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Abstract. This paper develops a novel Bullen inequality for third-differentiable functions using Riemann
integrals. Furthermore, new Bullen inequalities are proposed utilizing a summation parameter p > 1 for
and s-convex functions ,convex functions and P-functions classes. Particular cases are studied when the
third derivative functions are also bounded and Lipschitzian.

1. Introduction

It is important that the mathematical literature investigates numerical integration and defines error
limits. Error bounds for functions with variable differentiability have been the focus of much research.

The Bullen-type inequality is a helpful mathematical instrument for integral estimation. The well-known
Hermite-Hadamard inequality is defined as follows [1], for a convex function:
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In [2], Bullen improved the right side of (1) by the following inequality, which is known as Bullen’s
inequality:

1 ! 1| f(a)+ f(b) a+b f@)+ f(b)
b_—afaf(t)dtsi[ 2 +f( 2 )]S 2

The estimation of Bullen-type inequalities for functions whose first derivative absolute values are convex
is as follows. [3, Remark 4.2].
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The following is an estimation of Bullen-type inequality for functions whose second derivative absolute
values are convex: [8, Proposition.4] and [9, Corollary 1.].

E[ﬂm;fw>+f«;bﬂ_bialfﬂnw

Bullen’s inequality has been extensively studied in the literature, leading to numerous directions for exten-
sion and a rich mathematical literature (see [3]- [9]).
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Convex functions have been used in a variety of mathematical areas as a result of their efforts and study,
leading to the discovery of many mathematical inequalities. The author of [10] introduces a well-known
class of functions called s-convex functions.

Definition 1.1. Let s € (0,1]. We say that ® : I € R — R is a s-convex function in the second sense, if ® is
non-negative and for all x1,x, € I, T € (0, 1) we have

O(tx1 +(1—1)x) £ T°D(x1) + (1 = 7)° D(x7). (3)
If the inequality (3) is reversed, then @ is said to be s-concave function in the second sense.
By setting
e 5 =1, the concept of s-convex function reduces to convex function [11].
e 5 — 0, the concept of s-convex function reduces reduces to P-functions [12].
In [13], Benaissa and Sarikaya established the required Lemma.
Lemma 1.2. Let 7 € (0,1) and s € [0, 1]. The following inequality holds:
T+ (1-1) <2, 4)

Theorem 1.3. (Holder inequality). Let p, q > 1 with !17 + % = 1. If W and O are real functions defined on [A1, A;]
and if WP, |D|7 are integrable functions on [Aq, A;] then

Ao Ao % Ao %
f W (D) dt < ( f |‘I’(t)|”dt) ( f D)7 dt) .
A M M

The power-mean integral inequality, derived from the Holder inequality, can be expressed as follows:

Theorem 1.4. (Power mean integral inequality). Let p > 1 and W, @ be two real functions defined on [A1, Ay]. If
|WI, IIW||D|7 are integrable functions on [ay, az] then

An Ao 1_% Ap %
\f|ww@mws(f|wmmﬁ (f|wwmwwm).
M M A

For additional details and improvements of the power-mean integral inequality, consult references [15] and
[14].

Depending on previous researches, we present a new form of Bullen inequality for third differentiable and
s-convex functions utilizing a summation parameter p > 1 and the Riemann integral.
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2. The basic identity

Lemma 2.1. Let f : [a,b] — R be a three times differentiable function on (a, b) such that f"” € Ly ([a, b]), then the
following identity holds.

L[f@+f®)  (a+b
E[ 2 ( )] L0 - £ @)

— )3 3
_Goa {fo (-2l )[f,,,( Dastth) - 7 e (- Bt .

1
+ﬁ(t—1)( —§t+ )[f”’((l t)a+tb)—f”’(ta+(1—t)b)]dt}.

Proof. By applying integration by parts, we get

fzt( —2t+ )[f”'((l Da+th)— f” (ta+(1—f)b)]dt
0

Ji

- (e o

//(

1 3 01
‘mfo (3f2‘5”5)[f”<<1—t>a+tb>+f"<ta+<1—t>b>]dt

- —(b_la) (3t2—§t+ )[f (A1-Ba+th)—f (ta+(

1 3 3 , ,
+(b—a)2f0 (6t_§)[f (A-BHa+tb) - f (ta+ A -t)b)]dt

- TalEre-re

1
2

1 3
’ m(&_E)[f((l_t)“+tb)+f(fﬂ+(l—t)b)]

0

(I-Ha+tb)+ f(ta+ (1 -1)Db)]dt

Thus

ho= - (b_la)z (%)U’(b)—f’(a)]+ﬁ{%(#)%[ﬂaﬂﬂb)]}

T f[f(l—t)a+tb)+fta+(1—t) b)] dt
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Similarly
! 5 3
L = f (t - 1)(t2 2t g)[f"' (1= a+tb)— £ (Fa+(1-B)b)]dt
1

( )(t—l)( ——t+ )[f"( ~Da+tb)+ [ (ta+ (- Db

2

1 9, 13
—mj(; (3t2—§t+g)[f”((l—t)a+tb)+f”(ta+(1—t)b)]dt

9 1

13\, ,
) _(b—a)2(3t2_§t+§)[f (1-ta+tb) - f (ta+(1-1b)]

NI—

L1
(b—ay

1
ﬁ (6t— g)[f’((l—t)a+tb)—f’(ta+(1—t)b)]dt

- alEre-re

1

1 9
T o-ay (6= 5) U (@ = Dya 8+ ftas 1 -]

1
2

6 1
_(b—a)3f; [f(A=ta+tb)+ f(ta+ (1-t)b)]dt,
then
h = ‘%( )i o - r@l+ o { [f(a)+f(b)]+3f(a+b)}
—t)b)] dt.
Since

: 1 2
fof((1—t)a+tb)dt=£f(ta+(1—t)b)dt=bljfa f(t)dt,

! 1 g
fof(ta+(1—t)b)dt:£f((l—t)u+tb)dt:ﬁf“;bf(t)dt

we obtain

1 a+b 12 b
i+ = (b_a)3{3[f(a)+f(b)] f( )}—(b_a)4faf(t)dt

1

o lgro-fal

Multiplying the last equality by (b ) gives the equality (5). O

4604
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3. Fundamental Lemmas

These two lemmas are necessary for proving the important results. The next lemmas derive from the
power mean integral inequality and the Holder inequality.

Lemma 3.1. Assuming p > 1and 0 < Ay < Ay < 1. Suppose the function f is three-time absolutely continuous

such that "’ € Li(a,b) and v : (0,1) — R is an absolutely continuous function with v € Ly(Ay, A2). If |f"” :
s-convex mapping on [a, b].

A2
ﬁmwﬂ

Proof. We need the following inequality to prove the next results.
LetA,B>0and n>0:

isa

o). ©

(A -Ha+tb)|+

Ao ;
f’”(ta+(1—t)b)|]dts(£ lo(8)| dt)z(%) (@l +

A" + BT < max(1,2'7)(A + B)". (7)

Letp >1,0< A <Az <Tand o € Ly(A1, A2), using power-mean integral inequality gives:

A2
fA R®I[|f7 (A= Ha+th)|+|f” (ta+ 1 -HD)|]dt

1-1

A2 P
< ( fA ) dt)

The inequality (7) yields A7 + B» <277 (A + B)?, thus

A2 ;li A2 %
( f ®I | (1 = t)a + )| dt) +( f | (ta+ 1 - D) dt) }
/\1 Al

Ao
f O[] (A - Ha+tb)| +

7 (ta+ (1 - 1) b)|] dt

M
A2 1_% X A2 . . %
< (f [o(t)| dt) 217y U @ (| (= a+tn)| +|f” (ta+ 1 - b)) dt] .
)Ll /\1
Given that | "’ " is a s-convex function, we get

1 (@A-ta+tb) <@-ty

f///(a)r’ + f/,’(b)r]-

Then, the inequality (4) provides us

(1 -ta+tb) +

frita+@-nbf <[@-+r](

) (

@l + o))

<2(

fr@f +

Frol).

1
2

Hence

A2
fA R®I |7 (A= Ha+tD)| +

1

A2
< (ﬁl [o(8)] dt)

f7 (ta+ (1= Db)|]dt

1-1 1
P

Ao s p
21} [ fA lo(t)|2 (%) (F@f + | o)) dt] .
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For every value of 0 < A; < A; <1, we derive the next result:

A2 5 1
& (ta+(1—t)b)|]dts( fA fo(®) dt)z(%) (@ + [ @f) .

A2
fA R®I |7 (A= Ha+th)| +

O

Lemma 3.2. Assuming p > 1and 0 < Ay < Ay < 1. Suppose f is three-time absolutely continuous function such

that f'"" € L1(a,b) and v : (0,1) — R is an absolutely continuous function with v € L,(A1, A2). If |f"”
mapping on [a, b].

P is a s-convex

A2
fA R®I |7 (A= Ha+tD)| +

1
A2 . v (1\r 1
< (f [o(t)’ dt) (A2 = A1) 2 (—)! ( f”’(b)|p)” :
A 2
Proof. Letp>1,0<A; <Ay <1land w € L,(Ay, Az), using Holder inequality gives:

f7 (ta+ (1= Db)|]dt
©)

f/// (a)|77 +

Ao
fA O[] (= Ha+tb)| +

A2 % A2 % Ao %
q 117 _ P 11 _ 14
S(IA fo(t)| dt) [(fA £ = Da+ )| dt) +(fA £ (ta+ (1= H)b) dt) ]

Since A? + B? < 21_%(14 + B)%, we get

7 (ta+(1-1) b)” dt

A2
fA RO (A= Ha+th)|+|f” (ta+ 1 -HD)]dt

Ao % L A2
< ( f [o(t)[" dt) 217 [ f (
A] /\1

f//l

1

Fr@=-pa+tb) +|f7 ta+ 1 -t)b)|) dt]p :

Given that " is a s-convex function, the inequality (8) provides us

7 (ta+(1—t) b)lp <2 (%)S ( f,//(g)lp + f"’(b)|p)’

(@ -Da+tb) +

therefore

A2
ﬁ R®I[|f7 (A= Ha+tD)| +

v [ 2ot

For all values of 0 < A; < Ay <1, we obtain the following result:

f7 (ta+ (1= Db)|]dt

f/// (a)|7’ +

A2
fA lo(h)| [jf'" (A =bHa+tb)|+]|f” (ta+(1—t)b)|]dt

< (f:z lo(b)!" dt); (2= M) 2 (%)V (

o).

ol +
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4. Bullen inequality with power mean inequality.

Now we provide the first Theorem.

Theorem 4.1. Letp > 1, s € (0, 1] and assume that f is defined as in Lemma 2.1. If | f"” b

[a, b], then the following Bullen inequality holds.

B - e S

where s € (0,1].

is a s-convex mapping on

f/// (a)r’ +

f/// (b)|F’] % ,
(10)

Proof. Using the modulus of identity (5) and applying the inequality (6), we deduce
1[f@a)+ f(b) a+b b-a_, ,
o e | L = O

s@{foé t(t2—2t+é)'[
+f 5

(t—l)( ~Zt+ )'[(f (1= bHa+tb)|+

SRl

@l + |y {f | (-5 ) f
NI T

the desired inequality is achieved. [

1 ((1 —Ha+ %b) ;

f”’(éa +A-1 b)Hdt

+|f7 (ta+ Q=D dt}

1)(t2 - Zt + g)‘dt}.

As

5 1

INEI: §)‘ _ 1
(t 1)(t St 2 dt = =,

Put p = 1 in the above Theorem 4.1, we get the following Corollary.

Corollary 4.2. Assume that f is defined as in Lemma 2.1. If |f"”

Bullen inequality holds.

is a s-convex mapping on [a, b], then the following

B[22 () [ - o - sol < S22 (3) el + b
(11)
where s € (0,1].
Remark 4.3. In the precedent Corollary 4.2, if we assume that |f"”| is bounded i.e. sup |f"’| = ||f"||.., then we
obtain v
[P0 () o[-t e rwl < S (3l a2

The inequality (12) is a new one that uses s-convexity. Putting s = 1 yields

1[ f(a) + f(b) a+b\] 1 [V b—a ., ’ (b-a)?
3 5 +f( 5 )_—b_afuf(f)df—ﬁ[f(b)—f(a)] T

f//l

oo °
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We present a various cases of Bullen inequality based on p and s.

4.1. Bullen inequality via convex function

If we choose s = 1 in the Theorem 4.1 and Corollary 4.2, we obtain the results bellow.

fl// p

Corollary 4.4. Let p > 1 and assume that f is defined as in Lemma 2.1. If
the following Bullen inequality holds.

is a convex mapping on [a, b], then

‘%[f(a>;f<b)+f(a;b) _

a)? [!f”’(a)l” -

o e bo "o
= f fbdt - === [f’(b)—f’(a)]’S(w% 2f w - 19

Forp =1, we get

E [f(a) erf(b) +f(a;b)]

4.2. Bullen inequality via class P-functions

fl/l(

PO~ £@ ]‘_ 7 E @)+ ] 0

If we choose s — 0 in the Theorem 4.1 and Corollary 4.2, we obtain the new results involving the class
P-functions.

Corollary 4.5. Let p > 1 and assume that f is defined as in Lemma 2.1. If |f"” ’

then the following Bullen inequality holds

’%[f(a);rf(b) +f(a+b)

Set p =1, then
1 f(a)+ f(b) a+b ,
H 5 +f( )] fft)dt——f(b) f(a)]‘_ S

5. Bullen inequality via Holder inequality

is a P-functions mapping on [a, b],

11 )|1’7

O ri < S ol + ol |- a9

@+ o). a6

Now, we present the second Theorem.

Theorem 5.1. Let p > 1and assume that f is defined as in Lemma 2.1. If b

the following Bullen inequality holds.

|%|f(ﬂ);f(b)+f(a+b)] ff(t)dt b= - o
Ll e NS RN

1,1
where -~ + =+ = 1.
p g

fNI

is a s-convex mapping on [a, b], then

(t—l)( - §t+ g) dt]}]},

(17)
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Proof. Using the modulus of identity (5) and applying the inequality (9), we deduce
f@+f)  (a+b 1 b-a_, ;
‘24[ 2 f 2 _b—ﬂ i f(t)dt—w[f(b)_f(ﬂ)]

oo )
+ﬁ1 (t—l)(t2—§t+§)'[

4 8
2

<SG Gl +lrory

><{(f0é t(t2—2t+1)th];(%); (f

8
which finalizes the proof of Theorem 5.1. [

7 (A=tHa+tbh)|+

f7 (ta+ (1= Db)|]dt

(A -ta+tb)|+

f”@a+u—ﬂm”m}

v(e-reg)

.
4
a| (5) 1
Remark 5.2. In Theorem 5.1, setting s = 1 and s — 0 yields the Bullen inequality with convex and class P functions,

respectively.

6. Other results on the Bullen inequality.

Theorem 6.1. Let f : [a,b] — R be a three times differentiable function on (a,b) such that f"" € L1 ([a, b]). If there
exist constants —co < m < M < +oo such that m < f"’(x) < M for all x € [a, ], then the following inequality holds.

H[EO O (22| L [ - St - ] < et

3072
Proof. Through the Lemma 2.1, we have
1[f@+f®)  _(a+Db (b a)3
[P0 (- o [ ron -t e rwl=

x{ﬁédt—zﬂ-)Kﬂ%ﬂ na+my;M;m)-Qmua+u—gm A4+mﬂm

+Jﬁ 1mﬂ—%+ ﬂUmm nm¢m—M;my{ﬂmm+a—ﬂm—M;mﬂm}

Applying the absolute value to the previously equality, we obtain

Hmimudmﬂ] fﬂw_ ro - Fl| <
><{f01 t(t2—2t+%)H m‘+

(t—l)(t2—2t+ )H m‘+

@ MS

(1= Pa+th) -

7 (ta+(1—Hb) -

M+m H it as)

(1= t)a+th) -

ﬂ%m+ﬂ—ﬂM—M;me}
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Given that m < f"(x) < M for all x € [a, ],

M+m <M—m
2 -2

7 (1-t)a+th) -

and

M+m M-m

7 (ta+ (1= 0b) - — | < T

adding (19) and (20) to (18) yields

‘%[f(a);rf(b (a+b)

M-m)b—-a) [ 2
= 12 {fo

_ (M-m)®-ay
B 3072

f foar- "L 1w - )

(=3 B [ o= 3o )|dt}

O

4610

(19)

(20)

Theorem 6.2. Let f : [a,b] — R be a three times differentiable function on (a, b) such that f'”’ € Ly ([a, b]). If f"" is

an L-Lipschitzian function on [a, D], then

‘%[Mzﬂ (M)] f foyie -2 1) - pro)f < KO

Proof. According to Lemma 2.1

%[f(ﬂ);f(b)Jrf(anrb)] b1 ff(t)dt_b_ﬂ[f(b) F@)]

_ (b= a)’

1
v [ (t—l)(tz—ZH2)[(f"’((1—t)a+tb)—f”’(b))—(f"’(ta+(1—t)b)—f"’(b))]dt}-

Using the absolute value to the equality, we derive

‘% [f(a);rf(b) (a+b)] f f(t)dt__ga[f’(b)— (@)

b-ap |
< 12 {‘fo

o331

(A -tya+tb) - f@)|+

+

NI p)
[

(L =ta+tb) - )+

12 {fozt(t =20 )10 (= Da i) = @) = (7 (ta+ (1= D) - @)

F7 (ta+ (1=Hb) - f7(@)]] dt

7 (ta+ (1—-1)b) - f’“(b)(] dt} .
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Given that f” is a L-Lipschitzian function on [a, b], so

2 2

<(b_“)3L(b—a) fé t(t2—§t+l)‘dt+fl (t—l)(t2—§t+§)’dt
- 12 0 4 8 ! 4 8
_Lb-a)}

- 3072

7. Applications

For any positive values 11, 1,4, b > 0, we consider the following means:

The weighted arithmetic mean:

ma + 1n2b

W(n1,n2,a,b) = .
(M, 12,a,b) .

The arithmetic mean:

Aa,b) = #

The harmonic mean:

2ab
a+b’

H(a,b) =

The n-logarithmic mean:

bn+1 _ an+1

N

) , neR—-{-1,0}, b>a.

The logarithmic mean:

b—a
Inb-Ina

L(a,b)z( ), neR-{-1,0}, b>a.

4611

In [16], the following example is given: Lets € (0,1) and d, k, c € R. We define a function @ : [0, +c0) — R,

as

d ,t=0
(D(t)_{ ktt +c¢ ,t>0.

Ifk>0and 0 < ¢ <d, then ® is a s-convex function.
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Example 7.1. Let t > 0,p > 1,0 < s < 1 and consider the function f(t) = t(§+3), then

o)

In reference to
rof =[2G )

ford=c=0,k= [(:; + 3) (% + 2)(:; + 1)]p, the function

O(t) =

¥ is a s-convex.

f/l/

The following results are obtained by applying the preceding example to inequality (10).

Proposition 7.2. Letb>a>0,p>1,0<s<landn= f} + 3. Then the following inequality holds:

n(n —1)(b — a)?

1 L' 2(a,b)

%A(a”,b”) + %A(a, b)-L(a,b) -

s=1

) CA @ b,

- (b-aP®nn-1)(n-2) (1
- 1536 2
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