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Abstract. This research paper discusses a mathematical concept known as the ω-periodic process, and
displays a new type of function called the doubly measure pseudoS-asymptoticallyω-periodic function. It
explores the properties of these functions and uses them to examine the solution of a stochastic differential
equation guided by Brownian motion. The main target of the current work is to establish the existence and
uniqueness of this solution.

1. Introduction

The concept of periodicity is highly significant in probability and exhibits outstanding applications
in various fields, such as engineering and statistics. Recently, several research works have been particu-
larly oriented towards investigating periodic solution for stochastic evolution equation, including almost
periodic, pseudo-almost periodic, measure pseudo-almost periodic, almost automorphic, asymptotically
almost periodic, etc, (see [2, 3, 14]).
The study of asymptotically ω-periodic solution is an intrinsic area of research in the qualitative theory,
yielding pertinent applications in mathematical biology, control theory, and physics. Asymptotically pe-
riodic functions are a type of approximately periodic functions, and systems described by them are often
more realistic than those that are strictly periodic. Further information on this topic can be found in refer-
ences [1, 22].
There are multiple concepts related to asymptotically ω-periodic functions, including asymptotically ω-
periodic functions in the Stepanov sense [19], S-asymptotically ω-periodic functions [9, 10, 16], and S-
asymptotically ω-periodic functions in the Stepanov sense [8, 18].
The S-asymptotically periodicity is a significant generalization of asymptotic periodicity that was first
introduced by Henriquez et al. in [10, 11]. While much attention has been devoted to this concept in the
deterministic case, with many authors contribution to its development, there has been relatively scarce
interest dedicated to the stochastic case, see [5, 9] and the references therein.
In this respect, S. Zhao and M. Song were the first to investigate anS-asymptoticallyω-periodic solution for
a certain class of stochastic fraction evolution equation driven by Levy noise. They revealed the existence
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of square-mean S-asymptotically ω-periodic solution in their works ([20, 21]).
In [7], the concept of S-asymptoticallyω-periodic in the Stepanov sense was elaborated and the application
to semilinear first-order abstract differential equations was tackled. In [8], the authors demonstrated the
existence of a function which is not S-asymptotically ω-periodic, but rather S-asymptotically ω-periodic
in the Stepanov sense. In [19], Xie and Zhang characterize the asymptotically ω-periodic functions in the
Stepanov sense. They applied a criteria obtained to investigate nthe existence and uniqueness of asymp-
totically ω-periodic mild solution to semilinear fractional integro-differential equations with Stepanov
asymptotically ω-periodic coefficients. Recently, N’Guérékata and Valmorin have set forward the concept
of asymptotically antiperiodic functions and explored their propositionositionerties in [15].

In this work, the following stochastic equation driven by Brownian motion in a separable Hilbert space
H is considered :{

dξ(t) = Aξ(t)dt + F(t, ξ(t))dt + G(t, ξ(t))dB(t), t ⩾ 0
ξ(0) = c0,

(1)

where A refers to a closed linear operator and

F,G : R+ × Lp(Ω,H)→ Lp(Ω,H)

(B(t))t stands for a two-sided one-dimensional Brownian motion with values inH.
In [12], Solym Manou-Abi and William Dimbour addressed the existence of the square-mean asymptotically
ω-periodic solution in equation (1) and in [13] they handled the existence, uniqueness and asymptotic
stability of the p-th mean S-asymptotically ω-periodic solution for the same equation. The derivation
method used in our paper is the usual derivative. There are other methods, for example with distributions
(See [6]).
Inspired from the above mentioned works, we will integrate the concept of doubly measure pseudo S-
asymptotically ω-periodic functions. We will equally provide fundamental propositionositionerties and
investigate the existence, uniqueness of (m1,m2)-pseudo S-asymptotically ω-periodic solution for equation
(1).
The paper is organized as follows. In Section 2, several notions and preliminary results are presented.
In Section 3, we introduce a new class of function called (m1,m2)-Sp-pseudo S-asymptotically ω-periodic
functions, explore its propositionositionerties and establish its composition theorems. Section 4 is devoted to
corroborate existence and uniqueness of (m1,m2)-pseudoS-asymptoticallyω-periodic solution for equation
(1). In Section 5, display certain expressive examples to illustrate our main results.

2. (m1,m2)-pseudo S-asymptotically ω-periodic processes

Let’s start by introducing the following notions. (Ω,F ,P) : the complete probability space.
Lp(Ω,H) : indicates the space of all measurable p-th integrable random variables ξ : Ω→H such that

E∥ξ∥p =

∫
Ω

∥ξ(ω)∥pdP(ω) < ∞.

Cb(R+,Lp(Ω,H)) : the set of all bounded continuous functions from R+ to Lp(Ω,H).
C0(R+,Lp(Ω,H)) = {ξ ∈ Cb(R+,Lp(Ω,H)) : limt−→+∞E∥ξ(t)∥p = 0}.

Definition 2.1. [12]
i) A stochastic process ξ : R+ → Lp(Ω,H) is called continuous in p-th mean sense, whenever

lim
t→s
E∥ξ(t) − ξ(s)∥p = 0, ∀ t, s ∈ R+.
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ii) A stochastic process ξ : R+ → Lp(Ω,H) is called bounded in p-th mean sense, if there exists a constant K > 0
such that

E∥ξ(t)∥p ⩽ K, ∀t ⩾ 0.

We indicate byLb the Lebesgue σ-field ofR and byPm the set of all positive measures m onLb satisfying
m(R) = +∞ and m([a, b]) < +∞ for all a, b ∈ R, a < b.

Definition 2.2. [3] Let m1,m2 ∈ Pm. We state that m1 and m2 are equivalent (m1 ∼ m2), if there exist positive
constants α, β and a bounded interval I (eventually I = ∅) such that

αm1(A) ⩽ m2(A) ⩽ βm1(A),

for A ∈ Lb satisfying A ∩ I = ∅.

Definition 2.3. For m ∈ Pm and λ ∈ R, we define the positive measure mλ on (R,Lb) by

mλ(A) = m(a + λ : a ∈ A),A ∈ Lb.

In this research, the following assumption is needed :
For m, m1 and m2 ∈ Pm, and for all λ ∈ R, there exist β > 0 such that
(H1) lim supT→∞

m2([0,T])
m1([0,T]) = α < ∞.

(H2) mλ(A) ⩽ βm(A), where A ∈ Lb.

Lemma 2.4. [3] Departing from hypothesis (H2), it follows that

∀ς > 0, lim sup
T→∞

m([ς,T + ς])
m([0,T])

< ∞.

Definition 2.5. Let m1,m2 ∈ Pm and ξ be a stochastic process in Cb(R+,Lp(Ω,H)). ξ is called (m1,m2)-pseudo
S-asymptotically ω-periodic in p-th mean sense, if there exists ω > 0 such that

lim
T→∞

1
m1([0,T])

∫ T

0
E∥ξ(t + ω) − ξ(t)∥pdm2(t) = 0.

We denote the set of such functions by PSAPω(R+,Lp(Ω,H),m1,m2).

Proposition 2.6. Departing from (H1), the space (PSAPω(R+,Lp(Ω,H),m1,m2), ∥.∥∞) is a Banach space, with
∥ξ∥∞ = supt∈R+ (E∥ξ(t)∥

p)1/p.

Proof. To corroborate that the space (PSAPω(R+,Lp(Ω,H),m1,m2), ∥.∥∞) is a Banach space, it is suffi-
cient to prove that PSAPω(R+,Lp(Ω,H),m1,m2) is closed in Cb(R+,Lp(Ω,H)). Let (ξn)n be a sequence in
PSAPω(R+,Lp(Ω,H),m1,m2) such that limn→+∞ ∥ξn − ξ∥∞ = 0.
Therefore T > 0, ω > 0, we have

1
m1([0,T])

∫ T

0
E∥ξ(t + ω) − ξ(t)∥pdm2(t) ⩽

3p−1

m1([0,T])

∫ T

0
E∥ξn(t + ω) − ξ(t + ω)∥pdm2(t)

+
3p−1

m1([0,T])

∫ T

0
E∥ξn(t + ω) − ξn(t)∥pdm2(t)

+
3p−1

m1([0,T])

∫ T

0
E∥ξn(t) − ξ(t)∥pdm2(t).
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It follows that

lim sup
T→∞

1
m1([0,T])

∫ T

0
E∥ξ(t + ω)−ξ(t)∥pdm2(t)

⩽ 3p−1lim sup
T→∞

m2([0,T])
m1([0,T])

sup
t∈R+
E∥ξn(t + ω) − ξ(t + ω)∥p

+ 3p−1lim sup
T→∞

m2([0,T])
m1([0,T])

sup
t∈R+
E∥ξn(t) − ξ(t)∥p.

Departing from (H1), we obtain

lim sup
T→∞

1
m1([0,T])

∫ T

0
E∥ξ(t + ω) − ξ(t)∥pdm2(t) ⩽ 2α.3p−1

∥ξn − ξ∥
p
∞.

Since limn→+∞ ∥ξn − ξ∥∞ = 0, we infer that

lim
T→∞

1
m1([0,T])

∫ T

0
E∥ξ(t + ω) − ξ(t)∥pdm2(t) = 0,

which implies that (PSAPω(R+,Lp(Ω,H),m1,m2), ∥.∥∞) is a Banach space. ■

Definition 2.7. Let m1,m2 ∈ Pm. A continuous bounded stochastic process
F : R+ × Lp(Ω,H) → Lp(Ω,H) is called uniformly (m1,m2)-pseudo S-asymptotically ω-periodic in ξ ∈ K, where
K ⊂ Lp(Ω,H) is bounded subset, if there exists ω > 0 such that

lim
T→∞

1
m1([0,T])

∫ T

0
E∥F(t + ω, ξ) − F(t, ξ)∥pdm2(t) = 0.

We designate the set of such functions by :

PSAPω(R+ × Lp(Ω,H),Lp(Ω,H),m1,m2) =
{F(., ξ) ∈ PSAPω(R+,Lp(Ω,H),m1,m2), ξ ∈ Lp(Ω,H)}.

Lemma 2.8. Let F ∈ PSAPω(R+,Lp(Ω,H),m1,m2), and m1,m2 ∈ Pm satisfy (H2). Then, F(·+ς) ∈ PSAPω(R+,Lp(Ω,H),m1,m2)
for all ς > 0.

Proof. Let F ∈ PSAPω(R+,Lp(Ω,H),m1,m2).We hence have :

1
m1([0,T])

∫ T

0
E∥F(t + ς+ω) − F(t + ς)∥pdm2(t)

=
1

m1([0,T])

∫ T+ς

ς
E∥F(t + ω) − F(t)∥pdm2(t − ς)

⩽
m1([0,T + ς])

m1([0,T])m1([0,T + ς])

∫ T+ς

0
E∥F(t + ω) − F(t)∥pdm2(t − ς),

let’s note that

m1([0,T + ς]) =
∫ T+ς

0
dm1(t) =

∫ ς

0
dm1(t) +

∫ T+ς

ς
dm1(t) = m1([0, ς]) +m1([ς,T + ς]).

We get that

1
m1([0,T])

∫ T

0
E∥F(t + ς+ω) − F(t + ς)∥pdm2(t)

⩽
m1([0, ς])
m1([0,T])

.
1

m1([0,T + ς])

∫ T+ς

0
E∥F(t + ω) − F(t)∥pdm2(t − ς)

+
m1([ς,T + ς])

m1([0,T])
.

1
m1([0,T + ς])

∫ T+ς

0
E∥F(t + ω) − F(t)∥pdm2(t − ς).
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Thus m1,m2 satisfy (H2) and referring to Lemma 2.4,we obtain

lim
T→∞

1
m1([0,T])

∫ T

0
E∥F(t + ς + ω) − F(t + ς)∥pdm2(t) = 0.

Hence, for all ς > 0, F(· + ς) ∈ PSAPω(R+,L(Ω,H),m1,m2). ■

Theorem 2.9. Let F ∈ PSAPω(R+ × Lp(Ω,H),Lp(Ω,H),m1,m2) such that F satisfies the Lipschitz condition, i.e,
if there exists a constant LF > 0 such that

E∥F(t, ξ1) − F(t, ξ2)∥p ⩽ LFE∥ξ1 − ξ2∥
p, t ∈ R+, ξ1, ξ2 ∈ L

p(Ω,H),

then ζ(·) = F(·, ξ(·)) ∈ PSAPω(R+,Lp(Ω,H),m1,m2) if ξ(·) ∈ PSAPω(R+,Lp(Ω,H),m1,m2).

Proof. We have the range R(ξ) of ξ(·) which is a bounded set. Thus, ζ is a bounded function. On the other
side, for ε > 0, there exists Lε > 0 such that, for every T ⩾ Lε,X ∈ R

1
m1([0,T])

∫ T

0
E∥F(t + ω,X) − F(t,X)∥pdm2(t) ⩽ ε,

LF

m1([0,T])

∫ T

0
E∥ξ(t + ω) − ξ(t)∥pdm2(t) ⩽ ε.

For T ⩾ Lε, we have

1
m1([0,T])

∫ T

0
E∥F(t + ω, ξ(t + ω)) − F(t, ξ(t))∥pdm2(t)

⩽
2p−1

m1([0,T])

∫ T

0
E∥F(t + ω, ξ(t + ω)) − F(t, ξ(t + ω))∥pdm2(t)

+
2p−1

m1([0,T])

∫ T

0
E∥F(t, ξ(t + ω)) − F(t, ξ(t))∥pdm2(t)

⩽
2p−1

m1([0,T])

∫ T

0
E∥F(t + ω, ξ(t + ω)) − F(t, ξ(t + ω))∥pdm2(t)

+
2p−1LF

m1([0,T])

∫ T

0
E∥ξ(t + ω) − ξ(t)∥pdm2(t)

⩽ 2pε,

so ζ(·) ∈ PSAPω (R+,Lp(Ω,H),m1,m2). ■

3. (m1,m2)-Sp-pseudo S-asymptotically ω-periodic processes

In this section, we incorporate a new class of functions called (m1,m2)-Sp-pseudo S-asymptotically
ω-periodic function, which generalize the concept of asymptotically periodic function.

Definition 3.1. [4]
i) The Bochner transform ξb(t, s), t ∈ R+, s ∈ [0, 1], of a stochastic process ξ : R+ → Lp(Ω,H) is defined by

ξb(t, s) := ξ(t + s).

ii) The Bochner transform Fb(t, s, x), t ∈ R+, s ∈ [0, 1], x ∈ Lp(Ω,H), of a function
F : R+ × Lp(Ω,H)→ Lp(Ω,H) is defined by

Fb(t, s, x) := F(t + s, x)
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for each x ∈ Lp(Ω,H).
iii) The space BSp(R+,Lp(Ω,H)) of all Stepanov bounded stochastic process consists of all measurable stochastic
process ξ : R+ → Lp(Ω,H) such that ξb

∈ L∞(R+,Lp([0, 1],Lp(Ω,H))). This is a Banach space with the norm

∥ξ∥Sp = ∥ξb
∥L∞(R+,Lp) = sup

t∈R+

(∫ 1

0
E∥ξ(t + s)∥pds

)1/p

= sup
t∈R+

(∫ t+1

t
E∥ξ(τ)∥pdτ

)1/p

.

Definition 3.2. Let m1,m2 ∈ Pm and ξ be a stochastic process in BSp(R+,Lp(Ω,H)). ξ is called (m1,m2)-pseudo
S-asymptotically ω-periodic in the Stepanove sense if there exists ω > 0 such that

lim
T→∞

1
m1([0,T])

∫ T

0

(∫ t+1

t
E∥ξ(s + ω) − ξ(s)∥pds

)1/p

dm2(t) = 0.

We denote the set of such functions by SpPSAPω(R+,Lp(Ω,H),m1,m2).

Lemma 3.3. For m1,m2 ∈ Pm satisfying (H1). As a result,

PSAPω(R+,Lp(Ω,H),m1,m2) ⊂ SpPSAPω(R+,Lp(Ω,H),m1,m2), 1 ⩽ p < ∞.

Proof. Let ξ ∈ PSAPω(R+,Lp(Ω,H),m1,m2). Therefore, grounded on lemma 2.8,
ξ(· + s) ∈ PSAPω(R+,Lp(Ω,H),m1,m2) for s ∈ [0.1]. Referring to Hölder’s inequality, we have

1
m1([0,T])

∫ T

0

(∫ t+1

t
E∥ξ(s + ω) − ξ(s)∥pds

)1/p

dm2(t)

⩽
1

m1([0,T])

(∫ T

0

∫ t+1

t
E∥ξ(s + ω) − ξ(s)∥pdsdm2(t)

)1/p (∫ T

0
dm2(t)

)1/q

⩽
m2([0,T])1/q

m1([0,T])1/q

(∫ 1

0

1
m1([0,T])

∫ T

0
E∥ξ(t + s + ω) − ξ(t + s)∥pdm2(t)ds

)1/p

,

and relying on (H1),we obtain

1
m1([0,T])

∫ T

0

(∫ t+1

t
E∥ξ(s + ω) − ξ(s)∥pds

)1/p

dm2(t) ⩽ α1/qε1/p,

where 1/p + 1/q = 1. Hence, ξ ∈ SpPSAPω (R+,Lp(Ω,H),m1,m2) ,which completes the proof.
■

Definition 3.4. Let m1,m2 ∈ Pm and F ∈ BSp(R+ × Lp(Ω,H),Lp(Ω,H)). F is called uniformly (m1,m2)-pseudo
S-asymptotically ω-periodic on bounded sets in the Stepanov sense if for every bounded subset K ⊂ Lp(Ω,H), there
exists a positive function 1K ∈ BSp(R+,R+) such that, for t ∈ R+, ξ ∈ Lp(Ω,H), E∥F(t, ξ)∥p ⩽ 1K(t)p and

lim
T→∞

1
m1([0,T])

∫ T

0

∫ t+1

t
sup
∥ξ∥⩽r
E∥F(s + ω, ξ) − F(s, ξ)∥pds

1/p

dm2(t) = 0

for all r > 0, s ⩾ 0.
We denote the set of such functions by SpPSAPω(R+ × Lp(Ω,H),Lp(Ω,H),m1,m2).

Theorem 3.5. Let F ∈ SpPSAPω(R+ × Lp(Ω,H),Lp(Ω,H),m1,m2), p ⩾ 1 satisfying the Lipschitz condition, i.e,
if there exists a constant LF > 0 such that

E∥F(t, ξ1) − F(t, ξ2)∥p ⩽ LFE∥ξ1 − ξ2∥
p, ξ1, ξ2 ∈ L

p(Ω,H), t ∈ R+.

If ξ ∈ SpPSAPω(R+,Lp(Ω,H),m1,m2) and R(ξ) is a bounded set, then

ζ(·) = F(·, ξ(·)) ∈ SpPSAPω(R+,Lp(Ω,H),m1,m2).
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Proof. Assume that F ∈ SpPSAPω(R+ × Lp(Ω,H),Lp(Ω,H),m1,m2). With reference on Definition 3.4, for
K = R(ξ), there exists 1K ∈ BSp(R+,R+) such that E∥F(t, ξ)∥p ⩽ 1K(t)p, t ∈ R+, ξ ∈ K. We have(∫ t+1

t
E∥ζ(s)∥pds

)1/p

=

(∫ t+1

t
E∥F(s, ξ(s))∥pds

)1/p

⩽

(∫ t+1

t
1K(s)pds

)1/p

⩽ ∥1K∥Sp , t ∈ R+.

Therefore ζ(·) ∈ BSp(R+,Lp(Ω,H)). Additionally, for ε > 0, there exists Lε > 0 such that

1
m1([0,T])

∫ T

0

∫ t+1

t
sup
∥X∥⩽R

E∥F(s + ω,X) − F(s,X)∥pds

1/p

dm2(t) ⩽ ε,

1
m1([0,T])

∫ T

0

(∫ t+1

t
E∥ξ(s + ω) − ξ(s)∥pds

)1/p

dm2(t) ⩽ ε

for every T ⩾ Lε,R > 0. Relying on the Minkowski inequality, for T ⩾ Lε, we have

1
m1([0,T])

∫ T

0

(∫ t+1

t
E∥F(s + ω, ξ(s + ω)) − F(s, ξ(s))∥pds

)1/p

dm2(t)

⩽
2p−1

m1([0,T])

∫ T

0

(∫ t+1

t
E∥F(s + ω, ξ(s + ω)) − F(s, ξ(s + ω))∥pds

)1/p

dm2(t)

+
2p−1

m1([0,T])

∫ T

0

(∫ t+1

t
E∥F(s, ξ(s + ω)) − F(s, ξ(s))∥pds

)1/p

dm2(t)

⩽
2p−1

m1([0,T])

∫ T

0

∫ t+1

t
sup
∥X∥⩽R

E∥F(s + ω,X) − F(s,X)∥pds

1/p

dm2(t)

+
2p−1LF

m1([0,T])

∫ T

0

(∫ t+1

t
E∥ξ(s + ω) − ξ(s)∥pds

)1/p

dm2(t)

⩽ (1 + LF)ε.2p−1,

then ζ(·) ∈ SpPSAPω(R+,Lp(Ω,H),m1,m2). ■

4. (m1,m2)-pseudo S-asymptotically ω-periodic solution

The basic aim of this section is to investigate the existence and the uniqueness of (m1,m2)-pseudo
S-asymptotically ω-periodic solution for the following stochastic differential equation :{

dξ(t) = Aξ(t)dt + F(t, ξ(t))dt + G(t, ξ(t))dB(t), t ⩾ 0
ξ(0) = c0,

(2)

where : (B(t))t corresponds to two-sided one-dimensional Brownian motion Ft-adapted with value in H,
where Ft = σ{B(u) − B(v)/u, v ⩽ t} and c0 ∈ Lp(Ω,H).
To examine (2), the following assumptions are considered :
(H3) A : D(A) ⊂ Lp(Ω,H) → Lp(Ω,H) refers to the infinitesimal generator of an exponentially stable
C0-semi-group (S1(t))t⩾0 such that there exist constants M > 0 and θ > 0 with

∥S1(t)∥ ⩽Me−θt, t ⩾ 0.

(H4) F ∈ SpPSAPω(R+ × Lp(Ω,H),Lp(Ω,H),m1,m2), m1,m2 ∈ Pm, and satisfies the Lipschitz condition, i.e,
if there exists a constant LF > 0 such that

E∥F(t, ξ1) − F(t, ξ2)∥p ⩽ LFE∥ξ1 − ξ2∥
p, ξ1, ξ2 ∈ L

p(Ω,H), t ∈ R+.
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(H5) G ∈ SpPSAPω(R+ × Lp(Ω,H),Lp(Ω,H),m1,m2), m1,m2 ∈ Pm, and satisfies the Lipschitz condition, i.e,
if there exists a constant LG > 0 such that

E∥G(t, ξ1) − G(t, ξ2)∥p ⩽ LGE∥ξ1 − ξ2∥
p, ξ1, ξ2 ∈ L

p(Ω,H), t ∈ R+.

(H6) ϖ :=
∫
∞

0 e−pθtdm2(t) < ∞.

Definition 4.1. Let {ξ(t), t ⩾ 0} be a Ft-progressively measurable stochastic process. ξ(t) is said to be a mild solution
of equation (2), if it satisfies the following stochastic integral equation for t ∈ R+ :

ξ(t) = S1(t)c0 +

∫ t

0
S1(t − s)F(s, ξ(s))ds +

∫ t

0
S1(t − s)G(s, ξ(s))dB(s).

Remark:
We recall a function u ∈ C(R+,Lp(Ω,H) is called a mild solution of equation (4.1), if it satisfies the equation
(4.1), that’s to say:

du(t) = Au(t) + F(t,u(t))dt + G(t,u(t))dB(t), t ≥ 0.

Let ξ ∈ C(R+,Lp(Ω,H) a mild solution of equation (4.1), we pose:
h(s) = S1(t − s)ξ(s). Then for all t ∈ R+, h is of class C1 on [0, t], and for all s ∈ [0, t] we have:
dh
ds (s) = −AS1(t − s)ξ(s) + S1(t − s)

d
ds
ξ(s).

Since ξ is the mild solution for equation (4.1), then we have:

dh
ds

(s) = −AS1(t − s)ξ(s) + S1(t − s)[Aξ(s) + F(s, ξ(s)) + G(s, ξ(s))
dB(s)

ds
]

= S1(t − s)[F(s, ξ(s)) + G(s, ξ(s))
dB(s)

ds
].

We integrate on [0, t], then we obtain:

h(t) − h(0) = ξ(t) − S1(t)c0

=

∫ t

0
S1(t − s)[F(s, ξ(s)) + G(s, ξ(s))

dB(s)
ds

]ds

=

∫ t

0
S1(t − s)F(s, ξ(s))ds +

∫ t

0
S1(t − s)G(s, ξ(s))dB(s).

Therefore, we deduce the Definition 4.1:

ξ(t) = S1(t)c0 +

∫ t

0
S1(t − s)F(s, ξ(s))ds +

∫ t

0
S1(t − s)G(s, ξ(s))dB(s).

In order to demonstrate the relevance of our results, we need the following lemmas :

Lemma 4.2. [17] Let φ : [0,T] ×Ω→ l(Lp(Ω,H)) be an Ft−adapted measurable stochastic process satisfying∫ T

0
E∥φ(t)∥2dt < ∞ a.s,

where l(Lp(Ω,H)) stands for the space of all continuous linear operators fromLp(Ω,H) to itself. From this perspective,
∀ p ⩾ 1 and there exists a constant Cp > 0 such that

E sup
0⩽t⩽T

∥∥∥∥∥∥
∫ T

0
φ(s)dB(s)

∥∥∥∥∥∥
p

⩽ CpE

(∫ T

0
∥φ(s)∥2ds

)p/2

, T > 0.
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Lemma 4.3. Assuming that (H3), (H6) hold, if ϕ ∈ SpPSAPω(R+,Lp(Ω,H),m1,m2),
m1,m2 ∈ Pm, then

(Λ1ϕ)(t) =
∫ t

0
S1(t − s)ϕ(s)ds

lies in PSAPω(R+,Lp(Ω,H),m1,m2).

Proof. For t ∈ [n,n + 1],we get

E∥(Λ1ϕ)(t)∥p ⩽ E
[∫ t

0
Me−θ(t−s)

∥ϕ(s)∥ds
]p

⩽ E

 n∑
k=0

∫ k+1

k
Me−θ(n−s)

∥ϕ(s)∥ds


p

⩽

 n∑
k=0

Me−θ(n−k−1)


p ∫ k+1

k
E∥ϕ(s)∥pds

⩽

(
Meθ

1 − e−θ

)p

∥ϕ∥pSp .

Hence, Λ1ϕ is bounded. In the same regard, we state that

E∥(Λ1ϕ)(t + ε) − (Λ1ϕ)(t)∥p = E

∥∥∥∥∥∥
∫ t+ε

0
S1(t + ε − s)ϕ(s)ds−

∫ t

0
S1(t − s)ϕ(s)ds

∥∥∥∥∥∥p

= E

∥∥∥∥∥∥
∫ ε

0
S1(t + ε − s)ϕ(s)ds +

∫ t

0
S1(t − s)[ϕ(s + ε) − ϕ(s)]ds

∥∥∥∥∥∥p

⩽ 2p−1E

(∫ ε

0
∥S1(t + ε − s)∥∥ϕ(s)∥ds

)p

+ 2p−1E

(∫ t

0
Me−θ(t−s)

∥ϕ(s + ε) − ϕ(s)∥ds
)p

⩽ 2p−1E

(∫ ε

0
∥S1(t + ε − s)∥∥ϕ(s)∥ds

)p

+ 2p−1Mp
(∫ t

0
e−qθ(t−s)ds

) p
q

×

∫ t

0
E∥ϕ(s + ε) − ϕ(s)∥pds

→ 0, ε→ 0.

Therefore, Λ1ϕ ∈ Cb(R+,Lp(Ω,H)). Further more,

E∥(Λ1ϕ)(t + ω) − (Λ1ϕ)(t)∥p = E

∥∥∥∥∥∥
∫ ω

0
S1(t + ω − s)ϕ(s)ds +

∫ t

0
S1(t − s)[ϕ(s + ω) − ϕ(s)]ds

∥∥∥∥∥∥p

= E∥I(t) + J(t)∥p ⩽ 2p−1E∥I(t)∥p + 2p−1E∥J(t)∥p,

where

∥I(t)∥p =
∥∥∥∥∥∫ ω

0
S1(t + ω − s)ϕ(s)ds

∥∥∥∥∥p

, ∥J(t)∥p =

∥∥∥∥∥∥
∫ t

0
S1(t − s)[ϕ(s + ω) − ϕ(s)]ds

∥∥∥∥∥∥p

.
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As
1

m1([0,T])

∫ T

0
E∥I(t)∥pdm2(t) ⩽

1
m1([0,T])

∫ T

0
E

∥∥∥∥∥∫ ω

0
S1(t + ω − s)ϕ(s)ds

∥∥∥∥∥p

dm2(t)

⩽
1

m1([0,T])

∫ T

0
E

(∫ ω

0
Me−θ(t+ω−s)

∥ϕ(s)∥ds
)p

dm2(t)

⩽
Mpe−pθω

m1([0,T])

∫ T

0
e−pθtE

(∫ ω

0
eθs
∥ϕ(s)∥ds

)p

dm2(t)

⩽
ϖMpe−pθω

m1([0,T])
E

(∫ ω

0
eθs
∥ϕ(s)∥ds

)p

→ 0, T→∞,

then

lim
T→∞

1
m1([0,T])

∫ T

0
E∥I(t)∥pdm2(t) = 0. (3)

In the same respect, since ϕ ∈ SpPSAPω(R+,Lp(Ω,H),m1,m2), there exists ε > 0, l ∈N such that

1
m1([0,T])

∫ T

0

(∫ t+1

t
E∥ϕ(s + ω) − ϕ(s)∥pds

)1/p

dm2(t) < ε for T ⩾ l.

Since l ⩽ n ⩽ T ⩽ n + 1, then 0 ⩽ t ⩽ T ⩽ n + 1. Let K > 0 be a constant such that E∥ϕ(t + ω) − ϕ(t)∥p ⩽ K for
all t ⩾ 0. We therefore have

1
m1([0,T])

∫ T

0
E∥J(t)∥pdm2(t) ⩽

1
m1([0,T])

∫ T

0
E

(∫ t

0
∥S1(s)∥∥ϕ(t − s + ω) − ϕ(t − s)∥ds

)p

dm2(t)

⩽
1

m1([0,T])

∫ T

0
E

(∫ t

0
∥S1(s)∥

p−1
p ∥S1(s)∥

1
p ∥ϕ(t − s + ω) − ϕ(t − s)∥ds

)p

dm2(t)

⩽
1

m1([0,T])

∫ T

0
E


[∫ t

0
∥S1(s)∥ds

] p−1
p

×

[∫ t

0

(
∥S1(s)∥

1
p ∥ϕ(t − s + ω) − ϕ(t − s)∥

)p
ds

] 1
p


p

dm2(t)

⩽
1

m1([0,T])

∫ T

0

[∫ t

0
Me−θsds

]p−1

×

∫ t

0
Me−θsE∥ϕ(t − s + ω) − ϕ(t − s)∥pdsdm2(t)

⩽
1

m1([0,T])

∫ T

0

[∫ n+1

0
Me−θsds

]p−1

×

∫ n+1

0
Me−θsE∥ϕ(t − s + ω) − ϕ(t − s)∥pdsdm2(t)

⩽
1

m1([0,T])

∫ T

0

[∫ n+1

0
Me−θsds

]p−1

×

n∑
k=0

∫ k+1

k
Me−θsE∥ϕ(t − s + ω) − ϕ(t − s)∥pdsdm2(t)

⩽
1

m1([0,T])

∫ T

0

[∫ n+1

0
Me−θsds

]p−1

×

∫ 1

0

n∑
k=0

Me−θkE∥ϕ(t − s − k + ω) − ϕ(t − s − k)∥pdsdm2(t)

⩽

[∫ n+1

0
Me−θsds

]p−1

×

n∑
k=0

Me−θk 1
m1([0,T])

∫ T

0

∫ 1

0
E∥ϕ(t − s − k + ω) − ϕ(t − s − k)∥pdsdm2(t)

⩽

[∫ n+1

0
Me−θsds

]p−1

×

n∑
k=0

Me−θk K
p−1

p

m1([0,T])

∫ T

0

(∫ t−k

t−k−1
E∥ϕ(s + ω) − ϕ(s)∥pds

)1/p

dm2(t)

⩽
1
θp−1 .

MpK
p−1

p

1 − e−θ
ε.
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Thus,

lim
T→∞

1
m1([0,T])

∫ T

0
E∥J(t)∥pdm2(t) = 0. (4)

Referring to (3), (4), we have

lim
T→∞

1
m1([0,T])

∫ T

0
E∥(Λ1ϕ)(t + ω) − (Λ1ϕ)(t)∥pdm2(t) = 0.

Hence, Λ1ϕ ∈ PSAPω(R+,Lp(Ω,H),m1,m2). The proof is therefore complete. ■

Lemma 4.4. Assume that (H3), (H6) hold, if ϕ ∈ SpPSAPω(R+,Lp(Ω,H),m1,m2),
m1,m2 ∈ Pm. As a matter of fact,

(Λ2ϕ)(t) =
∫ t

0
S1(t − s)ϕ(s)dB(s)

lies in PSAPω(R+,Lp(Ω,H),m1,m2).

Proof. For t ∈ [n,n + 1],n ∈N and according to Lemma 4.2,we obtain

E∥(Λ2ϕ)(t)∥p = E

∥∥∥∥∥∥
∫ t

0
S1(t − s)ϕ(s)dB(s)

∥∥∥∥∥∥p

⩽ CpE

(∫ t

0
∥S1(t − s)∥2∥ϕ(s)∥2ds

)p/2

⩽ CpE

 n∑
k=0

M2e−2θ(n−k−1)
∫ k+1

k
∥ϕ(s)∥2ds


p/2

⩽
CpMpepθ

(1 − e−2θ)p/2 ∥ϕ∥
p
S2 .

Thus, Λ2ϕ is bounded. Besides, let s′ = s − ε and B̃(s′) = B(s′ + ε) − B(ε).We therefore have

E∥(Λ2ϕ)(t + ε) − (Λ2ϕ)(t)∥p =

= E∥

∫ t+ε

0
S1(t + ε − s)ϕ(s)dB(s) −

∫ t

0
S1(t − s)ϕ(s)dB(s)∥p

= E∥

∫ ε

0
S1(t + ε − s)ϕ(s)dB(s) +

∫ t+ε

ε
S1(t + ε − s)ϕ(s)dB(s) −

∫ t

0
S1(t − s)ϕ(s)dB(s)∥p

= E∥

∫ ε

0
S1(t + ε − s)ϕ(s)dB(s) +

∫ t

0
S1(t − s′)ϕ(s′ + ε)dB(s′ + ε) −

∫ t

0
S1(t − s)ϕ(s)dB(s)∥p

= E∥

∫ ε

0
S1(t + ε − s)ϕ(s)dB(s) +

∫ t

0
S1(t − s)ϕ(s + ε)dB̃(s) −

∫ t

0
S1(t − s)ϕ(s)dB̃(s)∥p

= E∥

∫ ε

0
S1(t + ε − s)ϕ(s)dB(s) +

∫ t

0
S1(t − s)[ϕ(s + ε) − ϕ(s)]dB̃(s)∥p

⩽ Cp2p−1E

(∫ ε

0
∥S1(t + ε − s)∥2∥ϕ(s)∥2ds

)p/2

+ Cp2p−1E

(∫ t

0
M2e−2θ(t−s)

∥ϕ(s + ε) − ϕ(s)∥2ds
)p/2

⩽ Cp2p−1E

(∫ ε

0
∥S1(t + ε − s)∥2∥ϕ(s)∥2ds

)p/2

+MpCp2p−1

(∫ t

0
e−2θ(t−s)ds

) p−2
2

×

∫ t

0
e−2θ(t−s)E∥ϕ(s + ε) − ϕ(s)∥pds → 0, ε→ 0.
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As a result, Λ2ϕ ∈ Cb(R+,Lp(Ω,H)). In addition, we obtain

(Λ2ϕ)(t + ω) − (Λ2ϕ)(t) =
∫ t+ω

0
S1(t + ω − s)ϕ(s)dB(s) −

∫ t

0
S1(t − s)ϕ(s)dB(s) = I′(t) + J′(t),

where

I′(t) =
∫ ω

0
S1(t + ω − s)ϕ(s)dB(s), J′(t) =

∫ t

0
S1(t − s)[ϕ(s + ω) − ϕ(s)]dB̃(s).

As

1
m1([0,T])

∫ T

0
E∥I′(t)∥pdm2(t) ⩽

1
m1([0,T])

∫ T

0
E∥

∫ ω

0
S1(t + ω − s)ϕ(s)dB(s)∥pdm2(t)

⩽
Cp

m1([0,T])

∫ T

0
E

(∫ ω

0
M2e−2θ(t+ω−s)

∥ϕ(s)∥2ds
)p/2

dm2(t)

⩽
MpCpe−pθω

m1([0,T])

∫ T

0
e−pθtE

(∫ ω

0
e2θs
∥ϕ(s)∥2ds

)p/2

dm2(t)

⩽
ϖCpMpe−pθω

m1([0,T])
E

(∫ ω

0
e2θs
∥ϕ(s)∥2ds

)p/2

→ 0, T→∞,

then

lim
T→∞

1
m1([0,T])

∫ T

0
E∥I′(t)∥pdm2(t) = 0. (5)

In this vein, as ϕ ∈ SpPSAPω(R+,Lp(Ω,H),m1,m2), there exists ε > 0, l ∈N, such that

1
m1([0,T])

∫ T

0

(∫ t+1

t
E∥ϕ(s + ω) − ϕ(s)∥pds

)1/p

dm2(t) < ε for T ⩾ l.

Since l ⩽ n ⩽ T ⩽ n + 1, then 0 ⩽ t ⩽ T ⩽ n + 1. Let K > 0 be a constant such that E∥ϕ(t + ω) − ϕ(t)∥p ⩽ K for
all t ⩾ 0. It follows that

1
m1([0,T])

∫ T

0
E∥J′(t)∥pdm2(t)

⩽
1

m1([0,T])

∫ T

0
E∥

∫ t

0
S1(t − s)[ϕ(s + ω) − ϕ(s)]dB̃(s)∥pdm2(t)

⩽
Cp

m1([0,T])

∫ T

0
E

(∫ t

0
∥S1(s)∥2∥ϕ(t − s + ω) − ϕ(t − s)∥2ds

) p
2

dm2(t)



E.S. Abdalla et al. / Filomat 38:8 (2024), 2691–2706 2703

⩽
Cp

m1([0,T])

∫ T

0

(∫ t

0
∥S1(s)∥2ds

) p−2
2

×

∫ t

0
∥S1(s)∥2E∥ϕ(t − s + ω) − ϕ(t − s)∥pdsdm2(t)

⩽
Cp

m1([0,T])

∫ T

0

(∫ n+1

0
M2e−2θsds

) p−2
2

×

∫ n+1

0
M2e−2θsE∥ϕ(t − s + ω) − ϕ(t − s)∥pdsdm2(t)

⩽
M2Cp

m1([0,T])

∫ T

0

(∫ n+1

0
M2e−2θsds

) p−2
2

×

n∑
k=0

∫ k+1

k
e−2θsE∥ϕ(t − s + ω) − ϕ(t − s)∥pdsdm2(t)

⩽
M2Cp

m1([0,T])

∫ T

0

(∫ n+1

0
M2e−2θsds

) p−2
2

×

∫ 1

0

n∑
k=0

e−2θkE∥ϕ(t − s − k + ω) − ϕ(t − s − k)∥pdsdm2(t)

⩽

(∫ n+1

0
M2e−2θsds

) p−2
2

×

n∑
k=0

e−2θk M2CpK
p−1

p

m1([0,T])

∫ T

0

(∫ t−k

t−k−1
E∥ϕ(s + ω) − ϕ(s)∥pds

) 1
p

dm2(t)

⩽
1

(2θ)
p−2

2

.
MpCpK

p−1
p

1 − e−2θ
ε,

so

lim
T→∞

1
m1([0,T])

∫ T

0
E∥J′(t)∥pdm2(t) = 0. (6)

With reference to (5), (6),we get

lim
T→∞

1
m1([0,T])

∫ T

0
E∥(Λ2ϕ)(t + ω) − (Λ2ϕ)(t)∥pdm2(t) = 0.

Thus, Λ2ϕ ∈ PSAPω(R+,Lp(Ω,H),m1,m2). ■

Theorem 4.5. Let m1,m2 ∈ Pm satisfying (H1), (H2). Assuming that (H1), ..., (H6) hold, then if

2p−1Mp
(

LF

θp +
CpLG

(2θ)
p
2

)
< 1,

(2) has a unique solution ξ(t) ∈ PSAPω(R+,Lp(Ω,H),m1,m2).

Proof. Define the operator F : PSAPω(R+,Lp(Ω,H),m1,m2)→ PSAPω(R+,Lp(Ω,H),m1,m2) by

(F ξ)(t) = S1(t)c0 +

∫ t

0
S1(t − s)F(s, ξ(s))ds +

∫ t

0
S1(t − s)G(s, ξ(s))dB(s).

Forξ(t) ∈ PSAPω(R+,Lp(Ω,H),m1,m2), resting upon Theorems 2.9, 3.5 and Lemma 3.3, we get F(·, ξ(·)),G(·, ξ(·)) ∈
SpPSAPω(R+,Lp(Ω,H),m1,m2). Thus, F is well defined by Lemmas 4.3 and 4.4. In the same line, assuming
that ξ1, ξ2 ∈ PSAPω(R+,Lp(Ω,H),m1,m2), it follows that

E∥(F ξ1)(t) − (F ξ2)(t)∥ ⩽ 2p−1E∥

∫ t

0
S1(t − s)[F(s, ξ1(s)) − F(s, ξ2(s))]ds∥p

+ 2p−1E∥

∫ t

0
S1(t − s)[G(s, ξ1(s)) − G(s, ξ2(s))]dB(s)∥p

⩽ 2p−1[I1 + I2].



E.S. Abdalla et al. / Filomat 38:8 (2024), 2691–2706 2704

Firstly, departing from Lipschitz conditions and Holder’s inequality, we get

I1 = E∥

∫ t

0
S1(t − s)[F(s, ξ1(s)) − F(s, ξ2(s))]ds∥p

⩽ E

(∫ t

0
∥S1(t − s)∥

p−1
p ∥S1(t − s)∥

1
p ∥F(s, ξ1(s)) − F(s, ξ2(s))∥ds

)p

⩽ E


(∫ t

0

(
∥S1(t − s)∥

p−1
p

) p
p−1

ds
) p−1

p

×

(∫ t

0

(
∥S1(t − s)∥

1
p ∥F(s, ξ1(s)) − F(s, ξ2(s))∥

)p
ds

) 1
p


p

⩽Mp−1

(∫ t

0
e−θ(t−s)ds

)p−1

×MLF

∫ t

0
e−θ(t−s)E∥ξ1(s) − ξ2(s)∥pds

⩽
Mp

θp LF sup
t∈R+
E∥ξ1(t) − ξ2(t)∥p,

so

I1 ⩽
Mp

θp LF sup
t∈R+
E∥ξ1(s) − ξ2(s)∥p. (7)

On the other side, relying on Lemma 4.2, Holder’s inequality, and the Lipschitz condition, we obtain

I2 = E∥

∫ t

0
S1(t − s)[G(s, ξ1(s)) − G(s, ξ2(s))]dB(s)∥p

⩽ CpE

(∫ t

0
∥S1(t − s)∥2∥G(s, ξ1(s)) − G(s, ξ2(s))∥2ds

) p
2

⩽ Cp

(∫ t

0
∥S1(t − s)∥2ds

) p−2
2

×

∫ t

0
∥S1(t − s)∥2E∥G(s, ξ1(s)) − G(s, ξ2(s))∥pds

⩽ CpMp−2

(∫ t

0
e−2θ(t−s)ds

) p−2
2

×M2
∫ t

0
e−2θ(t−s)E∥G(s, ξ1(s)) − G(s, ξ2(s))∥pds

⩽ Cp
Mp

(2θ)
p
2

.LG sup
t∈R+
E∥ξ1(t) − ξ2(t)∥p,

so

I2 ⩽ Cp
Mp

(2θ)
p
2

.LG sup
t∈R+
E∥ξ1(t) − ξ2(t)∥p. (8)

Grounded on (7), (8), we get

E∥(F ξ1)(t) − (F ξ2)(t)∥p ⩽ 2p−1Mp
(

LF

θp +
CpLG

(2θ)
p
2

)
∥ξ1 − ξ2∥

p
∞.

As a result, F has a unique fixed point in PSAPω(R+,L(Ω,H),m1,m2). Therefore, based on the Banach
fixed point theorem, equation (2) has a unique solution in PSAPω(R+,L(Ω,H),m1,m2).

■

5. Application

Let’s consider the following equation
dξ(t, x) = ∂2

∂2xξ(t, x)dt + F(t, ξ(t, x))dt + G(t, ξ(t, x))dB(t),
(t, x) ∈ R+ × [0, 1],
ξ(t, 0) = ξ(t, 1) = 0 for t ∈ R+.

(9)
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Suppose that m1 is the Lebesgue measure and m2 is a positive measure, where its Radon-Nkodym derivative
is

ϱ(t) =

et if t ⩽ 0
1 if t > 0.

Hence, with reference to [3], m1 and m2 satisfy (H1) and (H2). In order to write (9) in the same way as (2),
the following linear operator is considered

A : D(A) ⊂ L2(0, 1)→ L2(0, 1).

It is provided by

D(A) =
{
ξ continuous /ξ′ absolutely continuous on [0, 1], ξ′′ ∈ L2(0, 1) and ξ(0) = ξ(1) = 0

}
,

Aξ = ξ′′ for all ξ ∈ D(A).

It is well known that A produces a C0 semi-group (S1(t))t⩾0 such that ∥S1(t)∥ ⩽ e−θt for t, θ ⩾ 0. Let

F(t, ξ) = (sin t + sin 2π
√

2t)ξ,

G(t, ξ) = (sin 2t + sin t)ξ.

We have F,G ∈ PSAPω(R+ ×Lp(Ω,L2(0, 1)),Lp(Ω,L2(0, 1)),m1,m2). It is simple to check that F and G satisfy
the Lipschitz conditions in Theorem 4.5, where M = 1, LF = 2p, and LG = 2p. Departing from Theorem 4.5,
we infer that equation (9) has a unique (m1,m2)-pseudo S-asymptotically ω-periodic mild solution. ■
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