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Abstract. In this paper, we present a introduction to Durrmeyer type Lototsky-Chlodowsky operators. We
explore their approximation properties within a weighted function space. Subsequently, we derive the rates
of convergence utilizing the second modulus of continuity. Moreover, we investigate the convergence rates
in the L, space. In addition, we establish Voronovskaja-type theorem for the considered Durrmeyer type
Lototsky-Chlodowsky operators, thereby contributing significant insights into their asymptotic behaviour.

1. Introduction

Let I ¢ R. As usual, we denote with B(I) the space of all bounded functions and with C(I) the space of
all continuous functions defined on I, endowed with the usual sup-norm.
In 1966, King [4] introduced Lototsky-Bernstein operators as follows:

L,:B[0,1] > C[0,1] forn e N

= [k
Lifim=Y, f(;)an,k(x» xelo1] M
k=0
Using the basis function a,,x(x) derived from the following relation

[T0uy +1-1) = Y any’,y e R 2)
i=1 k=0

a0 =) JJa-me)[[nw

JU J=N,, i€] ie]
Card(])=k
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where h; : [0,1] — [0,1] is a sequence of continuous function and ago(x) = 1, aox(x) = 0 for k > 0. King
has provided a sufficient condition for the sequence (h;);en to ensure that (L,),>1 acts as an approximation
process on C [0, 1]. This result can be expressed as follows.

Assume that,

nlz_)ngolz; hi(x) = x uniformly in x on [0, 1],

then, there holds

lqlingo (L f)(x) = f(x) uniformly in x on [0, 1],

for every f € C ([0,1]).

In recent years, the study of these operators has been significantly advanced. Notable contributions to
this field can be found in the works of Ron Goldman, Xiao-Wei Xu, Dumitru Popa, Ulrich Abel, Octavian
Agratini and Xiao-Ming Zeng ([9], [1], [8], [7]). In this article, the Lototsky-Chlodowsky operators, which
are based on Lototsky-Bernstein operators are defined, and then their Durrmeyer type generalization are
introduced.

The classical Bernstein-Chlodowsky polynomials are expressed in the following form

"k 2 \/x\k x \"k
=Y (m)( 1 )G (=) o= ®
where b, is a sequence of positive number such that limb, = oo, lim %" = 0. Chlodowsky introduced these

polynomials in 1932 as a generalization of Bernstein polynomials on an unbounded set. In 2005, Ibikli
and Karsli [2] introduced the Bernstein-Chlodowsky operators within the framework of Durrmeyer type
operators as follows:

n+1

n by
O =Y pus (i) [ Fopus (i )at, 0<x <, @
2 :

where (b,) is a positive increasing sequence with the following properties,

limb, = oo and limE =0

n—oo n—oo 1

and
_|n k n—k
pn,k(x)—( A )x 1-x"", 0<x<1
is the Bernstein basis. Recently in [6] Serin, Karsli and Tasdelen constructed the Lototsky-Chlodowsky

operators given by
L; : B[0,00) = C[0,c0) forn € N,

GHw=Yf (Sbn)un,k(bi), xel0,b) ©
k=0 "

where a,,; (hi) are Lototsky-Bernstein basis functions satisfying

n

[T ()1 -n(3)) = o) vem ©
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() 5 IO )

JU J=N,, i€] i€]

Card(J)=k
The approximation properties of the operators (5) can be found in [6]. Based on this Lototsky-Chlodowsky
operators and Durrmeyer type Bernstein-Chlodowsky operator D,, , we construct sequence of operators
D;, which approximate functions f € L;[0, ). This paper aims to define and establish the approximation
properties for Durrmeyer-type extensions of L;, operators. Li([0, b,]) denotes the Banach space consisting of

by
f”1 = {|f(x)|dx. In

all real valued Lebesque integrable function on [0, b,] with the norm denoted by ||.|I;,
this paper, we introduced Durrmeyer type modification of the operators (5) as follows:
D} : Ly [0,00) = C[0,00) forn e N

n+1

D36 = 2 s f pur () 0, 0 <x <8, ”)

Remark 1.1. Letx € [0, b,]. Forall f,g € L1[0,0)anda, b € R, obviously (D;,(af+bg))(x) = a(D;, f)(x)+b(D;,g)(x)
holds true.

Remark 1.2. Utilizing a bivariate kernel, we can write D;, f in a more compact form as follows:

by
;) f (o DfE, < [0,b,] ®
0
where
. _n+l X
Ki ) = 5 ;ank(b Jpus(5) @0 ebaxObL ©)
Remark 1.3. By using beta function, for any p € INg , we deduce
[ -+ !
+p)! n!
Pdf = =
fpnk t dt = i (n+p+1)!'k 0,n. (10)
0

Lemma 1.4. For f € L]0, o0) , we have ”an”L1 000) S || f”L][O o

Proof. By the definition of (7), we have

O] = [ (2) [ (i) e

k=0

IA
=
S+
—_
)
=
=
—_—
ks
SN—
=
=
»
—_—
=
SN—
Y
—~~
=
=~
QX
~~

b, b, ; by
[lonwle < [ [”b* Y (i) [ruls )|f(t)|dt]
0 0
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< [ e oo

0 k=0

by applying the Generalized Minkowski inequality, we can write

bn bn

S5 L o 5 ol
0 k=0
””1f(t|fzank( )pnk(t)dx dt

n+1 (f(t)| Zn"f nk(%)pnk(é)dx dt
0

. t\n+1 X
£ o) kZ:;‘Pn,k(E) b an,k(a)dx dt.

IN

IN
o%? o%g o%w o

IA

Iy
|+
—_
S
=
>\~
3
+
—_
—_—
N —
O%S‘
I
=~
Il
—_

0
Thus
by
1
|D Li[0,c0) = f|f(t)| ank 1’[;— ank dx

0 T
bn n

< f [ Yo ()t
0 k=0
by

< f |f(t)] dt
0

<

| Al o

4588

In this study, we first present several lemmas to establish the covergence properties of the operators (7)
using Korovkin’s theorem, followed by a proof of the main theorem. We determine the rate of convergence
of the operators to the target function f by analyzing the modulus of continuity. Subsequently, we
determine the rate of these operators with the assistance of the second modulus of continuity. Additionally,

we provide a Voronovskaja-type theorem. [J

2. Preliminary results

In this section, we present several lemmas that are necessary for proving our main theorems.
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Lemma 2.1. Let x € [0,b,] and e;(t) = t,i = 0,1,2. Then, the Durrmeyer type Lototsky-Chlodowsky operators

D;, satisfy

(Dje0)(x) =
DN = — [ (bi) + 1]

) n n X X
S ) 2)(n +3) “ h’ ] Z; hi(ﬁ) (1 h (bn

3v2 - 202
(n +2)(n+3) & (n+2)(n+3)
)+

i=
Proof. Ttis clear that, (Djeo)(x) = Y. ank (bi) . Putting y = 1in (6)
k=0 "
< X X . X
L1 (5;) =105 ) = Lo (7)1

hence the result follows.
Moreover, we get from (7) and Remark 1.3

by

n+1
(Dien(x) = ank f e (- tdt
0

_on+1 - x bi(k +1)
T b & ”k( )(n+1)(n+2))

n+1 b2 - - X
T b, M+ +2) {kz_;a””"‘ (bn )k * kz(;“"’k (E)]

b, - x
- oS ()]

by N, (X b
h n+21,:1hi(a)+

Finally, in view of (7), we get

by

O = =Y () [pusly) e
n =0 n

0
n

_ on+1 x bk +2)(k +1)
T o, Z””"( )((n+3)(n+2)(n+1))

k=0

n+1

by (n+3)(n+2) n+1)Z”’”‘( )

(k+2)(k + 1)

_ (;;ﬁ[z (LI WA )]
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s [ (Er@) £ 0-n)

(n+3)(n+2) +3i h() +2
=1

()] Er() 0-n)

i=1

=

by
T (t2)m+3) (

i=1

303 (X 203
T+ 3) L& (b_) 1+ 2)(n+3)’

O

Lemma 2.2. For each x € [0, b,] , it can be deduced from the results presented Lemma 2.1 that

" by - X
(Dj(e1 = )@) = (n+2)[;hi(a)+1]—x D

(D (e1 = x)*)(x)

(Dje2)(x) = 2x(Dye1)(x) + x*(D;,e0) ()

2 lE ] B bl

n+2)(n+3) p
302 - 202
NTERCE 3)2 ( ) (n+2)(n+3) (12)
2xb,, x
—m[;h«a)ﬂ]wz

Lemma 2.3. ([1]) For every o > 0, let h; (bi) - b" .Since0 <a <1, Z (l +7)

n

. X x X2 nla
Z (hi(a)—a)%—gl_a. (13)

and thus

b(l a)

Lemma 2.4. ([5]) For g € N and fixed x € I, let A, : Lo (I) = C (I) be a sequence of positive linear operators with
the property,

(Au(t = x)7; x) = O(n~ 1P+ D/21) (n— o) (p=0,1,..,29+2).
Then we have for each f € Lo (I), which is 2q times differentiable at x the asymptotic relation

29

(Anf)() = Z%(Ana = X0 f V) +0n) (11— o) (14)

p=0

If, in addition, f ?1*?(x) exists, the term of O(n™7) in (12) can be replaced by O(n~@*D).

3. Convergence results

In this part, we study some approximation properties of the operator (D;, f)(x) defined by (7). Let [a, b] be
a compact subset of [0, +o0) and consider the following type lattice homomorphism

H:C[0,00) = Cla,b]
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defined by H(f) := f | for every f € L; [0, 00), where f |54 is the restriction of the domain of f to the
interval [a, b]. Clearly, we have for eachi = 0,1,2

lirin H (Djei(x)) = H(e;) uniformly on [a, b].

n—-+oo

Owing to the Korovkin property we have the following Korovkin type approximation result related to
the uniform convergence. In this section, we explore the rate of convergence utilizing the modulus of

continuity, Peetre’s K-functional and elements of Lipschitz class.

Theorem 3.1. For every x € [0,b,] and f € L1[0, 00), let lim f(x) = k¢ < coand lim % = 0. Then, there holds

lim |

n—oo

D.f _f||L1[O,oo) =0.

Now, in order to get on uniform convergence result on the positive reel axis [0, +0c0), we consider the
following subspace

Cp(10,00)) = {f € Cy([0,0)) = for Y € [0, o),

£()| < Msp(x))

endowed with the sup-norm. We have the following theorem.

Theorem 3.2. Foreach x € [0,b,], let p(x) = 1+ x*. Then for every f € C,([0, 0)), one has

D;f - f], =0

lim |

n—oo
Proof. For 0 < x < b, by using the (11) equality, we may write

D, -1
||(D:,eo)(x) _ 1HP m

0<x<b, p(x)
= sup -1
0<x<b, P(Y)
= 0

thus
lim [|[(D}e0)(x) = 1| = 0.

By using the (11) equality, we can write

D; -
[@ieneo =+, IDien) -

0<x<b, ‘O(x)
b [
ey (Elhi (&)+ 1) -
= su
OSXSI?JV, 1+ x4

b, nx _ x2pl-a b, _
+2) (bn bg(1_a)) T oy X
= sup

0<x<b, 1+ xt

W) T Baeaeey T ) x'

= Sup
0<x<b, l + x4
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- 02351” T+xt
n . nl-a
GTZ" (n+2)| " [R2(1-a)n+2)
n N nl-
nos | (n+ 2) _1|+ (n+2)’+ RA-a)n+2)|
thus

lim [|[(Den)(@) - |, =

By using the (11) equality, we can write

2 n
st | (£ () ) + £ (@) 0-(2)
<n+§>b<1+s>2h (£)+ i
2
D -, = sup -
P 0<x<b, p(x)
2
(n+2)(n+3) (Z hi ( )) + (n+2)(n+3) Z hi (
(n+23)b(?1+3)2h ( ) (n+§)b(n+3) x2
= b P

b2 nx 2,1-a b2 nx 2 1-a
w2 \ by~ Ba—w ) T @) \ b T Bi—a
302 nx W2pl-a 2b2 2
W) \ by~ (e ) T Grme3) X
< sup
0<x<b, 14+ x4
v n2x2 _ 2x%n2 Pt + 4b,nx
(n+2)(n+3) \ b3 bE(1-a) = bS(1-a)? (n+2)(n+3)
_ 3x2pl-a + % _ xz
by (n+2)(n+3)(1-a) (n+2)(n+3)
< sup
0<x<by, 1+ x4
n2x? 2x3n% P
m+2)(n+3) ~ (n+2)(n+3)(I-a) bf,(n+2)(n+3)(1—a)2
4b,nx _ 3x2pl-a + Zbﬁ _ xz
(n+2)(n+3) (n+2)(n+3)(1-a) (n+2)(n+3)
= sup "
0<x<b, 1+x
112 2 —a nZ—Zuz
< m+2)(n+3) ,,(n+2)(n+3)(1 @) hﬁ(n+2)(n+3)(1_a)2
= 4b,n 3l 252
TEE3) T T e T )
thus
lim [|D; f - ]|, =

4592
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Definition 3.3. For 6 > 0 and f € C[0, 1], the modulus of continuity w¢(0) of the function f is defined by

wr®) = sup  |f(0) - f()- (15)
x,y€[0,1]
|x - y| <o

Then, for any 6 > 0 and each x € [0, 1], we have the following inequality

-y
|fG) - fﬂ<ww{| | q. (16)
Definition 3.4. The second modulus of continuity of f € C[0, 1] is defined by

w(f; Vo) = sup |G +2) = 2f(x + h) + f(x)”C[O,l] :

0<h< o

Definition 3.5. ([10]) Now, we consider the following Peetre’s K-functional of the function f € C[0,1],

K(fio)= inf | {1f = allcr, + 0l }

where

W?[0,1] := {g € C[0,1] | ¢, 9" € C[0,1]}.
The following inequality

Ka(f39) < Man(f; o) (17)
is valid for all 6 > 0. The positive constant M is independent of f and 0.

In the following theorem, the modulus of continuity is employed to evaluate the rate of approximation to
the function f.

Theorem 3.6. For each x € [0,b,], let f € C[0, 00) . Then
(D5, () = f)] < 200(f;0), (18)
where 6 = /(D3 (e1 — x)?)(x).

Proof. By applying the linearity of the operators D, f, (11) and (16), we get

hn

(DN - )] < %}f%déyﬁw()mnfmw

k=0

A

IA

L s jﬁk (f; |t — xl)dt

n+1
ank Pnk

k= 0

”*bva{aw khm “‘ﬂm}

IN

x')w( £,06)dt

IN
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by b,
el

IN

n
k=0 0 0

bl‘l
n+1
fé){ ank fpnk It—xldt}

0

IN

By using the Cauchy-Schwarz inequality for the integral, we have

n b”
(D)) - f)| < 1+%1k=0an,k(%)[ f pn,k(é)dt]

0

1/2

1/2

by
x [ f Dok (é)(t —xp dt] w(f;0). (19)
0

By applying the Cauchy-Schwarz inequality, (19) leads to

by 1/2

n+1 x
{ b ankb_fpnk ]
n n

- 0

IN
—_
+

1/2

x [”b* L an,k(%)hfnpn,k(é)a —x)? dt] w(f39)

k=0 0

=

= {1+ 5 @) (O3 - 09w) o),

In view of Lemma 2.1, we get the desired result for 6 = /(D;,(e1 — x)?)(x). O

Theorem 3.7. If f € C[0, o) and x € [0,b,] , then

(D;@) - fx)|<sz( 3\ Oie =000 + (£ ))+w(f b)) (20)

M=

. . hi(g;) .
where a,, (E) == Bn (E) =
constant.

ay, (bi) -Xx— ZXT_b”' and yy (bi) = ((D;(el - x)z)(x) + ﬁ% (%))1/2 .M s a positive

n n n

Proof. Initially, we introduce the operators E;,, n > 1 as follows

(ExN@) = (D, )(x) = f (Dyen))) + f(x), x € [0, by]. (1)

(Ex(e1 — x))(x) (Dy(e1 = 0))(x) = (Dyer)(x) — x)
(Dren)(x) = x = (Dyer)(x) + x

0.
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Let x € [0,b,] and g € C?[0, ). Using Taylor’s expansion and the integral form of the remainder, we can

write

t

g(t) = g(x) + (t —x)g' (x) + f(t —u)g” (w)du, t €[0,b,].

X

Applying E;, to Taylor’s formula, we get

(Eq9)(x)

Therefore, we have

(Ev9)(x) — g(x) = D,

which implies

|Ez9)(0) — 9(x)|

IN

IA

f(el —u)g” (w)du; x] -

D;,

D;,

As a result, from (11) we get

(Dje1)(x)

(D en)(x) = u)|

Consequently, we obtain

|E;9)(x) — 9(0)|

<

IN

IA

g(Ee0)(x) + g’ (x)(Ej, (e1 — x))(x) + E;, [

g(x) + E, [f(ﬁ —u)g” (w)du; x].

(Dye1)(x)

X

+

f(el —u)g” (u)du; x]

€1

X

(Dre1)(x)

f(el —u)g” (w)du; xJ

f(@%W%@fwm

tf(@%ﬂ@—@fwmu

X

e (Dre)()
fwrwﬂfwww4+ |(Djen)@) = ul g ()| du.
x X
g ldu < (DyeN® =2 9" |
by v b ’
7" n . i n__
< g C[O,w)[n+2;4hl(bn)+n+2 x]
’7 n X bn ’
< 19 cpo,0) n+2a”(a)+n+2_x
’7” 2 X
< g C[O,m)ﬁn (a).
(D31 = 9200 + (@30 @ = P19 | 0.0

7

g

gll

CJ0,00) (D (er — x)*)(x) +

hm$m@—#ww(

g

7

n
—a
n+2 "

(

X

by

b
n+2

b, nhx
bw>53;f@ﬂ+
%

—ﬁj

(22)
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< 7

7"y | @iter =070+ B3 ()| 23)

In view of (21), we have
|E, N )| = (D)) + |F(Dse))] + |F0)] < 3] Fll o -

Referring back to equation (21) and considering (23) and the definition of the modulus of smoothness
w(f;0), thus

(DN~ f@] < [EHE = F&) + £ (Dren@) = F(x) + (Ez)(x) = (E9)(0) + g(x) = g(x)|
< |Ef - )@+ o) - f)
[n+2 m(5)+ n+2] +[(Eg)@) - 90|
< )1 = allegg g * 19 g (Piter = 2220 4 B3 () + 0 {f; nbjzljh () 7 ]
< 407 =l + 19 e | (Ohter = 2200+ 63 (52 )+ (£ (5
< (17 = oo + 5 (@iter=2P@ 4 8 ()0 legoms) + (558 ()

Taking the infimum with in the right side over all g € C*[0, ) , we have

o0 1 955 i o900 ) o ).

In conclusion, by leveraging the relationship between the K-functional and the second modulus of continuity
as illustrated in Definition 3.5, we attain the desired outcome. [J

Furthermore, we delve into the rate of convergence utilizing functions from the Lipschitz class. To do so,
we must first provide the following definiton:

Definition 3.8. Let f be a continuous real valued function defined on [0, o0). Then the following statement is valid
for f in the context of order y (0 <y < 1) on [0, o),

lf) = fp)| < M|x =y (24)

forall x,y € [0,00) and M > 0. These set of Lipschitz continuous functions of order y with Lipschitz constant M is
denoted by Lipm(y).

Theorem 3.9. Let f € Lipp(y) and x € [0,b,]. Then we have

(D, 60— 0] < M Dyt -2 0)]" 25)
Proof. For (D, f)(x) and f € Lipp(y) , we can write
|D; /)0 - f)| < Dj( -x>

ly a,,k f pus () 170 - o]
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b n

DY s (1) [ (-
< M . kz_:?an'k 5) | Pl It — x| dt. (26)

0

By utilizing the Cauchy-Schwarz inequality for the integral, (26) leads to

1/2

n by by
(O - ] < M(”Jnl)éan,k(%)[ pn,k(i)dt] [f ’“"rk(é)'f‘x'w]

0

1/2

A

IA
=
N
—~~
=
S+
—_
N
IS
=
=)
—_
Sk
SN—
=
g
)
—
ay
=
SN—
[
~
N —
=
S+
—_
-

(M2D;e0) )" ((Dyfer - 02)))
M((Djer —P)w) "

IA

IA

Hence, the proof is completed. O

4. Rate of convergence in L;

Definition 4.1. For 6 > 0 and f € Li(—oo, 00), the modulus of continuity wr, (f; 6) of the function f is defined by

wr,(f;6) = sup f |fCxc+ 1) — f(x)| dax. (27)

[t<6
Then, for any 6 > 0 and f € L1(—co, 00)
limay, (f;) = 0. (28)

Definition 4.2. For 0 > 0 and f € L]0, c0), the modulus of continuity wr,,)(f;6) of the function f is defined by
hn
oo (fi0) = sup [ 150~ )] dx. )
li-xl<6
0
Then, for any 6 > 0and f € L1[0, o0)
Theorem 4.3. Let f € L1[0, 00). Then

(D5 £)(x) = f()] < 2001, 6,)(f; 0) (31)

by
where § = f(t = x)2K;,(x, Hydt = \((D;(e1 — x)2)(x).
0
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Proof.
by,
(@@ -1 < |52 Y (i) [ s (o) 0 - st
k=0 0
n by
n+1
< . e ()6~ ol ar
i s f I |

by the Holder’s inequality, we get

2 1/2

by ( by ;
@360~ 7l <| [ [ % 1;an,k(%)pn,k(i)|f<t>—f(x)lJ dt
0

0 0 =

By applying the generalized Minkowski inequality, we have

n

[5 Y s(5 )os (5 r0 - s
0

(D) = f@),, [0,09)

" k=0
b”

b pus (- f i If(t) fe dx

0

=
+
—_

IA

IA
o%? O%S‘ o%?

() - ) dx] K (x, dt.

Thus, taking into account definition of the modulus of smoothness wy, ,)(f; 0)

b n

[0 - fl oy = [
0
b

t

by,
- dx | K (x, t)d
[Isu P [ lft) - f) x] “(x, Dt

n

f w1,y (3 = DK (5, Bt
0

For positive sequence 6, we have

t—x|6
o (51t - x) £~ ] )

o
('t - < 1)0)&(,,”)( £;6).

IA

Thus
bn

IO ~ F@|, gy < @Ln(F0) [ Ky,
0

4598

dx.

1/2

dt

1/2

dt



K. Serin S. et al. / Filomat 39:13 (2025), 4585-4600 4599

by

e

wn,6)(f39) f (552 1)kt
0

+ 1 a)Ll(;, )(f 6 K*(X t)dt

IN

IN

h”
w1, (f3 ) e e, Bt + f K (x, t)dt]

=~
0
0
(

IA

h”
>0fv
b, by
t—x) . .
a)L](b”)(f; (S) B K” (x, t)dt + Kn (x, i’)dt
0

0

IA

L, (f;0) % f (t — x)*K: (x, t)dt + 1]. (32)
0

b"
If 6 = f(t — x)?K;,(x, t)dt = /(Dj,(er — x)?)(x) is taken here
0

[D5A@) = FE,, 0.y < 201100 (F50)-
Now, we obtain a Voronovskaja-type asymtotic estimate of the operators D;,. [
Theorem 4.4. Let f € L1[0, 00) and f’, f" exist at a fixed point x € (0, 00). Then, we have
. n * 7’
lim 2= (D, /@) — f() = xf"(x). (33)

Proof. By the Taylor expansion, we may write

(t - x)2 1’
S/ )+ (= x)PA ), (34)

f(B) = f) + (E=x)f(x) +
where A(t; x) € L1[0, o) and A(t;x) — 0 as t — x. Appyling our operator D;, to the both side of (34) , we get

Dy Hx) = fx)+ (Dt —x);x)f'(x) + D, ((t - 2 x f2(|x)

+D5((t — x)*A(t; x); ),

5 (AW =) = D= 00f @)

+5 DIt I

+b£ D;,((t = x)*A(t; x); x).

In view of Lemma 2.2, Lemma 2.3 and Lemma 2.4, we have

n, . . (nx xZnl@ b,
E((D”f)(x)_f(x)) < _f()(n+2(b bf,(l—az))+n+2_x) (35)
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» by nx ¥l
@) | w2\ 6~ Baca

2
b, 2! 462 nx ¥l
tomd) b~ B
N 2b2 _ 2xb, (nx x*ni-a _ 2xb, L2
n+2)n+3) n+2\b, bA-a)) n+2
+b£D:,((t — X2 %); %).
Now we shall show that
.ono, 2
lim b—Dn((t - X)"A(t; x);x) = 0.
n—oo n
From the Cauchy-Schwarz inequality, we have
% D5 ((t - 0PA (0 %)| < %D;( (t = 25 %) ;%)

nz 1/2
(b_zDZ((t - X)4;x)) (D, (A% (£ ); %)) /2.

lim((hl)zD:,((t —x)*;x) = 0 and since A(t; x) € L1[0, o0) and A(t;x) — 0 as t — x, it follows
n—oo n
lim D7 (A%(t; x); x) = A%(x; x) = 0. (36)
Thus we obtain
lim bﬁp;((t — X2A(Ex);x) = 0 (37)
n—-oo n

and then, by taking limit as # — oo in (36) and using (37) , we completed the proof. [J
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