

L∑
h=a+1

Wh +QhWh

(
λ1SERSS(i)x̄[ERSS]h(i) + λ0SERSS(i)

)
, i = o.

(16)

Putting these weights into equations (13) and (14) we have
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λ0SERSS =



−

(
a∑

h=1
Wh

(
µXh − x̄[ERSS]h(i)

)) ( a∑
h=1

QhWhx̄[ERSS]h(i)

)
(

a∑
h=1

QhWhx̄2
[ERSS]h(i)

) (
a∑

h=1
QhWh

)
−

(
a∑

h=1
QhWhx̄[ERSS]h(i)

)2 , i = e

−

(
L∑

h=a+1
Wh

(
µXh − x̄[ERSS]h(i)

)) ( L∑
h=a+1

QhWhx̄[ERSS]h(i)

)
(

L∑
h=a+1

QhWhx̄2
[ERSS]h(i)

) (
L∑

h=a+1
QhWh

)
−

(
L∑

h=a+1
QhWhx̄[ERSS]h(i)

)2 , i = o.

(17)

λ1SERSS =



(
a∑

h=1
Wh

(
µXh − x̄[ERSS]h(i)

)) ( a∑
h=1

QhWh

)
(

a∑
h=1

QhWhx̄2
[ERSS]h(i)

) (
a∑

h=1
QhWh

)
−

(
a∑

h=1
QhWhx̄h[ERSS]h(i)

)2 , i = e

(
L∑

h=a+1
Wh

(
µXh − x̄[ERSS]h(i)

)) ( L∑
h=a+1

QhWh

)
(

L∑
h=a+1

QhWhx̄2
[ERSS]h(i)

) (
L∑

h=a+1
QhWh

)
−

(
L∑

h=a+1
QhWhx̄h[ERSS]h(i)

)2 , i = o.

(18)

When we put these lambdas in equation (16) we get following calibration weight as

Ωh =



Wh +QhWh

(
a∑

h=1
QhWh

)
x̄[ERSS]h(i) −

(
a∑

h=1
QhWhx̄[ERSS]h(i)

)
(

a∑
h=1

QhWhx̄2
[ERSS]h(i)

) (
a∑

h=1
QhWh

)
−

(
a∑

h=1
QhWhx̄[ERSS]h(i)

)2

 a∑
h=1

Wh

(
µXh − x̄[ERSS]h(i)

) , i = e

Wh +QhWh

(
L∑

h=a+1
QhWh

)
x̄[ERSS]h(i) −

(
L∑

h=a+1
QhWhx̄[ERSS]h(i)

)
(

L∑
h=a+1

QhWhx̄2
[ERSS]h(i)

) (
L∑

h=a+1
QhWh

)
−

(
L∑

h=a+1
QhWhx̄[ERSS]h(i)

)2

 L∑
h=a+1

Wh

(
µXh − x̄[ERSS]h(i)

) , i = o.

(19)

If we put these weights in equation (11) we have new calibration estimators under SERSS as follows:

ȳst (EN) = ȳst (EN)(e) + ȳst (EN)(o) (20)

where

ȳst(EN)(e) =

a∑
h=1

Wh ȳ(ERSS)h(i)

+

(
a∑

h=1
QhWh

) (
a∑

h=1
QhWh ȳ(ERSS)h(i)x̄[ERSS]h(i)

)
−

(
a∑

h=1
QhWhx̄[ERSS]h(i)

) (
a∑

h=1
QhWh ȳ(ERSS)h(i)

)
(

a∑
h=1

QhWhx̄2
[ERSS]h(i)

) (
a∑

h=1
QhWh

)
−

(
a∑

h=1
QhWhx̄[ERSS]h(i)

)2

 a∑
h=1

Wh

(
µXh − x̄[ERSS]h(i)

)
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ȳst(EN)(o) =

L∑
h=a+1

Wh ȳ(ERSS)h(i)

+

(
L∑

h=a+1
QhWh

) (
L∑

h=a+1
QhWh ȳ(ERSS)h(i)x̄[ERSS]h(i)

)
−

(
L∑

h=a+1
QhWhx̄[ERSS]h(i)

) (
L∑

h=1
QhWh ȳ(ERSS)h(i)

)
(

L∑
h=a+1

QhWhx̄2
[ERSS]h(i)

)

×

 L∑
h=a+1

QhWh

 −
 L∑

h=a+1

QhWhx̄[ERSS]h(i)


2  L∑

h=a+1

Wh

(
µXh − x̄[ERSS]h(i)

)
This estimator can be rewritten as

ȳst (EN) = ȳst(SERSS) + β̂st(SERSS)

(
µx − x̄st(SERSS)

)
(21)

where

β̂st(SERSS) =



(
a∑

h=1
QhWh

) (
a∑

h=1
QhWh ȳh(ERSS)(i)x̄h[ERSS](i)

)
−

(
a∑

h=1
QhWhx̄h[ERSS](i)

) (
a∑

h=1
QhWh ȳh(ERSS)(i)

)
(

a∑
h=1

QhWhx̄2
h[ERSS](i)

) (
a∑

h=1
QhWh

)
−

(
a∑

h=1
QhWhx̄h[ERSS](i)

)2 , i = e

(
L∑

h=a+1
QhWh

) (
L∑

h=a+1
QhWh ȳh(ERSS)(i)x̄h[ERSS](i)

)
−

(
L∑

h=a+1
QhWhx̄h[ERSS](i)

) (
L∑

h=a+1
QhWh ȳh(ERSS)(i)

)
(

L∑
h=a+1

QhWhx̄2
h[ERSS](i)

) (
L∑

h=a+1
QhWh

)
−

(
L∑

h=a+1
QhWhx̄h[ERSS](i)

)2 , i = o.

(22)

The theoretical variance of regression estimator under ERSS was studied by Muttlak [13]. To simplify
the formulas both odd and even cases; we have adapted Muttlak [13]’s notations to SERSS. The regression
of Y on X under SERSS can be writen as

Yh(i:ex) j = µYh +
ρxyhSyh

Sxh

(
X[i:ex] j − µxh

)
+ εi jh i = 1, 2, ..., rh; j = 1, 2, ...,m

Following these notations we can write the variance of ȳst (EN) as

Var
(
ȳst (EN)

)
=

L∑
h=1

W2
h

S2
Yh

rhm

(
1 − ρ2

xyh

) 1 + E

 Z̄2
ERSSh

S2
z3h

 (23)

where Zh(i:ex) j =
Xh[i:ex] j−µxh

SXh
, Z̄ERSSh =

1
rhm

rh∑
i=1

m∑
j=1

Zh(i:ex) j, S2
z3h =

1
rhm

rh∑
i=1

m∑
j=1

(
Zh(i:ex) j − Z̄ERSSh

)2
.

If we take Qh = 1 in equation (19) we have following new calibration estimator

ȳst(SERSS) (A1) = ȳst(SERSS) (A1)(e) + ȳst(SERSS) (A1)(o) (24)

ȳst(SERSS) (A1)(e) = ȳst(ERSS)h(e) +

(
a∑

h=1
Wh ȳ(ERSS)h(e)x̄[ERSS]h(e)

)
− x̄st[ERSS](e) ȳst(ERSS)(e)(

a∑
h=1

Whx̄2
[ERSS]h(e)

)
−

(
a∑

h=1
Whx̄[ERSS]h(e)

)2

(
µX − x̄st[ERSS](e)

)
,
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ȳst(SERSS) (A1)(o) = ȳst(ERSS)h(o) +

(
L∑

h=a+1
Wh ȳ(ERSS)h(o)x̄[ERSS]h(o)

)
− x̄st[ERSS](o) ȳst(ERSS)(o)(

L∑
h=a+1

Whx̄2
[ERSS]h(o)

)
−

(
L∑

h=a+1
Whx̄[ERSS]h(o)

)2

(
µX − x̄st[ERSS](o)

)

If we take Qh =
1

x̄[ERSS]h(i)
in equation (19) we have following new calibration estimator

ȳst(SERSS) (A2) = ȳst(SERSS) (A2)(e) + ȳst(SERSS) (A2)(o) (25)

ȳst(SERSS)(A2)(e) = ȳst(ERSS)h(e) +

(
a∑

h=1

Wh
x̄[ERSS]h(e)

)
ȳst(ERSS)h(e) −

(
a∑

h=1

Wh ȳ(ERSS)h(e)

x̄[ERSS]h(e)

)
x̄st[ERSS](e)

(
a∑

h=1

Wh
x̄[ERSS]h(e)

)
− 1

(
µX − x̄st[ERSS](e)

)
,

ȳst(SERSS)(A2)(o) = ȳst(ERSS)h(o) +

(
L∑

h=a+1

Wh
x̄[ERSS]h(o)

)
ȳst(ERSS)h(o) −

(
L∑

h=a+1

Wh ȳ(ERSS)h(o)

x̄[ERSS]h(o)

)
x̄st[ERSS](o)

(
L∑

h=a+1

Wh
x̄[ERSS]h(o)

)
− 1

(
µX − x̄st[ERSS](o)

)
.

3. Simulation Study

3.1. Using real data set
To see the performance of proposed calibration estimators in SERSS, we have conducted a simulation

study in software R. To observe performances of the estimators, we use the real data concerning weight
as a study variable and height as auxiliary variable in abalone data [2]. The data consist of N = 4177
observations with ρxy = 0, 82, µy = 0, 82, µx = 0, 13, Cx = 0, 2955 and Cy = 0, 5916. We stratified the data set
using gender in three strata.

(
h = 1 : Female, 2 : Male, 3 : In f ant

)
. The summary statistics of stratas are given

in Table 1. In the simulation study, we have selected 10000 samples with different sample sizes n = 3, 5
under stratified simple random sampling (SSRS) and ERSS designs using R software in Table 2. We have
computed mean square errors (MSEs) and percent relative efficiencies (PREs) of estimators displayed in
Table 2.

Table 1: The summary statistics of strata
Stratum-I Stratum-II Stratum-III

Nh1 = 1307 Nh2 = 1342 Nh3 = 1528
µyh1 = 1, 046 µyh2 = 0, 4313 µyh3 = 0, 9914
µxh1 = 0, 1580 µxh2 = 0, 1079 µxh3 = 0, 1513
Cxh1 = 0, 2525 Cxh2 = 0, 2956 Cxh3 = 0, 2300
Cyh1 = 0, 1768 Cyh2 = 0, 6635 Cyh3 = 0, 4745
Wh1 = 0, 3129 Wh2 = 0, 3212 Wh3 = 0, 3658
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Table 2: MSEs and PREs of estimators in Abalone data
n MSE

ȳst ȳst(sinha)1 ȳst(sinha)2 ȳst(SERSS) (A1) ȳst(SERSS) (A2)
3 0.018607 0.010199 0.010254 0.006807 0.006891
5 0.011121 0.004694 0.004736 0.004480 0.004570

PRE
3 100 182.44 181.46 273.36* 269.98
5 100 236.93 234.83 248.21* 243.35

* indicates efficient estimator under different sample sizes.

3.2. Using synthetic data set
Taking motivation from Koyuncu [6] we have generated a synthetic data set of finite populations of

size N = 10000 from a bivariate normal distribution [N
(
µx, µy, σ2

x, σ
2
y, ρxy

)
using mvrnorm function in

R software. In the simulation, we considered µx= 2, µy= 4, σ2
x = 2, σ2

y = 1 and different values of ρxy.
Bivariate Gaussian distributions for each stratum the variance–covariance matrix given, respectively, by

• Stratum 1

Σ =

[
1 0.90
0.90 1

]
• Stratum 2

Σ =

[
1 0.76
0.76 1

]
• Stratum 3

Σ =

[
1 0.55
0.55 1

]
• Stratum 4

Σ =

[
1 0.30
0.30 1

]
We have selected samples from the stratified population. We have computed MSEs and PREs of

estimators with respect to ȳst, ȳst(sinha)1, ȳst(sinha)2, ȳst(SERSS) (A1) and ȳst(SERSS) (A2) for n = 3, 5, 6, 7, 8, 10 on the
basis of 10000 replications and displayed in Table 3.

4. Conclusion

In this study, we have proposed new calibration estimators under SERSS. A simulation study, both real
data (abalone) and synthetic data generated from Gaussian distribution were used to support the proposed
work. From the simulation study, we saw that calibration estimators under SERSS perform better than
SSRS and Shina et al. [19]. In future studies, new calibration estimators can be developed by applying new
constraints to different sampling designs.
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Table 3: MSEs and PREs of estimators with X ∼ GaussianDistrubition
n MSE

ȳst ȳst(sinha)1 ȳst(sinha)2 ȳst(SERSS) (A1) ȳst(SERSS) (A2)
3 0,082235 0,090002 0,090793 0,062997 0,063394
5 0,048043 0,062426 0,062527 0,030177 0,030161
6 0,040548 0,048479 0,048524 0,023840 0,023820
7 0,034205 0,043549 0,043536 0,017872 0,017875
8 0,030173 0,035637 0,035629 0,015867 0,015847
10 0,023958 0,033811 0,033840 0,011265 0,011242

PRE
3 100 91,370257 90,574574 130,53789 129,720720
5 100 76,959968 76,836061 159,20243 159,288581*
6 100 83,641609 83,563078 170,08253 170,225913*
7 100 78,545192 78,568194 191,38813* 191,356982
8 100 84,667464 84,686237 190,15424 190,400110*
10 100 70,860049 70,799303 212,67078 213,103780*

* indicates efficient estimator under different sample sizes.
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