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Abstract. In this article, we consider pointwise slant and pointwise bi-slant submanifolds whose ambient
spaces are para-Kaehler manifolds. We prove that there exist pointwise bi-slant K =, K% x;, K% non-
trivial doubly warped product type 1-2 submanifolds whose ambient spaces are para-Kaehler manifolds
by constructing examples. We get a characterization and some theorems. Then, we obtain an inequality
and we get some results by using the inequality.

1. Introduction

Slant submanifolds in para-Hermitian manifold were studied by P.Alegre and A.Carriazo[1]. B.-Y.
Chen and O.J. Garay introduced pointwise slant submanifolds in [10]. Also, pointwise slant submanifolds
were studied by F. Etayo under the name quasi-slant submanifolds [13]. Pointwise slant submanifolds of
different construction on Riemannian and semi-Riemannian manifold are studied by many geometers in
[3,4,6,7,21,22].

B.A. Rozenfeld defined para-Kaehler manifolds [25]. Rozenfeld compared Kaehler definition in the
complex case with Rashevskij’s description and founded the analogy between para-Kaehler and Kaehler
ones. Then, PK.Rashevski studied properties of para-Kaehler manifolds in 1948 [23].

The concept of warped products emerged in the physical and mathematical subjects before 1969. For
example, Kruchkovich used semi-reducible structure which is utilized for warped product in 1957[18]. It
has been successfully used in general theory of relativity, string theory and black holes. On the other hand,
warped product manifolds were indicated and worked by R.L. Bishop and B.O’Neill[9]. Warped product
CR-submanifolds whose ambient spaces are Kaehler manifolds was studied by B.Y. Chen at the beginning
of this century[11].

Later the concept of warped products has been an important topic of study in geometry [2, 5, 8, 16, 19,
24, 29, 30]. Using Chen’s [10] and Sahin’s [26, 27] articles, we studied in detail the doubly warped pruduct
cases of pointwise bi-slant submanifolds whose ambient spaces are para-Kaehler manifolds.
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B. Sahin introduced pointwise semi-slant submanifolds whose ambient spaces are Kaehler manifolds

[27]. In contrast to Kaehler manifolds not having warped products of semi-slant submanifolds [26], he
showed that there do exist warped product pointwise semi-slant submanifolds and studied them in detail
[27].
S. Sular and C. Ozgiir [28] and A. Olteanu [20] studied doubly warped product submanifolds and they
obtained geometric inequality in Riemannian structures. Doubly warped products are generalization of
singly warped products[31]. Non-trivial doubly warped product submanifolds are doubly warped product
submanifolds’s special case. Because, warping functions k, and k; are non-constant functions in the form
K =k, K% xt, K. In this study, we studied pointwise bi-slant submanifolds whose ambient spaces are para-
Kaehler manifolds. Utilizing this concept, we research the geometry of non-trivial doubly warped product
pointwise bi-slant submanifolds, known as doubly warped product submanifolds’s special situation whose
ambient spaces are para-Kaehler manifolds by constructing examples and we determine an inequality.

This article is organized as follows. In section 2, we give preliminaries and definitions utilized for this
article. In section 3, we define pointwise bi-slant submanifolds of a para-Kaehler manifold and we also
check their properties. In section 4, we introduce pointwise bi-slant non-trivial doubly warped product
submanifolds whose ambient spaces are para-Kaehler manifolds supported with examples. In section 5, we
determine an inequality for mixed totally geodesic pointwise bi-slant non-trivial doubly warped product
submanifolds whose ambient spaces are para-Kaehler manifolds.

2. Preliminaries

Let K be a 2 -dimensional semi-Riemannian structure. If it is provided with (P, §), that  is a (1, 1)
tensor, 4 is to expression semi-Riemannian metric.

PZXH = Xﬂl gv(PXar Pyb) = _g(Xﬂr yb) (1)

for any vector fields X,, V), on K, it is named a para-Hermitian structure. Besides that, it is called to be
para-Kaehler manifold, if it satisfies VP = 0 identically[17].
Let currently K be a submanifold of (K, P, §). The Gauss and Weingarten formulas are given by

V. Yo = Va, Yy + h1(Xa, V), 2
Va, Ve = —Aq,Xq + VL V.. 3)

For X,, Yy, e T(TK) and V. € I(TK*), that Iy is the second fundamental form of K, A, is the Weingarten
tensor with respect to V, and V* is the normal connection. A, and h; are related by

F1(Ay. X, M) = 11 (Xa, V), Vo), (4)

here §; also denotes the induced semi-Riemannian metric on K.
For all tangent vector field X,, we denote

PX, = RX, + SX,, )

that RX, is the tangential part of X, and SX, is the normal part of PX,.
For all normal vector field V.,

PV. = V. +sV,, (6)

that ¥V, and sV, are the tangential and normal vectors of PV, respectively. The mean curvature vector
field is defined by

|
H = —traceh;. (7)
i
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Definition 2.1. We call that a submanifold K of a para-Kaehler manifold (X, P, §) is pointwise slant, if for
all timelike or spacelike tangent vector field X,, the ratio §;(RX,, RX,)/§:1(PX,, PX;) is non-constant.

We see that a pointwise slant submanifold whose ambient spaces are para-Kaehler manifold is named
slant, [10] if its Wirtinger function « is globally constant. We notice that all slant submanifolds are pointwise
slant submanifolds.

If K is a para-complex (para-holomorphic) submanifold, in that case, PX,; = RX, and the above ratio is
equal to 1. Moreover if K is totaly real (anti-invariant), then R = 0, so PX, = SX, and the above ratio equals
0. Hence, both totally real and para-complex submanifolds are the particular situations of pointwise slant
submanifolds. Neither totally real nor para-complex pointwise slant submanifold can be named a proper
pointwise slant.

Definition 2.2. Let K be a proper pointwise slant submanifold whose ambient space is para Hermitian

manifold (K, P, §). We call that it is of
type-1 if for any spacelike or timelike vector field X;, RX is timelike or spacelike and :ffé II
IRX,|

> 1.

type-2 if for any spacelike or timelike vector field X,, RX, is timelike or spacelike and 73 < 1.
Similar to the method of P. Alegre and A. Carriazo used [1], the following theorem and results were obtained.

Theorem 2.3. Let K be a pointwise slant submanifold whose ambient space is para-Hermitian manifold (K, P, §).
So,

(a) K is pointwise slant submanifold of type-1 if and only if for any spacelike (timelike) vector field X,, RX, is timelike
(spacelike), also arise a function p € (1, +00). Therefore,

R? = uld. (8)

If O indicates the slant function of K, it = cosh? 0.
(b) K is pointwise slant submanifold of type-2 if and only if for any spacelike (timelike) vector field X,, RX, is timelike
(spacelike), also arise a function p € (9, 1). Therefore,

R? = uld. )
If O indicates the slant function of K , yu = cos? 6.

Proof. Firstly, if K is the pointwise slant submanifold of type-1 for any spacelike tangent vector field X,,
RX, is timelike and by the equation of (1), PX, is too. Furthermore, they supply |RX,|/|PX,| > 1. Therefore,
arise the slant function 6. Because of

—J(RX,, RX,
cosh 0 = IRX.| = i )). (10)
PXal =§(PX, PX)
Using (1), we have

J(R?X,, X,) = cosh? 0§(X,, X,).

Thus, we get R2X,, = X,I. So, from (10), we get u = cosh? 0.
The same method for any timelike tangent vector field Z, if RZ and PZ are spacelike, in place of (10), we
get

IRZ| _ \HRZ,RY))
PZl \J5PZ,PZ)

Because of R?X, = uX,, for any spacelike and timelike X, it further provides for lightlike vector fields and
therefore we get R* = uld. The converse of (a) is straightforward.
Similarly, we have (b).

cosh O =
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Lastly, for both pointwise slant submanifolds of type-1 and type-2, if X, is spacelike, in that case, PX, is
timelike. Thus, all pointwise slant submanifold of type-1 and type-2 should be a neutral semi-Riemann
structure.

Using (1),(5),(8) and (9), we obtain

Corollary 2.4. Let K be a pointwise slant submanifold of a para-Hermitian structure (K, P, §) with the slant function
0. For any non-null vector fields X,, Y, € T(TK), we obtain:
K is of type-1, if and only if

J(RX,, RY,}) = —cosh® 05(X,, My), §(SXa, SYy) = sinh® 05(X,, Y,). (11)
K is of type-2, if and only if

J(RX,, RYy) = = cos® 0(Xo, M), J(SXa, SYy) = —sin® 0§(Xa, V). (12)
Using (1),(5),(6), (8) and (9), we obtain

Corollary 2.5. Let K be a pointwise slant submanifold whose ambient space is para-Hermitian manifold (K, P, ).
Then, Let K be a pointwise slant submanifold of a para-Hermitian structure ¥. Therefore K is a pointwise slant
submanifold of

(for type-1), if and only if

rSX, = —sinh? 60X, and sSX, = -RSX,, (13)
(for type-2), if and only if

rSX, =sin?0X, and sSX,=-RSX,. (14)

For all timelike (spacelike) vector field X,,.

3. Pointwise bi-slant submanifolds whose ambient spaces are para-Kaehler manifolds

In this part, we introduce and study pointwise bi-slant submanifolds whose ambient spaces are para-
Kaehler manifolds.

Definition 3.1. A semi-Riemannian structure K of a para-Hermitian manifold (%, #, §) is named to point-
wise bi-slant submanifold, if two orthogonal distributions D% , D% with K at the point 4 € K arise.
Therefore,
1) TK = D% & D%;
2) PDO 1 D% and PD% 1 DY%;
3) DY DY are pointwise slant distributions with slant functions 0] and Gg. Then, we say the corner {67, QZ}
of the slant functions is named the bi-slant submanifold. A pointwise bi-slant submanifold K is named
proper if its bi-slant function satisfies 67, GZ # 0,7, also 6], Qg is non-constant on K.

Let K be a pointwise bi-slant submanifold of a para-Hermitian structure K. From the above definition
and (6), we get

(D) cD; i=1,2. (15)
For any X, € I'(7K) we have

Xa = Ran + RZX,;. (16)
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Where R, and R, are the projections from 7K on the D%, D%. For any non-null vector field X, € [(7K).
Applying R to (16) and using (5), (6) we have

RX, = RR X,y + RRIX, + S(R X, + RiXy). (17)
Thus, we get

RRr =R, RR =Ro. (18)
Using (18) and (16) in (17), we get

RX, = RiX, + Ro X, + SX,. (19)
For X, € (IT'K) and from (15),(16) we get
For type-1,

R2X, = (—cosh®0)X, i€1l,2 (20)

and for type-2
R2X, = (—cos> 0)X, i€1,2. (21)

Lemma 3.2. Let K be a pointwise bi-slant type 1-2 submanifold whose ambient space is para-Kaehler manifold
(K, P, §) with pointwise slant distributions D% , D% with distinct slant function 0% , 05 Suppose that K is one of
the known two types:1,2.
1) for type-1,
(sinh” 61 + sinh® 02)J(Vx, Y5, Za) = H(Asr,y,Za = Asy,RaZa, Xo)
+  J(Asr,z,Yp — Asz,R1Y, Xo). (22)
2) for type-2,

(sinh? 0 + sinh?® 01)§(V 7, W, X,)

J(Asr,.x, W — Asx, ReW,, Z,)
+  G(Asgyw, . Xa — Asw, R1Xo, Za). (23)
Xo, Yy e T(DM), Zy, W, € T(D%).
Proof. For any X,, Y, € T(D%) and Z; € T(D%), we get
G(VxoeYp, Za) = =0(VxsPYs, PZa).
Utilizing (5) and (6), we get
F(Vx.Yp, Za) — (VxR Yo, PZa) — §(VxoSHv, PZa)
= —j(Vx, R, PZa) — J(VxsSYp, RoZ4)
- (VX SYb, SZ4)
= J(Vx,PR1Yb, Za) — IV xeSYs, R Za)
- §(VxaSYy, SZa).
Using (1),(3),(5),(6) and (20), we obtain
JVxls, Za) = §(Vx,RiYp, Za) + §VxaSR1Y b, Za) + §(Asy,Xa, RoZa)
J(VxeSZa, SY) + cosh® 015(Vxu Y, Za)

25inh 201 X,4(Xa, Yo) — §(Asr,y,Xa, Za)
F(Asy,Xa, RoZa) + §(Vx,SZa, PYp) — §(Vx,SZa, RiHs).

+ + +
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Using (1),(3) with symmetry of the shape operator and orthogonality of the distributions, we get

(sinh? 61)d(V oY, Za) J(Asr,y,Za = Asy,ReZa, Xa) + §(Vx,vSZa, Ys)

+  J(VxisSZa, M) — §(Asz,Xa, RiAp).

Using (3),(13) and (14)

(sinh? 61 + sinh? 02)1 (Vo Y, Za) = J(Asry,Za — Asy,ReZa, Xa)
+  J(Asr,z, Y, Xo) — §(Asz, R, Xa)

which proves Case (1). By the similary way, the proof of Case (2) is obtained.

Corollary 3.3. Let K be a pointwise bi-slant type-1,2 submanifold in para-Kaehler manifold K having pointwise
slant distributions D% and D% with distinct slant function 0% and 6% . Then distribution D defines o totally
geodesic foliation if and only if

F(Asr,y,<a — Asy,RoZa + Asr, 2, Yy — Asz,R1Yp, Xo) = 0
for any X,, Yy € T(D%) and Z, € T(D%).

Proof. From equation (22), we get the proof.

Corollary 3.4. Let K be a pointwise bi-slant type-1,2 submanifold in para-Kaehler manifold K having pointwise
slant distributions D% and D% with distinct slant function 0% and 6% . Then distribution D% defines o totally
geodesic foliation if and only if

J(Asr,x, We — Asx, RoW, + Asg,w, Xo — Asaw, R X, Za) = 0

for any X, € T(D%) and Z;, W, € T(D%).

Proof. From equation (23), we have the proof.

4. Pointwise bi-slant non-trivial doubly warped product submanifolds whose ambient spaces are para-
Kaehler manifolds

Let (£, 71) and (&, 72) be two semi-Riemannian submanifold, k; : L — (0,00), ky : & — (0, 0) and
qg: Lx&E—- L a: LxE— & the projection maps given by 4(z,p) = zand a(z,p) = p for all (z,p) € LXx &.
The warped product K =, L Xy, &is the manifold £ x & equipped with the semi-Riemannian constructure
such that

J(Xa, M) = (ko 0 a)2 g1 (L Xo, M) + (k1 © 9)*Go(tXa, 1Y)
for every X, and Y}, of K where * describes the tangent map [9]. The functions ki, k, are named the
warping functions of the warped product manifold. Especially, warped product manifold % is called to be
non-trivial doubly warped product manifold, if the warping functions are non-constant.

It follows that L x {p,} and {p;} X & are totally umbilical submanifolds with closed mean curvature vector
fields in (r, L Xk, &, §) [14], where p; € L and p, € E. For more details on doubly warped products, we use
articles [12, 14, 31].

Remark 4.1. If we suppose

(i) both k; =1 and k; = 1, then we get a product manifold.

(ii) either k1 = 1 or k; = 1, but not both, then we get a warped product.

(iii) k; and k; are non-constant warping functions, then we obtain a non-trivial doubly warped product.
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Definition 4.2. The doubly warped product of K =, K% x;, K% is named pointwise bi-slant non-trivial
doubly warped product type 1-2 submanifolds of slant submanifolds K% and K% with distinct slant func-
tions 6] and Qg, respectively, in para-Kaehler manifold %K, where 07 and GZZ’ are non-constant functions
(angles), k1 and k, are non-constant warping functions.

In this article, we focused on the third feature of Remark 4.1., which is doubly warped product sub-
manifold’s a important situation. Since k; and k; are non-constant warping functions and 6 and 65 angles
are non-constant functions, we found pointwise bi-slant non-trivial doubly warped product type 1-2 sub-
manifolds whose ambient spaces are para-Kaehler manifolds. We get very interesting and original results,
theorems and examples.

The covariant derivative formulas for a non-trivial doubly warped product manifolds are expressed by:

Vx,Yp = V?Ylﬂyh — §(Xa, Yp)V(Inky) (24)
Vx, Ve =V X, = Xo(Ink))V. + V(Ink) X, (25)
V. Za =V Za = §(Ve, Zo)V(Inky) (26)

where V is the Levi-Civita connection on K and indicate by V% and V% the Levi-Civita connection of 7
and §, respectively, for every X,, Y, vector fields on £ and V., Z, vector field on & [12].

Now we write an example with related to the pointwise bi-slant non-trivial doubly warped product
submanifolds whose ambient spaces are para-Kaehler manifolds.

Let K be a semi-Riemannian submanifold of R} described by the immersion ¢ : K — R} with the
cartesian coordinates (x, ..., X4) and the almost para-complex structure
7’(%) = axa i=(1,2,5,6,9,10,13,14,17,18,21,22) and?(a%j) = j=3,4,7,8,11,12,15,16,19,20,23,24)
Let R24 be a semi-Riemannian structure of signature

. . . 9 9
(+,+, , =+ +,-,-,++,-,-,+-,—+,+, -+, —,+, —,— +) with the canonical basis (E""’Tn)‘

ox -2

Example 4.3. Let K be described by the immersion i as follows

Y(m,n,c,t) = (msinc,mcosc,nsinc, ncosc,msint,mcost,nsint,ncost,
x,2m,y,2n, \/Et, \/Ec, ct, \/éc, \/gt, x,y,mc, nc, nt, mt)
Py = sinc— 4 +cosc o +sint 4 + cost— 4 +c 4 +t 4
=si — +sint—
m &x ox X2 ox X5 &X 8x10 83(21 &X24
o =sinc o + cosc o +sint o + cost—— o + 2 o +cC o +t o
h ox X3 ox. X4 ox X7 836 &xlz szz 83623
) 1 cos c J msin c J + c J c J + J + J
= COSC—— —msinc— +Ncosc— —nsinc— —+ —
P ox1 Ixz Jx3 Ix4 8x14 Ix15
J d
+ +
\/_8x17 8x21 n8x22
Y mcost o msin t 9 +ncost 9 nsint o +V2 9 + J
= _— 1 _— _— _— _— _—
t (9 X5 ox X6 ox X7 ox X8 C9X13 83(16

0 0
+ \/_ . +n - +m o

describes a pointwise bi-slant submamfold K with type-1,2 in (R?
g1 = RZ — (66+2tc )2 and o =

2
242 = W-)n-m2+3) e
bi-slant distribution with 6, slant function and D% = spanf{i, P} is pointwise bi-slant distribution with 6,

2, %P, ) para-complex manifold with
for (m # n). Actually D% = span{(y,,} is pointwise
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slant function.

It is easy to notice that D% and D% distributions are integrable. The induced metric tensor g on
K =k, KO x, K is given by

Jic = (6 + 12 + 2)(dm® — dn®) + (2m? — 2n?)(dc” + dt?). Thus,

*) for uy, if 2tc > t?2+c?and for up, if 0 < (> —n?) <1or3> (m?—n?) > 2, K is a pointwise bi-slant
non-trivial doubly warped product type-1 submanifold whose ambient space is R?; para-Kaehler manifold

with warping functions k» = /(6 + t? + ¢2) and k; = +/(2m? — 2n?)
*) for py, if -6 < 2tc < t? + c? and for iy, if 1 < (w* — n?) < 2, K is a pointwise bi-slant non-trivial dou-
bly warped product type-2 submanifold whose ambient space is R?; para-Kaehler manifold with warping

functions k; = /(6 + t2 + c2) and k; = +/(2m? — 2n?).

Lemma 4.4. Let K =i, KO Xy, K be a pointwise bi-slant non-trivial doubly warped product type 1-2 submanifold
whose ambient space is para-Kaehler manifold K with distinct slant functions 0% and 65. Then (for type-1)

J(Xae, Vo), SR Za) = (1 (Xo, RoZa), SVe) = = sinh 265X,(65)H(Za, V) (27)

G (Xa, Za), SVe) = §(hi(Xa, Vo), SZa) = —2tanh 05X ,(65)H(Ro Za, Ve) (28)
X, €T (TK)and V., Z; € T(TKy)

Proof. For type-1, using (1) (2), (3), (4), (5), (6) and (25), we derive
JVxaZa, Vo) = §(VxaZa, Ve) = (Xo(Inky) + (Ink2)Xa)5(Za, Vo) (29)
Also, we get
g(vXaZd/ rVC) = gv(pv)(uzd/ 7)(‘/5)
= J(VxPZs, PV
= J(VxRZa, RaVe) + §(VxaRaZa, SVe) + §(VxaSZa, PVe)
= J(Vx,RZa, RoVe) + (VxR Za, SVe) — §(VaatSZa, Ve)
- gv(VXaSSZd/ (VC) + gv(vXuSRZZd/ (VC)
Using (1) (2), (3), (4), (5), (6), (13),(14), (20) and (25), we derive

gu(v(\’u-Zd/ (Vc) = gv(VXﬂRz.Zd, RZ(Vc) + g(hl()(u, RZ-Zd)/ S(VC)
—  sinh? 034(Vx,Za, Ve) — sinh 205X,(65)3(Za, V)
- gv(hl(Xar V.), SRZ-Zd)
Using (20) and (25)

(Xa(Inky) + (Ink)X)H(Za, Ve) = cosh® 05(Xo(Inky) + (Ink2)Xo)H(Za, Vo)
+  J((Xa, ReZa), SV,)
— sinh? 65(X,(Ink;) + (Ink2)Xo)H(Za, Vo)
— sinh205X,(09)H(Za, Ve)
= J(Xe, Ve), SR Za). (30)

We get (27) and interchanging Z; and R, Z, in equation (27), we get (28)
The proof is completed. Also for type-2, we use a similar method.

Lemma 4.5. Let K =, KO Xy, KO be a pointwise bi-slant non-trivial doubly warped product type 1-2 submanifold
whose ambient space is para-Kaehler manifold K with distinct slant functions 0% and 05. Then (for type-1)

J(1(Xe, RoaZa), SVe) = 311 (X, Vo), SR Zy) = 2 cosh? 655(Za, V)
(Xa(Inky) + (Ink2)X,) (31)
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for X, € I(TKO) and V., Zs € T(TK®).

Proof. Using (1) (2), (3), (4), (5) and (6), we get

Jh(Xe, Za), SVe) = §(VZz,Xe, SV0)
= J(Vz, X0, PVe) — §(Vz,Xo, RaVe)
= —g(Vz,PXa, Vo) = §(Vz,Xe, RaVe)
= —J(Vz,RXo, Vo) = §(V 2, 8K, Vo) = §(Vx, Za, RaVe)
= —JVrx,Za,Ve) = §(Vz,S8X0, Vo) = §(Vx, Za, RoVe).

Using (25)
J(Xe, Z3), SVe) = —(RiX.(Inky) + (Ink)Ri1 X)) 3(Za, Vo)
+ gv(hl(Zdr(vC)rSXa)
- (Xu(Inky) + (Ink2)X)F(Za, RoVy). (32)
By polarization, we get
g (Xe, Ve), SZa) = —(RiXallnky) + (Ink2)RXa)J(Za, Ve)
+ gv(hl(ZdI(VC)rSXu)
+  (Xo(Inky) + (Ink2) X)) H(Za, RoVy). (33)

Substracting (33) from (32)

ﬁ(hl(xa/ Zd)r S(VC) - ﬁ(hl(xa/ (VC)/ SZd) = _Zg(Zd/ RZ(VC)
(Xo(Inky) + (Inkz)Xy). (34)

Interchanging Z; by R, Z; in (34), We have (31)
Also for type-2, we use a similar method.

Theorem 4.6. There exists a proper pointwise bi-slant non-trivial doubly warped product type 1-2 submanifold
K =, KO xi, K% of a para-Kaehler manifold K with distinct slant functions 67, 6%, if and only if

tanh 05X,(05) # 0
for X, € I(TKO) and V., Zs € T(TK®).
Proof. Using (27) and (31), we obtain

—2cosh? 053(Z4, Vo) (Xa(Inky) + (Ink)X,) = — sinh 205X,(05)H(Za, Vo). (35)

Since K is proper 6 # Z and hence from (35), we get
[(Xa(Inky) + (Ink2)X,) — tanh 65X,(65)153(Z 4, Ve) = 0, which implies that
(Xa(Inky) + (Inky)X,) = tanh(65)X,(605).
The proof is completed.

A pointwise bi-slant non-trivial doubly warped product typel-2 submanifold K =, K% x;, K whose
ambient space is para-Kaehler manifold K is mixed totaly geodesic if 11(X,, Z4) = 0. Forany X, € 1"(7"](91)
and Z; € T(TK%).

Theorem 4.7. Let K =i, KO X, KO be a pointwise bi-slant non-trivial doubly warped product type 1-2 submanifold
whose ambient space is para-Kaehler manifold K with distinct slant functions 0% and 65. K is a mixed totally geodesic
doubly warped product submanifold, then one of the following two situations appears:
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(i) either 65 = %, i.e., K is a doubly warped product pointwise submanifold of 1, K xi, K=, where K= is a anti-

invariant submanifold K.
(ii) or (X, (Inky) + (Inky)X,;) = 0 and ky, ky are constant.

Corollary 4.8. For a proper pointwise mixed geodesic bi-slant non-trivial doubly warped product type 1-2 submani-
fold K =, KO xi, KO whose ambient space is para-Kaehler manifold K. Then X, € T(TK?), V., Zs € T(TK?)
and (X,(Inky) + (Inky)X,;) = 0. So, ky and k;, are constant.

Proof. If K be mixed totally geodesic, from (35) we have
2 cosh? O5H(Za, Vo) (Xa(Inky) + (Inkz)X,) = 0. From which we get either cosh? 05 = 0ie, 65 =% or
(X.(Inky) + (Inky)X,) = 0. In this way, proof is completed.

Lemma 4.9. Let K =, K xi, K9 be a pointwise bi-slant non-trivial doubly warped product type 1-2 submanifold
whose ambient space is para-Kaehler manifold K with distinct slant functions 0% and 65. Then we obtain

J(Xa, Yb), SZa) = =411 (Xa, Za), SYb) (36)

g(hl (Zd/ (VC)/ SX!J) - g(hl (Xu/ Zd)/ S(VC)
= —(RuXy(Inky) + (Ink)Ri Xo)(Za, Vo)
+(Xo(Inky) + (In k2)Xo)G(Za, ReVe) (37)

J(Za, Vo), SRiXo) = gl (RiXo, Za), SVe) =
—(cosh® @;X (Inky) + (Inky) cosh? 03 X,)i(Za, Ve)
+(RiX,(Inky) + (Ink) Ry X)HZa, RaVe) (38)

G (Za, RaVe), SX,) — §(h1(Xa, Za), SR2Ve)
= —(RiX,(Ink;) + (In ko) R1 X H(Zt, RoVe)
+cosh? 05(X,(Inky) + (Ink2)Xo)H(Za, V) (39)

G (Za, Ve), SRiXa) — g (RaXe, Za), SVe)
—J(h(Xa, Za), SReVe) + §(h1(Za, RaVe), SX.)
= (+ cosh? 65 — cosh? 0%)(X,(Inky) + (Ink2) X)HZa, Vo). (40)

For any X,, My € T(TK) and V., Zy € T(TK?%).

Proof. (for type-1) for any X, Y), € T(TK%) and Z; € T(7TK?), using (1),(2),(3) and (5) we obtain

Gm(Xa, M), SZa) = §(VxYs, SZa)
= J(VxaYo, PZa) — iV xaYp, ReZa)
= _gv(v/\’apyb/ Zd) - gv(vXaRZZd/yb)'
Using (19)
Gm(Xe, V), SZa) = —J(VxR1Yb, Za) — IV xeSYs, Za) + §(Vx R Za, Vi)
= —J(Vx, R, Za) — §(1(Xe, Za), SYp) + §(VxsRoZa, Vo).
Using (25)
G (X, ¥b), SZa) = —(Xa(Inky) + (Ink2)Xo)G(R1Ys, Za)

—J((Xa, Za), SYp) +
(Xa(Inky) + (Ink2)Xo)H(R2 Za, Y). (41)
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We get (36). Also for any X, € [(TKO) and V., Z; € (T K?)

J(Za, Vo), 8Xa) = —g(Vz;Ve, PXao) + GV 7, Ve, RiXo)
= g(VZdWc,Xa) - ﬁ(vzd%/\’a,(vc)-
Utilizing (19) and (1)
Jh(Za, Ve), 8Xo) = §(Vz,RVe, Xa) + §(V 2,8V, Xo) — §(V 7R X, Vo). (42)

Using (3) and (25) in (42), we get (37). The relations (38) and (39) can be derived from (37) by replacing X,
by RiX, and V. by R,V,, respectively. Adding (39) with (38), we get (40).
Now, interchanging V. by R,V. in (38), we get

G (Za, RaVe), SR1X,) = G(hi(RiXa, Za), SRaVe) =

—cosh® 04(Xa(Inky) + (Ink2)X)H(Za, RoVe)

+cosh? 05 (Ri Xa(Inky) + (Ink) Ry Xo)H(Za, Vo). (43)
If we interchange Z; by R, Z, in (39) and (40) then, we obtain

J(h(RaZa, Ve), SXo) — §(h1(Xa, RaZa), SVe) =

—(RiXa(Inkq) + (Ink2)R1 Xo)F(R2Za, Vo)

+cosh? 05(X,(Inky) + (Ink2)Xo)H(Za, Vo) (44)

and

G (RaZa, Ve), SR1X,) — G (RiXo, RoZa), SVe) =

—cosh® 04(X,(Ink;) + (Ink2)X)F(Ra Za, Vo)

+cosh? 05 (Ri Xa(Inky) + (Ink) Ry Xo)H(Za, Vo). (45)
Interchanging V. by R,V. in (44) and (45), we get

J(h1(R2Za, ReVe), SXy) — §(h1(Xe, RoZa), SR2Ve) =

—cosh? O5(RiXa(Inky) + (Inka) Ry X)H(Za, Vo)

+cosh® 05(X,(Inky) + (Ink2)Xo)H(Za, RaVe) (46)

and

J(h1(RaZa, ReVe), SR1Xy) — G (RiXa, ReZa), SReVe) =
— cosh? 04 cosh® 05(X,(Inky) + (Ink2)Xo)H(Za, Ve)
+cosh? 05 (R1Xa(Inky) + (Inko)Ri Xo)H(Za, RaVe). (47)

The proof is completed. Using similar way, we get result for type-2
Hiepko’s Theorem. [15] Let D, and Dy, be two orthogonal distribution on a Riemannian structure K. Accept

that D, and Dy, are involutive. So that D, is a totally geodesic foliation and Dy, is a spherical foliation. Moreover
K is locally isometric to a doubly warped product i, K* Xy, Kb, where K* and K are integral manifolds of D, and D,

Now, we give a characterization with related to the pointwise bi-slant non-trivial doubly warped prod-
uct type 1-2 submanifolds whose ambient spaces are para-Kaehler manifolds.

Theorem 4.10. Let K be a proper pointwise bi-slant type 1-2 submanifold whose ambient space is para-Kaehler
manifold K with pointwise slant distributions D% and D%. Later K is a non-trivial doubly warped product type
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1-2 submanifold of the form K =i, K Xy, K%, where KO and K are pointwise slant submanifolds with distinct
slant functions 6%, 05. If and only if the shape operator of K satisfies (Type-1)
Aspix, Za + Asz,R1Xa = Asg,z,Xa = Asx,RaZs = (cosh® 03 — cosh® 01)(X7) Za (48)

where 7 is a function on K, so that V() = 0, for any V. € T(D%), for any X, € T(D%) and Z, € T(D%).

Proof. Let K =¢, K% xi, K% be apointwise bi-slant non-trivial doubly warped product type-1,2 submanifold
whose ambient space is para-Kaehler manifold K.
For Z; € T(TK%) and X, Y, € [(TK%). using (4) and (36), we derive

J(h(Xa, Za), SYp) + (1 (Xa, Y1), SZa) = 0

JAsy, Za + Asz,Yp, Xa) = 0. (49)
Interchanging Y, by R1Y, in (49), we get

J(Asp,y,Za + Asz, R, X,) = 0. (50)
Again interchanging Z; by R, Z,, (49) yieldes

F(Asy,RoZa — Asr,z,Yp, Xs) = 0. (51)
Substracting (51) from (50), we have

J(Asr,y,La + Asz, R — Asg,z,Yp — Asy,RoZa, Xa) = 0. (52)

From (40) and (52), we get (48) _
Conversely, Let K be a proper pointwise bi-slant type-1 submanifold of K. Later for any X,, Y, € [(D%),
Z4 € T(D%) and from (22), (48), we get

(sinh? 0% — sinh? 05)§(Vx, Yy, Za) — (cosh? 6% — cosh® 02)(X.))§(Xa, Za) = 0. (53)

Because of 0] # 93, the leaves of the distribution D% are totally geodesic in K. Also, for any X, € (o),
V., Zs € T(D%) and from (23) and (48), we get

(sinh? 05 — sinh? 09)§(Vz, Ve, Xs) = (cosh® 6} — cosh® 0°) (X)) H(Za, Vo). (54)
Utilizing trigonometric informations on (54), we have

J(Vz,Ve, Xa) = =(Xay)§(Za, Vo) (55)
By polarization, we find

GV Za, Xa) = ~(Xay)J(Za, Vo). (56)

From (54) and (55), we obtain §([Z4, V], X,) = 0. the distribution D is integrable. We think a leaf K of
D and h, be the second fundamental form of K in K. Later from (55), we get

g(hZ(Zd; V), Xo) = ?(Vzd(Vc, X;) = _(Xay)g(zd/ Vo). (57)

Therefore, we get 2(Za, V) = =Vyd(Za, V), where V5 is the gradient of 7, the leaf K- is totally umbilicial
in K with mean curvature vector H, = —V;,. Because of V() = 0 for any V. € I(D%), we can easily get Hp
is parallel corresponding to the normal connection D% of K% in K. Thus K is an extrinsic sphere in K.
From Hiepko’s theorem, we deduce that K is a locally, doubly warped product submanifold. So, the proof
is completed.
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5. An optimal inequality

In this part, we establish an inequality for the squared norm of the second fundamental form of a mixed
totally geodesic non-trivial doubly warped product pointwise bi-slant submanifold.

Let K =, K% xi, K% be a (s = 2p + 2g)-dimensional pointwise bi-slant non-trivial doubly warped
product submanifold whose ambient space is (2m)-dimensional para-Kaehler manifold K. Let be a dimen-
sion d; = 2p of K% and a dimension d = 2q of K%. We take tangent spaces of K% and K% by D and
D%, We create orthonormal frames according to type-1 and type-2. Firstly for type-1, we create the local
orthonormal frames of D% and D%, respectively. Assume that
{E1, .., Ep, Epr1 = sechO{R1Ey, ..., Epp = sechO]R,Ep} that 6] is nonconstant,

{E2p+1 = E}, o, Egpig = EY, Eopiger = E"qul = sec h@lz’RzE’i, s Eopiog = qu = sec h@gﬂzEa} that 93 is non-constant.
At the moment, we will give orthonormal frames of the local orthonormal frames of SDY%, SD%. This
frames respectively are

{Es+1 = By = cschO{SEy, ..., Enyp = Ep = csc hOISEy, Enipi1 = Epi1 = csch6?

sechOSRIEL, ..., Ensop = Eniop = csch6 sec hO{SRIE, ),

{Es+2p+1 = E1 = csc h@gSE’i, s Esioprg = E; = csc h@gSE*q, Esiopige1 = Equ1 = csc h@gSRzE’i, vy B = Epy =
csc h@g sec h@gSRzEj 1.

Lets assume that

* on DY : orthonormal basis {Ev}to=1,..p, where p = dim(D%); also, supposed that §(E,, E;) = 1,

.....

Theorem 5.1. Let K =, K% xi, K be an s-dimensional mixed totally geodesic pointwise bi-slant non-trivial
doubly warped product submanifold whose ambient space is (2m)- dimensional para-Kaehler manifold K.

where K%, K are proper pointwise slant submanifolds with 6% and 6% are slant angles in K. Also, KO , K are
spacelike. Then (for type-1), we get

1) The squared norm of the second fundamental form hy of K supplies

Iml? < 2gcsch?60%(cosh? 00 + cosh® OY){|IV(Ink; + Inky)|?

4
= ) (e k) + (e Ink:)) (58)
r=1
where V(Inky + Ink,) defines the gradient of (Inky + Inky) along K%, KO and 04 , 65 are pointwise slant angles of
KO and K2, respectively. )
2) If the equality sign of (58) holds the same way, then KO is totally geodesic and K is totally umbilical in K.

Proof. From ||| = ||k (D%, D)2 + 2|[hy (D%, D%2)|? + ||y (D%, D%)|? . Because of K is mixed totally
geodesic, the middle term of the right-hand side should be zero. In that case, we get

s 2m 2p+2q
Wl =Y g0n(Eo, E), (1 (B, E)) = Y | Y g0 (Eo, Ey), Er).
v,w=1 r=s+1 v,w=1

Now, we use the frames of D% and D% in above equation, as follows

2 2p am 2 2q
lP =YY s E) B+ Y Y Y i (Es, o), B
r=s+1ov,w=1 r=s+1 v=1 w=1
2m 29
£ )Y gon(E,E)E Y (59)

r=s+1v,w=1
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Because of K is mixed totally geodesic, the second term in the right hand side of (59) becomes zero and this
equation can be seperated for the frames of D%, D% components, as follows

n+2q  2p 2m 2p
”hl”2 = Z Z gv(hl(Evr Ew)r Er)2 + Z Z g(hl (Ev/ Ew)/ Er)2
r=s+1v,w=1 r=s+2q+1 v,w=1
s+2p  2q 2m 2q
£ Y gmEE)EP Y, Y g0n(E,E),ED. (60)
r=s+1 v,w=1 r=s+2p+1 v,w=1

Next by removing the frames SD%, SD% components in (60), we get

2q  2p 2p  2p
Il = )Y GUn(Ee o) B+ Y Y dn(Es ), B

r=1vw=1 r=1vw=1
2 2 2 2

+ YN amEE) B+ Y)Y dn(E, B, B (61)
r=1 v,w=1 r=1 v,w=1

Because of we could not find any relation for §(h(E,, Ey), E;) for any v,w = 1,2,...,.2p and r = 1,2,...,2p,
g (E;, Ey), Ep) for any v, w, r = 1, 2, ..., 2q, we leave the second and fourth terms. So, we have

29 2p 2p 29
Wl > " Y g (Es, B), ENP + Y Y g0 (E E), B (62)
r=1 v,w=1 r=1ov,w=1
Because of (36), (62)
29 2p Zp - 2q
Wl 2 Y Y g BB+ Y Y a0 (E E), B (63)
r=1o,w=1 r=1 v,w=1

Because of K is mixed totally geodesic, we get
§(h(Eo, ), Er) = 0. (64)
Foreveryv,w=1,..,2p,r =5 +1,...,24q. By virtue of (64), we get from (63) that

2y 2

Il =) Y g (E;, E), £ (65)

r=1 v,w=1
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Thus by utilizing the orthonormal frame fields of SD%, SD%, we have

P q
P > csch?05 ) Y d((E;, E), SE)

r=1 v,w=1

1=
-

+ csch?0! sech?6) J(h1 (RE;, ES,), SE,)

1

=1
Il
g
Il

1o

+ csch?0% sech?0) §(h (E;), RoES,), SE,)

S

S
I

—

)

+ csch*0sech'o) J(1(ReE;), RoES,), SE,)?

1

+ csc h26’i sec hze‘{ §(m (E;, E,), SRIE, )

1

D1~ iD1= ID2=

S
I

- i

1l
—

T 0,

G (RoE}, ), SRIE, )

=

+ csch?09 sech?0" sec >0

N
g
I
—_

+ csch?04 sec 20" sec 20} G (), RoES), SRIE, )

gy

v,

= =
o i M'cs i Mws
Sy —_

= g
I

+ c¢sc hZG‘{ sec h26‘{ sec h483 Z Z J(h (R2E;, RoEx,), SRE,)%.

r=1 vu=1

Using (37)-(39),(43)-(47) and (64) in the above equation, we have

p q
Il > cseh?07 Y Y (RiEA(Inky) + (Inko)RiE,)2H(E;, E;, )

r=1v,w=1

P q
+esch?05 ) Y (RE(nky) + (Inko)RIE A (E;, ;)2

r=1 v,w=1

+ csc h26° sec 26 cosh? 9”2 Z(RlE (Inky) + (Inkx)RiE,)2H(ES, E)2

r=1 v,w=1

p q
+ csc 1267 sec 267 cos 126 Z Z (RiE,(Inky) + (In ko) Ry E,)24(ES, E)?

r=1 v,w=1

4
= 2gcsc H*0%[1 + sec h* 6" cosh® 03] Z(RlE,(ln k1) + (Ink2)R1E,)%. (66)
r=1

At the moment

2p 2p
IV(nk, + Ink)|? = X(E, Ink;)? + Z(E, Ink,)?
r=1 r=1
14
Z(E Ink;)? + Z(sech@"ﬂlE Ink)? + Z(E Inky)? + Z(seche%ﬁ Inky)?
r=1 r=1 r=1
P
(E/Inki)? + (E, Inky)? + sec 0" Z(%Er Ink;)? + (RiE, Ink,)?

r=1

D=

‘
Il
—_
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From the above equation, we derive

4
Y (RiEInk; + RiE Inko)® = cosh? 03(IVInks + Inks
r=1
p
- Z(E, Ink,)? + (E, Inky)?). (67)

r=1
Using (67) in (66), we have (58).
(D%, D) c SD% @ SD% (68)

and from the leaving second term in (61), we have g (1 (D%, D%), SDO) = 0 which implies that i (D%, D) LSDY,
ie.,

h (D%, D) c SD%. (69)
Also from (36) and (64), we find h; (D%, D) 1LSD%, i.e.,

h (D%, D) c SDY. (70)
From (68)-(70), we have that

h(D%,D%) = 0. (71)

Since K is totally geodesic in K [9], from (71), we find that K is totally geodesic in K.
(D%, D%) c D (72)

Because of leaving fourth term in (61), we get ¢ (11 (D%, D%), SD) = 0 which implies that h; (D%, D%) LSDP,
ie.,

(D%, D%) c SO (73)
Moreover, utilizing (64) in (71), we find

Jm(Za, Vo), SXa) = (RiXu(Inky) + (Ink)R1Xo)g(Za, Ve)
+  (Xa(Inky) + (Inko)Xo)H(Za, ReVe). (74)

For any X, € [(7TK%) and Z,, V. € [(7TK?). By polarization of (74), we get

Jh(Za, Ve), SXo) = (RiXy(Inky) + (Ink)RiXo)g(Za, Ve)
+  (Xo(Inky) + (Ink2) X)) F( Ve, RoZa). (75)
Substracting (75)from (74), we have
Jh(Za, Ve), SXp) = (RiXy(Inky) + (InkaRiXo))H(Za, Vo). (76)
From (73), (76) and the fact that K is totally umbilical in K [9], we find that K is totally umbilical in K.
The proof is completed.

Remark 5.2. If K9, K9 manifolds of above theorem is timelike, equation (58) should be modified by

Iml? > 2qcsch?6%(cosh® 0 + cosh® O5){|IV(Ink; + Ink,)|?
4
- ((erInk1)* + (e, Inkz)?)). (77)

r=1

Similarly, for proper pointwise slant submanifolds K% , K% (type-2), we achieve
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Theorem 5.3. Let K =, K% Xy, KO be an s-dimensional mixed totally geodesic pointwise bi-slant non-trivial
doubly warped product submanifold whose ambient space is (2m) dimensional para-Kaehler manifold K.

where, K%', K% are pointwise slant submanifolds with 0% and 0% are slant angles in K. Also, KO , K% are spacelike
and timelike, respectively. Then, (for type-2) The squared norm of the second fundamental form of N supplies:

Iml? < 2gcsc? 6%(cos? 04 + cos? O)IV(Ink; + Inky)|l?
4
= Y (@ nk)? + (e ko) (78)
r=1
(respectivelly
Iml? > 2gcsc? 0%(cos® 0% + cos? OIV(Ink; + Inky)|l?

p
Y (e nki)? + (e, Inko))). (79)
r=1
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