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Abstract. In this paper, an impulsive dynamic Sturm–Liouville problem is studied on the interval (−∞,∞).
A spectral matrix-valued function for this problem is obtained. Parseval equality and an eigenfunction
expansion are given.

1. Introduction

The Sturm–Liouville equation

−
[
py′

]′ + qy = λy

is one of the main research topics in mathematical physics. The theory of this equation has a long history
and has been studied extensively [6, 11, 15]. The fact that it is encountered especially when solving
partial differential equations with the method of separating its variables increases the importance of this
subject. While solving such equations, expansion and completeness theorems are needed. Many studies
have been carried out in the literature regarding this need (see [1–4, 6–14]). Towards the end of the 20th
century, the concept of time scales entered the mathematical literature. With the help of this concept,
differential equations and difference equations started to be studied under a single structure. For more
detailed information on this interesting topic with a wide variety of applications, see the excellent book
by Bohner and Peterson (see [5]). On the other hand, there has been a need to investigate all the issues
discussed in the theory of differential equations by moving them on the time scale. In this article, the
expansion theorems obtained for the classical Sturm–Liouville problems are discussed on a time scale. For
the impulsive dynamic Sturm–Liouville problems on the whole axis, the expansion theorem is obtained
with the help of the spectral matrix-valued function.
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2. Main Results

We assume that the reader is familiar with the basic facts of time scales (see [5]). Consider the following
boundary-value problem (BVP)

Υ
(
y
)

:= −
[
p (ζ) y∆ (ζ)

]∇
+ q (ζ) y (ζ) = λy (ζ) , ζ ∈ I, (1)

y (a) cos β + p (a) y∆ (a) sin β = 0, (2)

y (b) cosα + p (b) y∆ (b) sinα = 0, (3)

Y (d+) = ΛY (d−) . (4)

Our basic assumptions throughout the paper are the following:
i) T is a time scale, Λ is the 2 × 2 matrix with entries from R and detΛ = 1/δ > 0.

ii) α, β ∈ R, Y =
(

y
py∆

)
, I1 := [a, d), I2 := (d, b], −∞ < a < 0 < d < b < +∞, I := I1 ∪ I2, I ⊂ T.

iii) q is a real-valued continuous function on I.
iv) p is nabla differentiable function on I, p∇ is continuous on I and p (ζ) , 0 for all ζ ∈ I.
v) d ∈ T is a regular point for Υ and one-sided limits q (d±) , p∇ (d±) exist. Similar problems are studied in
[7–9] without impulsive conditions, in [4] forT = R and with impulsive conditions. Let H1 = L2 (I1)

·

+L2 (I2)
be a Hilbert space of real-valued functions endowed with the following inner product

⟨ψ,ω⟩H1 :=
∫ d

a
ψ(1)ω(1)

∇ζ + δ

∫ b

d
ψ(2)ω(2)

∇ζ,

where

ψ(ζ) =
{
ψ(1)(ζ), ζ ∈ I1

ψ(2)(ζ), ζ ∈ I2,

and

ω(ζ) =
{
ω(1)(ζ), ζ ∈ I1

ω(2)(ζ), ζ ∈ I2.

Let

D =


y ∈ H1 :

y is ∆-absolutely continuous,
py∆ is locally ∇-absolutely
continuous function on I,

one-sided limits y (d±) and(
py∆

)
(d±) exist and are

finite and Υ(y) ∈ H1


.

Then, for y, z ∈ D, we obtain∫ b

a
Υ

(
y
)

z∇ζ −
∫ b

a
yΥ (z)∇ζ = [y, z]d− − [y, z]a + δ[y, z]b − δ[y, z]d+, (5)

where

[y, z]ζ = p (ζ)
{
y(ζ)z∆(ζ) − z∆(ζ)y(ζ)

}
(ζ ∈ I) .

Let φ1 and φ2 be solutions of Eq. (1) satisfying

φ1 (0, λ) = 0, (pφ∆1 ) (0, λ) = 1, φ2 (0, λ) = 1,
(
pφ∆2

)
(0, λ) = 0, (6)
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and

Φi (d+, λ) = ΛΦi (d−, λ) , (7)

where

Φi =

(
φi (ζ, λ)(

pφ∆i
)

(ζ, λ)

)
(i = 1, 2) .

The BVP (1)-(4) has a purely discrete spectrum [3]. Let λ1, λ2, ..., λn, ... be the (real) eigenvalues and
χ1, χ2, ..., χn, ... the corresponding real-valued eigenfunctions of the BVP (1)-(4). Then we obtain

χn (ζ) = tnφ1 (ζ, λn) + unφ2 (ζ, λn) (n = 1, 2, ...) .

due to φ1 and φ2 are linearly independent. Let ψ ∈ H1. By the Parseval equality (see [3]), we find∫ d

a

(
ψ(1) (ζ)

)2
∇ζ + δ

∫ b

d

(
ψ(2) (ζ)

)2
∇ζ

=

∞∑
n=1

{∫ d

a
ψ(1) (ζ)χ(1)

n (ζ)∇ζ + δ
∫ b

d
ψ(2) (ζ)χ(2)

n (ζ)∇ζ
}2

=

∞∑
n=1

{
⟨ψ, χn⟩H1

}2 =

∞∑
n=1

{
⟨ψ (.) , tnφ1 (., λn) + unφ2 (., λn)⟩H1

}2

=

∞∑
n=1

t2
n
{
⟨ψ (.) , φ1 (., λn)⟩H1

}2

+2
∞∑

n=1

tnun

2∏
j=1

{
⟨ψ (.) , φ j (., λn)⟩H1

}
+

∞∑
n=1

u2
n{⟨ψ (.) , φ2 (., λn)⟩H1 }

2. (8)

Let

ϱ11,a,b (λ) =


−

∑
λ<λn<0

t2
n, for λ ≤ 0∑

0≤λn<λ

t2
n, for λ > 0,

ϱ12,a,b (λ) =


−

∑
λ<λn<0

tnun, for λ ≤ 0∑
0≤λn<λ

tnun, for λ > 0,

ϱ12,a,b (λ) = ϱ21,a,b (λ) ,

and

ϱ22,a,b (λ) =


−

∑
λ<λn<0

u2
n, for λ ≤ 0∑

0≤λn<λ

u2
n, for λ > 0.
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Then, by (8), we see that∫ d

a

(
ψ(1) (ζ)

)2
∇ζ + δ

∫ b

d

(
ψ(2) (ζ)

)2
∇ζ =

∫
∞

−∞

2∑
i, j=1

ψi (λ)ψ j (λ) dϱi j,a,b (λ) , (9)

where

ψ1 (λ) = ⟨ψ (.) , φ1 (., λn)⟩H1 ,

and

ψ2 (λ) = ⟨ψ (.) , φ2 (., λn)⟩H1 .

Lemma 2.1. The variation of ϱi j,a,b
(
i, j = 1, 2

)
is uniformly bounded in each finite interval in the domain of λ, i.e.,

for ξ > 0,

ξ∨
−ξ

{
ϱi j,a,b (λ)

}
< Γ, (10)

where Γ = Γ (N) > 0.

Proof. Since φ[ j−1]
i (ζ, λ)

(
i, j = 1, 2

)
(where φ[1] = pφ∆ and φ[0] = φ) are continuous both with respect to

ζ ∈ [0, d) and λ ∈ R, for any ε > 0, there exists a number k such that∣∣∣∣φ[ j−1]
i (ζ, λ) − δi j

∣∣∣∣ < ε, (11)

where δi j is the Kronecker delta and |λ| < ξ, ζ ∈ [0, k] , 0 < k < d. Let ψk (.) be a nonnegative function such
that ψk (.) vanishes outside the interval (0, k) with∫ k

0
ψk (ζ)∇ζ = 1, (12)

and let ψ[1]
k (ζ) be a continuos function on [a, d). From (9), we obtain∫ k

0
(ψ[s−1]

k (ζ))2
∇ζ ≥

∫ ξ

−ξ

2∑
i, j=1

Ψis (λ)Ψ js (λ) dϱi j,a,b (λ) ,

where

Ψi1 (λ) =
∫ k

0
ψk (ζ)φi (ζ, λ)∇ζ,

and

Ψi2 (λ) =
∫ k

0
ψ[1]

k (ζ)φi (ζ, λ)∇ζ = −
∫ k

0
ψk (ζ)φ[1]

i (ζ, λ)∇ζ.

By virtue of (11) and (12), we conclude that

|Ψis (λ) − δis| < ε, (13)

where i, s = 1, 2 and |λ| < ξ. It follows from (9) that∫ k

0
(ψ[s−1]

k (ζ))2
∇ζ ≥

∫ ξ

−ξ

2∑
i, j=1

(δis − ε)
(
δ js − ε

)
dϱi j,a,b (λ) , (14)
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where s = 1, 2. Putting s = 1 in (14), we find∫ k

0
ψ2

k (ζ)∇ζ ≥ (1 − ε)2
∫ ξ

−ξ
dϱ11,a,b (λ) + ε (1 + ε)

∫ ξ

−ξ
dϱ12,a,b (λ)

+ ε (1 + ε)
∫ ξ

−ξ
dϱ21,a,b (λ) + ε2

∫ ξ

−ξ
dϱ22,a,b (λ)

= (1 − ε)2 (
ϱ11,a,b (ξ) − ϱ11,a,b (−ξ)

)
+ 2ε (1 + ε)

ξ∨
−ξ

{
ϱ12,a,b (λ)

}
+ ε2 (

ϱ22,a,b (ξ) − ϱ22,a,b (−ξ)
)
.

Then we obtain∫ k

0
ψ2

k (ζ)∇ζ ≥
(
2ε2
− 3ε + 1

) {
ϱ11,a,b (ξ) − ϱ11,a,b (−ξ)

}
+ 2ε (ε − 1)

{
ϱ22,a,b (ξ) − ϱ22,a,b (−ξ)

}
(15)

due to
ξ∨
−ξ

{
ϱ12,a,b (λ)

}
≤

1
2
[
ϱ11,a,b (ξ) − ϱ11,a,b (−ξ) + ϱ22,a,b (ξ) − ϱ22,a,b (−ξ)

]
. (16)

If we take s = 2 in (14), we conclude that∫ k

0
(ψ[1]

k (ζ))2
∇ζ ≥

(
2ε2
− 3ε + 1

) {
ϱ22,a,b (ξ) − ϱ22,a,b (−ξ)

}
+ 2ε (ε − 1)

{
ϱ11,a,b (ξ) − ϱ11,a,b (−ξ)

}
. (17)

From (15) and (17), we obtain∫ k

0
ψ2

k (ζ)∇ζ +
∫ k

0
(ψ[1]

k (ζ))2
∇ζ

≥ (2ε − 1)2


ϱ11,a,b (ξ) − ϱ11,a,b (−ξ)

+ϱ22,a,b (ξ) − ϱ22,a,b (−ξ)

 ,
which proves the lemma.

Let η be any non-decreasing function on −∞ < λ < ∞ and let

L2
η(R) =

{
ψ :

∫
∞

−∞

ψ2(λ)dη(λ) < ∞
}
,

where dη is the Lebesque–Stieltjes measure defined by η. L2
η(R) denote a Hilbert space endowed with the

inner product

(
ψ,ω

)
η :=

∫
∞

−∞

ψ(λ)ω(λ)dη(λ).
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Let H := L2(−∞, d)
·

+ L2(d,∞) be a Hilbert space of real-valued functions endowed with the following inner
product

⟨ψ,ω⟩H :=
∫ d

−∞

ψ(1)ω(1)
∇ζ + δ

∫
∞

d
ψ(2)ω(2)

∇ζ,

where

ψ(ζ) =
{
ψ(1)(ζ), ζ ∈ (−∞, d)
ψ(2)(ζ), ζ ∈ (d,∞),

and

ω(ζ) =
{
ω(1)(ζ), ζ ∈ (−∞, d)
ω(2)(ζ), ζ ∈ (d,∞).

Theorem 2.2. Let ψ ∈ H. There exist monotonic functions ϱ11 (λ) and ϱ22 (λ) , bounded in each finite interval and
not depending of the function a function ψ, and a function ϱ12 (λ) with bounded variation in each finite interval, so
that the following equality∫ d

−∞

(
ψ(1) (ζ)

)2
∇ζ + δ

∫
∞

d

(
ψ(2) (ζ)

)2
∇ζ =

∫
∞

−∞

Ψ2
1 (λ) dϱ11 (λ)

+2
∫
∞

−∞

Ψ1 (λ)Ψ2 (λ) dϱ12 (λ) +
∫
∞

−∞

Ψ2
2 (λ) dϱ22 (λ) , (18)

holds, where

Ψ1 (λ) = lim
n→∞

(∫ d

−n
ψ(1) (ζ)φ(1)

1 (ζ, λ)∇ζ + δ
∫ n

d
ψ(2) (ζ)φ(2)

1 (ζ, λ)∇ζ
)
,

Ψ2 (λ) = lim
n→∞

(∫ d

−n
ψ(1) (ζ)φ(1)

2 (ζ, λ)∇ζ + δ
∫ n

d
ψ(2) (ζ)φ(2)

2 (ζ, λ)∇ζ
)
.

The matrix
(
ϱ11 ϱ12
ϱ21 ϱ22

)
is said to be spectral.

Proof. Let the function ψn satisfies the following conditions. (1) ψn (ζ) vanishes outside the interval
[−n, d) ∪ (d,n] , a < −n < d < n < b. (2) ψn is ∆-differentiable on [−n, d) ∪ (d,n]. (3) pψ∆n is continuous
∇-differentiable on [−n, d) ∪ (d,n]. (4) ψn (ζ) satisfies the conditions defined by (2)-(4).
From (8), we obtain∫ d

−n
(ψ(1)

n (ζ))2
∇ζ + δ

∫ n

d
(ψ(2)

n (ζ))2
∇ζ =

∞∑
k=1

{
⟨ψn (.) , χk⟩H1

}2 . (19)

Now we use twice the integration-by-parts formula and obtain∫ d

a
ψ(1)

n (ζ)χ(1)
k (ζ)∇ζ + δ

∫ b

d
ψ(2)

n (ζ)χ(2)
k (ζ)∇ζ
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=
1
λk

∫ d

a
ψ(1)

n (ζ)
[
−

(
pχ(1)∆

k

)∇
(ζ) + q (ζ)χ(1)

k

]
∇ζ

+
1
λk
δ

∫ b

d
ψ(2)

n (ζ)
[
−

(
pχ(2)∆

k

)∇
(ζ) + q (ζ)χ(2)

k

]
∇ζ

=
1
λk

∫ d

a

[
−

(
pψ(1)∆

n

)∇
(ζ) + q (ζ)ψ(1)

n

]
χ(1)

k ∇ζ

+
1
λk
δ

∫ b

d

[
−

(
pψ(2)∆

n

)∇
(ζ) + q (ζ)ψ(2)

n

]
χ(2)

k ∇ζ

=
1
λk
⟨−

(
pψ∆n

)∇
(.) + q (ζ)ψn (.) , χk⟩H1 .

Therefore,∑
|λk |≥s

{
⟨ψn (.) , χk⟩H1

}2

≤
1
s2

∑
|λk |≥s

{
⟨−

(
pψ∆n

)∇
(.) + q (ζ)ψn (.) , χk⟩H1

}2

≤
1
s2

∞∑
k=1

{
⟨−

(
pψ∆n

)∇
(.) + q (ζ)ψn (.) , χk⟩H1

}2

=
1
s2

∫ d

−n

[
−

(
pψ(1)∆

n

)∇
(ζ) + q (ζ)ψ(1)

n

]2
∇ζ

+
1
s2 δ

∫ n

d

[
−

(
pψ(2)∆

n

)∇
(ζ) + q (ζ)ψ(2)

n

]2
∇ζ.

It follows from (19) that∣∣∣∣∣∣∣
∫ d

−n

(
ψ(1)

n (ζ)
)2
∇ζ + δ

∫ n

d

(
ψ(2)

n (ζ)
)2
∇ζ −

∑
−s≤λk≤s

{
⟨ψn (.) , χk⟩H1

}2

∣∣∣∣∣∣∣
≤

1
s2

∫ d

−n

[
−

(
pψ(1)∆

n

)∇
(ζ) + q (ζ)ψ(1)

n

]2
∇ζ

+
1
s2 δ

∫ n

d

[
−

(
pψ(2)∆

n

)∇
(ζ) + q (ζ)ψ(2)

n

]2
∇ζ.
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Moreover, we see that∑
−s≤λk≤s

{
⟨ψn (.) , χk⟩H1

}2

=
∑
−s≤λk≤s

{
⟨ψn (.) , tkφ1 (., λk) + ukφ2 (., λk)⟩H1

}2

=

∫ s

−s

2∑
i, j=1

Ψin (λ)Ψ jn (λ) uϱi j,a,b (λ) ,

where

Ψin (λ) = ⟨ψn (.) , φi (., λ)⟩H1 (i = 1, 2) .

Hence, we obtain∣∣∣∣∣∣∣
∫ d

−n

(
ψ(1)

n (ζ)
)2
∇ζ + δ

∫ n

d

(
ψ(2)

n (ζ)
)2
∇ζ

−

∫ s

−s

∑2
i, j=1Ψin (λ)Ψ jn (λ) dϱi j,a,b (λ)

∣∣∣∣∣∣∣
≤

1
s2

∫ d

−n

[
−

(
pψ(1)∆

n

)∇
(ζ) + q (ζ)ψ(1)

n

]2
∇ζ

+
1
s2 δ

∫ n

d

[
−

(
pψ(2)∆

n

)∇
(ζ) + q (ζ)ψ(2)

n

]2
∇ζ. (20)

From Lemma 2.1 and Helly’s theorems, we can find sequences {ak} (ak → −∞) and {bk} (bk → +∞) such that
ϱi j,ak ,bk (λ) converge to a monotone function ϱi j (λ) . By (20), we deduce that∣∣∣∣∣∣∣∣

∫ d

−n
(ψ(1)

n (ζ))2
∇ζ + δ

∫ n

d
(ψ(2)

n (ζ))2
∇ζ −

∫ s

−s

2∑
i, j=1

Ψin (λ)Ψ jn (λ) dϱi j (λ)

∣∣∣∣∣∣∣∣
≤

1
s2

∫ d

−n

[
−

(
pψ(1)∆

n

)∇
(ζ) + q (ζ)ψ(1)

n

]2
∇ζ

+
1
s2 δ

∫ n

d

[
−

(
pψ(2)∆

n

)∇
(ζ) + q (ζ)ψ(2)

n

]2
∇ζ.

Letting s→∞, we conclude that∫ d

−n
(ψ(1)

n (ζ))2
∇ζ + δ

∫ n

d
(ψ(2)

n (ζ))2
∇ζ =

∫
∞

−∞

2∑
i, j=1

Ψin (λ)Ψ jn (λ) dϱi j (λ) .

Let ψη be a function satisfying conditions (1)-(4) and such that

lim
η→∞

∫ d

−∞

(ψ(1) (ζ) − ψ(1)
η (ζ))2

∇ζ + lim
η→∞

δ

∫
∞

d
(ψ(2) (ζ) − ψ(2)

η (ζ))2
∇ζ = 0,
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where ψ ∈ H. Let

Ψiη (λ) =
∫ d

−∞

ψ(1)
η (ζ)φ(1)

i (ζ, λ)∇ζ + δ
∫
∞

d
ψ(2)
η (ζ)φ(2)

i (ζ, λ)∇ζ (i = 1, 2) .

Then, we obtain∫ d

−∞

(ψ(1)
η (ζ))2

∇ζ + δ

∫
∞

d
(ψ(2)

η (ζ))2
∇ζ =

∫
∞

−∞

2∑
i, j=1

Ψiη (λ)Ψ jη (λ) dϱi j (λ) .

Since ∫ d

−∞

(ψ(1)
η1

(ζ) − ψ(1)
η2

(ζ))2
∇ζ + δ

∫
∞

d
(ψ(2)

η1
(ζ) − ψ(2)

η2
(ζ))2
∇ζ→ 0

as η1, η2 →∞, we conclude that∫
∞

−∞

2∑
i=1

[Ψiη1 (λ)Ψ jη1 (λ) −Ψiη2 (λ)Ψ jη2 (λ)]dϱi j (λ)

=

∫ d

−∞

(ψ(1)
η1

(ζ) − ψ(1)
η2

(ζ))2
∇ζ + δ

∫
∞

d
(ψ(2)

η1
(ζ) − ψ(2)

η2
(ζ))2
∇ζ→ 0

as η1, η2 →∞. Consequently, there exists limit functionsΨi (i = 1, 2) which satisfy∫ d

−∞

(
ψ(1) (ζ)

)2
∇ζ + δ

∫
∞

d

(
ψ(2) (ζ)

)2
∇ζ =

∫
∞

−∞

2∑
i, j=1

Ψi (λ)Ψ j (λ) dϱi j (λ) ,

due to L2
ϱ (R) is complete. We proceed to show that the sequences

Kηi (λ) =
∫ d

−η
ψ(1) (ζ)φ(1)

i (ζ, λ)∇ζ + δ
∫ η

d
ψ(2) (ζ)φ(2)

i (ζ, λ)∇ζ,

converge toΨi (i = 1, 2) as η→∞. Let ω ∈ H and Ωi (λ) (i = 1, 2) be defined by ω. Then we have∫ d

−∞

(
ψ(1) (ζ) − ω(1) (ζ)

)2
∇ζ + δ

∫
∞

d

(
ψ(2) (ζ) − ω(2) (ζ)

)2
∇ζ

=

∫
∞

−∞

2∑
i, j=1

{
(Ψi (λ) −Ωi (λ))

(
Ψ j (λ) −Ω j (λ)

)}
dϱi j (λ) .

Let

ω (ζ) =
{
ψ (ζ) , ζ ∈

[
−η, d) ∪ (d, η

]
0, otherwise.

Hence,∫
∞

−∞

2∑
i, j=1

{(
Ψi (λ) − Kηi (λ)

) (
Ψ j (λ) − Kη j (λ)

)}
dϱi j (λ)

=

∫
−η

−∞

(
ψ(1) (ζ)

)2
∇ζ + δ

∫
∞

η

(
ψ(2) (ζ)

)2
∇ζ→ 0

(
η→∞

)
.



B. P. Allahverdiev et al. / Filomat 38:9 (2024), 2983–2994 2992

Theorem 2.3. Suppose that ψ,ω ∈ H, and Ψi (λ), Ωi (λ) (i = 1, 2) are their generalized Fourier transforms. Then,
we obtain∫ d

−∞

ψ(1) (ζ)ω(1) (ζ)∇ζ + δ
∫
∞

d
ψ(2) (ζ)ω(2) (ζ)∇ζ

=

∫
∞

−∞

2∑
i, j=1

Ψi (λ)Ω j (λ) dϱi j (λ) .

Proof. SinceΨ ∓Ω are transforms of ψ ∓ ω, we find∫ d

−∞

(
ψ(1) (ζ) + ω(1) (ζ)

)2
∇ζ + δ

∫
∞

d

(
ψ(2) (ζ) + ω(2) (ζ)

)2
∇ζ

=

∫
∞

−∞

2∑
i, j=1

(Ψi (λ) +Ωi (λ))
(
Ψ j (λ) +Ω j (λ)

)
dϱi j (λ) , (21)

and ∫ d

−∞

(
ψ(1) (ζ) − ω(1) (ζ)

)2
∇ζ + δ

∫
∞

d

(
ψ(2) (ζ) − ω(2) (ζ)

)2
∇ζ (22)

=

∫
∞

−∞

2∑
i, j=1

(Ψi (λ) −Ωi (λ))
(
Ψ j (λ) −Ω j (λ)

)
dϱi j (λ) .

From (21) and (22), we get the desired result.

Theorem 2.4. Let ψ ∈ H. Then we have

ψ (ζ) =
∫
∞

−∞

2∑
i, j=1

Ψi (λ)φ j (ζ, λ) dϱi j (λ) .

Consequently, the integral∫
∞

−∞

2∑
i, j=1

Ψi (λ)φ j (ζ, λ) dϱi j (λ) (23)

converges ψ in H.

Proof. Let

ψs (ζ) =
∫ s

−s

2∑
i, j=1

Ψi (λ)φ j (ζ, λ) dϱi j (λ) ,

where s > 0 and

ψs(ζ) =
{
ψ(1)

s (ζ), ζ ∈ (−∞, d)
ψ(2)

s (ζ), ζ ∈ (d,∞).
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Let ω ∈ H be a real-valued function such that equals zero outside the finite interval [−τ, d) ∪ (d, τ] . Hence,
we get∫ d

−τ
ψ(1)

s (ζ)ω(1) (ζ)∇ζ + δ
∫ τ

d
ψ(2)

s (ζ)ω(2) (ζ)∇ζ =

∫ d

−τ


∫ s

−s

2∑
i, j=1

Ψi (λ)φ(1)
j (ζ, λ) dϱi j (λ)

ω(1) (ζ)∇ζ

+δ

∫ τ

d


∫ s

−s

2∑
i, j=1

Ψi (λ)φ(2)
j (ζ, λ) dϱi j (λ)

ω(2) (ζ)∇ζ

=

∫ s

−s

2∑
i, j=1

Ψi (λ)


∫ d

−τ
φ(1)

j (ζ, λ)ω(1) (ζ)∇ζ

+δ
∫ τ

d φ
(2)
j (ζ, λ)ω(2) (ζ)∇ζ

 dϱi j (λ)

=

∫ s

−s

2∑
i, j=1

Ψi (λ)Ω j (λ) dϱi j (λ) (24)

It follows from Theorem 2.3 that∫ d

−∞

ψ(1) (ζ)ω(1) (ζ)∇ζ + δ
∫
∞

d
ψ(2) (ζ)ω(2) (ζ)∇ζ

=

∫
∞

−∞

2∑
i, j=1

Ψi (λ)Ω j (λ) dϱi j (λ) . (25)

From (24) and (25), we conclude that∫ d

−∞

(ψ(1) (ζ) − ψ(1)
s (ζ))ω(1) (ζ)∇ζ + δ

∫
∞

d
(ψ(2) (ζ) − ψ(2)

s (ζ))ω(2) (ζ)∇ζ

=

∫
|λ|>s

2∑
i, j=1

Ψi (λ)Ω j (λ) dϱi j (λ) . (26)

Let

ω (ζ) =
{
ψ (ζ) − ψs (ζ) , ζ ∈ [−s, d) ∪ (d, s]

0, otherwise.

By (26), we obtain∫ d

−∞

(ψ(1) (ζ) − ψ(1)
s (ζ))2

∇ζ + δ

∫
∞

d
(ψ(2) (ζ) − ψ(2)

s (ζ))2
∇ζ

=

∫
|λ|>s

2∑
i, j=1

Ψi (λ)Ψ j (λ) dϱi j (λ) .

As s→∞, we get the desired result.
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