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On some m-symmetric generalized hypergeometric d-orthogonal
polynomials
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Abstract. In [9] I. Lamiri and M.Ouni state some characterization theorems for d-orthogonal polynomials
of Hermite, Gould-Hopper and Charlier type polynomials. In [3] Y.Ben Cheikh I. Lamiri and M.Ouni
give a characterization theorem for some classes of generalized hypergeometric polynomials containing for
example, Gegenbauer polynomials, Gould-Hopper polynomials, Humbert polynomials, a generalization
of Laguerre polynomials and a generalization of Charlier polynomials. In this work, we introduce a
new class D of generalized hypergeometric m-symmetric polynomial sequence containing the Hermite
polynomial sequence and Laguerre polynomial sequence. Then we consider a characterization problem
consisting in finding the d-orthogonal polynomial sequences in the class D, m < d. The solution provides
new d-orthogonal polynomial sequences to be classified in d-Askey-scheme and also having a m-symmetry
property with m < d. This class contains the Gould-Hopper polynomial sequence, the class considered by
Ben Cheikh-Douak, the class considered in [3]. This class contains new d-orthogonal polynomial sequences
not belonging to the class A. We derive also in this work the d-dimensional functional vectors ensuring the

d-orthogonality of these polynomials. We also give an explicit expression of the d-dimensional functional
vector.

1. Introduction and Main Results

To state our problem, we need to recall the meaning of the three keywords of the title.

The generalized hypergeometric functions ,F,(z) with p numerator and g denominator parameters are
defined by ([Luke], for instance)

qu( (ﬂp); Z) L - @Zm

(bg); ") = [byL !’

where (a,) designates the set {al, a,... ,ap}, [a/], = H;l(a,-)p and (a), = %. z being a complex variable.
Definition 1.1.

A generalized hypergeometric function ,F, is reduced to a polynomial called generalized hypergeometric polynomial if

. i P et PR
r numerator parameters take the form: A(r, —n) where A(r, a) abbreviates the array of r parameters: ——;j=1,...,r.

2020 Mathematics Subject Classification. 42C05, 33C45, 33C20.

Keywords. d-Orthogonal polynomials; Generalized hypergeometric polynomials; Hermite polynomials; Laguerre polynomials;
Generating functions; Dual sequence of d—orthogonal polynomials.

Received: 01 February 2023; Accepted: 18 August 2023

Communicated by Hari M. Srivastava

Researchers Supporting Project RSPD2023R753, King Saud University, Riyadh, Saudi Arabia.
Email address: mblel@ksu.edu.sa (Mongi Blel)



M. Blel / Filomat 38:4 (2024), 1279-1289 1280

The notion of d-orthogonality was introduced by Van Iseghem [6] and completed by Maroni [10] as follows.
Let & be the vector space of polynomials with coefficients in C and &’ its dual. A polynomial sequence
{Pulnso in & is called a polynomial set (PS, for shorter) if deg P,, = n for all integer n. We denote by (u, f)
the effect of the linear functional u € &’ on the polynomial f € &.

Definition 1.2.

Let d be a positive integer and let {P,},0 be a PS in . {P,},s0 is called a d-orthogonal polynomial set (d-OPS,
for shorter) with respect to the d-dimensional functional vector T = (T, T1,...,Ty_1) if it satisfies the following
conditions:

Tk, PuPrask) #0, n 20,
foreach integer k € {0,1,...,d - 1}.

{(Fk,PmPn) =0, m>nd+k,n>0,

For the particular case: d =1, we meet the well known notion of orthogonality [5].

Definition 1.3.
Let m be a positive integer. A PS {P,}, is called m-symmetric if
Py (wx) = w"P,(x) for all n, where w = exp (%)

For the particular case: m =1, we get the symmetric PS [5]. We refer the reader to [4] for more properties
of m-symmetric d—OPS.

The Askey-scheme contains orthogonal polynomials having generalized hypergeometric representations.
Recently, some works [Ben Cheikh, Douak, Lamiri, Ouni, Zaghouani, ] provided some generalizations of
these polynomials. That may be used to look for a similar table to Askey-scheme in the context of the
d-orthogonality notion, for which, we refer by d-Askey-scheme.

Ben Cheikh, Lamiri and Ouni [3] defined a general class of hypergeometric polynomials A containing
all OPSs in Askey-scheme and found all 4-OPSs in A. Among them, we meet d-OPSs generalizing in a
natural way all the OPSs in Askey-scheme. The other ones are defined only for d > 2. The authors showed
that the possibility to obtain further generalized hypergeometric d-OPSs not belonging to A by solving
characterization problems for special classes of generalized hypergeometric polynomials suggested by
suitable transformations of generalized hypergeometric functions. That was done for a class 8 containing
Gegenbauer PS and a class C containing Charlier PS.

The only m-symmetric d-OPSs in AUBUC are the Humbert PS and Gould-Hopper PS which are d-symmetric.
That are reduced respectively to Gegenbauer PS and Hermite PS for 4 = 1.

In this work, we introduce a further class D of generalized hypergeometric m-symmetric PSs containing
the Hermite PS and Laguerre PS. Then we consider a characterization problem consisting in finding all
d-OPSs in D, m < d. The solution provides new d-OPSs to be classified in d-Askey-scheme and also having
a m-symmetry property with m < d.

This paper is organized as follows: In Section 2, we introduce a new class of D of generalized
hypergeometric m-symmetric polynomial sequences and we prove the main result 2.1 which consists in
characterizing all d-orthogonal polynomial sequences in the class ). We prove that the only d-orthogonal
polynomial sequences in this class are those considered by Ben Cheikh and Blel [1]. The last section is
devoted to give the dual sequence of the sequence {P,}, and the dual sequences of the components.

Our analysis is based on a recurrent relation of order d of type

d
Py (x) = Brr1Pus (x) + Z Xk n—d+k Pk (X),
=0

where 11 ,-4 # 0, which characterizes the d—orthogonality of the polynomial set {P,},. In the literature
there are many polynomial sets satisfying recurrent relations of height order not necessarily satisfying the
d—orthogonality property. We cite for instance [8, 12, 14-16].

We refer the reader to [13], where the author treats extensively various aspects of the classical orthogonal
polynomials, hypergeometric functions and hypergeometric polynomials.
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2. Main Result

2.1. Introduction to the class D

In [1], the authors introduce a family of generalized hypergeometric m—symmetric d—orthogonal poly-
nomials, {P,}, defined by:

A(m+1,4),(A(m+1,-1—va,));
1
Pp(x) :=x" u1yamwpF g (l)er (1)

7

This family gives a generalized hypergeometric representation of Hermite polynomials and Laguerre
polynomials [7]. Indeed

1
H,(x) = Pa(1,0, =) mdL?m=ﬁh@Lmn

where

—n —n+l
27 2 7
Hy(x) = x"2Fo [ —,%]

7

and

—n -Nn,—n-—-«
a+1 / % e
1$m=i—ﬁf{ 4=;f% %}

|
n a+1,

This suggests to introduce a new class of m-symmetric generalized hypergeometric polynomials defined as
follows:

Let d be a positive integer and I; = {(m,7) € N?; (m + 1)(r + 1) = d + 1}. For (m, ) € I; we define the set D, ,
of polynomials defined by

A(m+1,—n), (A(m"'l/_n_ar)) 7 (ap);
m+1
P, (m 1.4, (), @), (bg); x) = X ey +pFg (l) it
(bq))

Set D = | | D,,.
(m,r)ely
If d + 1 is a prime number DD = Dy U Dy . For example

DO = 1)3,() U 1)1,1 U @0,3.

@(5) = D5/0 U Z)3/2 U .Z)2,3 U DO,5-

It is easy to verify that the class O contains the following PS {Q,},>0 defined by the generating function (cf
[4]):

et"'“oFr[ —xt] = Z Qu(0t".
n=0

ar+1,... 0, +1

In fact, we need the following identity [Srivastava-Manocha ([11]) p. 100]:
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iiA(k,n) = izn“A(k,n—k),

n=0 k=0 n=0 k=0
to prove that
etnwl F - Xt _ i tk(m+1) i (_xt)n
oLfr - =
ar+1,...,a +1 =k (a1 (ar + Dan!
o [#] .
_ 1 (_x)n (m+1)j r
n=0 j=0 Jr=(m+1) plar+Du); - - (@ + D)
From which we deduce that
[#] (_x)n—(m+l)j

Qn(x) = ]:Zo ji(n = (m + 1)j)! H;=1(1 + Ofs)n*(mﬂ)]'.

Using the Definition 1.1 and the following identities [See Srivastava-Manocha Book ([11]), p.22-23, for
instance]:

TA+i-1
(A)mn = m™" H( T ) p VYnelNU{0},
i=1 "

m
(-1 n!
Mn = MkA + Ky, (m—k)!= , YO<k<n
(=M
and (—n)x = 0, for k > n.
We obtain
A(Wl + 1/ —i’l), (A(Wl + ]-/ -n- (Xr)),'
m+1
Qu(x) = Cux" a1+ 1)Fo (%) .
where
(-1
Ch=—Fr—F—— d C=(-1) 1)+
! TT (i + 1), an (=1)(m +1)
Then

B (_1)n(r+1)(m+ 1)n(r+1) (_1)rx
Qulx) = Il (i + 1), " (m+ 1)+

), )

_ )R T (6 + Dy

P = S T Q1) G 1)), 3)
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2.2. Characterization Theorem

Ben Cheikh and Douak [2] showed that the PS {Q,},50 is ((m + 1)(r + 1) — 1)-orthogonal. It contains the
particular cases of the Gould-Hopper PS (r = 0) and Ben Cheikh-Douak PS (i = 0) which also belongs to
the class A considered in [3]. It appears that the class O contains new d-OPSs not belonging to A. It is
significant to put the following problem: find all a-OPS in D,,,. The case D, was considered by Lamiri
Ouni and the case Dy 4 was considered by Ben Cheikh, Douak and Ben Cheikh, Ouni. We state the following

Theorem 2.1.
The only d—OPs in D, , are the polynomials (1).

Proof
Let {P,}, be a sequence in the class D,

A(m + ]-/ —Tl), (A(m + 1/ -n- ar)) ’ (ﬂp);
m+1
Pn(x) = xn(m+1)(r+1)+ppq (l) i
(bq)?

[ mr-:-l
— Z yn(k)xn—k(m-#l)' (4)
k=0
The sequence {P,}, is m—symmetric, then according to the notations in [4], if the sequence is d-OPS, then
they satisfy a d + 1—order recurrence relation of type:

d

XP, = Z‘ aj(n)Pn—j(m+l)+1/
=0

with ay,(n) #0, ap(n) = 1and d + 1 = d1(m + 1). Then

| d [2]-j
ZVn(k)x”H_k(mH) = Za,‘(n) Z Vie1—jman) ()x 17 GHO0THD)
k=0 j=0 k=0

d (23]

a;(n) Z Vi jomeny(k — )t 17Km+D

1

j=0 k=j

[Z£L] (inf(k,d;)

= Z aj(n)yne1-jmey(k = j) | x
k=0 \| j=0

n+1-k(m+1)

It follows thatif n + 1 = £(m + 1),

inf(6,d)

aj(m)yne1-jomsy(€ = j) = 0.
=0

In what follows, we assume that n + 1 # 0[m + 1], then

inf(k,d1)

yu®) =Y aim)ymajonen k= ). 5)
=0

We derive from (4) that
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[aplkA(m + 1, —n); H A(m+1,-n—aj)

j=1
n k - 6
yul) k![bg ]k (6)
_ [ap]k—dl [ap +k —di]an! H£:1(1 + ag)y
[bq]k—ah [bq +k—di]g(k=di)l(k—di +1)4
(_1)k(r+1)(m+1)
(4 1R (1 — k(m + 1)) T (1 + @)k
and

[ap]k—dl [ap +k- dl]dl—j
nrl—iman(k—17) = 7
Vreasjonn® =)= T k= dda (k= Ak — s + Do @)
(D) EDEDD 3 11— o+ 1) Ty (L + o omey

“(n+1—k(m+ D) T2 (1 + s)ns1—kgmeny (m + 1)ED0+DEm+1)

In what follows, we take k and 7 large enough, we derive from the relations (5), (6) and (7) that

[a, + k —dilg,(n + 1+ =k(m + 1)) [Tioy(n + 1 + o — k(m + 1))
[bg + k — di ], (k — dy + 1), (m + TyaG+D0m+D

T
(=1 eDEm Dy 1+ ag),
Il

dy d1—))(r+1)(m+1 :
[a, + k — dq]g,— (1)@= (g 41 — j(m + 1))
= ; - . 1 _i
; aj(n) by K=l 1 T a0 700D g( + O )na1-jm+1)

It follows that

[a, + k = dy ] n!(n + 1 — k(m + 1)) H(n +1+as —k(m +1)) H(1 +ag)

s=1 s=1

dl r
= Y ajmlay + k- dila by + k= jlitk = j+ D=1 T+ aderjoneny(m + 100D

j=0 s=0
Let , r
R(x) = [ay +x = dily, (1 + 1 = xn+ Dt [ @+ ) [ J0r+ 1+ g = xm + 1))
s=1 s=1
di
and S(x) = Z aj(m)a, + x —dila,—j[by + x = jlj(x — j + 1);A(j, n), with
=0

r

AG,n) = (=m — 1)/ DD g 41— j(m + 1)) H(l + ) ns1—j(ms1)-

s=1
If we take n and k large enough, we find that the polynomials R and S are equal. Furthermore
degR =dip +1+rand degS < maxo<j<s, (p(d1 — ) + jq + J) = maxo<j<q, (pd1 + j(g +1 = p)).
elfg+1-p<0,thendegR =dip+1+randdeg$ < pd;, which is impossible. It results that g > p.
o If p # 0, then R(d; — 1) = 0and S(d; —a;1) # 0. Hencep = 0.
e Since ay, (n) # 0, we get deg S = di(g + 1), hencedi(g+1) =1+r.
We deduce that
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r

R(x) = nl(n + 1 — x(m + 1)) H(l + ag)n H(n +1+as —x(m+1))

s=1 s=1
and .
S(x) = Z aj(mA(j,m)[by +x = jli(x = j+1);.
=0

r T
We denote ag = 0, then for x = 0, R(0) = H(l + as)ur1 and S(0) = ap(n) H(l + as)yy1, then ag(n) = 1.

5s=0 5=0
Furthermore
R@)-RO) = [Ja+a|[Jo+1+a-xm+1)-]]or+1+a)
5=0 5=0 s=0
di
= Y aj(m)by +x - jlix - j+ 1);AGn)
j=1

If g > 1 and there exists b; # 1, we can suppose that j = 1 and we take x = 1 - b, then from the relation
(1-7); =0, forall j > 1. Since ay, (1) # 0, we deduce that

H(n+1+as—(1—b1)(m+1)) = H(n+1+as).
5=0 5=0

We define the two monic polynomials R; and R; of degree r + 1 by:

Ri@) = [[e+a-A-b)m+1),  Re@=]]@+a).
5=0 s=0

These two polynomials are equal for z = n € IN large enough, and deg R; = deg R, = r+1, this is impossible.
Ifbj=1,1<j<g,then0is a root of the polynomial S; of order at least g + 1.

dy

$10 = Y aj(mx = j + 1T A(j,m) = R(x) = R().
j=1
On the other h dR'(x)—Z‘ ! hich i fornl h near 0. Th
n e other han R(x) = 1t l " @ — x(m n 1),W 1CNh 1S non zero 1or arge enoug near u. en

j=0
g = 0 and the polynomial P, is equal to

Am+1,=4),(A(m+1,-1—-a,));
1
Pp(x) =x" 1wy Fo (l)mF .

7

The sequence {P,}, is m—symmetric d—OPS and classical. [l

Remark 2.2.
1. Let Oy, be the set of A—OPSs in Dy, ,. If {Pqu)}nzo are the components of {Pp}us0, 0 < k < m, the polynomials
{Py}uzo0 are in Og 4.
2. If the polynomials {Py},0 are in Oy, then the polynomials {P) },>0 are in Oy, .
3. We deduce then if {Pp},50 is in oY = Um,nel,Om,r, then {Ppluso is classical d—OPS and all the components
{PY},50, 0 < k < m are d—OPS.
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3. Properties of the Obtained Polynomials

3.1. Some Properties of m-Symmetric PSs

In this section we state the dual sequence of the sequence {P,}, and since this sequence is m—symmetric,
we derive the dual sequences of the components. First we recall some properties of m—symmetric PSs. (We
refer the reader to [4] for more details.)

Definition 3.1.
Let m be a nonnegative integer. A PS {P,}, is_called m-symmetric if
P, (wx) = w"P,(x) for all n, where w = e g (m + 1)-root of the unity.

For the particular case: m = 1, we meet the well known notion of symmetric PS [5]. A characteristic
property of m-symmetric PS is given by the following.

Proposition 3.2.
A PS {Py} 50 is m-symmetric if and only if there exist (m + 1) PSs {P’,‘l}nzo; k=0,1,...,m; such that

Pinepnek(x) = X PR(x™);  n>0.

Definition 3.3.

1. For any PS {P,}, there exists a sequence of linear functionals (£,), defined by: (2, Pm) = Oum called the
dual sequence of the sequence {P,},.

2. For L € & and q € N, we define the linear functional XL by: (XL,Q) = (L, X1Q), Q € &, where
(X7Q)(x) = x7Q(x), the multiplication operator by x7is 2.

3. IfL € &, we define (t,).L € &' by:

((Tw)L,P)=(L,(t0)'P), PeZ

with (t4,)"P(x) = P(wx) and w = e,
4. A linear functional sequence £ = {%,}, is called m-symmetric if

(L, %)) =0,
for all integers j and k such that k # j[m + 1].

A characterization of m—symmetric linear functional sequence and m—symmetric PS is given by the
following.

Proposition 3.4.
Let £ = {4} be a linear functional sequence. £ is m-symmetric if and only if

(To)eL = W%, Vk>0.
Let {P,}, be a PS and let £ = {.Z,,},, be its dual sequence. Then the following properties are equivalent :

1. The sequence {P,}, is m-symmetric.
2. The linear functional sequence . is m-symmetric.

Our purpose now is to derive the dual sequence of the components of an m—symmetric PS. First, we
give the following notations:
Let g be a nonnegative integer and let ' € &’ be a linear functional. Put
o (0y)": # — Z the linear mapping defined by: (0,)"(P)(x) = P(x7), P € Z.
¢ (04).Z the linear mapping defined by: ((0,).-Z,Q) =(Z,(0,)'Q), Q € Z.

Proposition 3.5.
Let {P,}, be a m-symmetric PSs, and let {PX};k=0,1,...,mbeits components. If {L,}us0 is the dual sequence of
(P}, then { £, ktns0, the dual sequence of {P’,;}n, 0 <k <mis given by:

ws/pn,k = (0m+1 )* (ngn(m+1)+k) .
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3.2. Components of the sequence {Qy},
We recall the generator function of the sequence {Q,}, is given by:

e oF, i—xt|= ) Qu" ®)
1+ ay, 1+a, n=0

The sequence {Q,}, is classical m—symmetric ((m +1)(r + 1) — 1)-orthogonal. Moreover the corresponding
m + 1 components are also classical ((m + 1)(r + 1) — 1)-orthogonal.
We recall the identity 2, Problem 7, page 213 in [11]

My oy @)k - - - (ap)k x*
F 9
' q[ /by ] Z (01— (B K ©)
(A(m +1,a, +k))
(m+1)pF(m+1)q+m xam
Am+1,k+1), (A(m+1,b;+k))

xm+1

where z = (¢ 1)) A(m + 1, A) the array of m + 1 parameters
" -

A A+1 A+m
m+1" m+1""" "m+1

and A*(m + 1,k + 1) is the array of only m parameters

k+1 k+2 k 1
+ + +m+  0<k<m

7

m+1 m+1""" m+1 -
+1
where we omit the therm m—.
m+1
We prove that
(A jm+1)
A(m +1, /\)] = W,
X,
A(m +1,K); = ey
jl(m + 1)m
_ tm+1
Forz = (=xb)

(m + 1)(1+r)(m+1) 4

+0oo (_xt)n(m+l)

OF(nH—l)r-l-m 2= 7 .
A'(m+1,k+1), (A(m+1,a,+k+1)) g‘o (1 + 1) (k + Dty To=a (@ + K + Dy

It results from (9) that

m+1
t OF
1+aq,...,

Then the k" component of the polynomial Q,, is

+00

n (_1)k+j(m+1)x]'(m+1)

; —xt i xk : n(m+1)+k
ea L L | L T (s + Dy + D+ o+ 1)
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n (_1)k+j(m+1)xj

= Tioi (@ + 1) jgmenyek(m + )ik + jm + 1)1

Qxn(x) =

We recall that xX* Q. ,,(x"*1) = Qums1)+k(X).-
From the relations (2) and (3)

p ) = Z (-1) V+1)(k+1(m+1))(m + 1)r(k+](m+1))x]
k, x
! Hs 1(055 + 1)](m+1)+k(m + 1)](k + ](m + 1))'

3.3. Dual sequence of {P,},

Now we give the dual sequence of the sequence {P,}, and for its components.
From the relation (8), we derive that

oF; j—xt| =™ Z Qu()t"
1+aq,...,1+a, n=0

Then
" (—xt)" (- t(m+1 )
Za AT (@ + 1), Za Z Q.
i "IZH] ( 1 Qn k(m+1)(X) o
=0 (n = k)k(m + 1)!
Then
[-45]
. (=1 T, (1 + ),
oo = (n—k)lk(m +1)! Qu—k(mn+1)(¥)-
and

= (_1)n+k(r(m+1)+l) H£:1(1 + a9, ) w0
(m + D+ (n — J)lk(m + 1)! H:Zl(l + Qs)—k(m+1) n—k(m+1)(X)-

The dual sequence of the sequence {P,} is given by:

(= i (= 1)k D+ T (1 + ),
" L (m + 1) (n = K)th(m + )T (14 @)k
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