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Abstract. The purpose of this paper is the study of the local existence of solutions to an abstract quasi-
linear Kirchhoff equation with a nonlinear in-homogeneous term submitted to an internal viscous damping

of fractional type. We establish the local existence using a method introduced by Kato[26] combined with
the multiplier method and some fixed point argument.

1. Introduction

We are concerned in this paper by the study of the local existence of the following system

P () + GUAWOIP)AP(E) + y3, "W () = f(P(H), in[0,L], 1)
W(0) = Wo, W'(0) = ¥,

where y > 0, 7 > 0. The notation d;"" stands for the generalized Caputo fractional derivative of order,
0 < a < 1, with respect to the time variable t see [1, 7, 8, 14, 15]. It is given by the following formula

" 1 ' oo
at/nf(t):mfo(t—f) et T)Ef(’c)dr, n=0.

Wherel"(z):f Fle7tdt.
0
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1.1. Literature

In recent years, special attention has been focused on fractional derivatives, both in their interpretation
and as a non-local dissipation; for more details, see [2, 3, 12, 21, 22, 34, 37] and the references therein.

In [32, 33] B. Mbodje investigates the asymptotic behavior of solutions to the wave equation with a
boundary viscoelastic damper of the fractional derivative type. He showed that the system is well-posed
in the sense of a semi-group. He also proved that the associated semi-group is not exponentially stable, but
only strongly.

Uy — Uy = 0 on (0,1)x(0,+00),
uy(0,t) =0 in (0, +c0),
(1, 1) = —ydu(1, 1) in (0, +0),
u(x,0) = up(x), us(x,0) = u1(x) in 0, 1).

A great deal of attention was paid to the multi-dimensional case of this system, proving its result and
improving it with polynomial or generic decay, as details may be found here[3, 9].
In [4] K. Ammari et al. give an extensive attention to the following system
u +Au+ BB u=0, in (0,+c0), @
u(0) = up, u'(0) = us.

Where as before /" denote the generalized Caputo fractional derivative. This system is a particular case
of system (1) when ¢ = 1, 88 = y and f = 0. The well-posedness is proved using semi-group theory, the
authors remarked that this kind of viscous damping push the system to loss its exponential decay to zero,
and provided an optimal polynomial decay rate of the solutions.

The following abstract system has been extensively studied in the literature

' + GUA P A + V(E) = U(D). 3)

Using a method developed by Kato[26], the authors of [24] examined the local existence and blow-up of
solutions in finite time when V = 0 and U(t) = f(u(t)). Using the same methodology as previously, he
introduced a viscose damping 6u’(t) to the system in[23]. The results were similar with a slight variation.
The specific instance in which V = 0 and U = 0 are presented in [6]. System (3) with various dissipations
and specific perturbations was the subject of extensive literature; for this, we can refer to [6, 16-20, 23, 25,
25, 26, 30] and the references therein. We can quote [5] and the references therein, as well as the extensive
literature devoted to the study of the linear model of the system (3).

This work is organized as follows: In Section 2, we provide the necessary notations and hypotheses
for the study. In Section 3, we transform system (1) as an augmented model to simplify the study. In
section 4, we deal with the local existence of solutions to system (1). In Section 5, we present an example of
application to illustrate our study. In Section 6, we recap this study, give some remarks and open problems.

2. Hypotheses and preliminaries

In this section, we prepare some hypotheses that will be needed in the proof of our result. Let H be
a real Hilbert space, with inner product < .,. >¢; and norm |[|.[lsy. Let A be a non-negative self-adjoint
linear operator in H, with domain D(A) = V endowed with the graph norm of A, denoted ||.|ly, i.e.,

||u||i, = |lullgs + || Aullgy, is a real Hilbert space and its injection in H is continuous. The same is true for A
with domain W = D(ﬂ%), also endowed with the graph norm ||u||3w = ||ulle + |Iﬂ%u||7{ and for this graph
V is dense in ‘W (See [31]). We introduce the space V= L*(R x [0, T]; H) and for O, 0 € V we take its norm
by

+00
012, = [ o, ol .

o0
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and its inner-product is given by

+00
<0,0>5= f < 0(t,t),0(t, t) >4 dr.

(o)

Assume that there exists my > 0 and ¢ satisfies

¢ €C0,0) and ¢(s) > mg > 0. (4)
Let f be a non-linear operator with domain D(f) = {u € H|f(u) € H}, we assume further that

WcCcD(f), f0=0 and f(u)eW forany ueV. 5)
For each v > 0, there exists L, > 0 such that if

IIﬂ%uIIW <v, and IIﬂ%vllw <v, forany u,veV, then

A2 f@)llgc < Ly, 6)

£ @) = f@llg < LullAzu ~ Azolly,

6 € L2(R, H) Set C = |[x6ll5,. (7)
Remark 2.1. We can deduce from equations (5) and (6) that

Wf@)llgg < VL, for ue<V, with |Az0]l4y <v. (8)
Before treating the existence of system (1), we see it useful to define what we mean by a solution.

Definition 2.2. A function U = (¥, 0)T : [0,L] — H x YV is called a solution to system (25) on [0, L] if

1. W e C([0,L]; V) N CY([0, L]; ‘W) N C2([0, L]; H) and 6 € C*([0, L]; V).
2. U satisfies the first two equations in (25).
3. W(0) =¥, ¥'(0) =¥, 6(0) = 06p.

We recall the definition also of the Yosida approximation of A and its properties.

Lemma 2.3. [13] Let A be a non-negative self-adjoint operator in H, set Ty = (I + AA)™ for A > 0 be a resolvent
of A, and Ay = A be the Yosida approximation of A. Then

L T ally < L and Jaw — w in H.
2. A wlly < | Aw||lg and Ayw ﬁ Aw in H forw e V.
Lastly, we will briefly review Kato’s theory, which is essential to the existence proof. We consult [26, 27]

for further information. The Hilbert spaces X, Y have the norms ||.||x and ||.|ly, respectively. For the linear
equation, we are interested in the abstract Cauchy system in X.

{ %u(t)+@(t)u(t) = f(t), On [0,L], ©)
u(0) = uyg.

We denote by B(X, Y) the set of all bounded linear operators endowed with its norm. ||.||g. By G(X, M, f)
the set of all operators A in X such that —A generates a Co-semi-group (¢~*") with

lle=*||x < MePt, te [0, ).

We write G(X) = U{G(X, M, B)IM > 0, € R}.
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Definition 2.4. [28] Let (A(t))o<i<r. be a family of operators in G(X). (A(t))o<t<L is said to be stable with the stability
index M, B if

) + A)‘1||X <M -p)*, forsome M>0, <A, (10)

for every finite subdivision 0 < t; <t < ... <t <L of [0,L], k € IN.

It is worth noticing that the definition is hard to apply, and to decide whether a family is of this type, we
shall give a characterization for the proof (see [26, Proposition 3.4]).

Proposition 2.5. [26] For each t € [0, L] let ||.|l; ba a new norm in X equivalent to the original one, depending on t
smoothly in the sense that

X
|Illx”t <l xeX s tel0,L]
S

Assume for each t € [0,L], A(t) € G(X, 1, B), where X; is the space X with norm ||.|l. Then (A(t))o<t<L is stable, with
the stability index M = ¢ and B with respect to ||.||; for any t € [0, L].

The study of system (9) is reduced to the construction of the evolution operator §(t,s) € B(X), defined on
the triangle A : 0 < s <t < L. Where {X(t, 5)} is a family of operators such that u(t) = X(t, s)uy is the solution
of the homogeneous differential equation

{ %u(t) QM) =0, On [s L], (1)
u(s) = uo.

From this family, we can express the solution of system (9) as an integral equation given by

t
u(t) = X(t, 0)ug + f X(t,s)f(s)ds. (12)
0

at least in a formal way. The construction of the evolution family is based on the following theorem (see
Kato[28]).

Theorem 2.6. [28] Assume the following conditions holds
o {A(t)}o«<r is a stable family of operators in G(X) with the stability index M and p.

o There is a Hilbert space Y, continuously and densely embedded in X, and an isomorphism S of Y onto X, such
that SAM)S™ = A(t), 0 < t < L.

o YCV, 0<t<L sothat At) € B(Y, X). The mapping t — A(t) € B(Y, X) is continuous in the operator
norm.

Then there is a unique evolution operator {X(t, s)} defined on the triangle A such that

1. X is strongly continuous on A to B(X).
2. X(t,5)X(s,r) = X(t,r) and X(s,s) = 1.
3. X(t,s)Y C Y and X is strongly continuous on A to B(Y).

4. %X (t,s) = —AM)X(t,s), ;—Sz\’ (t,5) = X(t,5)A(s), which exist in the strong sense in B(Y, X) and are strongly
continuous on A to B(Y, X).
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Furthermore we have the estimates for X(t, s):

[1X]leo,x < MePF, (13)
and

1Xlloy < 1ISII8lIS™" [lsMeP", (14)
where

1Xllo,x == sup {[IX(t, 5)llo xIt, 5 € A} (15)

Let u be the function defined in equation (12). In order for u to be a strong solution, we require additional
conditions on both 1y and f; thus, the following theorem is required.

Theorem 2.7. [27, 28] Let u be given by equation (12). If ug € Y and f € C([0,L]; X) N LY([0,L];Y), then
u € C([0,L]; Y) N CY([0, L]; X) and u satisfies (11) and the estimates

1]loo,y < 1 Xloo,y (ltt0lloo,y + 11f1l1,y) (16)

where

L
lulloo,y = sup {llu(®)lloxIt € [0,L]} and ||fll,y :=f0 If(O)llvat. (17)

Finally, we present the perturbation theory that will be used later (see Kato[27, 28]). Let us consider another
equation

d ~
{ o)+ Q) = g, On [O.1], s
0(0) = up.

In order for the evolution operator X(t, s) to exist and for the system (18) to be solvable, we assume that the

family {Q)} satisfies the requirements of Theorem 2.6 with the same Y and S. Then we have the following
theorem.

Theorem 2.8. [27, 28]Let ug € Y and f,g € C([0,L]; X) N LY([0,L]; Y). If u and v are the strong solutions of (9) and
(18), respectively, then we have

It = 2lloo,x < IXlloo,v (11 = gllx + 11Qu — Qulh x). (19)

3. The Augmented Model

This section is concerned with the reformulation of model (1) into an augmented system. For this, we
need the following result.

Theorem 3.1. [4] Let u be the function

2a-1

(o) = e (20)

The relationship between the system’s input "U” and output "O” is then established.
O+ (> + MO - UBu(t) = 0720 RX(0,+00), (21)
6(z,0) = 0O, (22)

o sin(a) f e w(0)0dT, 23)

s
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s oiven b
is given by o) I3,

where

ToNf(t) = % fo (t - 7)* eI f(1)dr.

Before transforming system (1) we give the following lemma which will be used in the coming sections.

Lemma 3.2. [4] If 9 € D, = C\] — oo, —1)], then

i ”2(7) _ g a-1
Im de— y(@"‘ﬂ) . (24)

Here C = y—Sinﬁm).

At this stage we can use Theorem 3.1 and transform equivalently system(1) into

v () + qb(”ﬂ%\lf(t)llz)ﬂ‘ll(t) + Cf w(r)o(t, t)dt = f(¥(t)), inl0,L],

0T, t) + (T + N)O(1, t) — W' ()u(t) = 0, in R x [0,L],
\I—’(O) =Y, \I—”(O) =Y, 9(’[,0) = 9().

(25)

4. Local existence

We will apply a technique presented in Kato[28] to demonstrate the local existence of solutions of system
(25) in this section. The following is the local existence theorem.

Theorem 4.1. (Existence and Uniqueness) Let y € R. Suppose that conditions (5)-(6) are satisfied. Then for any
0o, Wo € V and V1 € W, there exists a real number Ly depending only on ||6olly, |Wolly and |W1llw such that
problem (25) has a unigue solution U(t) = (V(t), O(t)T on [0, Lo].

The proof of this theorem will be a consequence of a series of lemmas, but before that we need to prepare
some notations. Let v > 0 be an arbitrary constant satisfying

2 2 LR e 2 :

v 2 max [[—min{l, (115, + oA wolf) A+ ool + )], o2 + n} - (26)

Set
Ao := max {¢(s)|0 <s< vz}, (27)
A= max{|¢'(s)||0 <s< vz} , (28)

and

3
Ap = Cl_a (29)
v

Let L, > 0 be a constant, the existence of which is guaranteed by (6) and set

w1 := max{L,,vL,}, (30)
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and

2A17?
wy = 2( le
0

+ w1+ 21]). (31)

Moreover, let Ly > 0 be a constant such that

e < 2, (32)
and

2w1Ly < 1. (33)

In order to use the method in Kato[28] we need to write system (25) as an abstract quasilinear evolution
equation, and to do so we set Y = (W, ¢, )T where ¢ = W’ and we write

{ Y'(t) + Y ()Y (1) = FY (1)), (34)

Y(0) =Y,
where Y = (Wo, 9o, 60), F(Y (1)) = (0, f(¥(#)),0)" and

0 -7 0
eW®) =| ¢l WHIHA 0 G
0 —u(n) I (’cz + 17) I

+00
Where GO = Cf w(r)fdr. We fix X = WX H X Vand Y =V x W XV endowed with norms

15 = 112, + [lo|l5, + CIBIE,, for Y eX,

VIl = 118, + [lells, + IO, for Yex.

Let v as in equation (26). Let us define the following set
1) N(Q) = Yo, & € CN([0, Lol; H);
K=INO)=| &() A& @), < v ||lE; O, v IEB@I; <v; § (35)
) IN(® = N©)lix < LIt - sl;

. [O,L()] -Y

&
&a(

Where
%
L=v (36)

—~ 2
1+(A0+A2+LV)2+C(\/§(%+n)+1%)

Let us now fixe N € K and consider the following linearized problem

{ Y'(t) + ON ()Y (t) = FIN(1)), (37)

y(O)ZyQEY

Our aim now is to prove that system (37), has a unique mild solution Y(f) given by

t
YO = X000+ [ XN@IENENS (39)
0
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where {XN (t9))0<t<s< Lo} is an evolution operator associated with the family {©(N(#))|0 < ¢ < Ly}, con-
sisting of linear operators, and to do so we should construct the above mentioned family. Since system
(37) is linear, we are going to apply Theorem 2.6. First we induce X with a new norm and inner-product
denoted ||.||; and < .,. >, respectively, as follows:

IYIE = VI, = oA E®IR) AL, + 191, + ||, + ClIOIE, for ¥ eX. (39)
N(b) H H v
We have the following lemma

Lemma 4.2. There is a constant ¢ > 0, independent of N € K and t € [0, Lo, such that
Al <l < <lllly for vex.

Proof. From the fact that N € K and the equation (39), we get

I < o by, + 1915, + gl + o,

40
< maxt, 1 [W[E. 0

Also from equations (39) and (4), we have
o = -+ ot + e, + ho “

> min{my, 1 ||y’)x

1
Now, we choose ¢ = max{ max{Ay, 1}, —} and obtain the desired inequality. O
0 Vmin{my, 1} B Y
Lemma 4.3. Let N € K, then we have the following estimate
Y11
<ed=l for 02YeX,
I f

where ¢ = Lc*VA;.

Proof. Let us fix N € K, then from equations (30), (39) and Lemma 4.2, we get

V-V < [oaatamil, >—¢<||ﬂz(sl(s)|| 17 v,
< M |IlAzEDIR, -
<2vA || AR E () - Az él(S)H(HHyH (42)
< 22 A IN(E) - NI [V
< 2LSPvA |t — 8] ||.VH

and from this last inequality we can conclude. [
Lemma 4.4. Let N € ‘K, then we have
ON() € GX, 1,1 +m) forall tel0,Lol
Proof. Letus fix N € K, A > % + 1, Y € X and O(N(t)) is given by

0 _y 0
PUAWBHIDHA 0 G
0 —w(t) T (T2 + n) I
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+00

Where GO = C u(r)odr.
Since O(N(t)) is ::loénsely defined and closed in X;, then we should only prove that

Il

[@N®) + )Y, < - |, (43)

I S
A= (z+n)
we have the following
<SONMY +AY,Y > = ¢(IAZEBIR,) < AATY = Az, AZW >4
+ <AV -,V >q +{ < (T2 +n)9—y(7)(p,6 >3
—+00

+ < ATV OIDAY + Ag + C f w(0)0dr, p >4 w

+00
= MYI? + Cf (T2 + 17) ||9||${ dt— < W, >4

+00
> AMYIP+C f (7 + ) 16185, dT — Wiy ||op

M-

We have at first that

+00
nlloIZ, < f (72 +n) 16113, d. (45)

(o8]

Using equation (45) and Yong's inequality, we obtain

+00 5
~C f N (2 + ) 1615, dr + 1 llge [Jool],, < nCHOIZ, + 221G, + [|oo]]) )
< (L+n) Y2,
From equations (44) and (46), we obtain
1 2
<OINWMY + 1Y, Y >= (/\ - (E N 1])) Y. 47)

From equation (47) we deduce equation (43). Lemma 4.4 follows as an application of the Hille-Yosida
theorem (see [36]). O

Lemma 4.5. The family {XN(t,s)IO <t<s< Lo} is stable in the sense of Definition 2.4 with stability constants
M = ?e*M0 and B = 1 + n, where ¢ is the constant defined in Lemma 4.3

Proof. This lemma follows as a consequence of Lemma 4.3, Lemma 4.4 and Proposition 2.5. [J
We give next a lemma, the proof of which is a straightforward

Lemma 4.6. Let S: Y — X be an operator defined by

(I +A)? 0 0
S= 0 (I + A)? 0 : (48)
0 0 (I + A

Then S is an isomorphism between Y and X and satisfies

SON()St=ON(), forany N eK and tel0,L].
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Lemma 4.7. Set o = 2vAy, let N € Kand t,s € [0, Lo]. Then we have the following estimate
ION (1)) —ON(6))llg < olIN(E) = N(S)llx -

Proof. Let N € K and Y € Y. From the calculation in equation (42), then we have

loN ey -eWE) Y, =|(¢UAEWIE) - HUAEEIR)) AP
< |(GUAZEDIR) - GUALESIE)| IVl (49)
< 20AIN() = N)llx -
Thus, we obtain the desired estimate. [

The construction of the family {XN ts)N0<t<s< Lo} associated with the family {(©(N(#))|0 < t < Lo} is now
assured by Theorem 2.6 Lemmas 4.2-4.7 and the last equation in (35), and then Y(f) given by equation (38)
is the unique mild solution to system (37). Our task now is to prove that Y(t) is in fact a strong solution to
problem (37), and to this end we have the following lemma

Lemma 4.8. Let N € K, the we have the following estimates

IFN(#) = FIN$)llx < Ly IN() = NGl (50)
and
IFIN®)lx <00 with 0, =L, V1 +12. (51)

Proof. Let N € K. From equation (6), we obtain

IFN @) = FNG)Ix = [[fE®) = FEO)],
<Ly A& () - ALEG)|, (52)
<Ly IN(E) = NG)llx -

Likewise, we obtain
IFENONx = ||[fE @),
= (I(ﬂ%f<él<t>>J|§, + ||f(£1(t))||i,); (53)
< (L2+ (L))’
[

We can observe that Lemma 4.8 asserts that F(N(.)) € C([0, Lo]; X) N L*([0, Lo]; Y) for any N € K. Then
Theorem 2.7 claims that Y(t) given by equation (38) is in fact a strong solution and it satisfies

Y() € C([0, Lo]; Y) N C'([0, Lo]; X). (54)
Let us now, define
V:K-X (55)
by Y = WN. We are going to show that W(K) C K, and to this end we need the following lemma
Lemma 4.9. Let Y be a solution to problem (37) for any N € K and t € [0, Lo], then the following inequality holds

— L 2 .
TWY) = W'l + mo | AN W|[ +CIOIE, < min(1, €, moh?. (56)
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Proof. Let Y be the solution to system (37). Then it satisfies

P () + GUIAWOIP)AP(E) + C f p()O(t, Hdt = f(&1(t)), in [0, Lol,

0:(1,t) + (T* + N)O(1, 1) — p(H)u(7) = 0, in R x [0, Lo], ©7)
W(0) = Wy, W'(0) = W5, 6(7,0) = 6.
Multipying equation (57); by 2¥’, we get
S, + oam g ot = -2 f (D) < O, 1), > d o)
2 < fE D)W > 420 (IFEEDIZ) < ALE(E), ALE (1) >4 AW
Multipying equation (57), by 2C60, we get
d +00 +00
CE I|6I|i~, =-2C j:m (7 + IO dT +2C j:m () < 0(7, 1), V' >¢ dr. (59)
Set
DY ®) = V1l + pUA= &1 ) >||ﬂz\1!)|ﬂ +ClI6IE, - )
DY) = W11, + SUAT W) || A2 P[5, + C 160l
Take the sum of equations (58), (59) and the consideration of equation (60), we get
d g 1 1 1 1
FDY (1) =2 < f(E0), V' >p +2¢" (A EDI,) < AE (1), AZE () > (& -

_o¢ f (@ + DIOIR .

Integrating equation (61) on [0, ¢], taking into account the hypotheses imposed on ¢, equation(6), equation
(45) and the fact that N € K, and by the help of Cauchy-Schwartz inequality, we get

DY®) < IIE, + AVl || A2 o[, + ClIBOIE, +2 f | F(E1)||, 197 (5)lly ds
2 [ GUA OB < A 60,80 2 A d
21 | 11612, ds
J t
< DWY(0)) + 2112 f Hﬂ \}’(s)” ds +vL, fo (1+ 1w GI2,)ds (62)

+2 Cf 1611% ds

< DY) + ZAWZ

b P 1
f D(Y(s))ds + VL, (t+f D(Y(s)) ds) +217f D(Y(s))ds
0

+vL, + 217)[ D(Y(s))ds.

< DW(0) + 2vLo Lo + (ZA

Now, we operate I = (I + AA)™!, introduced in Lemma 2.3, on both sides of equations (57); and (57), to
obtain

{JA‘I’"(t)ﬂP (KA W()P)TAAW () + C f y(T Tr0(x, BT = T fE(H), ©3)
Tr0K( ) + (22 + TA0(, ) — Tag(B(r) =
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Multipying equation (63); by 2A,W’, we get

{ [||ﬂ TV @), + AR E DI )||ﬂ\W(t>||H ——2c f w(t) < Ja0(T, 1), W' >4 dt
+2 < Tf(ED), ALV (1) >4 +2¢" (IAZEBIZ,) < ALEL(D), ALE () >o¢ (AP -

Multiplying equation (63); by 2CJ,0, we get

Set

Remark 4.10. As a consequence of Lemma 2.3, we have CLY (1) P CY (b)), and CA(Y(0)) S C(Y(0)).

cLygo =2 [ @+ MITAOBIG AT +2C | u(r) < Ta0(x, 1), ¥ >4 dr.
dt v oo —oo

CrY) = ||t :W’(t)llﬂ + GIA> EL DI ) 1AV Bl + CITAOE, -
CW®) = || AW B[, + PUALE DI 1AL, + IO, -
Cr(Y(0) = ||ﬂzJ'Aw1||H + G(IA o2 ) 1A Woll3, + CILT2O0ll3, -
CQO) = [ALW[;, + GUA IR AR, + CI0IE, -

Take the sum of equations (64), (65) and the consideration of equation (60), we get

{ CA(y(t)) =2 <Jaf(&®), V' () >¢ —2Cf (@ + DITA6®5,dT
+20/ (IR & (B)I,) < ALED), A E () >0 1AV B, -

4500

(64)

(65)

(66)

(67)

Integrating equation (67) on [0, t], taking into account the hypotheses imposed on ¢, equations (6) and (45),
Lemma 2.3 and the fact that N € K and by the help of Cauchy-Schwartz inequality, we get

CrY() < IIﬂfJA%II; + G(IAWoll2,) AL Woll3, + CIT A6l
o [ o, v, o
+2 fo qbt’(uﬂ%él(s)ué,)<ﬂ%51(s>,ﬂ%ég(s) >g AW (5)ll5, ds
2nC f IT2012, ds
< CA(0)) + 2417 fllﬂ\lf(s)||Hds+L f(1+|‘ﬂ%\p'(s)||;)ds
2 f ITA012, ds
<CAY(0) + L (t + f t EA(M(S))ds) +2n fo G e

0

2 Al
L2y f Co(Y(s)ds

<CAY0)) + 2vL, Lo + (2’;”
0

2

t
+L,+ 217) f CA(Y(s))ds.
0

Letting A — 0 in equation (68) and Remark 4.10, we get

2

t
CW(®) < C(O) + 2vL, Lo + (2A1V AL+ 217) f CW(s))ds
My 0

(68)

(69)
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From equations (30), (5), (62) and (69), we get

IY) <DWY () +CY(H)

— — 2 to_ —
< DY) + C(Y(0)) + 2w1Lo +2 (lejv +wy + zn) f (DY) +CWY(s)ds 70
0 0
By Gronwall’s lemma, equations (32) and (33), we get
1Y) < (DW(0) +CYO) +2w1Lo) e
< min{1, C, mO}VZeszO (71)

- 2
Thus, we attained the desired inequality. O
Lemma 4.11. Let ¥ be the mapping defined in equation (55). Then W maps K to itself.

Proof. Let Y be the solution to system (37) and N € K, our aim is to show that ¥N = Y € K. From Lemma
4.11, we get

|3 + ||ﬂ%\ll||iy 013, < v (72)
Hence,
¥l < v, | A2, <v, 16ll5 <v. (73)

From equations (24), (73) and the Cauchy-Schwarz inequality, we obtain

+00 +00 2
cf (@) 16 dr sc(f Tz()) (I 74)

< AzV.

From equations (7), (73) and the inequality 2(a* + b%) > (a + b)?, we obtain

(f (Tz + 77)2 10(z, I3, dT)2 < (zf 2 6(c, B de + 20161, } -

00 —00

< V2(C+ ).

Now, we should show that ||y H-Yy (S)HX < L|t — 5|, where L is defined in equation (36). From equations
(28), (6), (45), (75), (26) and (73), we obtain

1Y Ol =[O, + 197 @, + e,

2
< [+ [pUtwoR A - C f 0 e+ FE®)]|
(76)
+c)| (2 + )6, 1) + W (Hu(c) va]
<[v2+ (Agv + Agy + VL) + C (V2@+ 1) + %)2] - L
Thus we have from equation (76)
t
¥ - @), < f Y'(t)|| <Lt-sl. (77)
s X

From equations (54), (73) and (76) we conclude that ¥(.) € K and this achieve the proof. [
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Let S be the operator introduced in equation (48). Set 11 = ||Slls, 72 = |S7}||g and
C(Lo) = c2&(c, Lo) (L + ommac2E(c, Lo) (Wolly + uLo)) Lo.

Where 3, = L, V1 +12, &(c, Lg) = e®*2*Dko g = 2yA; and
¢ = Lc2vA4, in the sequel we will assume further that L satisfy

C(Lo) < 1. (78)

Lemma 4.12. Let W : K — K be the mapping defined in equation (55). Assume also that condition (78) holds.
Then WV is a strict contraction with respect to the metric of K defined by

d(N1, Nz) = sup{IINl(t) - Nz(i’)” 0 <t <L}, fOI’ Ni, N> e K. (79)
Proof. Let N1, N, € K. From equation(19) of Theorem 2.8, we get

d(WN1, YN - < 1K oo,y IIFN () = FON2 ()l x

XM oy [OCNG () — BN () WA (Nl x (80)

Here {X2(t,5)} is an evolution operator associated with the family {@(N,(.))} of generators. From Lemma
4.5 and equation (13), we obtain

XMy < P340 = E(c, Lo). (81)
From Lemma 4.7 and equation (50), we obtain

IE(N1()) = FEON2(9))lIx < Lod (N1, N2) - (82)
and

O(N1(s5)) = O(N2(s)) WN1(s)llx < 0d (N1, N2) [N ()l - (83)

From equations (14), (16) and (51), we obtain

Ay < 15 ooy (W olls,y + IFN )] )

= 84
< (e, Lo) (Wolly + aiLo) &9

We combine Eq(72)—-equation(84), we obtain
d(WN1, WN,) < C(Lo)d (N1, WN2). (85)

Thus the proof is conclude. [

Since K is not necessarily closed with respect to the metric defined in equation (79), we should use another
approach to prove that ¥ has a fixed point Y, and to do so we introduce (¥,(.)), a sequence in K such that

{yo(t)zyo, for 0<t<Ly,

Y, =Y, (86)

Where Y is the initial data of system (37). From Lemma 4.12 we deduce that there is ¥/ € C([0, Lo]; X) such
that

Yy — Y in (0, Lo]; X). (87)
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We have also from equation (38) that W € CY([0, Lo]; H) and that W’ = @, and this means that Y = (¥, ¥’, G)T.
Let Y, = (&1, &, 53,,1)T € K, then we have,

Y1(0) = Yo,

||ﬂ%él,l’l(t)||rw < v,
[Y(t) = Yu(s)||c < LIt —sl.

Ol < [lean®lz < v, (88)

In one hand we have from equations (87) and (88) as n — oo, gives us

Y(0) =Y,

¥ - Ys)|, < Lit-sl. (89)
On the other hand

I el < vl @l < v ll€a®lly < (90)

Another time from the consideration in (87), there are two subsequences (¢1,,,) and (£3,,,) and Y € Y such
that

A& n(t) = AY weakly in, H uniformly on [0, Lo].

ﬂ%éi,n(t) — AW weakly in, H uniformly on [0, Lo].

1)
Esn(t) > O weakly in, a% uniformly on [0, Lo].
From equations (88) and (91), we get
|ARPO|yy < v I Elly <v, 10Ol < v. (92)

From equations (89) and (92) we conclude that ¥ € K. We can prove further that this Y is unique as follows

dY,WY) <dY, Y, +dY, VYY)
=d(Y,Y,) +d VY1, VY) (93)
< d(y/yn) + C(lo)d(yﬂ—lr«y)'

Letting n — oo in equation (93), we get d (Y, WY) = 0 from which we conclude that Y is a unique fixed
point; it is in fact a unique solution to system (34) or equivalently system (25), and this proves Theorem 4.1.

5. Application

Let 5,7 > 0, Q c RN (1 < N < 3) a bounded open subset with a smooth boundary, ¢ be a function
satisfying the hypotheses in (4). We consider the following system

Wy(x, t) — o(IVW(x, DIRAW(x, ) + 79, "W (t) = [W(x, HPW(x, £) — W (x, 1), in Q,t>0,
¥ =0, on 0Q,t>0, (94)
W(x,0) =Wy, Wi(x,0) =¥, O(x,0) = 0, in Q.

The local solvability of problem (94) is a consequence of Theorem 4.1, to see this we consider the classical
Lebesgue spaces L7(Q) with their well-known norm for 1 < p < co. In fact we have A = —A is a positive
definite self-adjoint operator on D(A) = H*(Q) N Hy(Q) (see [13]), and Az =V with D(Az) = Hj(Q). In this
case the non-linear operator is taken to be f(u) = u® — 6u, the domain of this operator is D(f) = L°(Q) which
is an example that fulfills the conditions (4) (See [25]). Under this circumstances we can apply Theorem 4.1
and get the local existence of system (94).
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6. Conclusion

We studied the local existence of solutions to a quasilinear Kirchhoff equation with a nonlinear inhomo-
geneous term submitted to an internal viscous damping of fractional type; to tackle the equation directly is
much harder, and to overcome the difficulty, we used an auxiliary and equivalent system. We combined
the approach introduced in [28], the multiplier method, with an iterative scheme to achieve this result. In
fact, we lived the degenerate case when 1 = 0 and the nonexistence case as open questions. We can look
for an interesting and more complicated system that goes as follows:

W) + ¢(||ﬂ%‘l’(t)||2)ff7l\1’(t) +yd""W(t-1) = f(¥(t), in[0,L], (95)
\I/(O) = \IJO/ \P/(O) = \Ill/
(t — 7) this notation means a delay.
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